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Abstract. The work reported here concerns with study a generalized nonlinear fractional
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existence and uniqueness of positive solutions to the problem at hand are proved. Our discussion
relies on the properties of the Green’s function, the upper and lower solutions method, and the
classical fixed point theorems in a cone. Moreover, building upper and lower control functions
have an effective role in the analysis. Some examples are offered to justify the validity of
theoretical findings.
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1. INTRODUCTION

Fractional calculus (FC) is a generalization for standard calculus since it deals with frac-
tional orders that exceed integer numbers, whether real or even complex. During the last four
decades the theory of fractional calculus achieves great importance due to it applicability in
many fields such as Control theory, Electrical networks, Artificial neural network, Physics,
Mechanics, Electromagnetic theory and probability, Electrochemistry, Engineering, etc, see
[10, 11, 16, 18, 21, 24, 26, 27, 28, 37] and references therein.

The fractional differential equations (FDEs) emerge in physics, biology, engineering, finance
and economics. Recently, many mathematicians have studied FDEs using several definitions of a
fractional derivative such as Riemann-Liouville (RL), Caputo, Hilfer, Hadamard, Katugampola,
generalized Caputo, generalized Hilfer, we refer here to some of these famous operators in [6,
12, 14, 15, 17, 31].

On the other hand, there has been much more contemplation paid in developing the theory of
existence and uniqueness of positive solutions for nonlinear FDEs, through standard fixed point

techniques, for details see [4, 5, 8, 9, 19, 20, 25, 35, 36].
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For instance, in [4] Abdo et.al., obtained the existence of positive solutions for the fractional
BVP of the form

CD0+<() ‘B(t (1), telo1
0) = A f) <(s)ds + d,

where 0 < v < 1, CD8+ is the Caputo operator, A >0, d € R*, and P : [0,1] x [0, +00) —
[0, 4+00) is continuous function.

On the advanced development of the generalized fractional calculus, some authors who are in-
terested in this topic have presented many generalizations of fractional derivatives like ¥-Caputo
fractional derivative introduced by Almeida [6] and ¥- Hilfer fractional derivative introduced by
Sousa and Oliveira [31].

For recent papers about study the existence and uniqueness of solutions of FDEs involving
U-fractional derivative, has been few investigated, see but not limited to [1, 2, 3, 7, 13, 33, 23,
32, 34]. For example, Vivek et.al., in [34] studied the existence, uniqueness and stability results
for the generalized fractional BVP of the form

{ CDUY(t) = PB(t,<(1)), te0,T]
ac(0) + be(T) = w,

where 0 < v < 1, a,b,w € R with a +b # 0, CD8+ is the ¥-Caputo operator, and P :
[0,7] x R — R is continuous function.
Motivated by [4, 22, 33, 34], we investigate the existence and uniqueness of positive solution for

nonlinear generalized fractional BVPs of the form

{ DY) +B(t,s(t) =0, 0<t<1,

s(0) =<(1) =0, (1)

where 1 < v < 2, Dgf is the generalized RL fractional derivative of order v, B : [0, 1] xRT — RT,
and ¥ : [0,1] — R* is a strictly increasing function such that ¢ € C?[0,1] with ¥'(¢) # 0, for all
t €[0,1].

Essentially, the researchers absorbed IVPs corresponding to mentioned fractional derivatives.
But as far as we know that investigation of BVPs corresponding to FDEs is very scarcely
considered by the use of upper and lower solutions method. Recently, Seemab et al., in [33],
used the Leggett-Williams fixed point theorem to obtain the existence and multiplicity results
of positive solutions for the problem (1.1).

Our aim is to study further results on the existence and uniqueness of positive solutions to the
problem (1.1) involving ¥-RL fractional derivative. Moreover, the results obtained are the first
contribution through building the upper (lower) control functions of the nonlinear term that no
need any monotone conditions except for the condition of continuity.

