POST-QUANTUM OSTROWSKI TYPE INTEGRAL INEQUALITIES FOR
FUNCTIONS OF TWO VARIABLES
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ABSTRACT. In this study, we give the notions about some new post-quantum partial derivatives
and then use these derivatives to prove an integral equality via post-quantum double integrals. We
establish some new post-quantum Ostrowski type inequalities for differentiable coordinated functions
using the newly established equality. We also show that the results presented in this paper are the
extensions of some existing results.

1. INTRODUCTION

A. M. Ostowski established the following intriguing integral inequality in 1938, which is known in
the literature as the Ostrowski inequality.

Theorem 1. [/2] Let F : [71,72] — R be a differentiable function on (m1,72) whose derivative is
bounded on (my,ms), i.e., HF/(T)H = sup’F/(T)‘ < o0, for all T € (w1, m3). Then we have the

following integral inequality:
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for all x € [m1,m3]. The i is the best possible.
Inequality (1.1) can be rewritten in the following way:
1 T2 (x — 1) + (2 —x)2] ,
1.2 F.’Jﬁ—i/ de;v<[ HF
( ) ‘ ( ) T — T ™ () 2(7‘(’277‘1’1) [e'e]

Since 1938, numerous mathematicians have worked on and around the Ostrowski inequality, in a
variety of ways and with a variety of applications in Numerical Analysis and Probability, etc.

Many authors investigate several versions of the Ostrowski integral inequality for bounded varia-
tion mappings, Lipschitzian mappings, monotonic mappings, absolutely continuous mappings, convex
mappings, and n-times differentiable mappings with error estimates for various particular means and
numerical quadrature techniques. For recent results and generalizations concerning Ostrowski’s in-
equality, one can consult [7,8,13,21,23,24,36,37,43-45,47] and the references therein.

The following is a formal definition of co-ordinated convex (concave) functions:

Definition 1. A function F : A — R is called co-ordinated convex on A, for all (z,u), (y,v) € A and
7,8 € [0,1], if it satisfies the following inequality:

(1.3) Frz+(1—7) y,su+ (1—38) v)

< 78 F(z,u)+7(1 = s)F (z,v) + s(1 = 7)F (y,u) + (L = 7)(1 — s)F (y,v).

The mapping F is a co-ordinated concave on A if the inequality (1.3) holds in reversed direction for
all 7,5 € [0,1] and (x,u), (y,v) € A.

For co-ordinated convex functions, M. A. Latif et al. established the following Ostrowski type
inequalities in [35]:
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Theorem 2. [35] Let F : A := [r1,m2] X [w3,m4] — R be a twice partz'al differentiable mapping on A°

with ™1 < mo, w3 < Wy, w1, 73 > 0 such that géac e L(A). If 18 co-ordinated convex on A and

6567
deT <M, (z,y) € A, then the following inequality holds:
14 F(x,y)+ / / F (u,v)dvdu —
(1.9 ren+ e i
< M {(I —m1)* + (72 — 2)° ] [(y—ﬂ?,) + (4 —Z/)Q]
- 2(my — 1) 2(my — m3) ’
where
1 T4 T4
= [ rods —— [y
Ty — T3 T2 = T1 Jrg

Theorem 3. [35] Let F : A := [rr1,m2] X [m3, m4] — R be a twice partial differentiable mapping on A°

i 2 2 p .
with m1 < wy, w3 < w4, w1,73 > 0 such that gs—ai e L(A). If ‘% 18 co-ordinated convex on A,

s> 1, f—|—f—1(md

asar L (x, y)‘ <M, (z,y) € A, then the following inequality holds:

F(l’ y)+ / / U ’U d’Ud’U,—Tl'll
(7r2—7r1 ) (T4 — m3)

i | [

where w11 is defined in Theorem 2.

(1.5)

Theorem 4. [35] Let F : A := [y, 73] X [13,m4] — R be a twice partial differentiable mapping on A°

2 p . .
with m1 < wo, w3 < w4, 1,73 > 0 such that 3557 L(A). If || is co-ordinated convex on A,

p>1 and 8587‘ (z, y)‘ <M, (z,y) € A, then the following inequality holds:
1 ) T4
1.6 F(x,y)+ / / F(u,v)dvduy — 7
( ) ‘ ( y) (7_[_2 o 71_1)(71_4 7 7_(3) - - ( ) 11
¢ M [lemmf e (o] [l (o]
- 4 2(71'2—771) 2(71'4—7'('3) ’

where w11 is defined in Theorem 2.

On the other side, in the domain of g-analysis, many works are being carried out initiating from
Euler in order to attain adeptness in mathematics that constructs quantum computing g-calculus con-
sidered as a relationship between physics and mathematics. In different areas of mathematics, it has
numerous applications such as combinatorics, number theory, basic hypergeometric functions, orthog-
onal polynomials, and other sciences, mechanics, the theory of relativity, and quantum theory [26,29].
Quantum calculus also has many applications in quantum information theory which is an interdisci-
plinary area that encompasses computer science, information theory, philosophy, and cryptography,
among other areas [14,15]. Apparently, Euler invented this important mathematics branch. He used
the ¢ parameter in Newton’s work on infinite series. Later, in a methodical manner, the g-calculus
that knew without limits calculus was firstly given by F. H. Jackson [25,27]. In 1966, W. Al-Salam [11]
introduced a g-analogue of the g-fractional integral and ¢-Riemann-Liouville fractional. Since then,
the related research has gradually increased. In particular, in 2013, J. Tariboon and S. K. Ntouyas
introduced r, D,-difference operator and ¢, -integral in [49]. In 2020, S. Bermudo et al. introduced
the notion of ™D, derivative and ¢™>-integral in [12]. P. N. Sadjang generalized to quantum calculus
and introduced the notions of post-quantum calculus or shortly (p, ¢)-calculus in [46]. In [48], M. Tung
and E. Gév gave the post-quantum variant of ., D -difference operator and ¢,,-integral. Recently, in
2021, Y.-M. Chu et al. introduced the notions of 2D, , derivative and (p, ¢)™*-integral in [22].

Many integral inequalities have been studied using quantum and post-quantum integrals for various
types of functions. For example, in [2,5,9, 10,12, 16,17, 28, 38, 39], the authors used r,Dy,"* Dg-
derivatives and gr,, ¢"?-integrals to prove Hermite-Hadamard integral inequalities and their left-right
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estimates for convex and coordinated convex functions. In [40], M. A. Noor et al. presented a gener-
alized version of quantum integral inequalities. For generalized quasi-convex functions, E. R. Nwaeze
et al. proved certain parameterized quantum integral inequalities in [41]. M. A. Khan et al. proved
quantum Hermite-Hadamard inequality using the green function in [31]. H. Budak et al. [18], M
A. Ali et al. [1,3] and M. Vivas-Cortez et al. [50] developed new quantum Simpson’s and quantum
Newton’s type inequalities for convex and coordinated convex functions. For quantum Ostrowski’s
inequalities for convex and co-ordinated convex functions on can consult [4,6,20]. M. Kunt et al. [32]
generalized the results of [9] and proved Hermite-Hadamard type inequalities and their left estimates
using r, D 4-difference operator and (p, q) . -integral. Recently, M. A. Latif et al. [33] found the right
estimates of Hermite-Hadamard type inequalities proved by M. Kunt et al. [32]. To prove Ostrowski’s
inequalities, Y.-M. Chu et al. [22] used the concepts of ™2 D,, ,-difference operator and (p, ¢)"*-integral.
The following quantum variants of inequalities (1.4)-(1.6) proved my H. Budak et al. in [19].

