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1 | INTRODUCTION

Recently, mathematical models have been widely used to analyze the mechanisms of infectious diseases, such as polio,
diphtheria, tuberculosis, tetanus, pertussis, measles, hepatitis B, 2019 novel coronavirus (2019-nCoV) etc [1,2,3,4,5,6,7]

8,9,10,11,12,13,] 'for example, Nistal et al. (11]

and various epidemic models of population dynamics have been proposed
studied the stability and equilibrium points of multistaged SI(n)R epidemic models. Zhang et al.l'3] investigated the
asymptotic behavior of global positive solution to a stochastic SIRS epidemic model incorporating media coverage
and saturated incidence rate. Ma et al.'% considered an SIQR epidemic model with standard incidence rate and their

model can be expressed as follows
ﬁ = AS; B % — S,
%:6W_(M+a+5+7)la (1)
@ =0l —(p+a+eQ,
G =1 +eQ — pR.

where S, I, R denote the number of susceptible, infective and removed, respectively, @@ denotes the number of
quarantined, N = S + I + @Q + R denotes the number of total population individuals. The parameter A denotes
the recruitment rate of S corresponding to births and immigration, [ is the disease transmission coeflicient between
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compartments S and I, p denotes the natural death rate, v and e are the recover rates from groups I,Q to R,
represents the removal rate from I, o denotes the disease-caused death rate of I and @Q. All parameters are assumed
to be nonnegative and p, A > 0. Motivated by the system (1), liu et al.l' developed a stochastic multigroup SIQR
epidemic model with standard incidence rates and studied the existence of a stationary distribution of the positive
solutions to the model, and established sufficient conditions for extinction of the disease.

When an infectious disease emerges and prevails in a region, one of the important prevention measures is educating
people with the correct preventive knowledge of the disease through mass media and other platforms at the first
opportunity!*®. Mass media including television, radio, newspaper, networks and so on potentially affect the behavior
of the people, which can be used to deliver preventive healthcare messages for precaution and avoidance of negative
behavior as a result of panic and to present updated information about the disease. Thus, media coverage is an urgent
issue that needs attention [16:17:18] Cui et al.['8! developed an SIS model to consider the impact of media and eduction
on the spread of infectious disease. Liu and Li !9 proposed a drug model to discuss the impact of media coverage on
the spread and control of drug addiction. In Ref.[2%) | Liu and Zhang consider a SIS epidemic model on two patches
incorporating media coverage. Recently, many mathematical models have been proposed to investigate the impact
of media coverage on the transmission dynamics of infectious disease. Especially, Tchuenche et al.l?!l incorporated a
nonlinear function of the number infective individuals in their transmission term to investigate the effects of media
coverage on the transmission dynamic where 1 is the contact rate before media alert, the terms S21/(m+I) measure
the effect of reduction of the contact rate when infectious individuals are reported in the media. The half-saturation
constant m > 0 reflects the impact of media coverage on the contact transmission. Because the coverage report cannot
prevent disease from spreading completely, we have 81 > B2 > 0. Hence, we consider the effects of media coverage on
the transmission dynamic, model (1) can be modified as follows

48 = A - (ﬂl ,512) — uS.
4 = (8- 2L)% - (ptats+)L (2)

% =0l —(p+a+eQ.
‘ﬁl—lf = vl +eQ — pR.

In addition, real life is full of randomness and stochasticity, epidemic models are always affected by the environ-
mental noise in an ecosystem. Therefore, numerous scholars have used stochastic differential equations to study the
dynamic behaviors of stochastic biological mathematical models?2:23:24:25,26,27.28,.29] ' For example, scholars obtained
thresholds of the stochastic system which determine the extinction and persistence of the epidemic in 27-28], Based on
the discussion above, in this paper, we consider a stochastic non-autonomous SIQR model with periodic coefficients

as(t) = |A®) = (B1(6) = 2P ) S — (SO dt + o1 (S (W dB (1),

ar(t) = [(Bu() = Z0E0) SO — (u(t) + a(t) + 3(8) +AO) (D] dt + 2 (B D),
dQ(t) = [3(B)1() = (u(t) + a(t) + () Q)| dt + o3() Q) dBa D),

