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Abstract

In this paper, we introduce two simple inertial algorithms for solving the split variational
inclusion problem in Banach spaces. Under mild and standard assumptions we establish the
weak and strong convergence of the proposed methods, respectively. As theoretical realization
we study existence of solutions of the split common fixed point problem in Banach spaces.

Several numerical examples in finite and infinite dimensional spaces compare and illustrate
the performances of our schemes. Our work generalize and extend some recent relate results
in the literature and also propose a simple and applicable method for solving split variational
inclusions.
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1 Introduction

Censor et. al. [20] introduced the so-called split inverse problem (SIP) that consists of a model
in which there are two spaces X, Y and a given linear and bounded mapping A : X — Y.
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Additionally, two inverse problems are involved, that is, one inverse problem (IP1) is formulated
in the space X and another inverse problem (IP2) is formulated in the space Y. Given these data,
the problem (SIP) is formulated as follows:

Find a point z* € X that solves the problem (IP1)
and such that
the point y* = Ax* € Y solves the problem (IP2).

The first instance of the problem (SIP), known as the split convex feasibility problem (SCFP),
is introduced by Censor and Elfving [[18]] and in this case the inverse problems (IP1) and (IP2) are
convex feasibility problems (CFP). Split feasibilities have been studied intensively both theoreti-
cally and practically, due to its applicability to real-world problems in image reconstruction, cancer
treatment planning, computerized tomography and data compression, see, for example, Censor et
al. [19,120], Deepho et al. [23]], Ceng [15], Xu [37], Shehu et al. [38], Combettes [[12]] and the
references therein.

The split inverse problem reformulation is quite general and it enable to capture many differ-
ent problems by choosing appropriate inverse problems (IP1) and (IP2). One recent example is
Moudafi’s [31] split monotone variational inclusion problem (SMVIP), that is formulated as fol-
lows. Let H; and H be two real Hilbert spaces, f; : H; — H; and f5 : Hy — H, two operators
and B; : H, — 2fv and B, : Hy — 22 two multi-valued maximal monotone mappings. In
addition let A : H; — H, be a (nonzero) linear and bounded operator. The SMVIP consists of
finding a point z* such that:

x* € Hy suchthat0 € fi(a*) + By(x*) (1.1)
and
y* = Az* € Hy solve 0 € fo(y*) + Ba(y*), (1.2)

An interesting special case of (1.1)-(1.2) is when f; = f = 0, this reduces to the well-known
split variational inclusion problem (SVIP):

Find a point z* € H; such that 0 € By (x*) (1.3)
and the point
y* = Ax* € Hy solves 0 € By(y*). (1.4)

Other special cases of (I.1)-(I.2)) are the variational inequality problem (VIP) [31]], the convex
feasibility problem (CFP) [18] and many constrained optimization problems as special cases, for
more related problems see [10, 25, [32]] as well as for applications in signal processing and image
reconstruction, the reader can refer to 8, [15, 16]] and the reference therein.

with respect to iterative algorithms for solving SIPs, we recall the equivalent fixed point refor-

mulation of (1.3])-(1.4)), that is.

z* solves the problem (1.3) — (1.4) <= 2 = JP' (2" — yA*(I — JP?)Ax"), (1.5)
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where for A > 0, > 0, JP = (I + AB) ! denotes the resolvent of a monotone operator B.

This reformulation yielded the CQ algorithm of Byrne for [[10] for solving the two-sets split
convex feasibility problem and more generally the forward-backward algorithm, which has the
following update rule.

Loy = JPN (@, — YA (T — JP2)Ax,), (1.6)

where A* is the adjoint of A, the step size v € (0, #) with L = ||A*A].

Many researchers have studied and proposed various algorithmic schemes close to (1.6)), see,
for example, Dong et al. [22], Sitthithakerngkiet et al. [40], Kazmi and Rizvi [29], Promluang and
Kuman [39], Suantai et al. [41], Eslamian et al. [24], Thong et al. [42]).

A recent modification of (1.6), for solving SVIPs is the method proposed by Chuang in [[14]
and its iterative step is formulated as follows.

Yn = JBB: (xp — A (I — JBE?)Axn,
D(2n,yn) = Tn — Yo — WlA* (I — JF*) Az — A*(I — J2) Ay,), (1.7)
Tns1 = I3 (20 — @ D( ),

(zn—yn,D(xn,yn)>
ID(@n,yn)l?

Alofi et al. [3]] studied SVIPs in Banach spaces and incorporated the Halpern’s iteration idea to
propose the following iterative step.

where «,, =

Tpt1 = Bntn + (1 = Bn)(anu, + (1 — an)anl (2 — MA*Tp(I — JEQ)Axn), (1.8)

where Jg is the duality mapping on a Banach space, {u, } is a sequence in a Hilbert space such
that v,, — w and the step size A, satisfies 0 < \,L < 2. Suantai et al. [41] proposed a viscosity
modification in Banach spaces.

Tt = O f(T0) + Bty + Yoo (T — M A" Tp(I — J2?) Axy), (1.9)

where 0 < \,L < 2 and f is a contraction. Other related works include [26! |39, 44, 45]] and the
may references therein.