Theorem 5. [19] Let F : A C R? — R be a twice partially qiqo-differentiable function on A°
T2, T4H52 F(r,s) T492 F(r,s) T282 F(T,8) =y, ,\-3631’(]2F(T,S)

: B . : 1,92 m1741,92 m3741,92 i _
and partial qiqs-derivatives T Ot 05 ) D s TiO,,s7 TIOer w0’ eiOmit O be contin
, T2 T4 82 F(7,s) : 02 L F(ms)| |320% . F(7,s)
uous and integrable on [y, ma] X [w3, 4] C A°. If 422 L_1.02 3912

T20q, T T40458 10g T ™4 0gy8 |7 | T20¢, T 7304557

2
1 ""36111 qQF(T’S)

R e < M for all (1,8) € [m1,m2] X [w3,74], then we have the following quantum Os-
1 1 T3 Y42

trowski’s type inequality:

1 ™2 T
2 dg, T "d T2dg, T rad
(my —m1) (m4 — 73) |:/r / Frs) 7 QZSJF/ / (7:8) o mydyys
/ / T S T (h dQQ5+/ / T S Wld(hT TradQ2 :|

- |:/ F( T, ) 4d(125+/ F(ZE,S) 7f3dCI28:|
Ty — T3 y T3

1 T2 xr
- |:/ F(T7y) ﬂ2dq17+/ F(Tvy) TfldQ1T:| +F(Jj,y)‘

Ty — 71 L

(1.7)

M 7192 (1 + [2][11) (1 + [2}@)
(m2 —m1) (T4 — 73) 3], 13,

(r2—2)° + (@ —m)° | | (ma—9)° + (y — 73)°
2], [2],,

for all (z,y) € [m1, 7] X 73, 74] where q1,q2 € (0,1).

1

Theorem 6. [19] Let f : A C R? — R be a twice partially qiqo-differentiable function on A°

T2 TAQ2p(7,s) TAOZ L F(7,s) 1202 L F(T.8)  my. w02 ank (7,5)

: _ . . 91,92 71 %a1,92 ©3%41,92 i _
and partial q1qs-derivatives T O T 00y wiDart TiOpys? 30,7 walgs’  viOn wiDpas be contin
T2 “4031 at (7:8) 7407 o F (T.8) 7202 F(7,8)

73 41,92

uous and integrable on [y, ma] X [w3, 4] C A°. If S
a1’ m™3¥a2

) )

™ ™ b
204, T ™4 0g,y8 710q, T ™4 0gy8

ry, 7500 ) .
% < M for all (1,8) € [m1,m2] X 73,74, then we have the following quantum Os-
17491 ™374a2

trowski’s type mequality:

To y
7'('2 7771 774 _ 7-[-3 |:/ / F ) ﬂ'zdlh’r ﬂ4dqz8+/ / F(T,S) ﬂqulT ﬂ—quzS
/ / o T qu2s+/ / (7,8) g, T nydgys }

R T ad,
L [/ o) st [ @)

(1.8)
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_ ﬁ [/:2 F(r,y) 7r2dqlT—|—/jF(T,y) 7T1dqlT} + F(m,y)’
(m2 - 7311312(% ) ([r +11]q1 r +11]q2 ) [(m2 =+ @ = )] [(ma = )+ (v = 7)”

for all (z,y) € [m1,m2] x [73, 4] where q1,q2 € (0,1) and 1 +1 =1, s> 1.

Theorem 7. [19] Let F : A C R? — R be a twice partially qiqo-differentiable function on A°

7o, T4 02 7492 7o 92 2
and partial qiqo-derivatives Ouyag! (7:9) 230010t (709) 2300100 (T08) 1, 30y 05! (709)
142 720, T T40q58 7 710y T T40q587 T204; T 7504587 710q1 T 750458

T, 7r4 2 7492 9 92
6‘11 qzr(T’S) 7r18<I1-,Q2r(T’5) "36<J1,q2r(7—’s)
720, T T404y8 710q1 T T40g58 |7 |T20¢ T 730q,8

be contin-

uous and integrable on [y, 73] X [w3, 4] C A°. If

9 7

2 7,8
m1 7 0ay.ap! (79) < M for all (1,8) € [m1,m2] X [w3, 74|, then we have the following quantum Os-

710017 73048

trowski’s type inequality:

1 T2 T4 2 Yy
{/ / F(TaS) WzdlhT ﬂF‘ldquJr/ / F(T’S) 7T2dth7— 7r3d1125
T2 _771 T4 _7T3) T Yy
/ / (1,8) mdgy™ ™dg,s + / (1,8) mdg,T ﬂquQS}
Y

_— F (z,s) ™d s+/ F (x,8) x.d 3}
| [ @ st [ r e

1 T2 xr
- [/ F(T7y) Trde1T+/ F(T,y) 7r1dq17_:| +F(x,y)‘

(1.9)

Maras (1 + [2](11) (1 n [2]q2> L
(mo — 1) (w4 — 73) [3]q1 [ ]q2
|2 4 @ m)? | (=)’ 4 (g — )
2], [2],,

for all (z,y) € [m1, 7] X |73, m4] where q1,¢2 € (0,1) and s > 1.

Inspired by this ongoing studies, we introduce some new notions of post-quantum partial derivatives
and prove some new ostrowski type inequalities for the functions of two variables by using the post-
quantum double integrals and newly introduced post-quantum partial derivatives. Moreover, we show
that the results presented in this paper are the extensions of results proved in [19] and [34].

The following is the structure of this paper: A brief overview of the concepts of g-calculus, as well
as some related works, is given in Section 2. In Section 3, we recall the notions of (p, ¢)-calculus and
give some realted works. In Section 4, we show the relationship between the results presented here and
comparable results in the literature by proving some new post-quantum Ostrowski type inequalities
for the functions of two variables. Section 5 concludes with some recommendations for future studies.

2. QUANTUM CALCULUS AND SOME INEQUALITIES

In this section, we present some required definitions and inequalities.
In [27], F. H. Jackson gave the g-Jackson integral from 0 to 7o for 0 < ¢ < 1 as follows:
) 00
(2.0) [r@ die =0-gm Y ar ()
0 n=0
provided the sum converge absolutely. Moreover, he gave the g-Jackson integral in an arbitrary interval

[y, 73] as
T2 T2 T

/F(x) dqx —O/F(x) dex —O/F(x) dgz .

™
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Definition 2. [{9] For a continuous function F : [r1,72] — R, then gx, -derivative of [ at x € |71, 2]
18 characterized by the expression:

F(x)=F (qgz+ (1 —q)m) .
(1—q)(z—m) ’ '

For x = mq, we state r, DgF (m1) = limy_rx, -, DoF (x) if it exists and it is finite.

(2.2) m Dyl () =

Definition 3. [12] For a continuous function F : [m1,m2] — R, then q™-derivative of F at x € |71, 2]
18 characterized by the expression:

_Flgp+(0—g)m) —F () R
(1—q)(m2 —2) ’ '

For x = mq, we state " DyF (m2) = limy_.r, ™DyF (x) if it exists and it is finite.

(2.3) 2 DyF (z)

Definition 4. [49] Let F : [71,7m2] — R be a continuous function. Then, the qr,-definite integral on
[m1, 2] is defined as:

(1=q)(m2—m1) > q"F (¢"m2+ (1 — ¢") 1)
n=0

(2.4) /F(m) rdqx

1
(g —m /F (1 =7)m +7m2) dgT .
0

On the other hand, S. Bermudo et al. gave the following new definition:

Definition 5. [12] Let F : [r1,72] — R be a continuous function. Then, the ¢™*-definite integral on
[r1, 73] is defined as:

(2.5) /#wm S = (-0 ) 0 @ ()

1
= (ma—m /F T+ (1= 7)ma) dg .
0

For more details about ¢™-integrals and corresponding inequalities one can see [12].
Now, let’s give the following notation which will be used many times in the next sections (see, [29]):

i, =T

q—1"
Moreover, we give the following Lemma for our main results:

Lemma 1. [49] We have the equality

2 )a+1

a _(ma—m
/(x_ﬂ-l) ﬂ'ld(lz - [a+1]q

1

for a € R\ {—1}.