dR(t) = [Y(OI(t) + €()Q() — p(t)R(E) | dt + o4 () R()ABa (1),

Where B;(t)(i = 1, 2,3,4) are independent Brownian motions and o;(t)(: = 1,2,3,4) are the coeffi-
cients of the effects of environmental stochastic perturbations on S(t),I(t),Q(t), R(t). The parameter functions
A(t), B1(t), B2(t), m(t), u(t), cau(t), 6(t), v(t), e(t) and o;(¢)(i = 1,2,3,4) are positive and continuous periodic functions
with positive periodic T.

In the real ecological systems, the population dynamics are usually influenced by a random switching in the external
environments 3931321 In paper 39 the switching between environmental regime is often memoryless and the waiting
time for the next switching follows the exponential distribution. Usually, the random switching of environmental
regimes is characterized the continuous-time Markov chain with value in a finite state space. Therefore, we propose

)S
)

(3)
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the following stochastic SIQR model with regime switching

as(t) = [A@(t) — (Ba(r(t) — ZEEPIO ) SBIO — () S(1)|dt + 01 (1) S(D)dBy (1),
art) = [(Bi(r(®) - ZEPE0) SO — (u(r(1)) + alr(8) + 6(r() + y(rO)I(E)|de
o (r()1(t)dBaf2), (4)
dQ(t) = [8(r(H)I(E) = (u(r(®) + a(r(t) + e(r®)Q() |dt + o5(r(1)Q()dBs (1),
AR(t) = [Y(r(H)I(E) + e(r(®)Q(t) — u(r(®) R(1)| dt + oa(r(1) R()AB(2).

where r(t) is a right—contlnuous time Markov chain with values in finite state space M = {1,2,--- N}. For any
k € M, the parameters A(k), B1(k), B2(k), m(k), u(k), a(k),d(k),v(k),e(k) and o;(k)(i = 1,2, 3,4) are all nonnegative
constants.

The rest of the paper is organized as follows. In Section 2, we introduce some needed results throughout this paper.
In Section 3, we show that there exists a unique global positive solution of system (4). In Section 4, we verify that
there is an ergodic stationary distribution of system (4). In Section 5, we establish sufficient conditions for extinction
of system (4). In Section 6, numerical simulations are given to illustrate our conclusion.

2 | PRELIMINARIES

In this section, we introduce the notations and lemmas which will be used in the whole paper. Let (Q, F,P) is a
complete probability space with a filtration {F;};>¢ satisfying the usual conditions.

Let r(t) is a right-continuous time Markov chain on the probability space taking values with in a finite state space
M ={1,2,--- m} with generator I' = (v;;) nxn given by

p(rt+h)=j|rt)=1i)= {’Yz‘jh-i-o(h), if i,

L+7ijh+o(h), if i=j,,

where h > 0. Hence v;; > 0 is the transition rate from 4 to j if ¢ # j, while Z;nzl vi; = 0. Assume further that
the Markov chain r(¢) is irreducible and has a unique stationary distribution @ = (71,2, ,m) which can be
determined by equation

7l =0, (5)

subject to

Zﬂ'izl, m >0, Vie M.
i=1
We assume that the Markov chain 7(t) is independent of the Brownian motion B(t) = (Bi(t), Ba(t), Bs(t), B4(t)).
For any vector g = (g(1),9(2),- - ,g(m)), define § = minge r g(k),
g = maxpem g(k)
Let (X (t),r(t)) is the diffusion Markov process and satisfy the following equation
dX(t) = b(X(t),r(t))dt + o (X (t),r(t))dB(t), X(0)=zo, r(0)=r, (6)

where b(-,-) : R" x M = R",o(-,-) : R" x M — R"™" and D(z,k) = o(z, k)0 (z,k) = (d;j(z, k)). For each k € M,
let V'(-, k) be any twice continuously differentiable function, the differential operator L of Eq.(6) is defined by

m

=Y bi(a. k) av (z, k) Zd” #+ZWV(LZ).
=1 =1

Lemma 1. 3] If the following conditions are satisfied

(a) vij > 0, for any i # j;
(b) for each k € M, D(x, k) = (d;;(z, k)) is symmetric and satisfies

M IS (D(x, k)¢, ) <A ¢, for all ¢ eR™,

with some constant A € (0, 1] for all x € R™;
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(¢) there exists a nonempty open set D with compact closure, satisfying that, for each k € M, there is nonnegative
function V (-, k) : D¢ — R such that V (-, k) is twice continuously differential and that for some g > 0,

LV (z,k) < —po, (x,k) € Dx M.