The remainder of the work is structured as follows: In section 2 we will fleetingly render
some basic definitions and the axiom results that are used in the analysis. Section 3 deals with
developing the Green function corresponding to the proposed problem and demonstrating some
of its generalized properties related to 9, and through this, the problem (1.1) is converted into
an equivalent fractional integral equation. Moreover, we obtain further results on the existence
and uniqueness of positive solution by using the method of upper and lower solution, and some
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fixed point techniques. Some examples are offered in section 4. The conclusion is granted in the
last section.
2. PRELIMINARY RESULTS

Let C[0,1] be the Banach space endowed with the norm |<|| = sup{|s(¢)|; ¢t € [0,1]} for
¢ € C[0,1], and define the cone

K={ceC[0,1]:¢(t) >0, t €[0,1]}.
The positive solution that we taking account in this work is such that ¢(¢) > 0, 0 <t < 1,
¢ e Co,1].

Definition 2.1. [18] Let v > 0, p : [a,b] — R be an integrable function and ¥ : [a,b] — R an
increasing function with 9'(t) # 0, for all t € [a,b]. The ¥- RL fractional integral of p of order
v 1s given by

13 it / I (5)(D(t) — 0(5))" " p(s)ds.

Definition 2.2. [18] Let n—1 < v < n, and p,¥ € C"[a,b] such that ¥ is an increasing function
with ¥ (t) # 0, for all t € [a,b]. Then the ¥-RL fractional derivative of p of order v is given by

9 —ud
DZ+P() Dn’ﬂIaHJrv p(t),

where D™V = ﬁ,l(t) jt} and n = [v] + 1.

Lemma 2.1. [18] Let r € R with r > n. The ¥-fractional integral and derivative of the function
p(t) = (9(t) — I(a)) " are

LD = s (000) = o)+
and
DY p(t) = F(l;(ﬁ)v)w@) a)y

Lemma 2.2. [18] Let v,r > 0 and p : [a,b] — R. Then we have DZfI:fp(t) = p(t) and
11 p(t) = 177 p(t).

Lemma 2.3. Let v > 0. If we suppose ¢ € C'(0,1) N L(0,1), then the FDE Dsfg(t) =0 has a
unique solution

<(t) = e1[9(t) — 9(a)]" 7 + c2[0(t) — 9(a)]V 72 + ... + ca[O(t) — I(a)]" 7",
Moreover, if s, DYs € C(0,1) N L(0,1),then
1Y DY (t) = o () + e [9(t) — 9(a)]"™" + eald(t) — 9(a)]" "2 + ... + a0 (t) — 9(a)]V T,
for somec; R, i=1,2,...,n

Definition 2.3. A function ¢ € C[0,1] N L[0,1] be a solution of (1.1) if < satisfies ngrﬂg(t) +
P(t,s(t)) =0, t € (0,1) with <(0) =0 and (1) = 0.
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Definition 2.4. A function ¢ € C[0,1] is a positive solution of ( 1.1) if <(t) > 0 for allt € [0, 1]
and < satisfies (1.1).

Theorem 2.1. [37] (Banach). Let X be a Banach space with a contraction mappingT : X — X.
Then, T has a unique fixed-point x in X.

Theorem 2.2. [37] (Schauder). Let X be a Banach space and let S a closed, convez, bounded
subset of X. If T : S — S is a continuous map such that the set {T's : s € S} is relatively
compact in X. Then T has at least one fized point.

3. MAIN RESULTS

This section is dedicated to demonstrating developed Green function corresponding to problem

(1.1) and proving the existence and uniqueness of positive solutions to a problem (1.1).

Lemma 3.1. Let 1 <v <2 and ¢ : [0,1] — R is a continuous. Then

DY)+ o(t) =0, 0<t<1,

5(0) =¢(1) =0, (3:1)
has a unique solution ¢ € C[0,1] given by
1
_ / 9(5)G(t, 5)6(s)ds. (3.2)
0

where

Zv(t’o)zv(175)_21}(1’0)211(15’8)
G(t S) — 2 192:;(170)1}9(7)) ’ ’ 0 S S 1’ (3 3)
’ 2100250, 0<t<s<l '
Z5(1,0)0(v) - = '

Here G(t, s) means the Green function of fractional BVP (3.1) and the given notation is adopted

| A

IN

for easiness
Z5(t,s) = [9(t) — 9(s)) .