In [20], H. Budak et al. proved the following variant of quantum Ostrowski inequality using the g,
and ¢"*-integrals:

Theorem 8. [20] Let F : [m1,m2] C R — R be a function and ™>DyF , =, DyF be two continuous and
integrable functions on [my,ma]. If| ™D, F (T | | mnDg F (T )| < M for all T € [m1, 73], then we
have the following quantum Ostrowski type inequality:

T To

[re) wdr + [r) mar

1 T

(2.6) F(z) -
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qM (x — 7r1)2 + (g — x)2
(m2 —m1) 2],

for all x € [m1, o] where 0 < g < 1.

<

On the other hand, the authors gave the following definitions of gy, ~,, ¢z?, q73 and ¢™2™* integrals
and related inequalities of Hermite-Hadamard type:

Definition 6. [17, 3/] Suppose that F : [r1, 73] x [r3,m4] C R? — R is a continuous function. Then,

the following qr,r,, a3*, q52 and q™*™* integrals on [71,7a] X 73, 74] are defined by

//rv,s) rlys mdpr = (=) (1— ) (& — m) (y — 7s)

T T3

XD > arasF (qte+ (1—qf) w1, a5y + (1 — g5") 73)

n=0m=0

<2.7>/ / F(rs) Tds mdyr = (1—q)(1— ) (@ —m) (7 —y)

™ Y
XY e (g4 (1— ) 1,65y + (1 — g5") ma)
n=0m=0
T2 Y
C8)[ [F 9 ndns “dyr = 0-a) (1= ) (2~ 2) (s~ 7a)
Tr T3
XY N qreyF (qie+ (1= q7) 7o, g8y + (1 — g5") ms)
n=0m=0
and
T2 T4
)| [Frs) s Sdyr = (-@) (@) (ra - o) (ra— )
Yy

XY Nty F (qie+ (1= g7) T, g8y + (1 — g5") ma)

n=0m=0
respectively, for (z,y) € [m1,m2] X |73, m4] .
Definition 7. [3/,52] Let F : [y, 72] X [73,74] € R? — R be a continuous function of two variables.

Then, the partial qi-derivatives, qo-derivatives and q)qa-derivatives at (z,y) € [r1, T2 X [73,m4] can
be given as follows:

0l (x,y) _ Flaz+(1-q)m,y) —F (z,9) 4
Wlaqlx (1—(]1)(%—7‘(1) ’
300, F (T,9) _ F(z,qy + (1 —q2)ws) — F (x,y) .
730 (1—g2) (y —m3) ’
T 7\%82 F(:Z: y) 1
1 73Yq1,q2 ) _ r 11— ’ L1
O m Bl G —m) - —g) | @e T ma)m eyt -ae)ms)

—F (qr+ (1 —q)m,y) —F (v, + (1 —q2) m3) + F (z,9)], ©# 71, y # 73

"0, F (my) _ F(r+ (1 —q)my) — F (2,y) -
20y, (I—aq) (72— ) ’
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Tr4aq2F($7y) _ F($>Q2y+(1_QQ)7T4)—F($7ZU)
Tmn . Y F T
104,y (1-g2)(ma—y)
70z L () 1
I g2 O F (g + (1 —q1)m, +(1—go)m
Oz 0y Gom)m-p (A @Iyt (1 e)m)

—F g+ (1 -q)r,y) —F (2,q2y + (1 = q2) 7a) + F (z,y)], T # 71, y # ma,

m202 L F (z,y) 1
T3 741,92 )
mlaal Y Fqiz+ (1= q) gy + (1 — g2) 7
"0t mly . DG —m) (- (g | 2T a)m eyt (- e)m)
—F (qz+ (1 —q)m2,y) = F (2,q2y + (1 — q2) 73) + F (w,y)], = # 72, y # 73,
T e F (x,y) 1
q1,92 )
= F(gz+ (1 —q1)me, +(1—q)m
O Oy (o) =) (=) (g | @ = a)m eyt (1= a)m)

—F (qz+ (1 —q)m2,y) = F (x,q2y + (1 — q2) 7a) + F (z,y)], © # 72, y # Ta.

3. POST-QUANTUM CALCULUS AND SOME INEQUALITIES

In this section, we review some fundamental notions and notations of (p, g)-calculus.
The [n], , is said to be (p, g)-integers and expressed as:

Pt —q"

o= 5

with 0 < ¢ < p < 1. The [n]p’q! and { }! are called (p, g)-factorial and (p, ¢)-binomial, respectively,

n
k
and expressed as:

) = [, n>1 0, =1
k=1
|: n :|' o [n]p,q!
2 A oy N TS

Definition 8. [/6] The (p, q)-derivative of mapping F : [r1,m2] — R is given as:

F(pz) — F (g7)

Dpqu (iC) = (p—q)x

, € #0
with 0 < g <p< 1.

Definition 9. [{8] The (p,q),, -derivative of mapping F : [m1, 2] — R is given as:
Flpz+(A—p)m)—F (gz+ (1 —g)m)

(p—q) (z—m)

with 0 < ¢ < p < 1. For x = w1, we state r, Dp oF (m1) = limg_,n, »,DpqF (x) if it exists and it is
finite.

(3.1) mDpgl (z) =

,13#771

Definition 10. [22] The (p,q)"” -derivative of mapping F : [w1, 7] — R is given as:
Flgz+ (1 —q)m) — F (pr+ (1 —p)m)
(p—q) (m2 — )

with 0 < q < p < 1. For x = my, we state ™Dy, oF (72) = lim,_r, ™Dy F (x) if it exists and it is
finite.

(3.2) "Dy oF (z) =

, T F£ ma.

Remark 1. It is clear that if we use p = 1 in (3.1) and (3.2), then the equalities (3.1) and (3.2)
reduce to (2.2) and (2.3), respectively.
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Definition 11. [/8] The definite (p, q)x, -integral of mapping F : [m1,m2] — R on |71, 73] is stated as:

T 0 qn qn qn
(33) L F (T) ‘ﬂ'ldp,qT = (p — q) (ZC — 7T1) pn+1 F (pn+1x + (1 — W) 7T]_>

1 n=0

with 0 < g <p<1.

Definition 12. [22] The definite (p,q)™*-integral of mapping F : [w1, 73] — R on [m1, ma] is stated as:
q" q" q"
pn-i-l r (pn-‘rlx + <1 - pn+1) 71—2)

Remark 2. It is evident that if we pick p =1 in (3.3) and (3.4), then the equalities (3.3) and (3.4)
change into (2.4) and (2.5), respectively.

oo

(3.4) / : F (1) ™dper=(p—q) (72 —z)

n=0

with 0 < g <p< 1.

Remark 3. If we take 71 =0 and x = w3 =1 in (3.3), then we have

1 OO n n
_ q q
[ =03 Lo (S57).

n=0

Similarly, by taking x = w1 =0 and 7y = 1 in (3.4), then we obtain that

! . — " q"
/OF(T) dp T =(D—q) p”+1F<1_p”+1>.

n=0

Lemma 2. [51] We have the following equalities

i a (mp — m)* !
(m2 — )" Mdp v =
/m [a+1],,
i o (ma — )
T— oy g = —
/m ( 1) 1%p,q [a+1]p7q

where « € R — {—1}.