Motivated by second order time dynamical system, the heavy ball method (an implicit dis-
cretization), Alvarez [1] and Alvarez and Attouch [2]] introduce an inertial term that encounter two
previous iterates when updating the next iteration. This idea is studied intensively and is shown to
have good convergence properties in the field of continues optimization. For some recent works
applied to various fields see Ochs et al. [4, 5, (7, 135, 136].

As a relevant example of an inertial scheme for solving SVIPs in Banach spaces, Tang [46]
introduced the following algorithm.

Wy = Ty + en(mn - mn—l)a
Tosr = JPH(w, — N A Tp(I — JP2) Awy,),
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where {0,,} isin (0,6,) and Y>> €, < oo,

) _ {min{e, enmax{ |z, — 2o 1|, |20 — 20 1|2} A @ # 2o, 110)

0, otherwsie.

Based on the above, our goal in this paper is to establish two simple inertial methods for solving
SIPs in Banach spaces. The outline of the paper is organized as follows. Some basic definitions and
useful results are presented in Section[2] The two proposed methods are presented and analyzed in
Section 3] The split common fixed point problem is presented in Section ] as application and then
in Section [5] some numerical experiments with comparisons to related methods demonstrate the
algorithms’ performances and suggested applicability. Final conclusions are reported in Section [6]

2 Preliminaries

Let E be a real Banach space and E* be the dual space of E. A normalized duality mapping
J : E — 2F" is defined by

Jr={z*€ E*: (z,2") = Ha:*”z = HxHQ}, Ve e B,

where (-, -) denotes the generalized duality pairing between E and E*.

Let S = {z € E : ||z|| = 1}. The norm || - || of E is said to be Gateaux differentiable if, for
each z,y € S, the limit

ety
t—0 t

exists. In the case, F is called smooth. It is well known that F is smooth if and only if .J is single-
valued and, if £ is uniformly smooth, then .J is uniformly continuous on bounded subsets of F£.
We note that, in a Hilbert space, J is the identity operator.

A Banach space F is said to be p-uniformly smooth if, for any fixed real number 1 < p < 2,
there exists a constant ¢ > 0 such that p(t) = ct? for all ¢ > 0. From Chang et al. [17] and
Chidume [13], we know that, if £ is a 2-uniformly smooth Banach space, then, for all z,y € F,
there exists a constant ¢ > 0 such that ||Jz — Jy|| < ¢||lz — y||.

A multi-valued mapping A : E — 2% with domain D(A) = {x € E : Az # 0} is said to be
monotone if

<x—y,flf*—y*> 207 Vm,yeD(A), z”* EA.T, y* EAZ/

A monotone operator A : E — 2¥" on F is said to be maximal if its graph is not properly contained
in the graph of any other monotone operator on £.

The following theorem is due to Browder [9] (see also Takahashi [43]).
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Theorem 2.1. (Browder [9]) Let E be a uniformly convex and smooth Banach space and J be the
normalized duality mapping of E into E*. Let A : E — 2F" be a monotone operator. Then A is
maximal if and only if, for any r > 0,

R(J+rA) =FE",
where R(J + rA) is the range of J + r A.

Let E be a uniformly convex Banach space with the Gateaux differentiable normand A : £ —
2E" be a maximal monotone operator. Now, we consider the metric resolvent of A given by

Qi =T +pJ"A)7Y, Yu>0.

It is well known that the operator Qf} is firmly nonexpansive and the fixed points of the operator
Q;‘ are the zero points of A (see, for example, Kohsaka and Takahashi [27, 28]]). The resolvent
plays an essential role in the approximation theory for zero points of maximal monotone operators
in Banach spaces. According to the work of Aoyama et al. [6], we have the following properties:

A A —1
(Qrr—y,J(x—Q,x)) >0, Vye A (0).
In particular, if £ is a real Hilbert space, then
<J/;4113 — YT J;?l’> > 07 \V/y € A_1(0)7

where J;! = (I 4 1A)~" is the general resolvent and A~'(0) = {z € E : 0 € Az}. For more
details on some properties of firmly nonexpansive mappings, one can see Aoyama et al. [6] and
Bauschke et al. [[L1]].

Let H be a Hilbert space with the inner product (-, -) and the induced norm || - ||. For a sequence
{z,} in H, we use the notations “z,, — z” and “x,, — z” to denote the strong and weak conver-
gence to a point z € H of {x,}, respectively. Moreover, we use the symbol w,,(z,) to denote the
w-weak limit set of {x,,}, that is,

Wy (Tn) :={r € H : x,, = x for some subsequence {x,,} of {z,}}.
The identity below is useful:

laa + By +yz|* = allz]]® + Bllyl* + vl|=[
—afllz =yl = Bylly — 2|* = yalz — 2| (2.1)
forall z,y,z € H and o, 5,y € [0, 1] such that a + f + v = 1.

Let C' be a nonempty closed convex subset of ' and P denote the metric projection from H
onto C, that is,

Pex = argmin{||lz —y|| : y € C}, Vo € H.
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The following are important characterizations of the projection Fg:
(1) Forany x € H andy € C,

Pex =2z < (r—2z,y—2) <0, VyeC. 2.2)
(2) Pois firmly nonexpansive, thatis,

(x —y, Pox — Poy) > ||Pex — Poy||®, Va,y € H.

