
m-Parameter Mittag-Leffler function, its
various properties and relation with

fractional calculus operators

Ankita Chandola1, Ritu Agarwal2, Rupakshi Mishra Pandey3,
and Kottakkaran Sooppy Nisar4

1Amity Institute of Applied Sciences, Amity University, Uttar Pradesh, India, Email:
achandola95@gmail.com

2Department of Mathematics, Malaviya National Institute of Technology, Jaipur, India,
Email: ragarwal.maths@mnit.ac.in

3Amity Institute of Applied Sciences, Amity University, Uttar Pradesh, India, Email:
rmpandey@amity.edu

4Department of Mathematics, College of Arts and Sciences, Prince Sattam binAbdulaziz
University, Wadi Aldawaser, 11991, Saudi Arabia, Emails: n.sooppy@psau.edu.sa,

ksnisar1@gmail.com

Abstract

Mittag-Leffler functions has many applications in various areas of Physical, bi-
ological ,applied, earth Sciences and Engineering. It is used in solving problems
of fractional order differential, integral and difference equations. In this paper,
we aim to define the m-parameter Mittag-Leffler function, which can be reduced
to various already known extensions of Mittag-Leffler function. We then, discuss
its various properties like recurrence relations, differentiation formula and integral
representations. We also represent the new m-parameter Mittag-Leffler function in
terms of some known special functions such as Generalized hypergeometric func-
tion, Mellin Barnes integral, Wright hypergeometric function and Fox H-function.
We also discuss its various integral transforms like Euler-Beta, Whittaker, Laplace
and Mellin transforms. Further, fractional differential and integral operators are
considered to discuss few properties of m-parameter Mittag-Leffler function. Also,
we use the m-parameter Mittag-Leffler function to define a generalization of Prab-
hakar integral and discuss its properties. Further, relation of m-parameter Mittag
Leffler function with various other functions such as exponential, trigonometric, hy-
pergeometric and algebraic functions is obtained and represented graphically using
MATHEMATICA 12.
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1 Introduction

Gosta Mittag-Leffler introduced the function (see [21]),

Eα1(t) =
∞∑
n=0

tn

Γ(α1n+ 1)
, (1.1)

where, t is a complex variable, α1 ≥ 0 and Γ is gamma function given by

Γ(m) =

∫ ∞
0

tm−1e−tdt, <(m) > 0.

Wiman studied the generalization of Eα1(t), known as Wiman function (see [36, p.191]).
For α1, α2 ∈ C and <(α1),<(α2) > 0,

Eα1,α2(t) =
∞∑
n=0

tn

Γ(α1n+ α2)
. (1.2)

A three parameter Mittag-Leffler function was introduced by Prabhakar, now known as
Prabhakar function (see [24, eq. (1.3), p.7]), For <(α1),<(α2) > 0 and µ1 > 0.

Eµ1
α1,α2

(t) =
∞∑
n=0

(µ1)nt
n

Γ(α1n+ α2)n!
, (1.3)

where, (µ1)n is the Pochhammer symbol defined by (see [26, eq.(1), p.22; eq.(3), p.23]),
for µ1 6= 0,−1,−2, . . .

(µ1)n =

{ ∏n
r=1 (µ1 + r − 1), n ∈ N

1, n = 0
and (µ1)n =

Γ(µ1 + n)

Γ(µ1)
.

Shukla and Prajapati (see [29, eq (1.4), p.798]) gave a generalization of Prabhakar func-
tion,

Eµ1,µ2
α1,α2

(t) =
∞∑
n=0

(µ1)µ2nt
n

Γ(α1n+ α2)n!
, (1.4)

where, min (<(α1),<(α2),<(µ1)) > 0, α1, α2, µ1, µ2 ∈ C, (µ1)µ2n = Γ(µ1+µ2n)
µ1

is the Gen-

eralized Pochhammer symbol, which in particular reduces to, µµ2n2

∏µ2
i=1

(
µ1+i−1
µ2

)
n
, if

µ2 ∈ N.
Khan and Ahmed (see [12, eq (1.7),p.2]) defined an another generalization of the Mittag-
Leffler function,

Eµ1,µ2
α1,α2,α3

(t) =
∞∑
n=0

(µ1)µ2nt
n

Γ(α1n+ α2)(α3)n
, (1.5)

where, min (<(α1),<(α2),<(α3),<(µ1)) > 0 and µ2 ∈ (0, 1) ∪ N. In the same paper, (see
[12, eq (1.9), p.2] ), they gave a further generalization of the above equation,

Eµ1,µ2,µ3,µ4
α1,α2,α3,α4,α5,α6

(t) =
∞∑
n=0

(µ1)µ2n(µ3)µ4nt
n

Γ(α1n+ α2)(α3)α4n(α5)α6n

, (1.6)
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where, µ1, µ2, µ3, α1, . . . , α5 ∈ C, µ4, α6 > 0, <(α1) + α6 ≥ µ4,
min (<(µ1),<(µ2),<(µ3),<(α1), . . . ,<(α5)) > 0.

In this paper, we will use some of the well known results:

• Euler Beta Transform is defined in [31] as,

B(f(t);ψ1, ψ2) =

∫ 1

0

tψ1−1(1− t)ψ2−1f(t)dt, <(ψ1),<(ψ2) > 0. (1.7)

• Laplace Transform of a piecewise continuous function f is defined in [31] as,

L [f(t);ψ] =

∫ ∞
0

e−ψtf(t)dt, <(ψ) > 0. (1.8)

• Whittaker Transform is defined in [35] as,∫ ∞
0

e
−z
2 zp−1Wκ,ω(z)dz =

Γ(1
2

+ ω + p)Γ(1
2
− ω + p)

Γ(1− κ+ p)
, (1.9)

where, <(ω + p),<(ω − p) > 0 and Wκ,ω is Whittaker confluent hypergeometric
function.

• Mellin Transform is defined in [31] as,

M [f(t);ψ] = f ∗(ψ) =

∫ ∞
0

tψ−1f(t)dt, (1.10)

and, the inverse Mellin transform is given by,

f(t) = M−1 [f ∗(ψ); t] =
1

2πi

∫
C

f ∗(ψ)t−ψdψ, (1.11)

where, C is a contour of integration that begins at −i∞ and ends at i∞.

• The Generalized hypergeometric function is defined in [26, eq.2, pg-73] as,

rFs

[
δ1 δ2 . . . δr
ψ1 ψ2 . . . ψs

; t

]
=
∞∑
n=0

( ∏r
i=1(δi)n∏s
j=1(ψj)n

tn

n!