In [32], M. Kunt et al. proved the following HH type inequalities for convex functions via (p, q)nx,-
integral:

Theorem 9. [32] For a convex mapping I : [r1,7m2] — R which is differentiable on [m1, 73], the
following inequalities hold for (p,q), -integral:

pra+(1—p)m
(3.5) r (qﬂl +P7T2> < 1 / qF (m1) +pF (72)

iy g <
— p(ﬂ'g—ﬂ'l) F(Q:) 1 p)q.’E_

1 [Q]p,q

2],

where 0 < g <p < 1.

Recently, M. Vivas-Cortez et al. [51] proved the following HH type inequalities for convex functions
using the (p, ¢)"*-integral:

Theorem 10. [51] For a convexr mapping F : [r1,73] — R which is differentiable on [y, ms], the
following inequalities hold for (p,q)"*-integral:

1 ™
(3.6) p (T2 < / F (@) o < UL OE (T2),
[Q]WJ P (T2 = 1) Jpmi+(1-p)m [2]p,q

where 0 < g <p < 1.

In [30] and [53], the authors gave the following notions of post-quantum integrals for the functions
of two variables.

Definition 13. [30, 53] For a function F : [r1,72] X [73,74] — R,
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(1) the (p, q):‘l1 integral of F 1is given as:

/ / F(T7S) 7r4dl)2 q25 ﬂ'ldphthT:(pl_ql)(pQ_qQ) (x_ﬂl)(ﬂ-4_y)

qar L4 4" T
X Z Z n+1 m+1 pn+1x + - pn+1 1, pm+1y + - pm+1 T4 |
1

n=0m=o P1 1 2 2

where x,y € [m1,p1m2 + (1 —p1) 1] X [pam3 + (1 — p2) T4, T4] .
(2) the (p,q),. integral of F is given as:

T2 Yy
/ / F(Tﬂ S) 7T3d172,lI2s 7Tdel,thT: (pl —(h) (P2—CI2) (71—2 —.’E) (y_ﬂ—S)
T3
m n n m m
5 a1 d2 d2
XZ n+1 m+1F ( n+1x+ <1_ n+1>7r27 m+1y+ (1_ m+1>7r3)
by by D2 p

n=0m=0P1 P2 2

where x,y € [p1m1 + (1 — p1) 71, 2] X [m3,p2ms + (1 — p2) 73] .
(3) the (p,q)™™ integral of F is given as:

/ / F(7,8) ™dpy g5 "dp, T = (P1 — q1) (P2 — q2) (T2 — @) (T4 — )
z Jy

@ qar qar 4" 4"
X Z n+1 m+1F (p?-&-lx + <1 - pn+1) T2, pgz—&-ly + <1 - p7n+1> 7T4> ’

n—0m=0P1 P2 1 2

where T ,Y € [P17T1 + (]. —p1)7T2,7T2] X [p2’ﬂ'3 —+ (]. —p2)7T4,7T4] .
(4) the (p, integral of F is given as:

)7{‘17‘{‘3

Ty
/| / F(725) matyagss ™ = (01 — 1) (02 — @2) (& — 1) (y — )
m n n m
q1 q1 q3" %)
X Z n+1 m+1F < n+1x + <1 - n+1> 1, m+1y + (1 - m+1> 7-[-3)
D1 D1 P2 p

n=0m= Op1 D2 2

where x,y € [m1,p1m2 + (1 — p1) w3] X [m3, pama + (1 — pa) 73] .
Remark 4. [t is obvious that if we use p1 = py = 1, then Definition 13 transforms into Definition 6.
In [30], H. Kalsoom et al. introduced the following notions of post-quantum partial derivatives.

Definition 14. [30] Let F : [r1,m] x [73,74] € R? — R be a continuous function of two variables.
Then the partial p1q1 -derivatives, paqs-derivatives and p1qip2qs-derivatives at (z,y) € [m1, wa] X [73, T4]
can be given as follows:

Ol (@y) P+ (A —q)m,y) —F (pe+ (1 —p)m,y) v #m
77181717111x (pl_ql) (x_ﬂ-l) ’
w30l (T,y)  F (2,29 + (1 —q2) 7m3) — F (z,p2y + (1 — p2) 73)
- ) 7£ 3
77381727Q2y (p2 - QQ) (y - 71'3)
1, 7T381271’Q1,p2,Q2F(x’y) _ 1

F(qz+(1- g2y + (1 —
O s Doeanl @) ) =) (e ) (BT AT @) gy (1= ) s)

—F (x4 (1 —q) 7, p2y + (1 —p2)m3) = F (prz+ (1 — p1) 71, g2y + (1 — q2) 73)

+F (prz+ (1 —p1) w1, p2y + (1 = p2) 73)], « # T, y # 73.

Now, from the above given concepts, we give the following new post-quantum partial derivatives.
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Definition 15. Let F : [r1,m] X [73,m4] € R? — R be a continuous function of two variables. Then
the partial pq) -derivatives, pags-derivatives and piq1paqa-derivatives at (z,y) € [w1, o] X 73, T4] can
be given as follows:

71'28;017111F (x,y) r (Q1m + (1 - ql)ﬂ-%y) —F (plx + (1 _pl)ﬂ-%y)

= y L # T2
™20p,,q, T (1 —q) (m2 — )
" 0py . F (7, Y) _ F (2, qy+ (1 —q2)ma) = F (x,p2y + (1 — p2) 74) v
T10p,,q,Y (P2 — q2) (a4 — y) ’
:‘1181%171117102412F (x,y) 1

= F e+ (1—q) gy + (1 -
Wlapl,(hx 7T4ap2,q2y (Z’ _ 7T1) (7‘(‘4 o y) (pl . Q1) (p2 o q2) [ (Q1$ ( ql)ﬂ'l q2Y ( q2) 7T4)

—F (e + (1 —q)m,pey+ (1 —p2)ma) — F (prz+ (L —p1) 71,2y + (1 — q2) m4)

+F (pro+ (1 = p1) w1, pay + (1 = p2) ma)], © # 71, y # 74,

7202 F(z,y) 1
T3 P1,91,P2,92 ?

= Flaz+ (1 —q)me,ey+ (1 —q)m
Ot Oy =)= =) e =) | @ A ma)me eyt (L a)mo)

—F (qz+ (1 —qi) m2,p2y + (1 —p2) m3) — F (prx+ (1 — p1) w2, g2y + (1 — q2) 73)

+F (p1z+ (1 —p1) w2, pay + (1 — p2) 73)], = # T2, y # 73,

2 T2 F(z,y) 1
P1,91,P2,92 ?
= F e+ (1—q)m,qy+ (1—q)m)
™20p,,0:% ™ 0py .Y (ma —x) (ma —y) (P1 — @1) (P2 — q2) |

—F (qz+ (1 —qi) 72, p2y+ (1 —p2)ma) — F (p1x + (1 —p1) w2, g2y + (1 — g2) m4)

+F (pro + (1 = p1) ma, poy + (1 — p2) ma)], @ # w2, y # 4.

Remark 5. It is obvious that if we set py = po = 1 in Definitions 14 and 15, then we obtain the
Definition 7.

4. QUANTUM OSTROWSKI TYPE INEQUALITIES FOR FUNCTION OF TWO VARIABLES

In this section, we prove some new post-quantum Ostrowski type inequalities for the functions of
two variables.

