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Abstract

Mittag-Leffler functions has many applications in various areas of Physical, bi-
ological ,applied, earth Sciences and Engineering. It is used in solving problems
of fractional order differential, integral and difference equations. In this paper,
we aim to define the m-parameter Mittag-Lefller function, which can be reduced
to various already known extensions of Mittag-Leffler function. We then, discuss
its various properties like recurrence relations, differentiation formula and integral
representations. We also represent the new m-parameter Mittag-Leffler function in
terms of some known special functions such as Generalized hypergeometric func-
tion, Mellin Barnes integral, Wright hypergeometric function and Fox H-function.
We also discuss its various integral transforms like Euler-Beta, Whittaker, Laplace
and Mellin transforms. Further, fractional differential and integral operators are
considered to discuss few properties of m-parameter Mittag-Leffler function. Also,
we use the m-parameter Mittag-Leffler function to define a generalization of Prab-
hakar integral and discuss its properties. Further, relation of m-parameter Mittag
Leffler function with various other functions such as exponential, trigonometric, hy-
pergeometric and algebraic functions is obtained and represented graphically using
MATHEMATICA 12.

Keywords
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1 Introduction

Gosta Mittag-Leffler introduced the function (see [21]),

n
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where, t is a complex variable, &; > 0 and I" is gamma function given by
I(m) = / (et gt R(m) > 0.
0
Wiman studied the generalization of E,, (t), known as Wiman function (see [36, p.191]).

For aq,ay € C and R(aq), R(ag) > 0,
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(1.2)

A three parameter Mittag-Leffler function was introduced by Prabhakar, now known as
Prabhakar function (see [24, eq. (1.3), p.7]), For R(a1), R(az) > 0 and py > 0.
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a0z (1) o ['(an + ag)n!’ (1.3)

where, (1), is the Pochhammer symbol defined by (see [26, eq.(1), p.22; eq.(3), p.23]),
for py #0,—-1,-2,...

. _ Ll +n)
(/Jq)n _ { 11_’[%:1:(/51 +7r— 1),7L eN and (,ul)n F(Hl) :

Shukla and Prajapati (see [29, eq (1.4), p.798]) gave a generalization of Prabhakar func-
tion,
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Bt (t) Z i (1.4)
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where, min (R(on), R(az), R(p1)) > 0,04, a2, i1, pt2 € C, (141) pon = W is the Gen-

eralized Pochhammer symbol, which in particular reduces to, ph>" ]2 (’LH> . if

=1 2
Lo € N.
Khan and Ahmed (see [12, eq (1.7),p.2]) defined an another generalization of the Mittag-
Leffler function,

/“ H2mn
Lrvkz 1.5
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where, min (R(ay), R(az), R(as), R(u1)) > 0 and pe € (0,1) UN. In the same paper, (see
[12, eq (1.9), p.2] ), they gave a further generalization of the above equation,

L2, 14 (t) = (11) pon (13) pant (1.6)
1 02,0,04,05,46 [(oan + a2)(a3)aun(@s)agn

n=0
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where, p1, pio, 3, a1, ... a5 € C, g, a6 > 0, V(o) + g > g,
min (R(p1), R(p2), R(ps), Rlaw), . .., R(as)) > 0.

In this paper, we will use some of the well known results:

e FEuler Beta Transform is defined in [31] as,
1
B(f0svnwn) = [ #9700 0d R@).RO >0 (1)
0

e Laplace Transform of a piecewise continuous function f is defined in [31] as,

Lol = [ eV (e, R() > 0. (18)

0
o Whittaker Transform is defined in [35] as,

I3 +w+p)Il(3 —w+p)

I'(l—kx+p) ’ (19)

/ e 2P IW, (2)dz =
0

where, R(w + p), R(w — p) > 0 and W, is Whittaker confluent hypergeometric
function.

e Mellin Transform is defined in [31] as,

MU0 = 1) = [ e (110
and, the inverse Mellin transform is given by,
7O =M @it = 5 [ 7w v, (111)
c

where, (' is a contour of integration that begins at —ioo and ends at 700.
e The Generalized hypergeometric function is defined in [26, eq.2, pg-73] as,
5 Oy ... 0, ] [ T (00 t7
|:wl ¢2 s ws nZ:% Hj:l (1/}])71 n!
which converges for all t € C when r < s.

e The Wright Generalized hypergeometric function is defined in [33] as,

(01, 41) (02, 42) (e, )1 S~ (T Do + Aim) £
s {(51,31) (B2, Ba) ...(53,38)7t] = Z <Hj1 (5, + Byn) n!) . (1.13)
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e The Fox’s H-function is defined in [13] as,
Ha:y { (Oél, Al) (052, AQ) e (Oé,,,, Ar):|
(ﬂla ) (627 ) s (657 Bs)
1 [T+ BOILL =0y = 450) ) (1.14)
/ H] z+1 I'(1 - B; — B, 5) H] —y+1 I'(ay + A;0) .
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Fractional calculus is used in the study of non-integer orders of differentiation, in the fields
of science and engineering to solve integral equations, ordinary differential equations and
partial differential equations.

The left and right sided fractional integral operators of Riemann- Liouville type (see [15,
egs. (2.1.1), (2.1.2), p.69]) are

(ua) 0 =g | e y>e (L1
and,
d
<I§*g> (v) = r(lg) /y (y i%lg dn Ly < d, (1.16)

where, g € Lc,d], where Lic,d] is the space of Lebesgue measurable functions :
Le,d =g |lglls = [ 9(y)dy, & € C and R(&) >

For g € Lle,d],¢ € C,R(§) > 0 and m = R(&) + 1, left and right sided Riemann
Liouville fractional derivatives (see [15, egs. (2.1.5),( 2.1.6), p.69] are given by:

d m
13 I e m—§
(Dc+g) (y) = < dy) <1c+ g) (v), (1.17)
and,
d m
§ I m—§
(Ddfg> (y) = ( dy) <[d— g) (y). (1.18)
Generalized form of fractional differential operator DS oy s defined as, (see[15])
vi-9 4 [ 1-v)a-g)
<Dc+g> ( ) ([c—i- dy <[c+ g)) (y)v (119)

where, 0 < {,v < 1.