Proof. By applying Lemma 2.3 on first equation of (3.1), we obtain

(1) = —F(lv) /0 P (8)(9(t) — ()" p(s)ds
Fe1[9(t) — 9(0)]V 7 4 eo[9(t) — 9(0)]V 72, for some c¢1,¢o € R. (3.4)

From the second equation of (3.1), we get co = 0 and

. 1-v pl
. P F(i()oﬂ /0 9'(s)(9(1) — 9(s))""L(s)ds

Substitute the values of ¢; and c¢o in (3.4), we get

o(t) / 9'(5)(9(t) — 0(s))" L6 (s)ds

; ( i _f;g ) / P (5)(0(1) — 9(5)" 6 (s)ds.

Hence
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Z}; (
$)Z5(1,

- —/0 ﬁ(s)35(t’5)¢(s)ds

NO)

Z(t0) [ EiLs)
Zs<1,0>/o“) (o) 1
L2500 1

Z;(l,omv)/ V()25 (1L, 5)¢(s)ds

() BIEOZ50,5) — 250,025, 5)
— /19 G Z5(L0)T ?U) 202 b(s)ds
. ZY(L0)ZY(L,s)
/ T o) YO

- / 9 (s 6(5)ds.

Lemma 3.2. For all v € (1,2]. The Green function given by (3.3) satisfies the following prop-

g

erties:

(1): G(t,s) is continuous on [0,1] x [0, 1].
(ii): G(t,s) >0, 0<t,s<Ll.
(iv): For s € (0,1)

r G(t v :
(W) max Gt ) < Zvg )

Proof. Let us assume

Gt s) = ZY(t,0)ZY (;:,’3270)2555,0)25(15,3)
MO =901 ) — e P — o)
B VR0 o RS ) B
and

Z8(£,0)24(1, )
G .S s 9
SR (RN

B0 B0 =S,y

[9(1) = 9(0)]"~T(v) ’
Since ¥ € C?[0, 1], one can check easily that G1(t, s) and Ga(t, s) are continuous on [0, 1] x [0, 1].
Thus (i) holds. Now, we show that (ii) is satisfied.
Case (1) For0 <t <s<1:

Since ¥ is a strictly increasing function, we have

J(1) > J(s) = 9(1) —Y(s) >0 whenever s <1,

J(t) > 9(0) = J(¢t) — I9(0) > 0 whenever 0 < t.
which implies Ga(t, s) > 0.
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Case (2) For0 <s<t<1:

We consider ¥(1) — ¥(t) > 0 whenever ¢ < 1. Multiplying both sides by ¥(s) — 9(0) > 0, it

follows that
[9(1) = ()] [9(s) = 9(0)] >0,
which leads
I(1)I(s) + 9(0)0(t) > 9(0)I(1) + D(t)I(s).
—9(0)9(1) = 9(t)d(s) > —0(1)d(s) = ¥(0)I(2).
Adding to ¥(1)9(t) + ¥(0)¥(s) both sides,we get
[0(t) = 9(O)] [9(1) = 9(s)] > [9(t) = I(s)] [9(1) = D(0)],
For 1 < v < 2,we have
[0(£) = 9(0)]" 7 [9(1) = 9()]" ™" > [9(t) = 9(s)]" 7 [9(1) = 9(0)]"",
Dividing by [0(t) — 9(0)]""", we obtain
[0(t) —9(0)"""
[0(1) —9(0)]""

[0(1) = 9()]" " > [0(8) = 9()]" "

This shows that

ZY(t,0)

AN v v
Z5(1 Z5(t

Zg(l’o) 19( 78) > ’19( 78)

Hence, we conclude that Gy(t,s) > 0.
Finally, we prove that (iii) holds. For this, we have
Case (i) For 0 <s<t<1:

Since ¥ is a strictly increasing function, we have
9(t) > ¥(s) = ¥(t) —Y¥(s) > 0 whenever s <t,
J(t) > 9(0) = 9(¢t) — I9(0) > 0 whenever 0 < t.