Lemma 3. Let f : A CR? — R be a twice partially pq1p2qz-differentiable function on A°. If partial

o, T4 a2 4 52 7o 52 2
plqlpgqg—derivatives 8?11Q11P2»42F(T’S) 7\’13171@11172«02'((7—’8) 7\'38P1YQ1WP2,<12F(T’S) d 71 ”SaplquPszF(T’s)
720p1 .91 T "40py.a05 7 w1Op1.a1T "40pg.a25" "20p1 01T w30ps.405 710p1.01 T w30ps.008

are continuous and integrable on [m1,ma] X [w3,m4] C A°, then following identity holds for p1qi1p2qa-
integrals:

g?;‘;jpl,qhm,qz (F (Tvs))
4192
(m2 —m1) (74 — 73)
Lol 72, map2 Fre+ (1 —71)me,sy+(1—8)m
) [(72—@2 (774_9)2/ / s brarpnat | ( )22y + { )] Apy.r T py.q25
0o Jo

200, T ™4 0ps 458

Lol mp2 Frz+ (1 —7)me,sy+ (1 —s)m3
_1_(7_[_2_3:)2 (y_ﬂ_3)2/ / FgX3P1,d1,P2,q2 ( ( ) ( ) ) d;vhqlT dpz,qzs
0o Jo

2 apl»thT 71'38172#128

L opl mapg2 Flrz+(1—-7)m,sy+(1—3s)7
+($—7T1)2 (774*24)2/ / Tt P Ld1:P2,92 ( ( )5y + ) ) py 1 T Apy oS
o Jo

T
m10p1, 1 T ™ 0py g0
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Lol 0? F(re+(1—-—T)m,sy+(1—3s)m
+(x77rl)2 (y*W?,)Q/ / 75 L8P 1,41,P2,42 (6 ( a) 1,8y + ( ) m3) Ay, on T py.a
™1 P1,<hT 3 P27Q28
where
(4'1) :?;2‘7}711(11 »P2,92 (F (T,S))
1 [
= F(7,8) "dp, o7 ™dpy.q08

pip2 (w2 — 1) (T4 — 73) pra+(1—p1)me J pay+(1—p2)my o pee

T p2y+(1—p2)ms
+/ +(1— )/ F(T’S) Wdeh(hT Trsdl)z#ns

piz p172

prz+(1—p1)m

JF/ / ) F(7,8) midp,gi™ "dpyg,8
P2y Pp2)Ta

p1z+(l—p1)m p2y+(1—p2)m3

+/ / (7—78) WldphlhT 7"3d102,<128
p2y+(1—p2)ms3
- 71' — / (ZE,S) 71Qldpz,qzs—i_/ F(‘T’S) 7T3dP2,qu
4 7T3 2y+(1—p2)ma T3

1 prz+(l—p1)m1

[ i) P [ F ) mdpat| +F (@.0)
T2 1 prx+(l—p1)m2 T

for all (z,y) € [m1, 73] X [w3,d] and 0 < q; < p; < 1.
Proof. From Definitions 14 and 15, we have

1y st Cet (- D)msy+ (1= s)m)

28171#117— 7‘—48172#128
1

= Y P oy e g [F (rqix + (1 — 7q1) ma, sqoy + (1 — sq2) 74)

—F (tquz + (1 — 7q1) w2, spoy + (1 — sp2) ma) — F (tprz + (1 — 7p1) 72, sqay + (1 — sq2) m4)
+F (tprx + (1 — 7p1) ma, sp2y + (1 — sp2) 74)] ,

(43) Zi@ghql pa, qQF(T:E+(17T)7T2,Sy+(178)ﬂ'3)

T
20p1,q1 T 730ps,q2

1
= o =) (7 —0a) (me —2) (s — ) 75 [F (tqaz + (1 — 7q1) 72, Sqay + (1 — sq2) 73)

—F (tquz + (1 — 7q1) w2, spoy + (1 — sp2) ma) — F (tprz + (1 — 7p1) 72, sqay + (1 — sq2) 73)
+F (tprz+ (1 — 7p1) ma, spay + (1 — sp2) m4)] s

(4.4) 2;*312)17(11 po, ng(T:E—f—(l—T)7r1,sy+(1—s)7r4)

T
m10p1, 1 T ™ 0ps 458
1

= (p1 _ Q1) (p2 _ QQ) (Jj — 771) (7_‘,4 — y) s [F (qu.’t + (1 - qu)ﬂla s5q2y + (1 - SQQ) 7T4)

—F (tquz + (1 — 7q1) 71, 8p2y + (1 — spa) ma) — F (7p1z + (1 — 7p1) ™1, 52y + (1 — sq2) 74)

+F (tprz+ (1 — 7p1) ™1, sp2y + (1 — sp2) m4)]
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0? F(re+(1—7)m,sy+ (1 —s)ms)

T1,737p 1,91,P2,92

7!'18171#117— 7T3ap2’¢I28

1
(P1—q1) (P2 — q2) (x — m1) (y — 7w3) 75

F (tqur + (1 — 7q1) 71, 8q2y + (1 — 5g2) 73)
—F (tqrz + (1 — 7q1) w1, $p2y + (1 — sp2) ws) — F (tp1x + (1 — 7p1) w1, sqoy + (1 — sq2) 73)

+F (tprx + (1 — 7p1) w1, sp2y + (1 — sp2) 73)] .

By the equality (4.2) and Definition 13, we have

I, =

/ / ”4831,q1,p2q2F<m+<1—rm,sym—sm)

™20 > Apy,u T Apy g8
P1 (11 P2 q2

1
=) s — 3 (2 —2) (71— // (tTqrx + (1 — 7q1) w2, 5q2y + (1 — sq2) 74)

—F (tqrx + (1 — 7q1) w2, spay + (1 — sp2) ma) — F (tprx + (1 — 7p1) ™2, sq2y + (1 — sq2) m4)

+F (Tplaj + (1 - Tp1) T2, SP2Yy + (1 - Spg) 774)] dpy,i T dpy e

e ¢t 1 (I?H g 1 A
(mg — ) (w4 — Z Z ntl m+1 pnﬂm {1 Pt 2 pm+1y +{1= T T4

n=0m=0 D 1 2 2
+1 n+1 m
qarqs’ q < 4 ) 93" ( a3 ) )
B F(as, . ro By (12 7,
—+1 m+1 n+1 n+1 ) m
pY ( P1 Py’ Pa
n=0m=0
1 m—+1
qrqs" qf qf %" 4
_Z Z n+1 m+1F (n ( )772’ m+1y+ 1- m—+1 T4
n=0m= 0 1 V2 Do
a'as (q? < 1‘) a5 < qé”) >
+ F= T, 2y + (11— 2 ) my
,;),,Zop’f“ g\t 1§ 8 8
1

(m z—w‘)(m—y)

p1p2 qaray’ qar qr 3" 4"
l Z Z nFL,mE <pn+1p1$ + (1 - pn+1p1> 2, pr +{1- pm+11”2 T4
1 2

9192 * = —, P1 1 by

oo
p2 (13 q2 (12
m—+1 < ? m+ ] 2y < m—+1 p2> 4)

Q1Q2 - Opg 2
oo
P qt ( qt qr 1
(s (1) )+ s e
Qg = pitt Pt pptt 4192
ey ( 4 ( ar > g5 ( 5"
P1T + p1 | 72, py+|1-— D2 | T4
7;”;0 p;l-‘rl m+1 pn-i-l p?-H przn-i-l p;n+1

3" @
Z +1 r p77l+1 P2y + - pm+1p2 Ty
2

ql m=0 p2 2
e < qar < qar > a5 < "
pe+ (11— p1| T2, P2y + (1 — P2 | T4
X e (i P T o

1 o df qar qar
+— n+1F pn+1p1m+ ]-_Wpl T2,Y

92 = P1 1 1



POST-QUANTUM OSTROWSKI TYPE INTEGRAL INEQUALITIES 13

n n m m
+Z Z n?i-llq?’n+l ( Z}lez + (1 - Z}le) T2, %ﬂpr + (1 - Z?—i—lp2> ”4>]
n=0m=0 P1 Dy 51 P2 P2
1
(mo — ) (14— y)