In this section of fractional calculus, we suppose w =n —c and v =y — ¢. We will
require the following two results for fractional integral and derivative of power function:

1. For &, u e C,R(E) > 0,R(p) > 0, (see [18])

(@) () = s (0 (1.20)



2. Fory>c,0<&<1,0<v<1,R(u) >0,RE) >0, (see [34])

(DE @) () = g g (00 (1.21)

The Prabhakar integral is defined by (see [14, eq. 1.6, p-32]) -

(Q?Cl oo c+g) (y) = /y(y — ) ER L [C(y —n)*] g(n)dn, (1.22)

where, R(ay), R(ag) > 0 and E#* s given by (1.3). The further generalization of

i,

Prabhakar fractional integral is given by (see [34, eq. (2.12), p. 202]
y
(o) )= [ w-w= B G- 0™ gbidn, (129

where, R(ay), R(ag) > 0 and E4E2 is given by (1.4).
We will require the following Dirichlet’s formula in our study (see [20, eq. (4.1) p. 56]).
If H(u,v) is continuous on [c,d] X [c,d],

/cddu/CuH(u,v)dv:/cddv/vdH(u,v)du. (1.24)

For various interesting extensions and properties of Mittag-Leffler functions, readers may
refer [2], [25], [32], [37] and many other research papers.

2 m-parameter Mittag-Leffler function

In this section, we introduce a new Mittag-Leffler function with m-parameters contained
in the following definition:

Definition 2.1. The generalized Mittag-Leffler function with m parameters is defined as,

[e.o]

e /le Ham /vL3 pam - - (Mm—3),um,2n n
Elu“lﬁ sHhm—2 t , 21
Ao a7n,2,am,1,am nz F aln + a2)<a3)a4n cee (am—l)amn ( )
where, t is a complex variable, iy, fio, . - . -3, 015« U1 € C, fy 2, iy > 0, R(cv1)+
O > iz, min (R(p1), -+ o, R(ptm—3), R(@1), ..., Ram1)) > 0 and () pyn = —watzn)

p1
is the Generalized Pochhammer symbol, which in particular reduces to, pb*" T2 <M> ;

=1 H2
if po € N.

The generalized Mittag- Leffler function with m parameters reduces to the following
special cases on giving specific values to the various parameters:

(a) For pp = apyo for 1 <k < m —2 and ay = 1, equation (2.1) reduces to the Gosta
Mittag LefHler function ([21]) given by (1.1).

(b) For p = agyo for 1 < k < m — 2, equation (2.1) reduces to the Wiman function
([36, p.191])given by (1.2).



(¢) For pup = agyo for 2 < k < m —2 and ps, as, a4 = 1, equation (2.1) reduces to the
Prabhakar function ([24, eq. (1.3), p.7]) given by (1.3).

(d) For pup = gy for 2 < k < m —2 and az,aq = 1, equation (2.1) reduces to the
generalization of Prabhakar function given by Shukla and Prajapati ([29, eq (1.4),
p.798]) and defined as, (1.4).

(e) For pup = agqe for 2 < kK < m—2 and oy = 1, equation (2.1) reduces to the
generalization given by Khan and Ahmed ([12, eq (1.7),p.2]), defined by (1.5).

(f) For py = o for 4 < k < m — 2, equation (2.1) reduces to the further generalization
given by Khan and Ahmed ([12, eq (1.9), p.2]), defined by (1.6).

3 Properties of Generalized Mittag-Leffler function

Here, we discuss various properties of m-parameter Mittag-LefHler function such as recur-
rence relations, differentiation formulae and integral representations.

Theorem 3.1 (Recurrence Relation). If i, pi2, -y frn—3, 1, -« ., Q1 € C, R(a1), ..., R(apm_1) >
0, R(p1), -, R(ptm—3) >0, am, ftm—2 > 0 and R(a1) + apm > fim—2, then,

. d . .
(0) Bl o () + altaEﬁi,agil,a;_,am (t) = EFarbm—2 ®). (3.1
(t) _ 1 + (Nl)uz (MS)M cee (Nm—?))um_Qt

F(a2> (043)a4 s (Oémfl)am (3.2)

% Eu1+u27u2,u3+u4,u4 ----- Mm—3+ﬂm—27um—2(t)
Q1,01 +a2,03+04,04,...;0m—1+0m,0m, :

() Bl

Qlyeeey Am—2,08m—1,0m

(k1) o (108 ) - - - (Bn—5) oo —a
(@3)as - (Wm-1)ay,
% S ((n + 1) (g1 + :“2)u2n oo (m—s + Hm—4) i in (Mm—3)umzn+um2—1tn> ‘
D(am + ag)(as + ag)agn - - - (@1 + ) ayun

..... _ et — s —3 — 1
(C) Egll’azlirglis ..... Qam (t> - Egi,agﬁzl,zgf.,;m Hm 2<t> = ,um—Zt

n=0

(3.3)
Proof.
d (11) o (13 s -+ - (Bm—3) jom o
LHS =ay B8 tm2 t t— 12 pa fim—2 tn
(a) (%) a1,a2+1,a3...,am< ) + o t p— F(an + oo + 1)<043)a4n R (am—l)amn
_ - n(,ul) n(,u?)) n--- (Mmf?)) _omn
e E,Ufh sHm—2 t +Oé H2 H4 Hm—2 tn

2 a1,o¢2+1,o¢3...,o¢m( ) 1 ; P(an “+ ag + 1)(a3)a4n C.. (amfl)amn

:(aln + 052) Z T (NI)MQR(NP))M4R - ('um_3)l‘mf2” "

"0 (a1n + as + 1)(@3)asm - - - (Wm—1)amn

_ i (Hl)mn N3)u4n e (,Umfi‘))um—zn M — RHS.
Clogn + ao)(@3)agn - - - (@m-1)amn



This gives the desired result (3.1).