The following lemmas are useful to prove the main results in this paper.

Lemma 2.2. (Xu [47], Maingé [30]) Assume that {a,,} is a sequence of nonnegative real numbers
such that

an1 < (1 =46,)a, + 6, ¥n>0,
where {0,,} is a sequence in (0,1) and {0,,} is a sequence in R such that
() >0ty O =00
(i) limsup,_, g—z <0ord 2 [0, < oo

Then lim,,_, a,, = 0.

Lemma 2.3. (Opial [34]) Let H be a real Hilbert space and {z,} be a bounded sequence in H.
Assume that there exists a nonempty subset S C H satisfying the properties:

(1) limy, o0 ||@n — 2|| exists for every z € S,
(i) wy(z,) C S.

Then there exists T € S such that {x,} converges weakly to .

Lemma 2.4. (Maingé [30]]) Let {T",,} be a sequence of real numbers that does not decrease at the
infinity in the sense that there exists a subsequence {I',,,} of {T',} such that T',,;, < T’y ;1 for all
j > 0. Also, consider the sequence of integers {o(n) },>n, defined by

o(n) =max{k <n: Ty <Tpu}
Then {o(n)}n>n, is a nondecreasing sequence verifying lim,,_,~, o(n) = oo and, for all n > ny,
maX{Fa(n)a Fn} < I-‘U(n)—i-l'

Lemma 2.5. (Maingé [30]) Let {l,};>, C [0, +00) and {6,};> be the sequences satisfying the
following conditions:

(1) ln+1 - ln S en(ln - ln—l) + 5n;
(i) ¥4, < oo
(i) {0.} C [0,0], where 6 € (0,1).

Then {l,} is a converging sequence and 3.° | [l,,+1 — 1]+ < 0o, where [t]. = max{t,0} for any
te R
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3 Main results

Throughout the rest of this paper, H is a real Hilbert space and FE' is a 2-uniformly convex smooth
Banach space. We rephrase the split variational inclusion problem (SVIP) as follows:

Find a point z* € H such that 0 € B;(x*) (3.1)
and such that the point
y* = Ax* € E solves 0 € By(y*), (3.2)

where B, : H — 27 and B, : E — 2F" are two maximal monotone operators, respectively, and
A : H — F is bounded linear operator with the adjoint operator A* of A.

Denote by (2 the solution set of the problem (SVIP) (3.1)—(3.1), that is,
Q={2"€ H:0€ By(z"), 0 € By(Az")}

and we always assume €2 # ().

Next we present our two new methods.

Algorithm 1

Initialization: Choose the positive sequence {e,} satisfying Y ° ¢, < oo. Select arbitrary
starting points xg,r; € H, two constants 7 < % and 6 € [0,1) and choose 6,, such that 0 < 6,, <
6,,, where 6, and L will be specified later on.

Iterative Step: After the n-iterate x,, is constructed, for any > 0, compute

Wy = Ty, + en(xn - xn—l)a
Yo = JB(T = 7A*J(T — QF2) Ay, (3.3)
A(Wn, Yn) = Wn — Yo — T[A*Tp(I — Q) Aw, — A*Jp(I — Q7?) Ayy]

and define the (n + 1)th iterate by

Tpa1 = Wp — A d(Wp, Yn), (3.4)

where

Wn — n,d Wn,,Yn .
o, = W if d(wnv yn) 7& 0,
! 0 if d(wy,yn) = 0.
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Algorithm 2

Initialization: Choose the positive sequence {e,} satisfying ) ° ¢, < oo. Select arbitrary
s:[arting poi_nts o, 1 € H, two constants 7 < % and ¢ € [0,1) and choose 6,, such that 0 < 6,, <
6,,, where 6,, and L will be specified later on.

Iterative Step: After the n-iterate z,, is constructed, for any > 0, compute

Wy, = Ty, + en(xn - xn—l)a
Yo = JE( = 7A*Tp(I — QF2) A)w,, (3.5)
AWy, Yn) = Wy — Yp — T[A (I — QEQ)Awn — A*Jg(I — QEQ)Ayn]

and define the (n + 1)th iterate by

where

Oy = ”d(wruyn)Hz lf d<wn7 yn) 7£ O,
0 if d(wy,yn) = 0.

3.1 Convergence analysis
Now, we give some lemmas for the main results in this paper.

Lemma 3.1. (Tang [46]) Let H be a real Hilbert space, E be a strictly convex reflexive and
smooth Banach space and J be the normalized duality mapping on E. Let B, : H — 2" and
By : E — 2F" be maximal operators such that By *(0) # () and By '(0) # ), respectively. Let
A : H — E be a bounded linear operator such that A # () and A* be the adjoint operator of A.
Suppose that Q0 = By (0)(VA~Y(B5'(0)) #£ 0. Let A\, j1, v > 0 and z € H. Then the following
are equivalent:

(1) z € B ()N A~ (B5(0)).