(P1—q1) (P2 — @2) =~ qr 93" q3"
Z Z n'e'F ( — T+ (1 - pn-s-lpl) T2, pr + (1 - pm+1p2) 774)

q192

n=0 m=0 1 2 2
(P2 — ¢2) ~— @& < a5 ( 5"
— Flz py+ (11— —>5p2 | T4
@z = pytt Tt py
(P1—q1) = ¢} gl q 1
- F Pz + <1 — pl) ™ y) + —F (z,9)
AT E— Op?ﬂ <p"+1 phtt ’ q192

1 1 2 4
= 2 2 / / F(7,8) ™dpy g, T ™ dp,y.g58
0192 | pip2 (2 — )" (14 —y)" Jpra+(1—pi)ms Jpoy+(1—p2)ma

1 4
- 2/ F(z,8) ™dp,.q,
P

p2 (me — ) (T4 — y) 2y+(1—p2)ma
1

™2

1
F(r,y) ™dp, T+ —————
(7T2 - 1‘)2 (71—4 - ) /1011‘-‘:-(1—111)”2 ( ) prd (7T2 - x) (d - y)

Similarly, by the equality (4.3), (4.4) and (4.5) we obtain the identities

F(z, y)] :

Lol mg2 Fre+(1—7)ma,sy+ (L —s)7
(4.6) IQ:/ / T3P 1,a1.P2,42 ( ( ) 2, 8y + ( ) 73) oy o7 oy 0
"20p, 1 T 73 0ps,qa S 7
1 1 /‘"2 /P2y+(1 p2)ms (r.5)
— F(7,8) ™dpy 1T 738py.q0S
q192 p1p2 (7T2 _ x)Q (y _ 7T3)2 p1z+(17p1)7r2 s P1,491 37P2,q92
1 p2y+(1—p2)73
- 5 / F(z,8) rydpy g0
b2 (772 —:L’) (y_773) T3
; L) P e e (@)
B Y 5 T z, Y 9
p1(m2 = 2)* (y = 73) Jprat(1—pi)ma PRt (mg — ) (y — 73)
(4.7)
T bt ;‘1181271 Q1,P2»q2F(7x+(1_7)7T178y+(1_8)7r4) d d
3 0 .7 s p1,q1T Opa,geS
™1 ¥ P1,91 D2,q2
1 1 / 1+(1—p1)m /‘rr4
= F(7,8) mdp.gT "dpy.g.8
4192 | p1p2 (J,‘ 1)2 (774 - y)2 ™ p2y+(1—p2)ma L P22
1 T4
- 2 / F (.’L‘78) Tr4d/p2,qzs
('T - 7T1) (74 - ) p2y+(1—p2)ma
1 prez+(l—p1)m1 1
- F(1,9) ,d T4+ F (z, ,
(33—7'('1)2 (71'4— ) /7r1 ( y) 17P1,91 (1,_7_‘_1) (7T4_y) ( Z/)
and
(4.8)
I = ' ! 77177|—3a[2)17q1,p27q2l‘7(7—z+(177—) Wl’sy+(175)ﬂ-3) d d
4 = TS 9 ) p1,q1 T Opa,qeS
0 0 710p1,1 T w30ps,q28
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1 1 prz+(l—p1)m1  pp2y+(l—p2)ms
= F(7,8) mdp,.nT 75ps.qsS
4192 | p1pa (x — 7r1)2 (y — 71-3)2 /7r1 /773 ) 19p1,q1 T 730ps,qo

1 p2y+(1—p2)73
- ) / F(JJ,S) 7f3dp27qzs

3

p1z+(1—p1)m 1
F(T,Y) mdp,T + F(z,
— ) mipan? + ey g @)

Thus, we have

Qg2 (r2—2)> (i —)° . @1g2 (2 —2)° (y — 73)°
(2 — 1) (T4 — 73) it (m2 — 1) (T4 — 73)

Iy

q1g2 (x — )% (74 —y)2I L D (z—m)* (y — m3)°

* (m2—m1) (ma—m3) (m2 —m1) (T4 — 73)

I,

1 T2 Ty
= F(7,8) ™dp, .7 ™dpy.q08
pip2 (T2 — m1) (T4 — 73) /Pler(lPl)Wz /PQy+(1P2)7T4 P b2

T2 p2y+(1—p2)73
T
+/ / F(T’S) 2dp1,¢]17— ﬂ'sdpz;fms
p1+(l—p172)
pre+(1—p1)m1  pmwa
+/ / F (T’ S) 7T1dP1,Q1T mldpz#lzs
1 p2y+(1—p2)ma

p1z+(l—p1)m1  pp2y+(l—p2)73
+/ / F(T,S) 7F1dP17¢I17_ 7T3dp2»¢I2S
™

1 ™3
1 T p2y+(1—p2)m3

_— F (x,8) ™d s+/ F (z,8) r.d s

g L ) st [ (2,5) =yl

1 2 prz+(l—p1)m

P / F(7,y) Terp1,qlT+/ F(T,9) mdp 7| +F (2,9)

2 — T praz+(1—p1)m2 st
g?;:jplﬂhﬁﬂzafh (F (T7 S))

which completes the proof. 0

Remark 6. In Lemma 3, if we set p1 = pa =1, then the Lemma 3 reduces to [19, Lemma 2].

Remark 7. In Lemma 3, if we set p1 = p2 = 1 and q1,q2 — 17, then Lemma 3 reduces to [35, Lemma

1.

In terms of brevity, we will use the following notations

2 2
CD(T’S) _ T2, 71'48121,(11,172 qu(TyS)7 \I/(T,S) _ g?aphthz,qu(T’ 3),
Mapl’ql b 3p27q25 ‘fflapl q1 Mapqus
2 2
o(rs) = Bonmmal 19 gq0 oo mrlnamal (05)

7‘—28171#117— 71'381724123 71'18171,%7— 71'381724128

Theorem 11. Suppose that the assumptions of Lemma 3 hold. If |®(7,s)|, |O(7,s)|, |¥(r,s)| and
|Q(7,8)| are co-ordinated convex on [wy,m3] X [w3,m4], then we have the inequality

M?;ijl,lh,l)qu (F (T7 S)){
< 1 G192

(7T2 o ﬂ—l) (7r4 o 7T3) [2]1)17(11 [2]P27!12 [3}111,(11 [3]1)2&2

x |(m2 = )" (4 — )’
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% (12051 01 lpangs 12 @ 0+ 205, 0, (Bl — gy ) 19 (@,72)]
2o (Blpras = lpniay ) 1€ (7209)| + 1@ (2, 70)])

+(m2 —2)* (y — 73)”

% (121100 Py 1€ @01+ 21y g0 (Blynags — 2page) 10 (@75)
+ 2Dy (Bl — 2110, ) 10 (72,)] + 10 (2, 73)1)

(2= m)* (1 — )

% (12]pn.an Py 1% @91+ 2Ly g1 (Blynags — 2paga) 19 (@ 70)

+ e (Bl — Rl ) 10 (1 9)] + 1 (1,0

+(@—m)’ (y—ms)’
< (2 21201+ 2y, (B~ 2pg,) 192 79)

+ 2y (Blprgs = Plpry ) 1271, 9) + 12 (1, m0)]) | -
Proof. Taking modulus in (4.1), we have

(4.9) |77 Ty pmas (F (7, 5))]
q14q2
(mo —m1) (mq — 73)