(Nl)uzn(ﬂiﬁ)uw S (/’Lm—g)ﬂm72n
C(agn + ao)(@3)agn - - - (@m-1)apmn

(b) LHS =Bt (t) = n

(€5 RYEIY) Am—2,0m—1,0m

n=0
S (1) pamn ,u3) '(Mm—S)um—zn

tTL
F (cam + ag)(ag)aw o (m—1)amn

e}

_'_ Z pon+po /~43) pantpg vt (Mm73)umf2n+umf2 tn+1
aln + aq + a2)(a3)a4n+a4 v (am—l)amn+am

042

_ 1 + (Iul)M (:u3),u4 s (Nm—3)#m—2
[(ag) (@3)ay - (Qm-1)an,
% i (:ul + NQ),uzn(:u?) + M4)#4n B (:um*3 + Mm*Z)ﬂmfﬂl " = RHS.

F(ogn 4+ a1 + ag)(as + aa)agn - - - (Qm—1 + Q) agn

n=0

t

n=1

This proves our result (3.2).

/~Ll pan /~L3)u4n . (/’Lm_3)#m72n n
LHS = t
c Z n - 1 + 042)(043)0(4” s (am—l)amn

Z :ul pan /LS)uw e (Mm—s — 1)Mm—2n m
F(ag(n —1) 4+ a2)(a3)aun - - - (Om—1)amn

= Zr(al Eﬂl>u2n(ﬂ3>u4n . (Nmf5)#m—4n ny ((Hm73>ﬂm,2n _ (umi?, B 1)um72n)

= (ar(n = 1) + ag)(as)an - - (Qm—1)amn

On Simplifying, we get,

LHS =pi,,_ot i (n + 1)(Nl)u2n+u2 (N3)u4n+u4 ce (Nme)umfszrumf?*ltn
I'(oun + a2)(s)aimtas - - - (Om—1)amn+an

n=0
_ i (n+ 1)(,“1);12( H1 + ,u?)ugn S (Um—5)um—4 (fm—s + ,Um—4)um—4n(Mm—3)um—zn+um—2—ltn
— C(agn + ag)(ag)a, (as + a4)a4n (e + am)amn(am_l)am
X ,U/m—2t

=RHS.

This proves our result (3.3).
[

Theorem 3.2 (Differentiation formula). If pq, po, .., fim—s, @1, ..., Qp_1 € C,
R(a), ..., R(m—1) >0, R(u1), ..., R(ttm—3) > 0, ttm, ftm—2 > 0 and R(ay) +m > fim—2,
then for r € N,



(a) <i)r JoH s =2 (t) _ (1>7’(/J“1>M2T(:u3)#47’ Cot (Mm—3)#m—2T
- (@3)aur - - (n—1)apr
Z (p1 + p127) pon (ft3 + a7 ) pan - - - (Hn—3 + Ham—27) i _an
C(agn + aqr + ag)(as + aam)ayn - - - (Qm—1 + @mT)apn

y (1 + T)ntn‘
n!
(3.4)
d " ag—1 1y b —2 a1 ag—r—1 1, Hm—2 a1
(b) % [t Ea1:...:am_2,am_1,am(€t )} 3 qu ag—r.. oszg,amfl,am<€t )
(3.5)

d ' d " (M1>H2n(:u3)u4n S (Mm—3)p _on
1 yeees Hm—2 — _ m n
@ 15 =(5) Bt w0 = (5) [ZHZOF .

(c1m 4+ a2)(@3)aun - - - (Wm—1)amn

_ Z (1) pan lu?r)uw ‘e (,Umfi%)um—znn! e
Clagn + ao)(@3)agn - - - (@m-1)apn(n —1)!

— Z (Nl),uzn—&—,ugr(ﬂ?,)mm—&—,uﬂ s (/’Lm_3)#m72n+ﬂM72T(n + T)!tn
C(agn + aqr + @2)(a3)auntasr - - - (Qm—1)apntamrn!

_ f: (“1)M2T<M1 + MQT)uzn e (:Um—?»),um—zr(:um—?: + ﬂm—Qr)um—zn(l)r(l +7)n o
— I(oun + arr + az)(@3)aur (a3 + 2ar)asn - - - (QOm-1)apr (QGm-10mT) a0 !

=RHS.

This proves the result (3.4).

(b) LHS = <_) [taQ 1 Z X (#1) pan (113) pam - - (Nm73)um—2n gngean

Oéln + O42)( )a4n e (Oémfl)amn

o0

:Z (Ml)#zn(ﬂ3)u4n s (:um 3)#m 2n(a1n + Qg — 1)' f pointaz—r— 1
C(agn + ao)(@3)agm - - - (@m—1)a,,n(can + ag — 1 —1)!

n=0

_ Z :ul pomn :u3)u4n s (,Um—?))um_gn é-ntt)qn—i-ag—r—l
F Oéln + Qg — T) <a3)a4n ce (amfl)amn

:RHS.