Then (X (¢),7(t)) of system (4) is positive recurrent and ergodic. That is to say, there exists a unique stationary
distribution 7(-,-) such that for any Borel measurable function f(-,-) : R x M — R satisfies

m

Z/ | f(z, k) | w(dz, k) < oo,

k=1gn

we have

t—oo t

p( lim 1/f(X(s),r(s))ds = i/ | f(z, k) |7r(dx,k)) =1
0

k:]-]Rn

Lemma 2. B4, Let M = {M,}; > 0 be a real-valued continuous local martingale vanishing ¢ = 0. Then

M
tll>1£10<M’ M>t =00 a.s. = tglgo m =0 a.s.
and also
M, M M,
limsupM <00 as.= lim=—t=0 as.
t—o0 t t—oo

3 | EXISTENCE AND UNIQUENESS OF THE GLOBAL POSITIVE SOLUTION

In this section, we use the Lyapunov function method to prove that the solution of system (4) is global and positive.

Theorem 1. For any initial value (5(0),1(0),Q(0),R(0),7(0)) € R: x M, there is a unique positive solution
(S(t),I(t), Q(t), R(t),r(t)) of system (4) on ¢ > 0 and the solution will remain in R{ x M with probability one,
namely, (S(t),I(t),Q(t), R(t),r(t)) € Ry x M for all t > 0 almost surely.

Proof. Note that the coefficients of the model (4) are locally Lipschitz conditions, then for any given initial value
(5(0),1(0),Q(0), R(0),r(t)) € RY x M, there ia a unique positive local solution (S(t),1(t),Q(t), R(t),r(t)) on t €
[0,7.), where 7, is the explosion time [35]. To demonstrate that this solution is global, we only need to prove that
Te = 00 a.8.

Let ko > 0 be sufficiently large for any initial value S(0), 1(0),Q(0) and R(0) lying within the interval [1/kq, ko].
For each integer k > kg, define the following stopping time

T, = inf {t € 10,7) : min{S(¢), I(t),Q(¢), R(t)} < % or max{S(t),I(t),Q(t),R(t)} > k:}

where we set inf ) = oo (as usual () denotes the empty set). Clearly, 75 is increasing as k — 0o. Let 7o, = limy_s o0 Tk,
hence 7o, < 7, a.s. Next, we only need to verify 7., = oo a.s. If this statement is false, then there exist two constants
T >0 and € € (0,1) such that P{ro, < T} > . Thus there is an integer k1 > ko such that P{r, < T} > ¢, for all
k> k.

Define a C?-function V : RY x M — R as follows

V(S’,I.Q,R,r):S—a—aln§+l—1—lnI+Q—1—1nQ+R—1—lnR,
a

the nonnegativity of this function can be obtained from x —1—Inz > 0,z > 0, and the parameter a will be determined
later.
Applying 1t6’s formula yields
dV(S,1,Q,R,r) = LVdt+ (S — a)o1(t)dB:(t) + (I — 1)oa(t)dBa(t) + (Q — 1)os(t)dBs(t)
+(R - 1)04(t)dB4(t),
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where

which implies that

IV < A6+ SR (0) + an(r(6) = () + alr(E))T(6) + (o) + 2a(r (1)
e 0) (o) + a0+ Q) | AOO) L R e

ac? + 03 + 03 + o3

2

SA-(p+a— %)I+au+3u+2a+e+7+5+

N(u+a)

Choose a = such that i+ & — % =0, then

aa%+a§+a§+az

LV <A+ap+3a+2a+e+5+0+ 5 = K,
where K is a positive constant.
The remainder of the proof follows as that in 3], The proof is completed. O