)
, (1.12)

which converges for all t ∈ C when r ≤ s.

• The Wright Generalized hypergeometric function is defined in [33] as,

rΨs

[
(α1, A1) (α2, A2) . . . (αr, Ar)
(β1, B1) (β2, B2) . . . (βs, Bs)

; t

]
=
∞∑
n=0

(∏r
i=1 Γ(αi + Ain)∏s
j=1 Γ(βj +Bjn)

tn

n!

)
. (1.13)
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• The Fox’s H-function is defined in [13] as,

Hx,y
r,s

[
t

∣∣∣∣(α1, A1) (α2, A2) . . . (αr, Ar)
(β1, B1) (β2, B2) . . . (βs, Bs)

]
=

1

2πi

∫
C

( ∏x
j=1 Γ(βj +Bjδ)

∏y
j=1 Γ(1− αj − Ajδ)∏s

j=x+1 Γ(1− βj −Bjδ)
∏r

j=y+1 Γ(αj + Ajδ)

)
t−δdδ.

(1.14)

Fractional calculus is used in the study of non-integer orders of differentiation, in the fields
of science and engineering to solve integral equations, ordinary differential equations and
partial differential equations.
The left and right sided fractional integral operators of Riemann- Liouville type (see [15,
eqs. (2.1.1), (2.1.2), p.69]) are(

Iξc+g
)

(y) =
1

Γ(ξ)

∫ y

c

g(η)

(y − η)1−ξ dη : y > c, (1.15)

and, (
Iξd−g

)
(y) =

1

Γ(ξ)

∫ d

y

g(η)

(y − η)1−ξ dη : y < d, (1.16)

where, g ∈ L[c, d], where L[c, d] is the space of Lebesgue measurable functions :

L[c, d] = g : ‖g‖1 =
∫ d
c
g(y)dy, ξ ∈ C and <(ξ) > 0.

For g ∈ L[c, d], ξ ∈ C,<(ξ) > 0 and m = <(ξ) + 1, left and right sided Riemann
Liouville fractional derivatives (see [15, eqs. (2.1.5),( 2.1.6), p.69] are given by:(

Dξ
c+g
)

(y) =

(
d

dy

)m (
Im−ξc+ g

)
(y), (1.17)

and, (
Dξ
d−g
)

(y) =

(
− d

dy

)m (
Im−ξd− g

)
(y). (1.18)

Generalized form of fractional differential operator Dξ
c+ is defined as, (see[15])(

Dξ,υ
c+ g
)

(y) =

(
I
υ(1−ξ)
c+

d

dy

(
I

(1−υ)(1−ξ)
c+ g

))
(y), (1.19)

where, 0 < ξ, υ < 1 .

In this section of fractional calculus, we suppose $ = η − c and υ = y − c. We will
require the following two results for fractional integral and derivative of power function:

1. For ξ, µ ∈ C,<(ξ) > 0,<(µ) > 0, (see [18])(
Iξc+($)µ−1

)
(y) =

Γ(µ)

Γ(ξ + µ)
(υ)ξ+µ−1. (1.20)
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2. For y > c, 0 < ξ < 1, 0 ≤ υ ≤ 1,<(µ) > 0,<(ξ) > 0, (see [34])(
Dξ,υ
c+ ($)µ−1

)
(y) =

Γ(µ)

Γ(ξ − µ)
(υ)µ−ξ−1. (1.21)

The Prabhakar integral is defined by (see [14, eq. 1.6, p-32]) -(
Eζ,µ1α1,α2,c+g

)
(y) =

∫ y

c

(y − η)α2−1Eµ1
α1,α2

[ζ(y − η)α1 ] g(η)dη, (1.22)

where, <(α1),<(α2) > 0 and Eµ1
α1,α2

is given by (1.3). The further generalization of
Prabhakar fractional integral is given by (see [34, eq. (2.12), p. 202](

Eζ,µ1,µ2α1,α2,c+g
)

(y) =

∫ y

c

(y − η)α2−1Eµ1,µ2
α1,α2

[ζ(y − η)α1 ] g(η)dη, (1.23)

where, <(α1),<(α2) > 0 and Eµ1,µ2
α1,α2

is given by (1.4).
We will require the following Dirichlet’s formula in our study (see [20, eq. (4.1) p. 56]).
If H(u, v) is continuous on [c, d]× [c, d],∫ d

c

du

∫ u

c

H(u, v)dv =

∫ d

c

dv

∫ d

v

H(u, v)du. (1.24)

For various interesting extensions and properties of Mittag-Leffler functions, readers may
refer [2], [25], [32], [37] and many other research papers.

2 m-parameter Mittag-Leffler function

In this section, we introduce a new Mittag-Leffler function with m-parameters contained
in the following definition:

Definition 2.1. The generalized Mittag-Leffler function with m parameters is defined as,

Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t) =
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn, (2.1)

where, t is a complex variable, µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, µm−2, αm > 0, <(α1)+

αm ≥ µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0 and (µ1)µ2n = Γ(µ1+µ2n)
µ1

is the Generalized Pochhammer symbol, which in particular reduces to, µµ2n2

∏µ2
i=1

(
µ1+i−1
µ2

)
n
,

if µ2 ∈ N.

The generalized Mittag- Leffler function with m parameters reduces to the following
special cases on giving specific values to the various parameters:

(a) For µk = αk+2 for 1 ≤ k ≤ m− 2 and α2 = 1, equation (2.1) reduces to the Gosta
Mittag Leffler function ([21]) given by (1.1).

(b) For µk = αk+2 for 1 ≤ k ≤ m− 2, equation (2.1) reduces to the Wiman function
([36, p.191])given by (1.2).
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(c) For µk = αk+2 for 2 < k ≤ m− 2 and µ2, α3, α4 = 1, equation (2.1) reduces to the
Prabhakar function ([24, eq. (1.3), p.7]) given by (1.3).

(d) For µk = αk+2 for 2 < k ≤ m− 2 and α3, α4 = 1, equation (2.1) reduces to the
generalization of Prabhakar function given by Shukla and Prajapati ([29, eq (1.4),
p.798]) and defined as, (1.4).

(e) For µk = αk+2 for 2 < k ≤ m− 2 and α4 = 1, equation (2.1) reduces to the
generalization given by Khan and Ahmed ([12, eq (1.7),p.2]), defined by (1.5).

(f) For µk = αk+2 for 4 < k ≤ m− 2, equation (2.1) reduces to the further generalization
given by Khan and Ahmed ([12, eq (1.9), p.2]), defined by (1.6).