(2) z = JP (I =NA*Jp(I - Q) A)z, where JP' = (I+7By) ™" and Q1> = (I+pJ ' By) ™.

Lemma 3.2. (Tang [46l]) Let H be a real Hilbert space, E be a real 2-uniformly smooth Banach
space and Jg be the normalized duality mapping on E. Let By : H — 2% and B, : E — 2F" be
maximal operators such that By (0) # 0 and By (0) # 0. Let A : H — E be a bounded linear
operator such that A # () and A* be the adjoint operator of A. Assume that A~ (B;'(0) # 0. If
T = A*Jg(I — Q) A, then T is Lipschitz continuous with constant 2c|| A||*, where ¢ is a constant
such that

|Jz — Jy|| < cl|lz —yl|.

Lemma 3.3. Let {x,} be the sequence generated by (3.4). If y, = w, or d(w,,y,) = 0, then
Tn+1 S Q.
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Proof. Denote T' = A*Jp(I — Q[?) A. It follows from (3.3) that

[l (wn, )

Hwn —Yn — T(Twn - Tyn”)
[wn = ynll = T Twn — Ty, ||

AVARLY,

lwn = yall = 7 - 2e| AlI*|wn — yn]
(1= 7L)[[wn = ynll,

where L = 2¢|| A||?. In addition, we have

ld(wn, yu)ll = lwn = yn — 7(Twn — Tyal|)

= (1 =7L)wn = yall.

So, it follows that d(w,, y,) = 0 if and only if y,, = w,. When y,, = w,, or d(w,,y,) = 0, from

(3-3) and (3.4), we have
Tp41 = Wp,
which with Lemma [3.2]yields x,, 1 € 2. This completes the proof. O

Lemma 3.4. Let {z,} be the sequence generated by (3.4)). Assume that d(w,,y,) # 0. If z € Q,
then we have the following:

1 = 2l* < Jlwn = 2]|* = [lzn1 — wall* 3.7)

and

1+ 7212

m“$n+1 —wnH2 (38)

Hwn - ynH2 S

Proof. First, denote T' = A* Jp(I — QEQ)A, it follows out from (3.4])) that

<wn — Yn, d(wnvyn)> = <wn — Yn, Wn — Yn — T<Twn - Tyn)>
lwn = ynll® = T(wWn = Y, Twy, — Tyy)

”wn - yn||2 - T”wn - ynH : “Twn - TynH
(1—=7L)||wn — yal® (3.9)

AVARLY,

and

Hd<wm yn)H2 = Hwn —Yn — T<Twn - Tyn)H2
= ||w, — yn||2 + 7| Tw, — Tyn||2 — 27 (W, = Yn, Twy, — Typ)

< (1+72L3)||wn — ynl* (3.10)
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where L = 2c|| A]|?. Therefore, we have

<wn — Yn, d(wmyn)> > l—7L
o, = > )
[d(wn, yn)[? 1+72L2
Take z € ). Then 0 € Bz, 0 € By(Az),0 € Tz and
|Zn41 — ZH2 = Jwn — 2 — apd(wn, yn>H2

= Jlwn = 2l* = 200 {wn — 2, d(wn, ya)) + g |d(wn, ya) .
From (2.2)), it follows that
(Y — 2,0, — TTW, — y,)) >0, Vz € AH0). (3.11)
In addition, it follows from 0 € Tz and

(Yn — 2, 7(Tyn — T2))) = T(yn — 2, TYn)
= 7(Ay, — Az, Jp(I — Q1) Ay,)
= 7(Ay, — Q2 Ay, Jp(I — Q1) Ays,)
HQP Ay, — Az, Jp(I — Q[F) Ayy)
|| Ay, — QL Ayn|* > 0. (3.12)

v

Adding (3.1T)) and (3.12)), one has

<yn — 2, Wn — Yn — T<Twn - Tyn)> = <yn -z, d(wmyn)> >0

and so

<wn - % d(wm yn)> = <wn — Yn, d(wm yn>> + <yn - % d(wm yn)>
<wn — Yn, d(wm yn)>

v

Thus it follows that

Hwn - O‘nd(wmyn)”2

||w, — 2H2 — 2, (wy, — 2z, d(Wp, Yn)

[t
+ aplld(wn, ya) |1

)+ aglld(wn, yn) ||

) + an{Wn = Yn, d(Wn, yn))

. (3.13)

IAINA

||wn - Z||2 - 2an<wn — Yn, d<wna Yn

~— ~— ~—

Hwn - ZH2 - 2an<wn = Yn, d(wm Yn

= Hwn - ZH2 - an<wn — Yn, d(wmyn)

~

In addition, we have

(Wi = Yo, AW, Yn)) = llond(wn, yn)II* = |20 — wall®, (3.14)

which reduces from (3.13)) that ||z, 11 — z||* < ||wn — 2||? = |20yt — wal
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Second, it turns out from (3.14) that

1
<wn — Yn, d(wnayn» = a_H-Tn—Q—l - wnH2
A ?
———||Tn1 — wa |
1—7L -
This completes the proof. 0

Theorem 3.5. Assume that

o min{0, e, (max{ ||z, — zp 1 []?, |2, — o[} 7' i 2, # 20
IR otherwise.