4 | EXISTENCE OF ERGODIC STATIONARY DISTRIBUTION OF MODEL (4)

In this section, we investigated the existence of an ergodic stationary distribution of model (4).
Define a parameter

>y A (K) (B1 (k) — Ba(k)) |
NS mi(u(k) + T S (a(k) + k) + 8(k) + (k) + Z)

Theorem 2. If |; > 1, then for any initial value (S(0),1(0),Q(0),R(0),7(0)) € RLi x M, the solution
(S(t),I(t),Q(t), R(t),r(t)) of model (4) admits a unique ergodic stationary distribution.

R =

Proof. In order to proof Theorem 2, it suffices to verify conditions (a), (b), (¢) in lemma 1. Assumption ;; > 0 for
i # j in section 2 implies that condition (a) in Lemma 1 is satisfied. On the other hand, we consider the following
bounded open subset:

D= (1/1,1) x (1/1,1) x (1/1,1) x (1/1,1) € RY,

where [ is a sufficiently large number. Then D € R%. We have D(S,1,Q, R, k) = W(S,1,Q, R, k)

WT(S,I,Q,R, k) in which W(S,I,Q, R, k) = diag(So1(k), Io2(k), Qos(k), Ros(k)),k € M. Then D(S,I,Q,R,k)
is positive semi-definite and since W (S, I, Q, R, k) is nonsingular matrix, we deduce that D(S,1,Q, R, k) is positive
definite. Hence

Amax(D(S,1,Q, R, k)) = Amin(D(S, 1, Q, R, k)) >
and for all ¢ € D, we have
mln( (S I Q R k)) | C ‘QS CT(D(S7I7Q7R7 k))C S AmaX(D(S7 I7QuR7 k)) | C |2 N

It is easy to see that Anin(D(S,I,Q, R, k)) and Amax(D(S,I,Q, R, k)) are two continuous functions of 5,71, Q, R.
Therefore A = ming 7 o g xyeDx M Amin(D(S, I,Q, R, k)) > 0 and A= max g r,Q,r,k)edx M Amax(D(S, [, Q, R, k)) >
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0, which implies that
A< (D(, k)¢ 0) <ATH[ P, forall ¢ €R™,

where A = min{\, A='}. Condition (b) is verified.
Now we verify condition (c). Define a C?-function V : [0, +o00) x R} — R:

V(S,1,Q, R, k) = M(Vi(S, 1) + w(k)) + V2(S,1,Q, R) 4+ V5(5) + Va(Q) + V5(R),
mey:4nmS—amuJa&LQJa=§%Tw+I+Q+RW“7
‘/3(5) = 711153 V4(Q) = *IHQ,%(R) = *th?

where
B 221:1 A (k) B Z}L e A(k)
Cl - m o2(k)y’ 2= m o2(k)y’
> k1 TR(p(k) + =57) > k1 TEA(R) (k) + a(k) + 0(k) +~(k) + 5)

and 6 > 0 is a sufficiently small constant such that

J . 5 .
uf§9(0%+ag+0§+ﬁ)>0,

and M > 0 is a sufficiently large positive constant and satisfies the following condition

~MA+C < -2,
where
™ 1
A=23" mA(R) (R} - 1),
k=1
and
1 1
C = sup { ——(p— 79(5§ v (;3 vV (7?2) V. éi))(se-&-l L0 QO R"“) D
(S.1,QRk)ERE xM & 2 2
<2 | =2 | =2
43+ + €+ M})
2
where
X 1 1
D= s {RSHI+QER) - (- 00T VAV VS +T+Q+ R

(S.1,Q,R,k)ERL x M
Obviously, V(S,1,Q, R, k) has a minimum value point (Sp, Iy, Qo, Ro, k). Then we can define a nonnegative C*-

function V:

V = V(S7I7QaR7 k) - V(‘SOaIO?QOaROak)-
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By the Ito’s formula, we obtain