3 Properties of Generalized Mittag-Leffler function

Here, we discuss various properties of m-parameter Mittag-Leffler function such as recur-
rence relations, differentiation formulae and integral representations.

Theorem 3.1 (Recurrence Relation). If µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, <(α1), . . . ,<(αm−1) >
0, <(µ1), . . . ,<(µm−3) > 0, αm, µm−2 > 0 and <(α1) + αm ≥ µm−2, then,

(a) α2E
µ1,...,µm−2

α1,α2+1,α3...,αm
(t) + α1t

d

dt
E
µ1,...,µm−2

α1,α2+1,α3...,αm
(t) = Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(t). (3.1)

(b) Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t) =
1

Γ(α2)
+

(µ1)µ2(µ3)µ4 . . . (µm−3)µm−2

(α3)α4 . . . (αm−1)αm
t

× Eµ1+µ2,µ2,µ3+µ4,µ4,...,µm−3+µm−2,µm−2

α1,α1+α2,α3+α4,α4,...,αm−1+αm,αm (t).

(3.2)

(c) E
µ1,...,µm−2

α1,α2−α1,α3,...,αm(t)− Eµ1,...,µm−4,µm−3−1,µm−2

α1,α2−α1,α3,...,αm (t) = µm−2t
(µ1)µ2(µ3)µ4 . . . (µm−5)µm−4

(α3)α4 . . . (αm−1)αm

×
∞∑
n=0

(
(n+ 1)(µ1 + µ2)µ2n . . . (µm−5 + µm−4)µm−4n(µm−3)µm−2n+µm−2−1t

n

Γ(α1n+ α2)(α3 + α4)α4n . . . (αm−1 + αm)αmn

)
.

(3.3)

Proof.

(a) LHS =α2E
µ1,...,µm−2

α1,α2+1,α3...,αm
(t) + α1t

d

dt

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2 + 1)(α3)α4n . . . (αm−1)αmn
tn

=α2E
µ1,...,µm−2

α1,α2+1,α3...,αm
(t) + α1

∞∑
n=0

n(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2 + 1)(α3)α4n . . . (αm−1)αmn
tn

=(α1n+ α2)
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2 + 1)(α3)α4n . . . (αm−1)αmn
tn

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn = RHS.
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This gives the desired result (3.1).

(b) LHS =Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t) =
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn

=
1

Γ(α2)
+
∞∑
n=1

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn

=
1

Γ(α2)
+
∞∑
n=0

(µ1)µ2n+µ2(µ3)µ4n+µ4 . . . (µm−3)µm−2n+µm−2

Γ(α1n+ α1 + α2)(α3)α4n+α4 . . . (αm−1)αmn+αm

tn+1

=
1

Γ(α2)
+

(µ1)µ2(µ3)µ4 . . . (µm−3)µm−2

(α3)α4 . . . (αm−1)αm
t

×
∞∑
n=1

(µ1 + µ2)µ2n(µ3 + µ4)µ4n . . . (µm−3 + µm−2)µm−2n

Γ(α1n+ α1 + α2)(α3 + α4)α4n . . . (αm−1 + αm)αmn
tn = RHS.

This proves our result (3.2).

(c) LHS =
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1(n− 1) + α2)(α3)α4n . . . (αm−1)αmn
tn

−
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3 − 1)µm−2n

Γ(α1(n− 1) + α2)(α3)α4n . . . (αm−1)αmn
tn

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−5)µm−4n

Γ(α1(n− 1) + α2)(α3)α4n . . . (αm−1)αmn
tn
(
(µm−3)µm−2n − (µm−3 − 1)µm−2n

)
On Simplifying, we get,

LHS =µm−2t
∞∑
n=0

(n+ 1)(µ1)µ2n+µ2(µ3)µ4n+µ4 . . . (µm−3)µm−2n+µm−2−1

Γ(α1n+ α2)(α3)α4n+α4 . . . (αm−1)αmn+αm

tn

=

(
∞∑
n=0

(n+ 1)(µ1)µ2(µ1 + µ2)µ2n . . . (µm−5)µm−4(µm−5 + µm−4)µm−4n(µm−3)µm−2n+µm−2−1

Γ(α1n+ α2)(α3)α4(α3 + α4)α4n
. . . (αm−1 + αm)αmn(αm−1)αm

tn

)
× µm−2t

=RHS.

This proves our result (3.3).

Theorem 3.2 (Differentiation formula). If µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C,
<(α1), . . . ,<(αm−1) > 0, <(µ1), . . . ,<(µm−3) > 0, αm, µm−2 > 0 and <(α1)+αm ≥ µm−2,
then for r ∈ N,
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(a)

(
d

dt

)r
Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t) =
(1)r(µ1)µ2r(µ3)µ4r . . . (µm−3)µm−2r

(α3)α4r . . . (αm−1)αmr

×
∞∑
n=0

(µ1 + µ2r)µ2n(µ3 + µ4r)µ4n . . . (µm−3 + µm−2r)µm−2n

Γ(α1n+ α1r + α2)(α3 + α4r)α4n . . . (αm−1 + αmr)αmn

× (1 + r)n
n!

tn.

(3.4)

(b)

(
d

dt

)r [
tα2−1Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(ξtα1)

]
= tα2−r−1E

µ1,...,µm−2

α1,α2−r...,αm−2,αm−1,αm(ξtα1).

(3.5)

Proof.

(a) LHS =

(
d

dt

)r
Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t) =

(
d

dt

)r [ ∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn

]

=
∞∑
n=r

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2nn!

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn(n− r)!
tn−r

=
∞∑
n=0

(µ1)µ2n+µ2r(µ3)µ4n+µ4r . . . (µm−3)µm−2n+µm−2r(n+ r)!

Γ(α1n+ α1r + α2)(α3)α4n+α4r . . . (αm−1)αmn+αmrn!
tn

=
∞∑
n=0

(µ1)µ2r(µ1 + µ2r)µ2n . . . (µm−3)µm−2r(µm−3 + µm−2r)µm−2n(1)r(1 + r)n
Γ(α1n+ α1r + α2)(α3)α4r(α3 + α4r)α4n . . . (αm−1)αmr(αm−1αmr)αmnn!

tn

=RHS.

This proves the result (3.4).

(b) LHS =

(
d

dt

)r [
tα2−1

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ξntα1n

]

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n(α1n+ α2 − 1)!

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn(α1n+ α2 − 1− r)!
ξntα1n+α2−r−1

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2 − r)(α3)α4n . . . (αm−1)αmn
ξntα1n+α2−r−1

=RHS.

This proves the result (3.5).