This proves the result (3.5).
[

Theorem 3.3. (Differentiation formula) Let a; = % where s and r are coprime and s, €

N, g1, phoy ooy g, 01y« oy 1 € C, R(aq), ..., R(am—1) >0, R(u1), ..., R(tm—-3) > 0,
Qs fim—2 > 0 and R(a) + oy > flm—2, then,
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KGR TI— (t7) :F(Oé ) lam—s) i /~L1 +M2n) L(pn—5 + pm—an)
dts Q250 Qm—1,0m, F(,ul) /Lm 5) — F sn —|— 062 043 + 04477,) ... F(Oém,3 —+ Oém72n)
(i @umznf<% r r(2 +1)
(am—l)amnF(T — s+ 1)
(3.6)
Proof.
a’ § a’ - n M3 n- .- (,ume) _on SN
LHS =2 [E”l’ Hm—2 } )io 14 Hm—gn_ et
dts Q2,yeees Qi —1, Oém dts ; I‘ ST + oy (a3)a4n . (am—l)amn

- - (p1) pan PJS)uw o (Hm-3) Hm—2m (Sn>
Z F 2 + 052)(@3)a4n . (am 1>amn (% - 3)'
:F(ag) .. F(O{m_3>
T(un) - T (fims)

o0

) B (S ) T N R
F(% + ao)l (g + ayn) ... T3 + am_gn)(am_l)amnf(% —s5+1

sn
s

n
T

)

n=0

=RHS.

This proves our result (3.6).
[

Theorem 3.4 (Integral Representation). If p1, fto, ..., fim—3, @1, ..., @1 € C, R(ay),
SR(am-1) >0, R(pa), -, R(tm—3) > 0, am, im—2 > 0 and R(aq) + auy > pfm—2, then

—1 ' a2— - a T
@ T /0 1) T Bt () ds = B () (3T)
1 K
o\ o p\a2—1 e tm—2 Y% (e _ F\¥ta2—1
(%) F(w)/t (k=) (s =)™ Byl an =t a (0(s = 1)%)ds =(k — 1)

X vy (O[5 = £)%).
(3.8)

t
(c) /OC“Q‘IESi:::::Zz;aml,am(wCC“l)dC t T a1, (@) (3.9)

Proof.

it 1
(a) LHS = 1 Z - (:ul)uzn(:u )#w e (Nm73)um72n tn/ §a1n+a271<1 _ g)w,ldg
0
(

(cqn + a2)(@3)ayn - - - (Wm—1)ayn
)

,ul),um(:u pam - (£m—3) i _am

t"B(ain + ao,
a3)o¢4n e (am—l)amn ( ! 2 ﬂj)

(
3)pan - - (Hm—3) i _am tnr(aln + a)l'(¢)
[(aan + ao)(@3)aum - (@m-1)amn  T'(a1n +az + )




This proves the result (3.7).

(b)  Let us change the variable from s to ¢ = 2=t Then substituting (s—t) = ¢(k—1)
and (k —s) = (k —t)(1 — <) in (3.8), we get,

1 ! - :U’l n ,U/3 noe-. (Nmf?)) n
LHS :—/ Kk — t)¥tez—11 _ w 1con—1 K2 Ha fm—2
F(w) 0 ( ) ( ; F aln + Oég)(Oég)a4n o (am—l)amn

H(K/ )a1n andg

( — $)¥taz—1 i - (,ul)ugn(,ui% pam - - - <'um_3)“m*2n [Q(FL — t)al]n B<a2 +an, 1/})

[(aqn + ag)T'(9)

)
['(v) “— I'(ain + a2)(as)asn - - - (Cm-1)amn
( [o(k —1)™]"

)
(
_( t)w—mQ—l - (Ml)uzn( K3 ) pan - - - (Mm—S)um_Qn
['(v) — Clagn + ao)(@3)an - - - (@m-1)amn

=RHS.

['(oan + o + )

This proves the result (3.8).

¢
(¢) LHS = Z (11) o (123) g -+ (Han—3) i om wn/ CaeraQ_ldC
0

O[l’fl + 6%} (a3)a4n e (am—l)amn

fe% /J’]- Hamn /‘1’3>N4n te (/J/m—?))y,m_Qn nypain
=2 W't = RHS.
Z Clagn + ag + 1)(a3)aun - - - (Qn—1)apn

This proves the result (3.9).
O]

4 Representation in terms of some known Special
functions

Here, we determine the relation of m-parameter Mittag-LefHer function with some known
special functions.

Theorem 4.1. The m-parameter Mittag-Leffler function can be expressed in terms of
Generalized hypergeometric function as:

B 1 sam (1)
1
:mu2+u4+ﬂ6+---+ﬂmf2+lFOC1+Ot4+OKG+---+Oém (1)
Alpy ) Alpaips) oo A2 fim—s) (L 1) b o™y .
Alar;az)  Alaus as) Ao, am-1) Tattagtagt . agm |7
where; A(:UQ) IU’I) is a 2 tuple M;a ui;rl7 R %/;21 A(:u47 ,LL3) is a 22 tuple Hja HZ‘:l’ R %/14*1

and so on.
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Proof.

o - 1) puan\M3 ) puan - - - m—3) b —2M n __ - 1) puon\M3 ) puan - - m—3) hm—2M ,n
LHS — (1) o (113) (#m-3) ;o Z (10 pan (13 ) - - - (Hin—3)
n=0 F<a1n + 042)(043)04471 cee (amfl)amn F( n—=0 (a2)a1n(a3)a4n <. (am l)amn
B2 <u1+i1—1> pa (u3+i2—1> fm—2 “mf?ﬁl% !
1 > =1 pe L Ai2=1 pa n imT—2=1 P —2

F(ag) — qu aztji—1 Hq4 az+ja—1 qu am-1+jm—1
n= n=1 ai L Ai2=1 a4 o Tt tim=l am n

/142/144 Hm—2 ntnl
x(“ SRR ) W _ prs.