01 Bg(kj)] SI1 010'2(k‘)
Lv; = —f[A(k) - (51(@ " (k) +I)W — u(k)S| + 21
-2 [ (5t - LN S (uih) + ah) + 600 + 1)) + 22
0_2

< -8 G5 5y - g + AL iy + T
O (k) + k) +0(8) + (k) + )

< 20/ DA (5, 1) — o) + DAL iy + T
FOAulk) + k) + k) + (k) + 2,

= Bo(k) + 015]1\[(/{)17

where By(k) = — ¢ A (5, () — Bo(k)) + Cr (k) + T) + Colpa(k) + alk) + (k) + (k) + ),
Let (w(1),@(2),--- ,w(m)) be the solution of the following Poisson system:

I'o = ZWZEO(Z) —E(),

LV +w(t)) < —2 im(k)(m% 1)+ 70“3#)[

Similarly, we can obtain
LVy = (S+T+Q+R)[AK) = u(k)S — (u(k) + a())(I + Q) — (k)R]

%9(5 +1+Q+ R (o2(k)S? + 02(k)I? + 02(k)Q?* + 02 (k)R?)

k) (S+T1+Q+R)" - (14;)(5+I+Q+R)6+1+%9(S+I+Q+R)9“
(0} (k) v o3 (k) v o3 (k) v o3 (K))
= AR)(S +1+Q+R)” — (k) - %9@—%(1@ Va3 (k) v o3 (k) V o3(k)))

x(S+I1+Q+R)"!
1

A(
(
(
(

<D- i(ﬂ - %9(01 AR \/62))(5“”rl + 19T 4 QO ROTY),
1 k)I \SI 2k
o = 5[t - () - 2N uiwys] + A
2
< —% 51](\’;)] + (k) + "12(’“)
A 1 53
=5t % HiE G
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LVi = — 5 [50)1(0) ~ (u(k) + (k) + e(k)Q(D)] +

= — 2 4 (k) + k) + e(k)) +

6or 53
—f+u+a+€—|—7,

IN

and

LVs = —

IN
|

Therefore

LV = ML(Vi +w(k)) + LVa + LV3 + LV, + LVs
G/, N B b1 AT 52 52 53
G A R A SRR TN Y
1 1
+D—§(ﬂ—§9(&%v&§vng&§))(39+1+19+1+Q"+1+R9+1),
Bl AN 61 A 52 5% 52
=M x+2 (Mo +1) -2 - = - & RARNRE A
+N( C1+1) 570 7 TRt aAtEr ok
1 1
+D — 5(;1 - 59(5% VIV aIV 63))(39“ + 197 4 QO 4 RO,
Define the following bounded closed set

< M(~A+

1 1 1 1
U:{(S’I’Q’R’k)ERiXM:gSSnggffﬁg,52§Q§§,€2SR§?}’

where € > 0 is a sufficiently small number. In the set RY \ U, we can choose ¢ sufficiently small such that

A
3

MM+ %(MC1 +1)+C <1,

1,0, 1 . . . 1

(11)

(12)

(13)

(14)

where E,C, F,G, H, J are positive constants which can be found below. For the sake of convenience, we divide into

eight domains
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Ulz{(S,I,Q,R)eR4 0<S<5},U2 (S.1,Q,R,) eRi:0<I<s}7

Us = {(SJ,Q,R) ER,:I>e0<Q<e’}, Uy

j
> o)

—_

{

S,I,Q,R) € Ry : 1>¢,0< R<e?}.
{ }
{

1
Us={(S.L.QR) € R :5> - Us={(SLQR) e R} : 1>},

[

U7:{(S,I,Q,R)6R4 Q> }Ug_{(S,I,Q,R)eRi:R>Ei2},

Next we will prove that LV(S,1,Q, R, k) < —1 on R+ \ U, which is equivalent to proving it on the above eight
domains.
Case 1. If (S,1,Q, R, k) € Uy, one can see that