Theorem 3.3. (Differentiation formula) Let α1 = s
r

where s and r are coprime and s, r ∈
N, µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, <(α1), . . . ,<(αm−1) > 0, <(µ1), . . . ,<(µm−3) > 0,
αm, µm−2 > 0 and <(α1) + αm ≥ µm−2, then,
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ds

dts

[
E
µ1,...,µm−2
s
r
,α2,...,αm−1,αm

(t
s
r )
]

=
Γ(α3) . . .Γ(αm−3)

Γ(µ1) . . .Γ(µm−5)

∞∑
n=0

Γ(µ1 + µ2n) . . .Γ(µm−5 + µm−4n)

Γ( sn
r

+ α2)Γ(α3 + α4n) . . .Γ(αm−3 + αm−2n)

×
(µm−3)µm−2nt

s(nr−1)Γ( sn
r

+ 1)

(αm−1)αmnΓ( sn
r
− s+ 1)

.

(3.6)

Proof.

LHS =
ds

dts

[
E
µ1,...,µm−2
s
r
,α2,...,αm−1,αm

(t
s
r )
]

=
ds

dts

[
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ( sn
r

+ α2)(α3)α4n . . . (αm−1)αmn
t
sn
r

]

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

(
sn
r

)
!

Γ( sn
r

+ α2)(α3)α4n . . . (αm−1)αmn
(
sn
r
− s
)
!
t
sn
r
−s

=
Γ(α3) . . .Γ(αm−3)

Γ(µ1) . . .Γ(µm−5)

×
∞∑
n=0

Γ(µ1 + µ2n) . . .Γ(µm−5 + µm−4n)(µm−3)µm−2nt
s(nr−1)Γ( sn

r
+ 1)

Γ( sn
r

+ α2)Γ(α3 + α4n) . . .Γ(αm−3 + αm−2n)(αm−1)αmnΓ( sn
r
− s+ 1)

=RHS.

This proves our result (3.6).

Theorem 3.4 (Integral Representation). If µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, <(α1),
. . . ,<(αm−1) > 0, <(µ1), . . . ,<(µm−3) > 0, αm, µm−2 > 0 and <(α1) + αm ≥ µm−2, then

(a)
1

Γ(ψ)

∫ 1

0

ςα2−1(1−ς)ψ−1Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(tςα1)dς = E
µ1,...,µm−2

α1,α2+ψ,α3,...,αm−1,αm
(t). (3.7)

(b)
1

Γ(ψ)

∫ κ

t

(κ− s)ψ−1(s− t)α2−1Eµ1,...,µm−2
α1,...,αm−1,αm

(%(s− t)α1)ds =(κ− t)ψ+α2−1

× Eµ1,...,µm−2

α1,α2+ψ,α3,...,αm
(%(κ− t)α1).

(3.8)

(c)

∫ t

0

ζα2−1Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(ωζα1)dζ = tα2E
µ1,...,µm−2

α1,α2+1,α3,...,αm−2,αm−1,αm
(ωtα1). (3.9)

Proof.

(a) LHS =
1

Γ(ψ)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn
∫ 1

0

ςα1n+α2−1(1− ς)ψ−1dς

=
1

Γ(ψ)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tnB(α1n+ α2, ψ)

=
1

Γ(ψ)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn

Γ(α1n+ α2)Γ(ψ)

Γ(α1n+ α2 + ψ)

=RHS.
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This proves the result (3.7).

(b) Let us change the variable from s to ς = s−t
κ−t . Then substituting (s−t) = ς(κ−t)

and (κ− s) = (κ− t)(1− ς) in (3.8), we get,

LHS =
1

Γ(ψ)

∫ 1

0

(κ− t)ψ+α2−1(1− ς)ψ−1ςα2−1

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn

× %n(κ− t)α1nςα1ndς

=
(κ− t)ψ+α2−1

Γ(ψ)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
[%(κ− t)α1 ]nB(α2 + α1n, ψ)

=
(κ− t)ψ+α2−1

Γ(ψ)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
[%(κ− t)α1 ]n

Γ(α1n+ α2)Γ(ψ)

Γ(α1n+ α2 + ψ)

=RHS.

This proves the result (3.8).

(c) LHS =
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ωn
∫ t

0

ζα1n+α2−1dζ

=tα2

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2 + 1)(α3)α4n . . . (αm−1)αmn
ωntα1n = RHS.

This proves the result (3.9).

4 Representation in terms of some known Special

functions

Here, we determine the relation of m-parameter Mittag-Leffler function with some known
special functions.

Theorem 4.1. The m-parameter Mittag-Leffler function can be expressed in terms of
Generalized hypergeometric function as:

Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t)

=
1

Γ(α2)
µ2+µ4+µ6+...+µm−2+1Fα1+α4+α6+...+αm[

∆(µ2;µ1) ∆(µ4;µ3) . . .∆(µm−2;µm−3) (1, 1)
∆(α1;α2) ∆(α4;α3) . . .∆(αm, αm−1)

;
µµ22 µ

µ4
4 . . . µ

µm−2

m−2

αα1
1 αα4

4 αα6
6 . . . ααmm

t

]
,

(4.1)

where, ∆(µ2;µ1) is a µ2 tuple - µ1
µ2
, µ1+1

µ2
, . . . , µ1+µ2−1

µ2
; ∆(µ4;µ3) is a µ4 tuple - µ3

µ4
, µ3+1

µ4
, . . . , µ3+µ4−1

µ4
and so on.
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Proof.

LHS =
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn =

1

Γ(α2)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

(α2)α1n(α3)α4n . . . (αm−1)αmn
tn

=
1

Γ(α2)

∞∑
n=0


∏µ2

i1=1

(
µ1+i1−1

µ2

)
n

∏µ4
i2=1

(
µ3+i2−1

µ4

)
n
. . .
∏µm−2

im−2
2

=1

(
µm−3+im−2

2
−1

µm−2

)
n∏α1

j1=1

(
α2+j1−1

α1

)
n

∏α4

j2=1

(
α3+j2−1

α4

)
n
. . .
∏αm

jm
2

=1

(
αm−1+jm

2
−1

αm

)
n


×
(

µµ22 µ
µ4
4 . . . µ

µm−2

m−2

αα1
1 αα4

4 αα6
6 . . . ααmm

)n
tn(1)n
n!

= RHS.

Convergence conditions:

1. If µ2 + µ4 + µ6 + . . .+µm−2 + 1 ≤ α1 + α4 + α6 + . . .+αm, then,

µ2+µ4+µ6+...+µm−2+1Fα1+α4+α6+...+αm converges for all finite t.