Hence
Z5(t,0025(1,s) — Z5(1,0)Z5(t, s)
Gt = Zy(LOT ()
_ PO -9 1) () ) —9(s)) !
[9(1) = 9(0)]*~ I'(v I'(v)
B (20 R 0] K- [
@A) =9(0)] T (w)  ZH(1L0)T(v)

Case (ii) For 0 <t < s < 1:
Since ¥ is a strictly increasing function, we have J(¢) — 9(0) > 0 whenever 0 < ¢t. Thus

Gls) - ZBLOZ5s)

Z§(1,0)0(v)
_ @) =90 [9(1) —9(s)] !
[ (1) —9(0 )]U ! I'(v)
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PO =d@&) Z5(Ls)

< d .
@A) = 9(0)] 1F( ) Z§(1,0)(v)
Therefore, we conclude that
Z5(1,s)
tlél[g)f]G(t S) W, fOI‘ a].l LS (0, 1)

g

Definition 3.1. Let a,b € R (b > a). For any < € [a,b], we say that B(t,-) is the upper-control
function if P(t,s) = sup P(t,n), and is the lower-control function if P(t,s) = inf<b£]3(t, n),
- ¢<n<

asn<s
Certainly, B(t,s) and P(t,<) are nondecreasing on s and

Pt <) <P(t,<) < P(t,<).
Definition 3.2. Let 5(t),s(t) € K and a < (t) <5(t) < b satisfy
ngff(t) > WB(t,5(t)), org(t) > /0 V' (5)G(t,s)B(s,5(s))ds, 0<t <1,

and

~-Dyls(t)

IA
=

(t,s(t)), or <(t) < /19’( s)G(t,s)B(s,s(s))ds, 0<t<1,

0
Then, 5(t) and s(t) are upper and lower solutions, respectively of problem (1.1).

Theorem 3.1. Suppose P : [0,1] x RT — RT is continuous. Then there exists at least one
positive solution <(t) of (1.1). Moreover,

s(t) <<(t) <<(t), t€]0,1].
where $(t),s(t) are upper and lower solutions of (1.1).

Proof. Define Q : K — K by

1
(Q¢) (1) = / 9 (s)G(t, 5)B(s,5(s))ds. (3.6)

0
Lemma 3.1 shows that fixed points of @) are solutions of (1.1). Since P(s,s) and G(t,s) are
nonnegative and continuous, ) : K — K is continuous. Define the ball

B, ={ceK:|[<|<r}CK,

and set L := max IB(¢,<)| + 1. Then for any ¢ € B, we get
(t,5)€[0,1]x[0,r]

Qo) (1)] < /ﬁ' G(t,5) [P (s,5(s))| ds

< /0 9(s) max G(t, ) [B(s,5(s))] ds

te[0,1]
L 1 /1,
< - ¥ (5)Z5(1, s)ds
= ZaoTE Sy MO

L 1 1 , .
~ W) —9(0) I (v) /0 I (s)[0(1) = O(s)]"ds
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[9(1) = 9(0)]
- I'v+1)
This show that (QB,) is uniformly bounded.

Now, we prove that @ is equicontinuous. Let ¢ € B,.. Then for ¢,y € [0,1] with ¢; < t2, we
have

1
[(Q¢)(t2) — (Q<)(t1)] S/ 9'(s)|G(t2, 5) = G(tr, s)| [B(s,(s))] ds. (3.7)
Consider A := |G(t2,s) — G(t1,s)|. Thus

A — ‘ Zﬂ (t27 0)20(17 S) — Zﬂ(lv 0)25(7527 S) Zg(t27 )Zs(l’ 8)
Z2(1,0)T(v) Z3(1,0)T(v)
o Zg(tl,O)Zg(l,S) 72119)(170)2119}(1517 ) Zﬁ(th )Zg(las)
Z5(1,0)I'(v) Z5(1,0)I(v)
2ZU(1’ S) (% v 1 v v
‘m (2§ (t2,0) — Z§(t1,0)] + ) [Z§(t1,8) — Z§(ta, 5)]
22§(1,s) v V=
< |zt ) =00 = 9(e0) — 90) ]
+F(111) |[9(t1) — 9(s)]"~" = [9(t2) — ()]
By applying the mean value theorem, then for a,b € (t1,t2)
A < - 0]6i(0) + It - 0l 40