Bl A 5f 03 , 03
3 — —+D
S+u+a+e+2+2+2+

1
B (/1 9PV eVl &Z))(SQH 410 O+ 4 RO

(15)

where
BT 52 52 52
E= _ sup { (MC1+1) +3i+a+e+ 2+ 2+ %4 p
(S.1.QR)ERL 2 2 2
1 1
—5 (= 506E v a3 vadvad)) (s™ + 177 + Q7 4+ R .
By (7), we have LV < —1 for all (S,1,Q, R) € U;.
Case 2. If (S,1,Q, R) € Us, one can obtain that
By I 52 52 52

LV(8,1,Q,R) < ~MA+ —=(MCy +1) + 3u+a+e+7+2+7+p

1 1
_7<ﬂ_ S0(52 v eVl v&i))(SeH T s ey )

- N
where
C = sup { - (ﬂ —20(5IVaEIvaIv 62))(5"+1 + 19 4 QO + ROTY)
(8,1,Q,R)ERY

=2 =2

+3u+a+e+7+?+7+D}

Accordingly to (8), we have LV < —1 for all (S,I,Q, R) € Us.
Case 3. If (S,1,Q, R) € Us, we have

Bl of 5% 52
I, < == (M 1) - — —++2 D
LV(S,1,Q,R) < =(MCy +1) Q+3u+a+e+2+2+2+

1 1
_7<ﬂ_ S92 v eyl v&i))(SeH T e ey )

< -2 4+E (17)
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In view of (9), we have LV < —1 for all (S,I,Q, R) € Us.
Case 4. If (S,1,Q, R) € Uy, one can derive that

vis, Lo, R) < ~ 2L B oo 1) e 4 T L ey O30 0"
T R N 2 2 2
+D—§<ul—59(0%\/a%VU§VU3)")(SQ+1+10+1+Q9+1+R9+1)
S*%I+E. (18)

By (10), we have LV < —1 for all (S,I,Q, R) € Uy.
Case 5. If (S,1,Q, R) € Us, it follows that

2 2
sl o 2 B
—(MC1+1)+3 — 4+ =4+ —=4+D
t MO+ D) 3+ a+ et o+ 2+ o+
1 1
< —1(;1— ie(ﬁv&%v&gv&i))seﬂ +F
1, 1 . . . 1
< —Z<u— 59(0%\/05\/05\/02)) o + F, (19)
where
Leo Lo o o o 2\\ 7041 or1y , Dl -
F:(Slgug) R4{*5(“*50((;”0”0”04))(1 +Q )+W(MC’1+1)+3,LL
1,Q.R)€
6t o o3 1 =21 gO+1
+a+e+?+7+—+D—i(u—fﬂ(ol\/@\/og\/%))s }
Together with (11), we have LV < —1 for all (S,1,Q, R) € Us.
Case 6. If (S,1,Q, R) € Us, we obtain
1 1
(S,I,Q,R) < —5(,1 - 59(&% V&3V asV éi))(s"“ + 19 £ Q'+ 4 RO
51 i 63 5%
P e DBt atét o+ D
1 1
< —1@— 59(6%V&§V5§V6§))19+1+G
1, 1 . . . 1
< 71<u— 59(0%\/05\/05\/UE)>T_’_1+G, (20)
where
Lo 1o o o o .o 6+1 o1y D1l
G = sup {ff(uffe(al\/@\/og\/%))(é' + R+ —(MC,+1)+ 3
(SIQR)€R4 2 2 N
1 1
+a+e+?+ . +3+D—Z(u—ie(afva-gva-gv&i))l"“}.
By virtue of (12), we have LV < —1 for all (S,I,Q, R) € Us.
Case 7. If (S,1,Q, R) € Uy, we can deduce that
Lo 1o o o, 2 .2 6+1 | Bil
V(S,I,Q,R) < _Z(“_§9( 2V 62V aive ))Q - (MCy+1) + 30
1 1
—5(;2—59(6%V&§V&§Vé§))(59+1+19+1)+a+é+D
Lo 1, 0 0 00, 1> g3®  oy?
—Z(u—50(0%V0§\/0§\/0§))Q9+1+7+7+7
1, 1 .. . . . 1
< _i(ﬂ_ 59(0%\/0%\/05\/@%)) 26+ +H, (21)
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where
Lo, Lo, 0,2, 2 0+1 0+1 Bl] -
H = sup {—f(u—fﬁ(al \/02\/03\/04))(5’ + I+ —(MCy+ 1)+ 30
(5,1,Q,R)€R™ 2 2 N
+a+e+—+—+j+D l(ﬂ—le(ﬁv&gv&gv&i))@’“}.
2 2 2 4 2