2. If µ2 + µ4 + µ6 + . . .+µm−2 + 1 = α1 + α4 + α6 + . . .+αm + 1, then,

µ2+µ4+µ6+...+µm−2+1Fα1+α4+α6+...+αm converges for |t| < 1 and diverges for |t| > 1.

3. If µ2 + µ4 + µ6 + . . .+µm−2 + 1 > α1 + α4 + α6 + . . .+αm + 1, then,

µ2+µ4+µ6+...+µm−2+1Fα1+α4+α6+...+αm is divergent for |t| 6= 0.

4. If µ2 + µ4 + µ6 + . . .+µm−2 + 1 = α1 + α4 + α6 + . . .+αm + 1, then,

µ2+µ4+µ6+...+µm−2+1Fα1+α4+α6+...+αm is absolutely convergent on the circle |t| = 1 if,

<

 α1∑
j1=1

. . .
αm∑

jm
2

=1

(
α2+j1−1

α1

)
. . .
(
αm−1+jm

2
−1

αm

)
−

µ2∑
i1=1

. . .
µm−2∑
im−2

2
=1

(
µ1+i1−1

µ2

)
. . .

(
µm−3+im−2

2
−1

µm−2

)
> 0.

Theorem 4.2. Let µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, µm−2, αm > 0, <(α1) + αm ≥
µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0. Then, the Mellin Barnes In-
tegral representation of the m-parameter Mittag-Leffler function Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(t) is

given by,

Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t) =
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

1

2πi

×
∫
C

Γ(p)Γ(1− p)Γ(µ1 − µ2p)Γ(µ3 − µ4p) . . .Γ(µm−3 − µm−2p)

Γ(α2 − α1p)Γ(α3 − α4p) . . .Γ(αm−1 − αmp)
(−t)−pdp,

(4.2)

where, | arg z| < π, C is the contour of integration which begins at −i∞ and ends at
+i∞ and indented to distinguish integrand poles at p = −n, for all n ∈ N0 from those at
p = µm−3+n

µm−2
.
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Proof. Consider,

1

2πi

∫
C

Γ(p)Γ(1− p)Γ(µ1 − µ2p)Γ(µ3 − µ4p) . . .Γ(µm−3 − µm−2p)

Γ(α2 − α1p)Γ(α3 − α4p) . . .Γ(αm−1 − αmp)
(−t)−pdp

Evaluating as the sum of residues at the poles p = 0,−1,−2, . . .

=
∞∑
n=0

Resp=−n

[
Γ(p)Γ(1− p)Γ(µ1 − µ2p)Γ(µ3 − µ4p) . . .Γ(µm−3 − µm−2p)

Γ(α2 − α1p)Γ(α3 − α4p) . . .Γ(αm−1 − αmp)
(−t)−p

]
=
∞∑
n=0

lim
p→−n

π(p+ n)

sinπp

[
Γ(µ1 − µ2p)Γ(µ3 − µ4p) . . .Γ(µm−3 − µm−2p)

Γ(α2 − α1p)Γ(α3 − α4p) . . .Γ(αm−1 − αmp)
(−t)−p

]
=
∞∑
n=0

(−1)nΓ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)
(−t)n

=
Γ(µ1)Γ(µ3) . . .Γ(µm−3)

Γ(α3)Γ(α5) . . .Γ(αm−1)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn

=
Γ(µ1)Γ(µ3) . . .Γ(µm−3)

Γ(α3)Γ(α5) . . .Γ(αm−1)
Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t).

This proves our result (4.2).

Theorem 4.3. The m-parameter Mittag-Leffler function can be expressed in terms of
Wright hypergeometric function as:

Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t) =
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
m
2

Ψm
2[

(µ1, µ2) (µ3, µ4) . . . (µm−3, µm−2) (1, 1)
(α2, α1) (α3, α4) . . . (αm−1, αm)

; t

]
.

(4.3)

Proof.

LHS =Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t) =
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
tn

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)
tn

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

Γ(n+ 1)

n!
tn

=RHS.

Theorem 4.4. In terms of Fox H-function, the m-parameter Mittag-Leffler function can
be expressed as:

Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(t)

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
H

1,m−2
2

m−2
2
,m+2

2

[
−t
∣∣∣∣(0, 1) (1− µ1, µ2) (1− µ3, µ4) . . . (1− µm−3, µm−2)
(0, 1) (1− α2, α1) (1− α3, α4) . . . (1− αm−1, αm)

]
.

(4.4)
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Proof. The equations (4.2) and (1.14) when combined, gives the desired result.

5 Integral Transforms

In this section, we discuss various integral transforms of the m-parameter Mittag Leffler
function-

Theorem 5.1. (Euler-Beta Transform-) Let <(a),<(b) > 0, µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈
C, µm−2, αm > 0, <(α1) + αm ≥ µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) >
0, then Euler-Beta transform of Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(xtγ) is given by-

B(Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(xtγ), a, b)

=

∫ 1

0

ta−1(1− t)b−1Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(xtγ)dt

=
Γ(b)Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
m+2

2
Ψm+2

2[
(µ1, µ2) (µ3, µ4) . . . (µm−3, µm−2) (a, γ) (1, 1)
(α2, α1) (α3, α4) . . . (αm−1, αm) (a+ b, γ)

;x

]
.

(5.1)

Proof.

LHS =
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
xn
∫ 1

0

ta+γn−1(1− t)b−1dt

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
xnB(a+ γn, b)

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

×
∞∑
n=0

(
Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

Γ(a+ γn)Γ(b)

Γ(a+ b+ γn)

)
xn

=RHS.

This proves our result (5.1).

Theorem 5.2. (Whittaker Transform-)Let µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, µm−2, αm >
0, <(α1) + αm ≥ µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0, then Whit-
taker transform of m-parameter Mittag-Leffler function is given by-∫ ∞

0

e
−χt
2 tξ−1Wκ,ω(χt)Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(ptγ)dt

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
χ−ξ m+4

2
Ψm+2

2[
(µ1, µ2) (µ3, µ4) . . . (µm−3, µm−2) (1

2
− ω + ξ, γ) (1

2
+ ω + ξ, γ) (1, 1)

(α2, α1) (α3, α4) . . . (αm−1, αm) (1− κ+ ξ, γ)
;
p

χγ

]
.

(5.2)
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Proof. Let χt = η, then

LHS =

∫ ∞
0

e
−η
2

(
η

χ

)ξ−1

Wκ,ω(η)
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn

pnηγn

χγn
dη

χ

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
χ−ξ

∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

×
(
p

χγ

)n ∫ ∞
0

e
−η
2 ηξ+γn−1Wκ,ω(η)dη

Using equation (1.9),

LHS =
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
χ−ξ

∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

×
(
p

χγ

)n Γ(1
2
− ω + ξ + γn)Γ(1

2
+ ω + ξ + γn)

Γ(1− κ+ ξ + γn)

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
χ−ξ

∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

×
Γ(1

2
− ω + ξ + γn)Γ(1

2
+ ω + ξ + γn)

Γ(1− κ+ ξ + γn)

Γ(n+ 1)

n!