Then the sequence {x,} generated by ({3.4) converges weakly to a solution of the split variational
inclusion problem (3.1)—(3.2).

Proof. Take z € (2, it turns out from the recursion (3.3) that

[(1+0n) (20 — 2) — On(@p1 — Z)HQ
(1 + 9n>Hxn - ZH2 - eonn—l - ZH2
+0, (1 + 0,) |20 — 20 ||*- (3.15)

[ — 2|

Hence it follows from (3.7)) that

lZner = 2l < (L4 On)llzn — 2[° = Onllzns — 2|

+0, (1 + 0)|| 20 — xn—1||2 — | Tng1 — wnHZv
that is,
[Znir = 2% = llon = 21 < Ou(lon — 201* = [lzn-1 = 2[1*) + 20020 — 20 s |”.

According to the choice of {6,,}, we have

o0
ZGonn — 1 |* < oo.
n=1

Also, one can show from Lemma [2.3]that the limit of {||z,, — z||} exists and
lim (||[2pe1 — 2> = ||on — 2)|°) =0, lim ||z, — w,| =0, (3.16)
n—oo n—oo

which in turn implies that {z,,} is bounded. So, It turns out from (3.8)) and (3.16)) that

d(wy, yn) — 0. (3.17)
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Next, we show that w,,, (z,) C Q. Let T € wy,, (z,) be an arbitrary element. Since {x,,} is
bounded, there exists a subsequence {x,, } of {x,} which converges weakly to z. Note that

eonn - xn—lH S g_n”xn - xn—l” S €n,

which implies that ||w,, — z,,|| = 0,||z, — zn—1|| — 0. Therefore, there exists a subsequence {w,,, }
of {w,} converges weakly to Z. Moreover, it follows from (3.17) that ||w,, — y,|| — 0 and

|7 = TP (I = XA Te(I - Q) A)z| = Jim inf [[wp, =y, |
—00
= lim inf [Jw,, — JP'(I = NA*Jp(I — Q) A)wy,, ||
k—o00
= 0,

which implies that z € 2. Since the choice of Z is arbitrary, we conclude that w,, (z,) C €.
Hence it follows from Lemma 2.3|that the result holds. This completes the proof. [

Theorem 3.6. Assume that the sequences {5, },{v.} C (0,1) satisfy the following conditions:
B+ <1, lim~, =0, 2,7, =00, € =0(7)
n—oo

and

7o min{0, e, (max{ ||z, — zp1[? 2n — 2o a7} if 2 # 20,
0 otherwise.

Then the sequence {x,} generated by (3.6|) converges strongly to a point z = Py(0).

Proof. Firs, we show that the sequence {x,} is bounded. Denote u,, = w,, — a,,d(wy,y,), then,
for any z € (2, it follows from (3.13]) that

Hun - Z||2 < ||wn - Z||2 - an<wn — Yns d(wmyn)>

= lwn = 2* = flum — wal|*. (3.18)
In addition, from (3.5]), we have
[wn = 2| < lzn — 2] + Onllzn — 20l
Thus it follows from that

(1 = Bn — Yn)wn + Bu(wn — and(wy, yn)) — 2|
(1= Bn = )llwn = 2l + Bullun — 2] + ynllz]]
(1= Bn = )llwn — 2[| + Bullwn — 2| + nll 2]l
(1 =) ([[2n = 2l 4 bnllzn — zaall) + 3l

[2n11 = 2]

VAN VARRVAN
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Denote o,, = 0, ||z, — z,—1]|, then we have lim,,_,, o,, = 0 from the choice of {6,,}, which implies
that {0, } is bounded. Therefore, the sequences {||x, — z||}, {zn}, {yn}, {u.} and {w,} are
bounded.

Next, we show that ||z,,+1 — x,|| — 0 and z,, — 2z, where z = Py (0). It follows from (2.1)),

(3.6) and (3.18) that

|1 — 2|
1(1 = B = ) wn + Battn — 2|

< (1= B = y)llwn = 2|° 4 Bullun — 2[1* + ll2l” = (1 = Bo = ) ltn — wa)?
< (1 — B — 'Vn)“wn - z||2 + Bn[Hwn - Z||2 - ”un - wn||2]
+Yullzl1? = (1= Br — Ya) ltn — wi|?
= (I —)||wn — Z”2 — Buallu, — wnH2 + 7n‘|2|’2 — (1= B =)t — wn“2
= (1_'7n)||wn_z”2+7n||z||2_ (1 _'Vn)||un_wn||2~ (3.19)
Using (3.15) in (3.19), we have
€41 — 2|
< (1= )1+ 0|z — 21> = Onllzn—1 — 2[° + 00 (1 + 0,) |20 — 201 ]|?]

a2l = (1 = 3a) [un — wy|?
Hxn - Z”2 + 6)n(HfL‘n - Z”2 - ”xn—l - Z||2) + 2071”3771 - xn—IHQ