S 20,000
1

= | —t1|[m0’1<a>+weg<b>],

The estimation of (3.7) becomes

(Q9)(t2) — (QO)(t)] < rtg—m[zg(lm(v) | oo - ot

05(b) L / o
+ V' (s)ds
I'(v) Jo
20/ (a)
= |ty — tq] |
t2 =] [r(v +1)
201(a)  05(b)
= |tg—t 9(1) — ¥(0)]L.
21l |t + 201 ) - o0
As to —t1 — 0, [(Qs)(t2) — (Qs)(t1)| — 0, which means that (QB,) is equicontinuous. So by
Arzela-Ascoli theorem, we conclude that ) is completely continuous.

To apply Theorem 2.2, we need only to prove Q : A — A, where
A =A{w(t):w(t) € K, ¢(t) Sw(t) <<(t), t €[0,1]},

and ||w|| = max {|w(t)| < b; t € [0,1]}. Certainly, A is a bounded, closed and convex subset of
C0,1]. For any w(t) € A, then ¢(t) < w(t) <(t), it follows from the Definitions 3.1, 3.2 that

/19’ G(t, )P (s, w(s) ds</19’ VG(t, 5B, w(s))ds
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N
53
~
—
»
~—
2
S
»
~—
2
o
a)
—~
0
SN—
~—
U
0

and

1 1
Qu(t) = /0ﬁ/(s)G(t,s)‘ﬁ(s,w(s))dSZ/o ﬁ’(s)G(t,s)?

v
o\
>
<
—~
w
SN—
Q
—
“@F
w
SN—
j=
)
e
—
w
N—
SN—
QL
®

> <(t).

Thus Quw(t) € A, due to ¢(t) < Quw(t) < 5(t), t € [0,1]. Hence Q@ :

(s,w(s))ds

A — A. According to

Theorem 2.2, () has at least one fixed point ¢(t) € A for t € [0, 1]. Therefore, the problem (1.1)
has at least one positive solution ¢(t) € C[0,1] and ¢(t) < (t) <35(¢), t € [0,1]. O

Corollary 3.1. Let P : [0,1] x Rt — R* is continuous, and there exist two constants Li(> 0)

and La(> 0) such that
L1 <PB(t,k) < La, (t,k) €10,1] x RT.

(3.8)

Then the problem (1.1) has at least one positive solution <(t) € C[0,1]. Moreover, for each

te(0,1),
I(t) —90)\ 7"\ (9() — 9(0))"
0=t ((ﬁ(l)—ﬂ(m) - 1) EEICES T 3
and.
I(t) —9(0)\ ) () — 9(0))"
s(t) < Ly ((19(1)—19(0)> — 1) I (3.10)
Proof. Thanks to Definition 3.1 and (3.8), we have
Ly <PB(t, k) <PB(t, k) < Ly, (t,k) €[0,1] x RT. (3.11)
Consider the following FDE
—DY%(t) = Lo, 0<t<l,
6(00+) _21) =0, (3.12)
Certainly, (3.12) has a positive solution
S AU RO e
I() 0O\ Ly [P -
- (19(1) — 19(0)> r(i) /0 9 (s)(9(1) — 9(s))""ds
= _L0®) —00)° (19(75) — 9(0) >”1 Loy (9(1) — 9(0))"
T(v+1) 9(1) — 9(0) T(v+1)
_ () —9(0) ! Ly (9(t) —9(0))"
((M o) 1) SRRCESY (313)
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Taking into account (3.11), we can find that

o) > - / 9(5)(0(8) — 0(s))""P(s,5(s))ds

v—1 1
! (W) r(lw [ 600) = 09 Fsis(o)as

Consequently, < is the upper solution of (1.1). Also, we consider the following FDE

—D0+§ t) = Ly, 0<t<l, (3.14)
S

s(0) =¢(1) =0.