(07 Ryile 7 Rgage 7:) o
ajtoytagt .. adm n!

Convergence conditions:

1.

Ifu2+ﬂ4—|—,u6++um_2+1 §a1+a4+a6+...+am, then,
pa-tatpist A m—a+1F a1 +astagt..+am converges for all finite ¢.

Ifﬂ2+ﬂ4+u6+..-+ﬂm—2+1:a1+044+046+...+04m+17 then,
piat a6+t —241 Fon +astag+..+am converges for |t| < 1 and diverges for [t| > 1.

fpo+pa+pe+...+pmo+1>a01+as4+a6+...+ay, + 1, then,
u2+u4+u6+---+um_2+1Fa1+a4+a6+-.-+am is divergent for |t| 7é 0.

If o + pig + g+ ... +ptmo+1=0ay +a4+ g+ ... 4a,, + 1, then,
pirtfia-bpi oot i 241 Fovy +astag+..+am 1S absolutely convergent on the circle |¢t| = 1 if,

Cqdim—1 ©2 Pm—2 . Pm—3+im—2—1
042+J1 1 m—1tjm o p1tii—1 o
p(§5 S () () R () (et

Jj1i=1 ]m 1 i1=1 im_o=1
m_2

> 0.

]

Theorem 4.2. Let piy, fio, .y fln—3, 1, s Q1 € C, f9, . > 0, R(a1) + iy >
fm—z2, man (R(p1), - o, R(pm—3), R(a), ..., R(am-1)) > 0. Then, the Mellin Barnes In-

tegral representatwn of the m- pammeter Mzttag Leffler function ER1-hm=2 — (t) is
given by,

et [ag)l(as) . Tlam) 1
Egi:m:ngg,amq,am (t) = =

()T (3) -+ T(jtms) 2mi

" / I'(p)T' (1 — p)I (1 — pop)U(p3 — prap) - . D(pn—3 — ftm—2p) (=) Pdp
[(ag — arp)l(az — aup) ... T(@m—1 — amp) ’
(4.2)
where, |argz| < w, C is the contour of integration which begins at —ico and ends at
+i00 and indented to distinguish integrand poles at p = —n, for all n € Ny from those at
_ Hm-—3+n
p= Hm—2

11



Proof. Consider,

1 [T —p)(p — pop)l(pz — pap) - Upin—3 — fm—2p)

2mi J Do — agp) (g — agp) ... T(am_1 — amp)

(—t)"dp

Evaluating as the sum of residues at the poles p =0,—1,-2,...

N pes [E@TQ = p)T (s — pop) (s — pap) - Dlptms = pim2p) 0y
=2 Resp=-n e e i) )

_ i i T2+ 1) {F(m — t2p)T(ps — p1ap) - T(ptm—s — pim—2p) (_t)_p}
p——n  SInTp C(ag — anp)l(az — ayp) ... T(am—1 — amp)

o (D) (A pon) T + pan) - T3 4 pm—on)
=) T{an Fog)(as T o) e )

D)D) - D) & () - et e
Clag)T(as) ... T(am-1) % F(an + ao)(a3)aun - - - (am_l)amnt
_ F(/J“]-)F(/’LLQD) o F(H’m—i’)) AL yeens Mm—2
_F(ag)F(a5) ) .F(am_l)Eal """ ¥m—2,0m—1,0m (t)-

This proves our result (4.2).
[l

Theorem 4.3. The m-parameter Mittag-Leffler function can be expressed in terms of
Wright hypergeometric function as:

btttz ) :F<Oé3>F<Oé5> o Dlagm-1) v

s e () (g) - Tpims)
(4.3)
|:(M17/L2> (M37M4) ce (,umf?n,umfZ) (171)t
(Oég, Oél) (0537 Oé4> o (am—la O{m) ’ .
Proof.
- (:U’l),u2n<ru’3)u4n s (:U’m—?))u _on
LHS =FEHRHm=2 t) = - t"
Ao ami%amiham( ) nZ:O F(aln + QQ)(a3)a4n s (am—l)amn
_Tas)I(as) ... T'(om—1) i L(pa + p2n)D (s + pan) - gz + pm—2m) .
C(p)T(p3) - T(pm—3) — C(agn + ag)l(as + agn) ... T(m—1 + amn)
_T(ag)l(as) ... T(am-1) i D(pn + pen)D(ps + pan)) . D(pom—s + o) P + 1)
F(p)T(ps) -+ T(pm—3) = T(oaan + a2)l(az + aan) ... T(om—1 + ann) n!
=RHS.

]

Theorem 4.4. In terms of Fox H-function, the m-parameter Mittag-Leffler function can
be expressed as:

_Dlag)l(as) .. Dlam) =2 [ N0, 1) (1= g, p2) (L= prg, pra) - (1= pinos, fim—2)
2 0,1) (1—ag,0q) (1—az,aq) .. (1—apm_1,0m)
(4.4)

12



Proof. The equations (4.2) and (1.14) when combined, gives the desired result. O

5 Integral Transforms

In this section, we discuss various integral transforms of the m-parameter Mittag Leffler
function-

Theorem 5.1. (Euler-Beta Transform-) Let R(a), R(D) > 0, p1, fia, -« .y fom—3, Q1y -+« s Qo1 €
C, tm—2,0m >0, R(a1) + @ > pim—z, min (R(u1), ..., R(tm—3), R(aa), ..., R(am-1)) >
0, then Euler-Beta transform of EH1»Hm—2 (xt7) is given by-

1yeeey Am—2,0m—1,&

B(E#:hm-2 (xt7),a,b)