It follows from (13), we have LV < —1 for all (S,1,Q, R) € Us.
Case 8. If (S,1,Q, R) € Ug, one can obtain that

1 1
V(S,1,Q,R) < —Z(ﬂ—59(&3v&§v&§v&§))39+1 bl Pl MOy +1) + 30
1 1
75(;17ie(ﬁv&gv&%v&z))(s‘”l+I“’+1)+a+e+D
1 1 i 2
—Z(ﬂ—ie(ﬁv&%v&%\/éi))ROHJrU; 2
1 1
< —1(/)— 50((7%V6§\/&§\/6§))R"“+J
Y 1
< *Z(N* 50(0%\/03\/03\/03)) —2051) +J, (22)
where
Bl N O N NV U B 0+1 | 76+1
J = sup {—(MC’1+1)+3;L— 5(/1—59(01 \/02\/03\/04)>(S’ + 17

(5.1,Q,R)eR%
< | Lo, Lo 22,2, 2 0-+1 Cfl2 532 g4
—|—a+e—|—D—1 u—§9(0'1V0'2\/O'3\/O'4) R —|—7—|—7+ 5

By (14), we can conclude that LV < —1 for all (S,1,Q, R) € Us.
Therefore, we have proof that for a sufficiently small € > 0,

LV(S,1,Q,R) < —1,(5,1,Q,R) € Ry \ U.
Hence, (c¢) in Lemma 1 holds. This completes the proof of Theorem 2. O

5 | EXTINCTION OF MODEL (4)

In this section, we investigate the conditions for the extinction of model (4).
Define a parameter

%2 - ~ m o2(k)y "
N gy mr(p(k) + (k) + (k) + =57)
t),Q (t) R(t),r(t)) be a solution of model (4) with initial value

€ X M. If Ry < 1, then the disease I goes to extinction exponentially with

Ap
a(k) +

Theorem 3. Let(S(t

)
(5(0),1(0), Q(0), R(0),7(0
probability one, i.e.,

I
)

lim I(t) =0 a.s.

t—o00
and also
lim (S); < A 1 lim R(t) =
A=, g Q)= lig RH=0. s
Proof. From model (4), we have
S(t) — S(0) Bol  SI [ 01(5)S(s)dBy (s)
r =(A)e —((Br — m+])ﬁ>t—<us>t+ : ; ;
and
_ s)dB
e (- LV PR RS + o2 ()Pl
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Then
I(t)—1(0 S(t) —S(0 0 5)S(s)dB1(s
fO 0'2 ng( )
t
y $)dBy (
<A- /l<5>t—(u+a+5+w)< Ulfo . !
f $)dBa(s
t
It is easy to obtain
A p+a+d+4
(S)e < 5 = B + H, (23)
i i
where
g1 Jg S(s)dBi(s) o2 [y ! S)de ) I0-I0) | S(H)-S(0)
H(t) = L + L S S N
i
According to Lemma 2, we have
tli)rgo H(t)=0 a.s. (24)
By the Ito’s formula, we obtain
1 ®I(t) \SEI()
am 1) = { [0~ ) T ) +a) 460+ (0)1(0)
2
t
022( )}dt—i— 02(t)dBs(t)
t)S o3t
< (% — (p(t) + alt) + 8(t) + (1) — 22( >)dt + 0o (t)dBs(1). (25)
Integrating (25) from 0 to ¢ and dividing ¢ on both sides, we get
hlI(t) — hlI(O) <51(t)5> fO 0'2 dBQ )
< JO “ENITmAN
; <y (it a+ity+ 2 2 "
B1(S): fo o2(s)dBs( )
< PPt Jo T2\
S =y " (utatity + 2 2 "
Together with (23), we have
InI(t)  FA jp+a+d6+4 o2
< 22 _ Z2
; _N[ﬂ p <I>t+H(t)] (p+a+0+y+ 2>t
_|_f0t 0'2(521132(5) N lnIt(O)
WA BiH(t 2 $)dBs( InI(0