1 1
x (ﬂszﬂ)Z(M*y)Q/ / 781 (72 + (1 — 1) w2, 59 + (1 8) 718)| dpy g0 7l g
0 0

1 1
1 (ma — 2% (y — m3)? / / 7810 (12 + (1= 7) w25y + (1 — 8)73)| dps s 700
0 0
) 9 1 1
(@ —m)? (4 — ) / / 78 [0 (rz 4 (1= 7) 11,5y 4+ (1= 8)72)| dps s o
0 0
5 5 1 1
+($—7T1) (y—WS) / / 7'3|Q(7'$+(1_7)771,59"‘(1_5)”3” dpuqﬁdpzngs}'
0 0

Since |®(, s)| is co-ordinated convex, we obtain

1 1
(4.10) / / 7s|® (1t + (1 —7)ma, sy + (L — s) ma)| dp,.qiTdps,g0S
o Jo

Tdp, 4,8

/1/1 75 |® (z,y)| +7 (1 —8)[® (z,74)| + (1 = 7) 5 |D (72, y)] p
< TS P1,q1
o Jo +(1=7)(1—9)|® (72, 74)]
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mmmmm@@@wwwbw(mmm—mmmwéwmm
12y, (13 ) 19 (w2,9)] + 19 (m2,m)

pzyqz pL,Q1 p1 @

3]
2]
|

P1,q1 [ ]p2,q2 [3]101,!11 [3}172@2

By the similar way, as |©(7,s)|, |¥(7, s)| and |Q(7, s)| are co-ordinated convex, we establish

1
(4.11) //Ts|®(7'x+(1—7)%2,8y—|—(1—s)7rg)| A ordy, o
0 0

2Ly Pl 10 @9+ 2y gy (Bl ~ Pl ) 10 (2 75)
200 (Blpras — lpnsgy ) 10 (72,9) | 410 (ma, 7s)]

< ;
[2]171#11 [2]]92,512 [3}171,111 [3]}727112
1 .1
(4.12) / / T8O (re+ (1 — 1) 71, sy + (1 — s)ma)| dpy,qu Tdps g0
o Jo
21 2o 1 @) 4 2y, g0 (B0 = 2 ) 19 (2 0)
< 2 age (Blpras — lprigy ) 19 (72,9) 4 9 (m1,7a)]
B [2]101,(11 [2]1027(12 [3]1017611 [3}1)27(12
and
1
(4.13) / / 7s|Q(rx+ (1 —7)m1,8y + (1 —5)73)| dpy,gs Tdpy g0 S
o Jo
mhmp@muuam+[hm(mm@fmmmﬁﬂwmﬂ
< 2 P27q2 3]1717111 - :01 th) |Q (7T1’ )| + ‘Q (71;7"3”
B [ ]P1¢11 [ ]Pz#lz [3}171,@{1 [3]1)2#]2
If we substitute the inequalities (4.10)-(4.13) in (4.9), then we obtain the desired result. O

Remark 8. In Theorem 11, if we set p1 = pay = 1, then Theorem 11 reduces to [19, Theorem 5].

Corollary 1. In Theorem 11, if we choose |®(7,s)|, |©(,s)|, [¥(7,s)|, |7, s)| < M for all (1,s) €
[1, 2] X [w3, 4], then we obtain the following post-quantum Ostrowski type inequality

;Trf;;ljpl,thypzﬂh (F (7—7 S))’

M q1492 [2]p17q1 ([3]p2,q2 o [2]p2,qz) + [2]172,(12 [3]171#11 +1
(mo — 1) (T4 — 73) [3]p1,q1 [3]1)2412
| (2 —2)’ + (@ —m)’| [ (ma—y)? + (y—m)°
2,101 2lp..a2 ‘

Remark 9. In Corollary 1, if we put p1 = pa = 1, then we recapture the inequality (1.7).

Remark 10. In Corollary 1, if we set py = ps = 1 and q1,q2 — 17, then Corollary 1 reduces to
Theorem 2.

Theorem 12. Suppose that the assumptions of Lemma 3 are hold. If |®(7,s)|”, |O(r,s)|”, [¥(r,s)|’
and |Q(t, s)|” are co-ordinated convex on [m1, 7] X [w3,74], then we have the inequality

Mf%jplm \D2,q2 (F (7'7 S))’

< q142 1 1 '
- (7T2 - 71'1) (71'4 - 7T3) [T + 1]p1 q1 [T + 1]112 q2
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=

B ()" + (2] — 1) 12 @)l + (12100, — 1) 12 (m2 )"
+ (2 = 1) (Rlpygy = 1) 1@ (r2, m0)|°

[Q]th [2]192#12

x | (m2 — @)% (m4 — y)?

ol

10 @I+ (12]y.00 = 1) 10 @ 7)1 + (12114, = 1) 10 (72, )"
(2 = 1) (12l — 1) 1O (2 m0)°

[Q}Plxth [2]1)2#]2

+(me —2)? (y — 73)°

ol

1 ()l + (200 — 1) 12 () 4 (12,0, — 1) 12 (e, 9)"
+ ([2] - 1) ([2}1,1,111 - 1) U (71, 74)]°

p2,92

+ (@ —m)* (ma — )’ 2],,., 2]

2@ I+ (2 = 1) 19 @ 7a)[* + (120, 4, = 1) 12 (70, 9)I°
+(2pgy = 1) (2lpyqy = 1) 12 (71,700

2y s e

+(z—m)* (y —m3)°

where%+%=1,s>1.
Proof. From the Lemma 3, we have

(4'14) ;i’zgjplyth,m,% (F (7‘,8))|
q192
(mg —m1) (74 — 73)

1,1
X |(my = x)* (g — y)z/ / 78 |®(re + (1 = 7)mo, sy + (1 = 8) ma)| dp, g, T dps g
o Jo

IN

1 1
T (2 — 2)? (y — m3)? / / 7810 (12 + (1 — 7) w25y + (1 — 8)73)| dpu.n dpysga
0 0
5 9 1 1
(@ —m)? (e — ) / / 78U (72 4 (1= 1),y + (L= 8)70)| dpy or 7 g g
0 0

1 .1
+(zf7rl)2 (y,ﬂ3)2/ / 7s|Q(rx+ (1 —7)m,sy+ (1 —s)m3)| dp,.gi T dmms} .
o Jo

By using the well-known Holder inequality and the co-ordinated convexity of |®(7, s)|®, we obtain

1 .1
(4.15)/ / 78|® (1t + (1 —7) 7o, 8y + (1 — 8)Ta)| dpy.u T dpy.ge$
o Jo

1 1 H 1 .1
(/ / T"s" dpl,qlepz,q23> </ / |® (72 + (1 —7) w2, 5y + (1 = s) 7T4)|8 dpy,y T dpz,q25>
0 0 0 0
1
1

1 =
<[T + 1];017(11 [T + 1];02#12)

1
s

IA
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: (/01 /01 [r51® (@, 9)" +7 (1= 9) | (@, 74|’

+(1=7)5[® (m2, )"+ (1= 7) (1 = 8) [® (72, 74)["] dp, .0, T dps g 9)

B 1 1
[T + 1]P1JI1 [T + 1]p27f12

@ ()" + (2] = 1) 19 @)+ (2], — 1) 19 (72, )"
+ (2pas = 1) (2] = 1) 1@ (r2y )

|

3=

[ ]Ph(h [2}P2;L]2

Similarly, we have

1 1
(4.16) / / 78|© (tx+ (1 — 7)o, sy + (1 — ) w3)| dpy,s T dpy .o
o Jo

1
(i)
[’I“ + 1}171,111 [’I“ + 1]172#12

10 @ DI+ (12]yng0 = 1) 10 @ 70)" + (2], = 1) 10 (72, 9)[°
+(Play = 1) (12010 = 1) 10 (2 m)|°

[Q]thh [2}112,(12

1,1
(4.17) / / Ts|U(re+ (1 —7)m1,sy+ (1 —8)ma)| dpy,i T dpy s
o Jo

1 1 v
[’I“ + 1]171#11 [’I“ + 1]p27Q2

19 @)+ (Rlpgy = 1) 1 @m0l + (20, — 1) 19 (70,9))°
(2 = 1) (2pygy = 1) 12 (0, mo)l?