Certainly, (3.14) has a positive solution
) =~ | P00 o)
- v—1 1
+ (19(’5) 19((0))) b [y 0(1) = 9(s))"ds

9(1) — 9(0 r'(v) Jo
_ L - 00, <19<t> — 9(0) > Li(9(1) = 9(0))”
F'v+1) 9(1) — 9(0) Iv+1)
_ ((ﬂ(t) - 19(0))‘1 ) 1) L (9(t) = 9(0)"
9(1) — 9(0) T(v+1)

Taking into account (3.11), we have

1 b v
0 <~ / 9'(5)(D(t) — 9(s))"" 15, () )ds

0

_ v—1 1
" (M) F(lv)/o V()W) = 0())" " B(s.s(s))ds. (3.15)

Therefore, ¢ is the lower solution of (1.1). So, Theorem 3.1 yields that (1.1) has at least one
positive solution ¢(t) € C[0, 1] which satisfies the inequality (3.9) and (3.10). O

Theorem 3.2. Let a is a positive constant. Assume that B(t,¢) : [0,1] x RT — [a,+00) is
continuous. If

t
a < lim max Bt:<) < 00, (3.16)
¢—+o00 0<t<L1 q

then the problem (1.1) has at least one positive solution ¢(t) € C[0,0] where 0 < o < 1.

Proof. According to assumption (3.16), there there exist Ay > 0 and By > 0 such that for any
¢(t) € X, we have

P(t,6(1)) < Aps(t) + By
Definition 3.1 gives

B(t,s(t)) < Agps(t) + By. (3.17)
On the other hand, we consider the following FDE

— DUPs(t) = Aps(t) + By, 1<v<2, 0<t<1. (3.18)
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According to Lemma 3.1, the equation (3.18) has the following equivalent solution

/ 9 (s 1 [Ay(s) + By ds
+ <19( > / V(s [Aq3§( s) + Bg] ds.
Let *: K — K an operator deﬁned by
/ 9 (s 1 [Ay(s) + By] ds

() v—1 1 1 . e . S S
+(w>—wo>) r<v>/o PO = 0(5)) [Age(s) + gl ds.

Now, we show that ®* : K — K is compact.
Let {¢,} be a secuence in & such ¢, — ¢ as n — oo. For ¢ € [0, 0], we have

\<I>*<n( ) = ®%(1))

< 0 [ ) A o) — s(s)] ds

Jvlills —9(s))V 1 s) —s(s)| ds
+< J(1) - (0)> F(U)/Oﬁ()(ﬁ(l) 9(s))" " Ag [sn(s) —<s(s)|d

_209(1) — 9(0)"!
- Iv+1)
Thus, ®* : K — K is continuous. Next, let

A |lsn —sllo — 0, as n — oco.

S ={seK:|[s]| <A} CK.

Then, for any ¢ € S, and t € [0, 0], we have

(@) (1) < P(l) /0 9 () (9(t) — 9(s))"~" [Ass s(s)| + By] ds

(1) —0(0) )" 1 ! '(s —Y(s))v ! s s
+<z9( 1) —9(0 )) p(v)/o V' (5)(9(1) = 9(s))" " [Ag [s(s)| + Byl d

(9(o) —

MNv+1
_ 2001 = 9(0)”
- Fv+1)

IN

0(1) = 9(0)

[Aq3>\ + ng] =/,

o v—1 - )
O g + By + (U =IO O 00N

11

Thus, [|®*s|| < ¢. Hence, ®*(S,) is uniformly bounded. Finally, we prove that ®*(S,) is equicon-

tinuous. For each t € [0, 0] and using (3.10), we can estimate the operator derivative as

!@* ) (1)]

v—1 /19/ 2 [Ag [s(s)| + Byl ds

29( 1 1 ,
+'ﬁ(1)—ﬁ<o> m_l)/ﬂ() (1) = 9(5))" "% [Ags |s(s)| + By] ds

I(t
(1

1) W’(t)|‘

v—2
[ g ()] + Byl ds
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2(9(t) — 9(0))"""

< A B
< T(0) [Ag [|s]| + By
9(t) = 9(0) "7 (9(1) = 9(0))"
—1) | A Byl .
-0l | 5o AT s el + Bl
Since ¥ € C'(0, 0], there exists a constant v such that supy<;<, [¢'(t)| < v and from fact that
o(t) —9(0) |
_— 1, forall 1 <wv < 2.
'19(1)_19(0) < 1, tor a <v <
Then

2(9(t) — 9(0))"""
I'(v)

[Ags [[s]| + Byl
(9(1) = 9(0))"
F(v+1)

o (209(8) — 9(0))v ! (9(1) — 9(0))"
= (OO oy DY ) 4 ).