(
p

χγ

)n
= RHS.

This proves our result (5.2).

Theorem 5.3. (Laplace Transform-)Let <(p) > 0, µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C,
µm−2, αm > 0, <(α1) + αm ≥ µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0,
then Laplace transform of m-parameter Mittag-Leffler function is given by-

L
[
ta−1Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(xtη); p

]
=

Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
p−am+2

2
Ψm

2[
(µ1, µ2) (µ3, µ4) . . . (µm−3, µm−2) (a, η) (1, 1)
(α2, α1) (α3, α4) . . . (αm−1, αm)

;
x

pη

]
.

(5.3)

Proof.

LHS =

∫ ∞
0

ta−1e−ptEµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(xtη)dt

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
xn
∫ ∞

0

ta+ηn−1e−ptdt

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

Γ(a+ ηn)

pa+ηn
xn
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=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
p−a

∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

× Γ(a+ ηn)Γ(n+ 1)

n!

(
x

pη

)n
=RHS.

This proves our result (5.3).

Theorem 5.4. (Mellin Transform-) Let µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, µm−2, αm >
0, <(α1) + αm ≥ µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0. Then, the
Mellin transform of m-parameter Mittag-Leffler function is given by-

M
[
Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(−κt); p
]

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

1

2πi

×
∫
C

Γ(p)Γ(1− p)Γ(µ1 − µ2p)Γ(µ3 − µ4p) . . .Γ(µm−3 − µm−2p)

Γ(α2 − α1p)Γ(α3 − α4p) . . .Γ(αm−1 − αmp)
(−κt)−pdp.

(5.4)

Proof. From (4.2), we have

Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(−κt) =
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

1

2πi

×
∫
C

Γ(p)Γ(1− p)Γ(µ1 − µ2p)Γ(µ3 − µ4p) . . .Γ(µm−3 − µm−2p)

Γ(α2 − α1p)Γ(α3 − α4p) . . .Γ(αm−1 − αmp)

× (−κt)−pdp

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

1

2πi

∫
C

f ∗(p)(t)−pdp,

where,

f ∗(p) =
Γ(p)Γ(1− p)Γ(µ1 − µ2p)Γ(µ3 − µ4p) . . .Γ(µm−3 − µm−2p)

Γ(α2 − α1p)Γ(α3 − α4p) . . .Γ(αm−1 − αmp)
(−κ)−p.

Using (1.10) and (1.11), we get our desired result (5.4).

6 Relation with fractional calculus operators

In this section, we derive results considering Riemann Liouville fractional integral and
derivatives.

Theorem 6.1. Suppose y > c, c ∈ R+ = [0,∞], µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C,
µm−2, αm > 0, <(α1) + αm ≥ µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0,
then,(

Iξc+($)α2−1Eµ1,...,µm−2
α1,...,αm−2,αm−1,αm

(ζ$α1)
)

(y) = υα2+ξ−1E
µ1,...,µm−2

α1,α2+ξ,α3,...,αm−1,αm
(ζυα1). (6.1)
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Proof. Using equation (1.15), we have

LHS =
1

Γ(ξ)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ζn
∫ y

c

$α1n+α2−1(y − η)ξ−1dη

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ζn
(
Iξc+$

α1n+α2−1
)

(y)

Using result (1.20), we get,

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2 + ξ)(α3)α4n . . . (αm−1)αmn
ζnυα1n+α2+ξ−1

=υα2+ξ−1

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2 + ξ)(α3)α4n . . . (αm−1)αmn
ζnυα1n

=RHS.

Theorem 6.2. Suppose y > c, c ∈ R+ = [0,∞], µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C,
µm−2, αm > 0, <(α1) + αm ≥ µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0,
then,(

Dξ
c+($)α2−1Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(ζ$α1)

)
(y) = υα2−ξ−1E

µ1,...,µm−2

α1,α2−ξ,α3,...,αm−1,αm
(ζυα1). (6.2)

Proof. Using equation (1.17), we have,

LHS =

(
d

dy

)n [
In−ξc+ $α2−1Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(ζ$α1)

]
Using (6.1),

LHS =

(
d

dy

)n
υα2+n−ξ−1E

µ1,...,µm−2

α1,α2+n−ξ,α3,...,αm−1,αm
(ζυα1)

Using (3.5),we get our desired result (6.2).

Theorem 6.3. Suppose y > c, c ∈ R+ = [0,∞], µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C,
µm−2, αm > 0, <(α1) + αm ≥ µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0,
then,(

Dξ,ν
c+ ($)α2−1Eµ1,...,µm−2

α1,...,αm−2,αm−1,αm
(ζ$α1)

)
(y) = υα2−ξ−1E

µ1,...,µm−2

α1,α2−ξ,α3,...,αm−1,αm
(ζυα1). (6.3)

Proof.

LHS =Dξ,ν
c+

[
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ζn$α1n+α2−1

]
(y)

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ζn
[
Dξ,ν
c+$

α1n+α2−1
]

(y)

Using (1.21),we get our desired result (6.3).
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7 Generalized Prabhakar Integral

Here, we use the m-parameter Mittag-Leffler function to define the generalized Prabhakar
integral and discuss it’s various properties.

Definition 7.1. If µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, µm−2, αm > 0, <(α1) + αm ≥
µm−2, min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0, then,(

E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)

(y) =

∫ y

c

(y − η)α2−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(y − η)α1 ] g(η)dη. (7.1)

The generalized Prabhakar integral involving Mittag Leffler function with m-parameters
reduces to the following special cases on giving specific values to the various parameters:

(a) When, µk = αk+2 for 2 < k ≤ m− 2 and µ2, α3, α4 = 1, equation (7.1) reduces to
the Prabhakar integral ([14, eq. 1.6, p-32]) given by (1.22).

(b) When, µk = αk+2 for 2 < k ≤ m− 2 and α3, α4 = 1, equation (7.1) reduces to
the generalization of Prabhakar function given by Srivastava and Tomovski ([34, eq.
(2.12), p. 202]) defined as (1.23).

Remark 7.1. Series representation of
(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)

(y) is given as,(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)

(y) =
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)
∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

[
Iα2+α1n
c+ g

]
(y).