[2]1017(11 [2]1)27(12

and

1 41
(4.18) / / 7s|Q(re+ (1 —7)m,sy+ (1 —s)m3)| dp, g, T dpy.ga8
o Jo

1
1 1 "
L L

@ =

w =

s
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2@+ (g — 1) 12 73)" + (2100, — 1) 19 (r )"
+ ([2]172,@ - 1) ([2]1,1&1 - 1) 1 (71, 73)|°
2y 00 2]

P1,91 [ P2,92

By substituting the inequalities (4.15)-(4.18) in (4.14), then we obtain the required result. O

Remark 11. In Theorem 12, if we use py = pa = 1, then Theorem 12 reduces to [19, Theorem 6].

Corollary 2. In Theorem 12, if we choose |®(7,s)|, |O(,s)|, [¥(7, s)|, |7, s)| < M for all (1,s) €
[r1, 2] X [w3, 4], then we obtain the following post-quantum Ostrowski type inequality

’:?z;jphm,pz,(rz (F (Tv 5))|

M ( 1 1
[

(m2— ) (ma—73) \[r 4 1, 7+ 1, ) [(m2 =+ @ = m)*] [(ma = ) + = 7))

p1,91

Remark 12. In Corollary 2, if we set py = pa = 1, then we recpature the inequality (1.8).

Remark 13. In Corollary 2, if we set p1 = ps = 1 and q1,q2 — 17, then Corollary 2 reduces to
Theorem 3.

Theorem 13. Suppose that the assumptions of Lemma 3 hold. If |®(7,s)|, |O(7,s)|, [¥(r,s)|” and
|7, s8)|°, s > 1 are co-ordinated convex on [r1,72] X [73,74], then we have the inequality

|77 T s pman (F (7, 5))]
1 q192

= (m2 —m1) (74 — 73) [2]

P1,91 [2]p2742

x [(m2 = 2)* (m4 — y)?

o=

2y Py 12 @)1+ 2,0 (Bl — 2y ) 1 (@70l
+ [2]102742 ([3]p17ql - [2];017111) | (7T27y)|s +|® (7T277T4)|S
3

P1,91 [3]1)27112

+(m2 — ) (y — m3)°

w =

[2]111,41 [2]1027112 ‘9 (x’y)‘s + [2]1)17(11 ([3]p2742 - [2]172742) |6 (xa 7T3)|S
+ [2]1)2’% ([3]101,511 - [Q]pl,q1> |® (77273/)'8 + |@ (772a7r3)|s
3]

Pp1,91 [3]172;‘12

+(@—m)’ (m—y)°
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ol

2y Py ¥ @D+ 120, 0, (B 00 = Py ) 19 (@m0l
+ [2]1727112 ([3]1717111 o [Q]Pl,q1) | (ﬂ-l?y)|s + | (7717774)|S
[3] 3]

P1,91 [ P2,92

+(z—m)* (y —m3)°

21 2 12 @)+ 2,y (B0~ o, ) 1922 73)]
+ [2]172&2 ([3]171411 B [ ];Dl,lh) |Q(7r1’ )| + |Q(7‘r1’7r3)|

[3]1)17(11 [3]1727612

Proof. By using the power mean inequality and the co-ordinated convexity of |®(7, s)|*, we obtain

(4.19) / / 78| (te+ (1 — 1) 7o, sy + (1 — 8) 74)| dpy.qu Tdpy g0
o Jo
1 .1 -3
S </ / TS dpl#thpz,qu)
o Jo
1 1 H
X </ / 78|® (t2 + (1 —7) T2, 8y + (1 — 8) 74)|” dplyqlep%qgs)
o Jo
1—1
(i)
B [2]1017!11 [2}172,%

X (/01/017'8 [75]® (2, y)|" + 7 (1 — 5)[® (2, 74)|°

o=

(1 =7)s|®(m2, )" + (1= 7) (1 = ) [® (72, 74)["] dp, 1 Tps 0 9)

+
1
1—1
[)17q1 p21q2

2Dy Py 12 @ 9)1° + 2y, (Blygy = Ly ) 12 @m0l
+12) — 2y ) 1@ (72, 9)|" + |® (2, 7o)
2]

P2,q2 [3]171#11 P1,q1

[2]171411 [ p2,q92 [B}Pl,th [3]172#12

Similarly, since |O(7,s)|”, |¥(7,s)|” and |Q(7, s)|” are co-ordinated convex, we establish

1 41
(4.20) / / 7810 (te+ (1 — 1) 72, sy + (1 — 5) 73)| dp,.q1 Tdps g0
o Jo

1
s

(T
B [Q]thh [2]112#12
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o=

2y 2010 @01+ 2Dy, (Blyags = Plpns) 10 (o)
+ 2 pags (Blpras — Blyniay ) 10 (72,9)1° +10 (72, m3)1°
s Pl Blyn.s B

ply‘]l[ 1027112[ P17Q1[ P2,92

1 41
(4.21) / / Ts|U (re+ (1 —7)71, sy + (1 — 5)74)| dpy,qu Tdps g0
o Jo

< 1 o
B [Q]thh [2]112#12

2Dy Plpgs 1% @D+ 2,0, (Bl g0 = Py ) 19 (@701
+ [2]1027112 ([3]1917111 - [2]1117(11) | (Wlay)|s + ¥ (7T177T4)|S

@ |-

X
[2]171411 [2]172,(12 [3]171,111 [3]102,112
and
11
(4.22) / / 7s|Q(re+ (1 —7)m1,8y + (1 — ) 73)| dprgsTdpy oS
0 Jo
1-1
< (mms)
T\ g Pl
1
s o120+ 2y gy (B~ ) 12 7))
+ 2y (Bl — 2pray ) 1201 0)[° 4102 (0, m0)|°
X
[2]1)17(11 [2]P27!12 [3}111,(11 [3]1)2#2
If we substitute the inequalities (4.19)-(4.22) in (4.14), then we obtain the desired result. O

Remark 14. In Theorem 13, if we assume py = pa = 1, then Theorem 13 becomes [19, Theorem 7].

Corollary 3. In Theorem 13, if we choose |®(7,s)|, |O(7,s)|, |¥(r,s)|, |7, s)| < M for all (1,s) €
[r1, 2] X [w3,m4], then we obtain the following post-quantum Ostrowski type inequality

|;i’:g*7p1,m’p2,qz (F (T7 S))|

Maqiqo [2]101411 ([3}132,112 - [2]p2,q2 + [2]p2,q2 [3]p1,q1 +1 )
(mo — 1) (M4 — 73) 311 01 Blpsao
y (ma—2)’+ (@—m)*| [(ma—p)’ + (y — m3)°
[2]1)1#11 [2]1’27‘12 -

Remark 15. In Corollary 3, if we consider p1 = pa = 1, then we recapture the inequality (1.9).

Remark 16. In Corollary 3, if we consider py = ps =1 and q1,q2 — 17, then Corollary 3 reduces to
Theorem 4.
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5. CONCLUSION

In this study, we proved some new post-quantum variants of Ostrowski type inequalities for the
differentiable functions of two variables. We also proved that the results proved in this study are
the refinements of some existing results in the field of integral inequalities. It is an interesting and
new problem that the upcoming researchers can obtain the similar inequalities for the other kind of
convexity in their future work.
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