+ll2l® = (1 = ) llun — wall?,

IN

which implies that

(1= y)llun —wall®> < lzw = 211? = |z — 217+ 0u(||n — 2> = 201 — 2[%)
+20, ||z — o] + Yallz)? (3.20)

and

[2n1 = 21> = [lzn — 27 < Ou(llzn — 2l = 201 — 2[1?)
+20, ||, — xn—1||2 + 'YnHZHQ — (1 =) ||ty — wn||2-

Next, we consider the following two cases:

Case 1. The sequence {||z,, — z||} is nonincreasing at the infinity, that is, there exists ny > 0
such that, for each n > nq, ||x,11—2|| < ||z, — z||. This particularly implies that lim,, ,, ||z, —z||
exists and thus

lim (|zn — 2] = flan — 2]*) =0
n—oo

and
o0

> (llznss — 2I° = llzn — 2II) < oo,

n=1
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Now, due to the assumptions of the sequences {6,,}, {7, }, {¢.} and the boundedness of {w, } and

{uy}, it follows from (3.20) that
lim ||u, —w,| =0, (3.21)

n—oo

which ensures that ||z,11 — wy| < Bulltun — wal|| + Yul|wa] — 0, we obtain

Hxn-i—l _an = ||xn+1 _wn+wn_xn|’
< Zng — wall + |lwn — 24|
< zper — wu|| + 0nl|Tn — 01| — 0.

By repeating the relevant part of the proof of Theorem 3.5 we get w,,(z,) C €.
Now, it is at the position to prove the strong convergence of {z,}. Indeed, set z, = (1 —
L)Wy, + Bptin, then z, 11 = 2z, — Ypwy, = (1= 75)2n — YuBn(wy — uy,). It follows from (3.18) that

H(l - ﬁn)wn + By, — 2”2

(1 - Bn)Hwn - ZH2 + BnHun - Z||2

(L= Ballwn = 2)1* + Balllwn — 2[1* = Jun — wal|?)
[|lwy, — ZHQ — Bulltn — wnH2

12 — 21"

IA AN A

Therefore, it follow from (3.13) that

[y

11 = )20 = Yz = Ba(wn — un)||?

< (1- 7n)2”2n - 2”2 = 2{VnBn(Wn — Up) + V2, Tny1 — 2)
< (1 =92 120 = 2|12 = 2980 (Wn — Un, Tpg1 — 2) + 290 (2, Tny1 — 2)
< (1_’7n)2||wn_z||2_ (1_'7n)26n||un_wn”2
=29 B Wy, — Upy Tpy1 — 2) + 29,2, Tpy1 — 2)
< (1 - Vn)z[(l + en)Hxn - 2”2 - Honn—l - ZHQ + Qn(l + en)Hxn - l”n—1||2]
—(1 = %) Bullttn — wa||* = 290 B (Wn — Un, Tpg1 — 2) + 290 {2, Tpy1 — 2)
< (= y)llen = 2l + Oulllzn — 211° = Nz = 2[1) + 20u]l20 — 20|

=29 B0 Wy, — Upy, Tyi1 — 2) + 2795 (2, Tpg1 — 2). (3.22)
Setting a,, = ||z, — z||* and

on = On(l|7n — 2“2 — [T — ZHQ) + 20, ||z, — xn—1||2

_Q’Vnﬁn(wn — Up, Tn41 — Z> + 2’7n<z7 Tp+1 — Z>7
we rewrite (3.22), equivalently, as

ans1 < (1= 7,)an + 0. (3.23)
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Since wy,(z,) C © and z = Py(0) which implies (—z,q — z) < 0 for all ¢ € 2, we deduce that

limsup(—z,2p41 — 2) = max (—z,q—z) <0. (3.24)

n—00 €Wy (Tn)
This enables us to apply Lemma [2.2]to (3.23)) to obtain that a,, — 0. That is, z,, — z in the norm
and so the proof of Case I is complete.

Case II. The sequence {||z,, — z||} is not nonincreasing at the infinity. In this case, we have,
by Lemma (taking I',, := ||z, — z||) a subsequence {o(n)} of positive integers such that
o(n) — oo as n — oo and with the properties:

2oty = 2l < |Zomyr1 = 2ll, max{{|zo@m) = 2[|; l2n = 2[I} < [2o@m)41 — 2|
Observe that, if ||z,+1 — 2|| > ||z, — z|| for some n > 0, then it follows from (3.20)) that
(L= va)lltn — wall* < 200|120 — 2pal|* + 21"

Now this inequality holds for infinite many n := o(n). So replacing n with o(n) and taking the
limit n — oo yields (as Yo,y — 0)
Jim g (n) — wom| = 0. (3.25)
Note that we still have ||Zy(n)+1 — Zo(m)|| — 0. Note also that the relation (3.25) is sufficient to
guarantee that wy, (T4(n)) C €.
Next, we prove T,(,) — z. As a matter of fact, observe that holds for each n > 0. So,
replacing n with o(n) in (3.22) and using the relation ||z, (n) — 2[|* < ||Zs(m)+1 — 2||%, we obtain