- Ni N
As ergodic properties of (t), we have

2 t 4

t—o00

1
hmsupt /u ds—Zwk,u
0
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Taking the limit superior of both of (26) and using Lemma 2, which together with (24), we can obtain
. In I(t) ,31]\ 0’%
lim su < _u+a+d+y+ =2
im sup — NG (p v+
o3 1A
= (ut+a+o+y+Zn( & 1)
Ni(p+a+d+v+ F)r
2
= (u+atdty+ 2)rR 1)
< 0,
which implies tlim I(t)=0.
—00
From (23), it is easy to get that
A
. <A
tlggo<5>t o
From the third and fourth equations of model (4), it is easy to obtain that
Jim Q0 =0, Jim R0 =0
This completes the proof. O

6 | NUMERICAL SIMULATIONS

In this section, we give two examples to support the theoretical prediction.

Example 6.1. In model (4), let r(¢) is a right-continuous Markov chain taking values k = 1,2 and the generator I'

of the Markov chain is
—0.06 0.06
0.04 —0.04 )"
By solving the linear equation (5), we obtain the unique stationary distribution
7w = (m1,m2) = (0.4,0.6).

Choose the parameters values in model (4) as follows
A(1) = 0.8, 81(1) = 0.6, Bo(1) = 0.2,m(1) = 1, N = 1, u(1) = 0.2, (1) = 0.25,

§(1) = 0.2,v(1) = 0.15,£(1) = 0.2, 01 (1) = g2(1) = o5(1) = o4(1) = 0.05.

and
A(2) =1,51(2) =0.7,582(2) =0.1,m(1) = 1,N =1, u(2) = 0.3,a(2) = 0.3,

§(2) = 0.3,7(2) = 0.25,2(2) = 0.3,01(2) = 02(2) = 03(2) = 54(2) = 0.1.

Note that $R; ~ 1.828 > 1 holds, that is to say, the condition of Theorem 2 holds. Therefore, the stochastic model
(4) has an ergodic stationary distribution. That means that the stochastic SIQR model (4) with regime switching

has a unique stationary distribution and it has the ergodic property (see Figure 1).
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FIGURE 1 (a) is Markov chain, (b) is a stationary distribution of the stochastic model (4), (¢) is the probability
function of S(t), (d) is the probability function of I(t), (e) the probability function of Q(¢). The initial value is
(S(0), 1(0), Q(0), R(0)) = (0.7,0.5,0.4,0.2)

Example 6.2. In model (4), let r(¢) is a right-continuous Markov chain taking values k = 1,2 and the generator I'
of the Markov chain is

—0.06 0.06

0.04 —0.04 )

By solving the linear equation (5), we obtain the unique stationary distribution
m = (m,m2) = (0.4,0.6).

Choose the parameters values in model (4) as follows
A(1) =0.8,51(1) = 0.25, 52(1) = 0.15,m(1) = 1, N

§(1) = 0.3,7(1) = 0.2,2(1) = 0.2,01(1) = 05(1) = 03(1) = 04(1) = 0.15.

and
A2) =1,B1(2) = 0.3,52(2) = 0.2,m(1) = 1, N = 1, u(2) = 0.3,a(2) = 0.35,
5(2) = 0.4,7(2) = 0.4,2(2) = 0.4,01(2) = 02(2) = 03(2) = 04(2) = 0.2.

Note that M3 ~ 0.916 < 1 holds, the condition of Theorem 3 is satisfied. Therefore, we obtain that the disease I(t)
will tend to zero exponentially with probability one (see Figure 2).
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FIGURE 2 (a) is Markov chain, (b) is a stationary distribution of the stochastic model (4), (¢) is the probability
function of S(t) ,(d) is the probability function of I(¢) , (e) the probability function of Q(¢). The initial value is
(S(0), 1(0), Q(0), R(0)) = (0.7,0.5,0.4,0.2)
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