(7.2)

Proof.

LHS =

∫ y

c

(y − η)α2−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(y − η)α1 ] g(η)dη

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ζn
∫ y

c

(y − η)α2+α1n−1g(η)dη

=
Γ(α3)Γ(α5) . . .Γ(αm−1)

Γ(µ1)Γ(µ3) . . .Γ(µm−3)

∞∑
n=0

Γ(µ1 + µ2n)Γ(µ3 + µ4n) . . .Γ(µm−3 + µm−2n)

Γ(α1n+ α2)Γ(α3 + α4n) . . .Γ(αm−1 + αmn)

×
[
Iα2+α1n
c+ g

]
(y)

=RHS.

7.1 Properties of Generalized Prabhakar Integral

Theorem 7.1. If µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, µm−2, αm > 0, <(α1)+αm ≥ µm−2,
min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0, then,(

E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ ($)µ−1
)

(y) = υα2+µ−1Γ(µ)E
µ1,...,µm−2

α1,α2+µ,α3,...,αm−1,αm(ζυα1). (7.3)
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Proof.

LHS =

∫ y

c

(y − η)α2−1($)µ−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(y − η)α1 ] dη.

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ζn
∫ y

c

(y − η)α2+α1n−1($)µ−1

=
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
ζn
(
Γ(α1n+ α2)Iα2+α1n

c+ ($)µ−1
)

(y)

=RHS.

Using (1.20) we get our desired result (7.3).

Theorem 7.2. If µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, µm−2, αm > 0, <(α1)+αm ≥ µm−2,
min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0, then,[
Iξc+

(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)]

(y) =
(
E
ζ,µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm,c+
g
)

(y) =
(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+

[
Iξc+g

])
(y).

(7.4)

Proof. We first prove
[
Iξc+

(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)]

(y) =
(
E
ζ,µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm,c+
g
)

(y).

Using (1.15) and (7.1), we get,

[
Iξc+

(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)]

(y) =
1

Γ(ξ)

∫ y

c

(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)

(τ)

(y − τ)1−ξ dτ

=
1

Γ(ξ)

∫ y

c

(y − τ)ξ−1

×
[∫ τ

c

(τ − η)α2−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(τ − η)α1 ] g(η)dη

]
dτ

Interchanging the order of integration using (1.24),[
Iξc+

(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)]

(y)

=
1

Γ(ξ)

∫ y

c

[∫ y

η

(y − τ)ξ−1(τ − η)α2−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(τ − η)α1 ] dτ

]
g(η)dη

Let (τ − η) = κ, then,[
Iξc+

(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)]

(y)

=
1

Γ(ξ)

∫ y

c

[∫ y−η

0

(y − η − κ)ξ−1(κ)α2−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(κ)α1 ] dκ

]
g(η)dη

=

∫ y

c

κα2−1

[
1

Γ(ξ)

∫ y−η

0

Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(κ)α1 ]

(y − η − κ)1−ξ dκ

]
g(η)dη
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Using (1.15) and (6.1),[
Iξc+

(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)]

(y) =

∫ y

c

κα2−1Iξc+
[
Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(κ)α1 ]
]
g(η)dη

=

∫ y

c

υα2+ξ−1E
µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm
[ζ(υ)α1 ] g(η)dη

=

∫ y

c

(y − η)α2+ξ−1E
µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm
[ζ(y − η)α1 ] g(η)dη

=
(
E
ζ,µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm,c+
g
)

(y).

Hence we have proved,[
Iξc+

(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ g
)]

(y) =
(
E
ζ,µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm,c+
g
)

(y). (7.5)

We now prove
(
E
ζ,µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm,c+
g
)

(y) =
(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+

[
Iξc+g

])
(y).(

E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+

[
Iξc+g

])
(y) =

∫ y

c

(y − η)α2−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(y − η)α1 ]
(
Iξc+g

)
(η)dη.

=

∫ y

c

(y − η)α2−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(y − η)α1 ]

×
(

1

Γ(ξ)

∫ y

0

g(u)

(η − u)1−ξdu

)
dη

Interchanging the order of integration using (1.24),(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+

[
Iξc+g

])
(y) =

∫ y

c

1

Γ(ξ)

[∫ y

u

(y − η)α2−1(η − u)ξ−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(y − η)α1 ] dη

]
× g(u)du

Let (y − η) = ρ, then,(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+

[
Iξc+g

])
(y) =

∫ y

c

1

Γ(ξ)

[∫ y−u

0

(ρ)α2−1(y − ρ− u)ξ−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(ρ)α1 ] dρ

]
× g(u)du

Using (1.15) and (6.1),(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+

[
Iξc+g

])
(y) =

∫ y

c

ρα2−1

[∫ y−u

0

1

Γ(ξ)

Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(ρ)α1 ]

(y − ρ− u)1−ξ dρ

]
g(u)du

=

∫ y

c

ρα2−1Iξc+
(
Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(ρ)α1 ]
)
g(u)du

=

∫ y

c

(y − η)α2+ξ−1Iξc+
(
E
µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm
[ζ(y − η)α1 ]

)
g(u)du

=
(
E
ζ,µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm,c+
g
)

(y)

Hence we have proved,(
E
ζ,µ1,µ2,...,µm−2

α1,α2+ξ,α3,...,αm,c+
g
)

(y) =
(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+

[
Iξc+g

])
(y). (7.6)

From (7.5) and (7.6), we get our desired result (7.4).
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Theorem 7.3. If µ1, µ2, . . . , µm−3, α1, . . . , αm−1 ∈ C, µm−2, αm > 0, <(α1)+αm ≥ µm−2,
min (<(µ1), . . . ,<(µm−3),<(α1), . . . ,<(αm−1)) > 0, then,

‖
(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ Ψ
)
‖1 ≤M‖Ψ‖1, (7.7)

where,

M =

(
(d− c)<(α2)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn

(d− c)α1n

<(α2) + <(α1)n
|ζn|

)
.

Proof. Using ‖g‖1 =
∫ d
c
g(y)dy, and then using (1.24), we get,

‖
(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ Ψ
)
‖1 =

∫ d

c

∣∣∣∣∫ y

c

(y − η)α2−1Eµ1,µ2,...,µm−2
α1,α2,...,αm

[ζ(y − η)α1 ] Ψ(η)dη

∣∣∣∣ dy
≤
∫ d

c

[∫ d

η

(y − η)<(α2)−1
∣∣Eµ1,µ2,...,µm−2

α1,α2,...,αm
[ζ(y − η)α1 ]

∣∣ dy] |Ψ(η)|dη.

