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Abstract
We are exploring solitons and other solutions describe new interaction between two solitons besides, new three soliton solutions are generated. we examine the commutative product between multi unknown Lie infinitesimals for the (2+1) dimensional variable-coefficients Bogoyavlensky Konopelchenko (VCBK) equation and this study result some new Lie vectors. The commutative product generates a system of nonlinear ODEs which had been solved manually. Through two stages of Lie symmetry reduction, (VCBK) equation is reduced to non-solvable nonlinear ODEs using various combinations of optimal Lie vectors. Using the Integration method, we investigate new analytical solutions for these ODEs. Back substituting to the original variables generates new solitons and other solutions for (VCBK). Some selected solutions illustrated through three-dimensional plots.
Keywords: Symmetry Analysis; Partial differential equations; The variable coefficients (2+1)-dimensional Bogoyavlensky Konopelchenko Equation.
1. Introduction
The (2+1) dimensional Bogoyavlensky Konopelchenko (BK) equation [1-3];
               			       (1)
where and  are arbitrary constants and  is the integral w.r.t (). For simplicity, substituting  we get;
                             		       (2)
Many researches[3-5] depicted that describes the interaction of a Riemann wave propagating along y-axis and x-axis. From our fast review, there are many presented of solutions for (2). S. Ray[5, 6], apply the Lie symmetry analysis to present some generators through the prolongation theorem and the geometric approach, respectively, to reduce (2) to ODEs and generate exact solutions. The author in[7], present some modifications on S. Ray works. Also, the authors in [8], apply Lie point symmetry to (2) and investigate the conservation laws of it. In [2], 1-2 solitons and periodic solutions had been generated through the Hirota-bilinear operator method and the semi-inverse variational principle. Some Lump solutions and interacted soliton solutions had been obtained using Hirota bilinear method in[9-12].  On the other hand, some authors studied the variable coefficients Bogoyavlensky Konopelchenko (VCBK) equation [1, 3, 7, 10, 13];
    	                   (3)
Where  and  are real function in time and  and 
In [1], they apply the binary Bell polynomial and Hirota method to investigate one and two solitons for (3). The interaction between one soliton, either two soliton solutions in case of the functions are constant or variable are investigated in[13] using the generalized unified method. Many studies generate various of solutions of (3) using different methods as the inverse scattering method with the aid of Lax pairs operators and the  expansion method[14-17]. 
In this paper, we consider the (VCBK) equation and based on Lie algebra [18-24], eq. (3) have four unknown vectors as determinate in [7], so, we optimize Lie vectors containing arbitrary functions of time through a commutative product for various values of functions and also apply the same procedure for constant coefficients equation (2). Through one or two stages of reductions, some ODEs that had no quadrature are solved using the integrating factors as in [19].
We organized our paper as follows. In section 2, we study three cases for eq. (3) in each case, we use a different value for   and  We explore new solitons and other solutions for (VCBK) equation in section 3 using the new Lie vectors that we obtained in the previous section. In section 4, we end the work by the conclusion.

2. Investigation of Lie symmetry generators of (3)
	We present three cases, in each one, we use a different value of the real function in (3). Through the commutative product between the resulted vectors, we investigate in each case new infinitesimals for (VCBK) equation.

2.1. Case I
Suppose  and  Eq. (3) admits the following Lie infinitesimals;
                      		 (4)
There are an infinite number of possibilities for these vectors due to the existence of the arbitrary functions. We derive optimal values for these functions first, by evaluating the commutative product of these infinitesimals as listed in Table 1.