1seees Am—2,0m—1,&

= / 1 R O O e SN A
:F(b>F<O{3)F<Oé5) o Tag,y) T (5.1)
D(p)C(ps) -~ Tlpms) 2 7
{(:Ully ,U2) (N37 /1/4) e (Nmfii: :U/m*2> (CL, 7) (17 1). T
(g, ap) (a3, aq) oo (1, ) (a+b,7) ’

- (11) o (103 pam - -+ (Him—3) i —am n ! atyn— -
LHS:ZF( ! . / x /O (1 — )b tar

on + QQ)(Oég)a4n oo (1) e
)

- (:u )MQH( H3 Hamn - (ﬂm 3)u on
= “—x"B(a+vyn,b
Z F(aln + OZQ)(Oég)mm ( v )

e A1) apn
_Ta)I(as) ... T(om-1)
C(p)T(p3) - - T(ptm—3)

X
NE
'1,'—1\

pir + pon)I(ps + pan) - D(pm—s + ptm—2n) I'(a + VH)F(b)) o
(aqn + ag)T(az + agn) ... T(am_1 + ayn) T(a+b+yn)

This proves our result (5.1).
[

Theorem 5.2. (Whittaker Transform-)Let pi, fia, . . .y fln—3, Q1, -« « s Q1 € C, fyp—o, iy >
0, R(1) + am > prm—2, min (R(u1), ..., R(pm—3), R(a1), ..., R(am-1)) > 0, then Whit-

taker transform of m-parameter Mittag-Leffler function is given by-

o0
/ e T, (Xt BRIt ()t

0

Tlag)l(as) .. . T(am1) ¢ T
T (i) Tl ) 505
[(:uh,u?) (M37/L4) (/vL —35 Hm— 2) (%_w+§77) (%+w+§77) (171).£
(052;041) (013,(1/4) (am 17am) (1 _’%+§a7) (7 X;
5.2

13



Proof. Let xt = n, then

LHS — / 2( ) Wﬁw(n)iF(Nl)mn(ﬂiﬁ)uw---(Nm—3)um2n Py dn

n=0 (Ozln + @2)(a3)an - (Am—1)amn X7 X

_Tas)I(as) ...
F(Ml)F(ME‘,) :

p Y S, E+yn—1
X | — ez Ww(n)dn
(XW) /0 ()

Using equation (1.9),

¢ Z pi1 + pan) U (g + pan) . T(pn—3 + ftm—2n)
C(agn + ag)T(asz + agn) ... T (m—1 + amn)

LHS =

I'(as)l(as) ... T(am—1) o~ [(p1 + pon)T(ps + pan) . T(pn—3 + ptm—27)
)T( Z

C(p)T(p3) - - T(pm—s) — C(agn + ag)l(as + agn) ... T(am—1 + amn)
X(g)”F——w—l—f—l—vn) (3 +w+E+7n)
X7 FNl—rk+£&+n)
az)l(as) ... am-1) gz U(pa + pon)(ps + pan) - - Dpm—3 + pm—2n)
(,u) (3) .. T'(pem—3) — L(an + a)l(asz + ayn) ... T(apm_1 + amn)
(%—w+f+7n) (§+w+§+7n)F(n+1) (E)”:RHS'
MNl—krk+£&+n) n! XY

This proves our result (5.2).
[

Theorem 5.3. (Laplace Transform-)Let R(p) > 0, p1, pio, - -y flin—3, @1, -« -, 1 € C,
tm—2, O > 0, R(aq) + o > 2, min (R(p1), ..., R(pm—3), R(a1), ..., R(am-1)) > 0,
then Laplace transform of m-parameter Mittag-Leffler function is given by-

L[t Eh b2 (@) D]
T(az)l(as) .. . T(am-1) _, N
TG (s) - T(ms)? 5202 (5.3)
[(m ci2)  (psspa) (s pm—2)  (@m) (1,1) T
(v, ) (s, ) (e, ) "

Proof.

LHS = / e le P gt (") dt
0

_ Z (1) pan (143) pam - - - (Bn=3) pon—am 2 /OO patmn—1,—pt g
C(agn + ao)(@3)agn - - - (@m-1)amn  Jo

I'(as)I () ... Tam-1) i D(pa + por)U(ps + pan) ... D(pom—s + pm—2n) T(a +1m)
(u)T(p3) - - T(pem—3) — C(agn + ag)T(az + agn) .. . T(m_1 + ayn)  potm
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['(as)l(as) .. o I( Ml + pan)U(ps + pan) - T (-3 + ptm—2m)

:F(,ul)I‘(ug) : p “— D(ain + ax)l(az + aun) .. . T(oun-1 + amn)
y F(a+nn)F(n+ 1) "
n! ﬁ
=RHS.

This proves our result (5.3).
[

Theorem 5.4. (Mellin Transform-) Let py, fia, - -y fln—3, Q1, -« o, Q1 € C, 2, Gty >
0, R(o) + m > fim—2, min (R(p1), ..., R(pm-3), R(aa), ..., R(m-1)) > 0. Then, the
Mellin transform of m-parameter Mittag-Leffler function is given by-

MBSt (Ht)ip]

1seees Um—2,0m—1,0m

_F(a3)F(a5) .. F(Oém_l) 1

CT(p)T(p3) ... T (ftn—3) 27i (5.4)

" / F(p)L(1 = p)L(pa — pop)T (w3 — pap) - - - T(ptm—3 — pn—2p) (—rt)"dp
Z (o — ap)l(as — agp) ... (-1 — amp)
Proof. From (4.2), we have
Bt (—t) =il {08 o) L
ro e am L L) (ps) - - T(pm—3) 2

o [ TP = p)U(u — pop)U(ps — pap) - - Lptin—s — pim—2p)
J C(ag — aap)T(az — ayp) ... T(am_1 — amp)
X (—m‘)_pdp
Tlag)l(as) . .
“T ()T () - 2m/7 .

where,
F(p) = L) = )T = pop)T(ps = pap) - - - U3 — pm—2p) (=)
[(ag — anp)l(az — aup) ... (-1 — amp)
Using (1.10) and (1.11), we get our desired result (5.4). O

6 Relation with fractional calculus operators

In this section, we derive results considering Riemann Liouville fractional integral and
derivatives.