Hxa(n) - ZH2

QQU(n)
< = Ty = Totmy-1]1* + 2800 (Uotm) — Won)s Tom)+1 — 2) + 2(2, Totmy41 — 2)
Yo(n)
< 2ot _ 24\ _ 9 — 3.26
T e( |Zo(m) = Tomy-1l° + M||tom) — Womll + 2(2, Tomy+1 — 2), (3.26)

where M is a constant such that M > 2||z,, — z|| for all n > 0. Now, since ||ts(n) — Weem)| — 0
and ||Z,(n)+1 — Tom)|| — 0, we have

lim sup(—2, To(ny41 — 2) = Umsup(—2, Tom) — 2)
n—00 n—0oo
= max (—z,q—2)<0
qew?u(xo(n))

by virtue of the facts 2 = Py (0) and w(x,(,)) C §2. Consequently, (3.26) assures that z,(,) — 2,
which further implies that

[zn = 2|l < |2omy+1 = 2l < [[Tom)+1 — To@) | + |Zo@m) — 2]l = 0.

That is, x,, — z in the norm and the proof of Case II is complete. This completes the proof. [
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4 Application

The split common fixed point problem (SCFPP), which was introduced by Censor and Segal [21] in
Euclidean spaces and extended by Moudafi [31] to Hilbert spaces, is formulated as finding a point
x* such that.

" € Fiz(Uy) and Az* € Fix(Us), 4.1)

where U; : H — 2% and U, : E — 2¥" are two mappings such that Fiz(U,) # () and Fixz(Us,) #
(), respectively, and A : H — F is a (nonzero) bounded linear operator. Assume that the set of
solutions of the problem (SCFPP) (#.1)), denoted by (2, is nonempty.

Recall that a mapping 7' : E — 2E" is said to be k-strictly pseudo-contractive for some
k€ [0,1) if

(Tx =Ty, j(x —y)) < lz—y|* — kllz —y — (Tz — Ty)|]*, Va,y € H.

Equivalently, / — T'is k-inverse strongly monotone.

It is clear that the problem (SCFPP) (4.1) can be reduced to the problem SVIP (3.1)—(3.1) with
By, = I — U, and By = I — U,. Consequently, we may apply Theorems [3.5] and [3.6] to get the
following results.

Theorem 4.1. Consider the problem (SCFPP) where we assume that B, = [ — U; and
By =1—-UywithU, : H— 2" and Uy : E — 2F" being a- and B-strictly pseudo-contractive
mappings, respectively. Assume that the sequences {¢€,}, {0,} and {«,,} are same as in Theorem
Then the algorithm {z,} defined by

Wy, = Ty + en(xn - xn71>7
Yp = th([ — TA*JE([ — QEQ)A)UJ”,
A(Wp, Yn) = Wy — Yp — T[A* (I — QE2)Awn — A*Jg(I — sz)Ayn],

Tpt+1 = W — and(wna yn)
converges weakly to a solution of the problem (SCFPP) ({4.1)).

Theorem 4.2. Consider the problem (SCFPP) where we assume that By = 1 — Uy and
By =1—-U,withU, : H— 2" and Uy : E — 2F" being a- and B-strictly pseudo-contractive
mappings, respectively. Assume that the sequences {c,}, {0,,}, {a,}, {8.} and {~,} are same as
in Theorem 3.6 Then the algorithm {x,,} defined by

Wy, = Ty, + en(ajn - xn—l)a
Yp = JPI — 7 A* Jp(I — Qf2)A)wn,
d(wnvyn) = Wn — Yn — T[A*JE(I - QEQ)Awn - A*JE(I - sz)Ayn]a
Tni1 = (1= B — Ya)wn + Bulwn — and(Wn, Yn)),
converges strongly to a solution of the problem (SCFPP) (4.1]).
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5 Numerical examples

In this section, we present numerical examples to illustrate and compare the applicability, efficiency
and stability of our inertial algorithms. All the codes are written in MATLAB R2016b and are
preformed on an LG dual core personal computer.

Example 5.1. Suppose that E = H = L?[0,1] with norm ||z|| := fo ]az( )|2dt)2. Define the
mappings A, By and By by Ax(t) := z(t), Biz(t) := @ and Byx(t) := =5 20 forall x € L2[0,1].
In this example, we set the parameters of Algorithmby €n = ﬁ foralln € N.

If 0 < en(max{||z, — zn_al, |20 — 2ae1||?)} ), then 0, = L. Otherwise, we take

1 —
= gy sl =zl = )

At the same time, we set the parameters [3, = ™ +}, Yn n+r1 in Algorithm @

We set the stopping criterion ||z, 1 — T, || < 1075 and test the performances of the algorithm
for the following starting points.

Case I: zy(t) = Sm(—3t)£(:)os(—10t)7xl(t) _ sin(—?)t)l—gggs(—mt) :

Case II: xy(t) = ﬂfo» 21 (t) = sz‘n(—3t>&)%os(—10t> :

Case III: xo(t) = C5° 01 (t) = 5

The numerical results presented in Figures[IH3]

-©-Algorithm 1
-©-Algorithm 2

o O - &
6 8 10 12
Number of Iterations

Figure 1: Our algorithms performances for Case I
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-©-Algorithm 1
-©-Algorithm 2

0 2 4 6 8 10 12 14
Number of Iterations

Figure 2: Our algorithms performances for Case II

0.14

-©-Algorithm 1
-©-Algorithm 2

0.12

N & & &
0 2 4 6 8 10 12 14 16
Number of Iterations

Figure 3: Our algorithms performances for Case III

Example 5.2. Let H, = H, = R3. Define the operators A, By and By as follows:

6 3 1 /3 0 0 4 0 0
A= 8 7 5 |, B = 0 1/2 0 |,By=[ 05 0
3 6 2 0 0 1 0 0 6

The parameters €, 0,, are chosen as in the previous example.