Hence, for each t1,t3 € [0,0] with 0 < t; < t3 < o and for ¢ € S,, we get

[D%¢(t2) — @*c(t1))|

_ / C|@%¢) (s)| ds

t1

2(9(0) —9(0))" " (¥(1) — 9(0))®
( T'(v) w) [ApA + Byl [tz — 1]

So, we can deduce that |®*¢(t2) — ®*¢(¢1)| — 0 as to — t1, that is, the family {®*¢:¢ € S}
is equicontinuous. The Arzela-Ascoli Lemma implies that ®* is compact.

+v-1v [Asp [Is[| + Byl

+(v-1v

To apply Theorem 2.2, we need to verify that ®*B: C B where
1) —9(0) — 1)(I(¢) — 9(0))"
I(v+1)

B = {g(ﬂ eK,Hc— o quH s¢<+oo},

with ¢ > A and

1—-A2
oy (W) =9(0) = H(I(L) —9(0))*
A1 = 2Aqg (F(U n 1))2 Bq;;
and
Ag = W/kp < % (319)

Clearly, B¢ is bounded, convex, and closed subset of C[0,¢]. Then for any ¢ € B¢, we have
(¥(1) —9(0) — 1)(I(t) — ¥(0))"

sl < OFE) By +¢
(1) = 9(0) = 1)(¥(o) — 9(0))"
= T(v+1) By +¢
(1) = 9(0) — 1)(¥(1) — 9(0))"
= M(v+1) By +C.

Thus

B
T(v+ 1) ‘”BH
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(0(t) — 9(0))" [ . ((19(1) —0(0) DO = 90)° C)}
I'v+1) I'(v+1)
2(t) — 0(0)\ " (9(1) — ()" [, ((9(L) — 9(0) — 1)((1) — 9(0))"
*( o) ﬁ<o>> N+ 1) [A““< Mo+ 1) B *Cﬂ
(9(1) — 9(0) — 1)(P(1) — 9(0))*" (9(1) — 9(0))"
: [M‘B (T(v+1))? Bﬁ] " [M‘B [(v+1) } ¢
= A +A(<C.

Hence, Theorem 2.2 assures ®* has at least one fixed point, and then (3.18) has at least one
positive solution ¢*(¢ ) where 0 < ¢t < 0. Thus,

<) U) G 9(s))° " [Ag™(5) + B ds
9(t) , o
* <q9(1) - ) / o —9(s))" " [Agc*(s) + By] ds. (3.20)
Combining (3.20) and (3.17) gives
SO 2~ [P0 - 00 T 0)as
I(t) — L e
i <z9(1) - > T(v) /0 U —9(s)) " B(t, 6" (t))ds.

Undoubtedly, ¢*(¢) is the upper solutlon of (1.1), and we have

(1.1)
<*<t>=[<( g;) ] (@)

_ [(W)—ﬂ(@)) 1_1] a(@(1) = 9(0)" _

9(1) — 0(0) v+ 1)

is the lower solution of (1.1). By Theorem 3.1, the problem (1.1) has at least one positive
solution ¢(t) € C[0,0], where 0 < o < 1 and ¢, () < (t) < ¢*(t). O

Corollary 3.2. Suppose B : [0,1] x RT — [a, +00) is continuous, where a > 0. If
a < lim P(t,¢) < +oo. (3.21)

S——+00

then the problem (1.1) has at least one positive solution.

Proof. By hypothesis (3.21), there exist N7, N2 > 0 such that if ¢ > N, we have B(t,¢) < N;.
Let
M = max PB(t,5).