Theorem 6.1. Suppose y > c¢,c € Ry = [0,00], p1, 12, flm—3,Q1, ..., Q1 € C,
P2, O > 0, R(a1) + i > pi—a, min (R(u1), ..., R(pm—3), R(aq), ..., R(am_1)) > 0,
then,

(Fe@) ™ Bt o, (™) () = 0™ B (o). (6.1)

.....
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Proof. Using equation (1.15), we have

]_ > n mn - - m— 27’L
LHS: ZF(M1>M2 (/1‘3>/J4 (/’l’ 3)#m C / wa1n+az l(y ?7)5 ld'f]

(a1n+a2>(a3)a4n . (am 1 ammn

_ Z F( Nl)uzn(/‘i&)mn s (Nm—i’))um—zn Cn <Ic§+wa1n+a2—1> (y)

an + a2)<a3)a4n cee (am—l)amn

Using result (1.20), we get,

_Z ,ul Hom /“Ld)uzﬂl . (lum 3)Mm—2n Cnva1n+a2+f—1
F 06171 + ag + f)(o@)aw s (amfl)amn

o0

:Ua2+5—1 Z (Ml)llzn(ﬂ3)#4’ﬂ Cot (Mm_g)um72n Cnvaln
C(ogn + ag + ) (@3)aun - - - (Un—1)apn

=RHS.
O

Theorem 6.2. Suppose y > c¢,c € Ry = [0,00], f1, 12,y fn—3,Q1, .., Qg € C,
tm—2, 0 > 0, R(aq) + > 2, min (R(p1), ..., R(pm—3), R(a1), ..., R(am_1)) > 0,
then,

(DS (@)™ Bt o, (C™)) () = 0™ S B (™) (622)
Proof. Using equation (1.17), we have,
d n
LHS = (d—y) [Iéi T L s ()
Using (6.1),
LHS = d " angnffflE#l ~~~~~ Hm—2 al
- d_y v a1,024n—E,a3,...,Qm—1,0m (CU )
Using (3.5),we get our desired result (6.2). O

Theorem 6.3. Suppose y > c,c € Ry = [0,00], fi1, 2, s flon—3, Q1,5+« Qg € C,
tm—2, 0 > 0, R(aq) + o > 2, min (R(p1), ..., R(pm—3), R(a1), ..., R(am-1)) > 0,
then,

(Dgf(w>a2_1Egi ..... gz:;,amfl,am (Cwa1)> (y) = Ua2_£_1E511:a27lirga;23 Am—1,0m (Cval). (6‘3)

----------

Proof.

= ,ul n ,u3 n-.-- (,um73) _on _
LHS :DS, H2 Ha Km—2 nwaln—i-ag 1
+ [Z T(cun + 02)(@3)amn - (@O )

= ,U nN3 n---(:um—?)) m—2n n WV __ogntag—
Z 2 |2 M —2 C [D§+w1 +a2 1] <y)

— T(ogn + ao)(@3)agn - - - (Om-1)ayn

Using (1.21),we get our desired result (6.3). O
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7 Generalized Prabhakar Integral

Here, we use the m-parameter Mittag-Leffler function to define the generalized Prabhakar
integral and discuss it’s various properties.

Definition 7.1. If py, pio, .o fhm—3,01, -, m-1 € C, fy2, 0 > 0, R(y) + oy >
fm—g2, min (R(u1), ..., R(tm—-3), R(a1),..., R(am-1)) > 0, then,

y

(esritno) W = [ - Bt G- ™ g ()
The generalized Prabhakar integral involving Mittag Leffler function with m-parameters

reduces to the following special cases on giving specific values to the various parameters:

(a) When, up = gy for 2 < k < m —2 and po, a3, 4 = 1, equation (7.1) reduces to
the Prabhakar integral ([14, eq. 1.6, p-32]) given by (1.22).

(b) When, p = agie for 2 < k < m —2 and a3,a4 = 1, equation (7.1) reduces to
the generalization of Prabhakar function given by Srivastava and Tomovski ([34, eq.
(2.12), p. 202]) defined as (1.23).

Remark 7.1. Series representation of (ezgf;;‘? ...... o Z”;ﬁg) (y) is given as,

<QE<:/—L1#L2 ~~~~~ Hom — 2g> <y> F(a3> ( ) - F<am*1)

Ot e L ()T (p23) - T (ptm—3)

o~ D+ o) Uy + pran) - T (s + frn27) 1 iain

Z [1e2tmg] (y).
C(agn + ag)T(as + agn) ... T(am_1 + amn)

n=

.....

- 1% n{H n-- /Jlm m—27 a an=
:ZF( ) pion (43) pam - -+ (Hm—3) C/ y — )2t lg(n)dny

(aln + a2)(a3)a4n .. am 1 amn

Yy
LHS:/Xy—mlexz """ 2 [y — 7)™ g ()

I (1) 3 U(p1 + pen)L (s + pan) - T(pm—3 + pm—2m)
L(p)0(ps) - T(pm—3) £ T(aan + a2)l'(as + aun) ... T(m-1 + amn)

x [18247g] (y)
—RHS.

7.1 Properties of Generalized Prabhakar Integral

Theorem 7.1. If py, pio, - -+, -3, 015« -, W1 € C, fy—2, iy > 0, R(1) + > fim—o,
min (R(p1), ..., R(pm—3), R(a1), ..., R(am-1)) > 0, then,

(esrmretnz (@) () = v T B e (0. (7.3)

.....
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Proof.