Table. 1. Commutator table
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where; 


              (5)
					
Simplifying Table 1 by setting the values for a’s, generates a nonlinear system of ODEs;


				                                                       (6)

						 
    Solving this system of differential equations manually and the assumption of some values, results in;

   , ,                                   					       (7)                                       
  , , .
Substituting from (7) in (4), we explore the four unknown Lie infinitesimals then simplifies Table1 to an optimized form described in Table 2.
 				       (8)
			       
Table. 2. Commutator table after optimization
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2.2. Case II
Assume  and   Eq. (3) admits the following Lie infinitesimals;

			        (9)
Follow the same steps in Case I, we investigate the values of 
 and  as follow;

  						                             (10)
, , .
Substituting from (10) in (9), we examine the unknown Lie infinitesimals as follow;
			     (11)	
2.3. Case III
Assume  so,  and   Eq. (3) admits the following Lie infinitesimals;

		                 (12)
Follow the same procedure the previous cases, so; 
   , ,                                                              (13)                                       , , . 
Substituting from (13) in (12), we generate new Lie infinitesimals as in eq. (14). 
			     (14)
3. Reduction of the independent variables in (BK) equation
3.1. Case I
Using Lie vector  in eq. (4);
				              	     (15)
So, the characteristic equation will be; 
						                  		     (16)
Solving this equation leads to; 	
		                                                      		     (17)
where  is a new independent variable and;
							      			     (18)
 Using the new similarity and the dependent variables, eq. (3) will be reduced to; 
	     				     (19)
Eq. (19) has an analytic solution; 
               			                             (20)
Using the similarity variables in (17) and (18) then we can back substitution to the original variables; 
     	                 		     (21)
3.2. Case II
Using Lie vector  in eq. (9)
                                 							     (22)
This vector generates the characteristic equation;
           						            			     (23)
Solving eq. (23) produces the similarity variables; 
		                                                                                         (24)
where  is a new independent variable and;
					          					     (25)
 Using the new similarity and the dependent variables, eq. (3) will be reduced to; 
                 					     	     (26)
So, the eq. (26) eight Lie vectors, we choose to work with ;
Where, 
     		     					     (27)
Eq. (26) will reduced to;
           			          		                             (28)
This equation has no analytical solution, so we try to solve it using the integrating factors as follow;
· Integration method
Integrate eq. (28) once with respect to , set the integration constant equal to zero; 
   							                 	     (29)
Secondly, multiply eq. (28) by  then integrate once with respect to  
                                                        		     (30) 
Equating eq. (29) to eq. (30), results in; 
  		                                        				     (31)
By solving this equation; 
  	     (32)  Back substitution using eqs. (27), (25) and (24); 
                                                                                             				     (33)
The result is depicted in Figure 2.
The resulted waves consist of three solitons by increasing the time the amplitude of the wave is reduced and moved to the right.

3.3. Case III
Using Lie vector  in eq. (14)
			                 (34)
So, the characteristic equation will be;
					                             (35)
Solving this equation leads to; 	
		                                                     (36)
where  is a new independent variable and;
						     (37)
 Using the new similarity and the dependent variables, eq. (3) will be reduced to;
	           			     (38)
Eq. (38) has an analytic solution; 
               			                                         (39)
Using the similarity variables in (36) and (37) then we can back substitution to the original variables; 
       
     (40)
This result is plotted in Figure 3. 

4. Conclusions
We study the nonlinear time-dependent coefficients Bogoyavlensky Konopelchenko equation. The (2+1) dimensional (VCBK) admits an infinite number of infinitesimals. We determined optimal functions forms via a commutative product. Based on our method, we investigate new Lie vectors. Through the integrating factor method single, and double combinations of vectors generate new solitons and other solutions. The summery of our results;
· The investigated Lie vectors are different and new compared with [5-7].
· Based on the new Lie vectors, we reduce eq. (3) to some ODEs and solved these equations using the direct method and the integration method.
· We can analysis our solutions as: 
(I) Figs. (1-a, 2-a,3-a,3-b,3--c) imply one-soliton and three- soliton solutions depend on the increase in time value. The amplitude decreasing with increasing the time and the wave peaks move to lift direction.
(II) Figs. (1-b,1-c) represent an interaction between multi- soliton waves together and this means the physical properties don’t change after the interaction.
(III) In Figs. (2-b,2-c), periodic and parabolic waves are presented. 
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