0<t<1
0<c<N,

Then

a <P(t,s) <N+ M, for 0 <¢ < +o0.
According to Corollary 3.1, the problem (1.1) has at least one positive solution <(t) € C[0,1].
Moreover, for each t € (0,1),

-1 v
<<t>za<<ﬁ(”‘ﬂ(°>) —1> L
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and.

. )
<ﬂ)§(Aﬂ+¢w><(§“)—ﬁﬂn) _1>(ﬂ¥L:f$?).

The following result is based on the Theorem 2.1.

Theorem 3.3. Suppose P : [0,1] x Rt — RT is continuous and there exists a constant o > 0
such that
Bt ) — Bt 2)| < pla —sf, Vi€ (0,1), a, € RT
If
p[9(1) — 9(0)]
I'v+1)
then the problem (1.1) has a unique positive solution s(t) € C[0,1].

Q= <1, (3.22)

Proof. Theorem 3.1 assures that (1.1) has at least one positive solution in K given by

/“w B(s,<(5))ds. (3.23)
Hence, we need only to show that @ : C[0, 1] — C[0, 1] defined by
1
(Qo)(t) = /0 V' (s)G(t, 5)B(s,5(s))ds. (3.24)
is contraction in C[0, 1]. For the end, let ¢1,52 € C]0,1]. Then by our assumption and (3.5), w
have
(@)~ )0 < max [Q)(H) - Q1)
1
< max [ 061G B(sica(s) — Bl o) ds
& 1 ! ! v
< St YOzl - ) ds
o 1 1 ! / v—
< (9(1) — 9(0))*~1T(v) a1 — <2l F(U)/O V(s)(I(1) —I(s)) lds
< PTG - al = e - al.

Since Q < 1, @ is contraction. Hence, Theorem 2.1, concludes the problem (1.1) has a unique
positive solution ¢(¢) € C[0, 1]. O

4. EXAMPLES
This section gives some examples to illuminate obtained results.

Example 4.1. Consider the fractional BVP

sint

—Dg, () =1+ gals,  0<t<l,

n(s(t)) (4.1)
¢(0) =¢(1) =0,
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where v = 2, 9(t) = sint, and P(t,<) = 1+m. It is easy to see that B(t,<) is nonnegative
and continuous function for all t € [0,1] and ¢ € [0,00). It is clear that

1
‘Y,B(-’g) _f’p('avﬂ < ? ‘C - U‘ = §)|§ - U| ) VC,’U € [0,00)
Moreover, by some computations, we get

p[9(1) ~ 9(0)] _ }[sin(1) — sin(0)

— ~0.08 < 1.
L(v+1) r+1)

Q=

All suppositions of Theorem 3.3 hold. So, Theorem 3.3 guarantees that (4.1) has a unique
positive solution ¢(t) € C[0,1].
Observe that P : [0,1] x RT — [1,00) is continuous and

1< lim P(t,9) < 2.

g—+00

Thus, since all the suppositions in Corollary 3.2 are fulfilled with a = 1, Corollary 3.2 can be
applied to the problem (/.1).

Example 4.2. To apply Corollary 3.1, we consider P(t,<) as in Example j.1. It follows that

TSR(ho) < 2 (ho) €01 X BT

Hence

1 <P(t,0) <P(t,0) <

Here L1 =1 and Ly = %. Let the fractional BVP

which has a positive solution

has a positive solution

In particular, if 9(t) = t, then 5(t) = %F(éil) (1 -1) and s(t) = #11) (1-1).

Thus, the functions <(t) and s(t) are upper and lower solution of (/.1), respectively. By
Corollary 3.1, we get that (4.1) has at least one positive solution ¢(t) € C|0, 1], which produces
the inequalities (3.9) and (5.10).
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5. CONCLUSION

The research of generalized FC has become a novel field of investigation. Through some fixed

point theorem, properties of Green functions, and upper and lower control function, a further of

existence results of positive solutions for the generalized problem are obtained. Two examples

are offered to illustrate the fundamental results. The epilogue obtained in this work will be

very advantageous in the applications. Also, we anticipate finding some applications in further

nonlinear problems.
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