Let (y − η) = u, then,

‖
(
E
ζ,µ1,µ2,...,µm−2

α1,α2,...,αm,c+ Ψ
)
‖1

≤
∫ d

c

[∫ d−η

0

(u)<(α2)−1
∣∣Eµ1,µ2,...,µm−2

α1,α2,...,αm
[ζ(u)α1 ]

∣∣ du] |Ψ(η)|dη

≤
∫ d

c

[
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
|ζn|

∫ d−η

0

u<(α2)+<(α1)n−1du

]
×Ψ(η)|dη

≤
∫ d

c

[
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
|ζn|

∫ d−c

0

u<(α2)+<(α1)n−1du

]
×Ψ(η)|dη

=

∫ d

c

[
∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn
|ζn|

(
u<(α2)+<(α1)n

<(α2) + <(α1)n

)d−c
0

]
×Ψ(η)|dη

=

(
(d− c)<(α2)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn

(d− c)α1n

<(α2) + <(α1)n
|ζn|

)

×
∫ d−c

0

Ψ(η)|dη

=

(
(d− c)<(α2)

∞∑
n=0

(µ1)µ2n(µ3)µ4n . . . (µm−3)µm−2n

Γ(α1n+ α2)(α3)α4n . . . (αm−1)αmn

(d− c)α1n

<(α2) + <(α1)n
|ζn|

)
× ‖Ψ‖1

=M‖Ψ‖1

where, M =

(
(d− c)<(α2)

∞∑
n=0

(µ1)µ2n(µ3)µ4n...(µm−3)µm−2n

Γ(α1n+α2)(α3)α4n...(αm−1)αmn

(d−c)α1n
<(α2)+<(α1)n

|ζn|
)
. Hence we get

our desired result.
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Particular values
αi, µi Fig-1(a) Fig-1 (b) Fig-2 (a) Fig-2 (b) Fig-3 (a) Fig-3 (b) Fig-4
α1 1 1 2 4 2 2 2
α2 1 2 2 2 2 2 2
α3 1 1 1 1 1 1 2
α4 1 1 1 1 1 1 1
α5 1 1 1 1 1 1 1
α6 1 1 1 1 1 1 1
α7 1 1 1 1 1 1 1
α8 1 1 1 1 1 1 1
α9 1 1 1 1 1 1 1
µ1 1 1 1 1 1 1 2
µ2 1 1 1 1 1 1.5 2
µ3 1 1 1 1 1 1.5 2
µ4 1 1 1 1 2 2 2
µ5 1 1 1 1 1 2 1
µ6 1 1 1 1 0.5 0.5 1
µ7 1 1 1 1 0.5 0.5 1

Function et −1+et

t
sinh(

√
t)√

t

sin(t
1
4 )+sinh (t

1
4 )

2(t
1
4 )

pFq rFs
1−
√

(1−4t)

2t
√

1−4t

Table 1: Special cases of m-parameter Mittag Leffler function

8 Relation of m-parameter Mittag Leffler function

with other functions and their graphical represen-

tation

In this section, Using MATHEMATICA 12, we reduce the m-parameter Mittag Leffler
function in terms of other functions such as exponential, trigonometric, hypergeometric
and algebraic functions by taking different values of the parameters. Also, we represent
the functions, their integrals and derivatives graphically using MATHEMATICA 12.

The following table gives us the list of functions after taking particular values of αi’s
and µi’s, once m is fixed.

Using MATHEMATICA 12, we now represent the functions mentioned in the above
table, its integrals and derivatives graphically.
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(a) et (b) −1+et
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Figure 1: m-parameter Mittag Leffler function reduced to exponential function.

(a) sinh(
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t)√
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1
4 )

2(t
1
4 )

Figure 2: m-parameter Mittag Leffler function reduced to trigonometric function.

(a) pFq (b) rFs

Figure 3: m-parameter Mittag Leffler function reduced to hypergeometric function.

Figure 4: m-parameter Mittag Leffler function reduced to algebraic function
1−
√

(1−4t)

2t
√

1−4t
.

Similarly, we can take different values of the parameters and deduce the relation
of m-parameter Mittag Leffler function with different functions, which cannot be done
manually, using MATHEMATICA 12.
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9 Applications

Mittag Leffler function has come into prominence due to its various applications in solving
the problems of earth sciences, biological and physical engineering. It is used in various
problems of fluid flow, rheology, diffusive transport, electric networks, probability and
statistical distribution theory.
While moving from an integer order differential equation to fractional order differential
equation, the solutions occur in terms of Mittag Leffler function and its generalizations.
For instance, while investigating fractional generalization of the Kinetic equation, random
walks, super-diffusive transport, study of complex systems and in Levy flights [7].
There is interpolation of Mittag Leffler function and its generalizations between a purely
exponential law and power-law like behaviour of phenomena driven by ordinary Kinetic
equations and their fractional counterparts ( See, e.g. [1, 9, 10, 16, 17, 28]).
Certain boundary value problems that involve volterra type fractional integrodifferen-
tial equation has solutions involving Mittag Leffler function [27]. The solution of Abel-
Volterra type equation has been expressed in terms of Mittag Leffler function by Hills
and Tamarkin [11].
Mittag Leffler function is also used in Modelling. For instance, the one parameter Mittag
Leffler function is used to describe the Philips curve, that is to describe the relations
between unemployment rate and inflation rate [30]. Prabhakar function was used in di-
electric relaxation models. Also used in mathematical models of filtration dynamics that
are based on fractional equations constituting Hilfer-Prabhakar derivatives [4, 6, 22]. Re-
cently, Prabhakar function was applied in the theory of non-linear heat conduction with
memory and results were derived using generalized separating variable method [5, 23].

10 Conclusion

In our paper, we have defined the m-parameter Mittag-Leffler function, reduced it to
known extensions of Mittag-Leffler function. We then, discussed its various properties,
special function representations, integral representations and applied fractional calculus
operators. We used this m-parameter Mittag-Leffler function to generalize the Prabhakar
integral and discussed it various properties. We also obtained the relation of m-parameter
Mittag Leffler function with various other functions such as exponential, trigonometric,
hypergeometric and algebraic functions and represented graphically using MATHEMAT-
ICA 12. Mittag-Leffler function with one parameter has found its applications in the AB
Model and in relaxation models involving exponential and power law behavious interpola-
tion [19]. The data received from experimenting with models for cells and tissues is linked
to the Wiman function [3]. Prabhakar function is associated with Havriliak-Negami re-
laxation [8]. Hence, we believe that the results of the m-parameter Mittag-Leffler function
can also be used in simplification of certain important physical models in near future.
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