First, we take the initial point xy = (10,0,—10),z; = (—10,5,10). The behavior of Algo-
rithms|l|and[2|is reported in FigureH] Next, we present several experiments to compare Algorithms
[1 and 2) with the viscosity method of Suantai et al. [41] and the Halpern-type method of Alofi et
al. [3]. Since ||A|| = 14.87, we choose the step size T = 0.001 for all algorithms. All results and
comparisons are reported in Table|l|for the stopping rule ||z, 1 — x,|| < DOL.
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== Algorithm 1
—=—Algorithm 2

0 10 20

30
Number of Iterations(n)

40

50

Figure 4: Our algorithms performances

60

Table 1: Comparison of Algorithms andwith Suantai et al. [41]] and Alofi et al. [3]

DOL Metho_d_ Step size Iter. (n) CPU time (s) ||:!LZ:§:+H1H
10~ Algo. |1 0.001 54 5.49 2.4258 % 107
Algo. 0.001 41 4.658 2.7943 % 1077
Suantaietal.  0.001 85 0.15577 1.9452 % 1077
Alofi et al. 0.001 87 0.15677 1.9582 % 10~7
10-8 Algo. 0.001 66 5.53 2.3993 % 1077
Algo. 0.001 52 5.2097 2.7529 % 109
Suantaietal.  0.001 114 0.916747 1.9458 % 10~
Alofi et al. 0.001 116 0.168193  2.01508 x 10~

Example 5.3. In this example we consider a problem from the field of compressed sensing, that
is, recovery of a sparse and noisy signal from a limited number of sampling. Let uy € R" be K-
sparse signal, K < n. The sampling matrix A € R"™*" (m < n) is stimulated from the standard
Gaussian distribution and vector b = Ax + €, where ¢ is additive noise. When ¢ = 0, there is no
noise in the observed data. Our task is to recover signal u, from data b. For further explanations,
one can consult for example Nguyen and Shin [33]. In general, one can solve recover a sparse and
noisy signal problem from LASSO problem, see Tibshirani [42)].

1
in =||Az — b2
;gﬁg}zQH r— 0|

subject to ||z||y < t,
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where t > 0 is a given constant. Hence, with respect to the SVIP (3.1)-(3.2), we consider

Bi(z) = {u:supy, <y —z,w)}  if v R,
0 otherwise

and

By(y) = {Rm if y="b,

1) otherwise.

Therefore, B;*(0) = {z : ||z|| < t} and B;*(0) = b. We test Algorithm and compare it with
the methods of Sitthithakerngkiet et al. [40] and Kazmi et al. [29]. For the experiment setting
we choose the following parameters: A € R™ " is generated randomly with m = 27, n = 28,
uy € R" contains K-spikes with amplitude +1 distributed in the whole domain randomly. In

addition, for simplicity, we take the viscosity function h(z) = %, S = I, o; = H% in Kazmi et al.
[29], S; =1,a; = g, ;= 0.0 — Wlw in Sitthithakerngkiet et al. [40] and 3; = %, v = Qilﬂ

in our Algorithm 2| In addition, we take t = K in all the algorithms and the stopping criterion
|Zns1—xnl] < DOL with DOL = 10~* and DOL = 1075, respectively. All the numerical results
are presented in Figures[5H6] and Table

——Discrepancy of f|

0.8 11

0.6 1

0.4
021

0
0 20 40 60 80 100 120 140 160 180

Figure 5: Discrepancy of the objective f(z) = 3| Az — b||?
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—= Algorithm 2|
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10
—= True
—o Sitthithakerngkiet|

0.5

-0.5[

0.5

-0.5F

-1

L L L L |
0 50 100 150 200 250 300

Figure 6: Comparison of Algorithms 2, Sitthithakerngkiet et al. [40]], Kazmi et al. [29]

Table 2: Comparison of Algorithms [2} Sitthithakerngkiet et al. [40], Kazmi et al. [29]]

K,m,n DOL Method stepsize  Iter(n)

K=40,m=2"n=2% 10°* AlgorithmH 0.001 178
10~  Sitthithakerngkiet ~ 0.001 88
104 Kazmi et al. 0.001 9816

K=500m=2"n=2% 1076 Algorithm 0.001 1881
1076  Sitthithakerngkiet ~ 0.001 15005
10~ Kazmi et al. 0.001 335065
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6 Conclusion

In this paper, we provide two simple inertial algorithms for solving split variational inclusions in
Banach spaces. Weak and strong convergence theorems are established under standard assump-
tions. Our work extend and generalizes some related works in the literature as well as demonstrates
good numerical behaviour.
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