Yy
LHS :/ (y — n)azfl(w)u L i spisesbim —2

A1,02,...,Qm, [C(y - 77)&1] d77
(:U’ )/12”(”3)#4”

WER

('umgﬂmZn

a2+a1n 1
n=0 F<a1n + a2)(a3)a4n am 1 ozmnC / v 77 ( )
- (:u),un(S,un-u(,um—S)u_n _
_ 2 4 m—2 n 1—\ ]ag-‘roqn p—1
nz% I'oqn + a2)(s)agn - - - (am—l)amng (Maan + ag) 277 (=)") (v)
=RHS.

Using (1.20) we get our desired result (7.3)

Theorem 7.2. If iy, o,

0
min (R(p), . .

-1 € C, 2,y >0, R(aq)+am > fm_2,
S R(am-1)) > 0, then,

e (etmrae) | W) = (€, ) ) = (€ 1)) ).

oy Mm—3, 01, -

. ,%(Mm_g), §R(a1), ..

(7.4)
Proof. We first prove ]f+ Q‘qu“}lé” ''''' & Z’ng)] (y) = (@Cvﬂ’l,/u ..... fm—2 ) (v).
Using (1.15) and (7.1), we get

Coh1 3142 5oy b —2
T 1 <€a1 Q2,00 CF g) (7)
5 (eseeasnra)| o) = |

.
_ m)e2—1 ppi,pe,.pm—2
X {/ (tr—mn) ERvee
C

Interchanging the order of integration using (1.24)
[[§+ <€gfg52 ...... N ZWZJ:Q)} (y)

vl [ / (=) = B (- ) dT] g

Let (1 —n) = K, then,
I, (i) | )

A e e R LA
= [t s [ P S ]
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Using (1.15) and (6.1),
Y
L e | [ e e AP
Yy
= [ e tp e, 6w) ) gy

77777

Yy
= [Cw -t o - ™ g
o 2y -
= ez 9) ).
Hence we have proved,

G M52, m— Co1 i2,eens —
[fci (eaf‘,;é,“f..,ai,cgg)} (y) = <€aﬁ;5jéya’; ;mﬁg) (1). (7.5)

.....

We now prove (€102 2 ) (y) = (€5t (16, g]) ().

.....

-----

Yy
= / (y — m) @2 L ER 2 hmez [y — )*1]

(et [ o)

Interchanging the order of integration using (1.24),

1,M42; s m—2 Y 1 Y ag— - a1
(esmzearns [Ea]) )= [ | [ =m0 Bt ot - )
X g(u)du

Yy
(ecrmreime [15g]) () = / (y = ) Bt [y — )] (Ieg) ().

Let (y —n) = p, then,

) 1 y—u
(ezg’ffgff ...... et [1;9])(@/): / 6] { / (P)* y = p—w)f B [C(p)“l]dpl
c 0
X g(u)du
Using (1.15) and (6.1),
Y y—u 1 JH1H25- hm —2 [C(p>a1]
Qiguguz,..&umcfz [Icﬁ g}> y :/ paz—l {/ a1,%2,.,Am dp} g(u)du
(et [ 1] 00 = | o O (y—powre I
Yy
/ PP (Bt [C(p)™]) g(w)du

Yy
/ (y — )L, (B2 ey — )] glu)du

~~~~~
C

@C,M,uz ,,,,, Hm—2 ) (y)

ay,a2+€,03,..., am,c+g

Hence we have proved,
(eSmmmetmz o) ) = (€5 [15g]) ). (7.6)

From (7.5) and (7.6), we get our desired result (7.4). O
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Theorem 7.3. If iy, po, - -« flin—3, 01, - - -,

Qe

)l < MYl

1 € C7 Hm—2, Oy > 07 §R(051)4'04771 Z Hm—2,

R(m-1)) > 0, then,

(7.7)

(Nm—3)#m72n (d - C)am

min (%(”1)a s 7%(ﬂm—3), %(O&l) ey
(G
where,
- Ml n /JJ3 n--
M g §R(a2 K2 jzs
( nzzo [(ain + az)(as)aum - - -

Proof. Using |lg], = [ g(y

al)n Kn|> :

(Qm—1)amn R(az) + R(

y)dy, and then using (1.24), we get,

d y
I (inl“aé‘f ...... 3 Z”;ﬁ‘lf) h = / / (y =)= B [y =)™ \I’(n)dn' dy
d d
g/ [/ (y —m)Ne =t | Bhhzbme2 [ (y —n)™] Idy] [ ()| dn.
c n
Let (y —n) = u, then,
I (ecrtnzw) |y

d T pd-n
</ / () B ()™ dul 9
0
d d—n i
Hl Han H3 Ham - - - (:Um 3)um 2mn n / (a2)+R(a1)n—1
< 2 1 du
_/ ZFOQ?’L—'—CQ( )a4n'- (amlamn‘C’
x W (n)|dn
</d io: (Nl)uzn(llﬁ)uw” (:Um 3),um an |Cn|/d ‘ yRla2)+R(a)n=1 7.,
>~ = F(aln —+ Oég)(a3)a4n .. (Oém 1 amn |
X ‘1’(77)|d77
0o - a1)n d—c]
/d Z (Hl)ugn(ug)ﬂﬁln"'(/’Lm_3)ﬂm72n |Cn| ( R (a2)+R(e) )
= C(aam + ao)(@3)aun - - - (@m—1)ayn R(az) + R(ar)n / ]

W(n)|dn

:Ull pan NB pan - -

(,U«m—?))umfzn (d - C)aln

R(az) Z

Y / d_cwmrdn

,ul pan ,u3 pam « .

C(oan + az)(@s)aumn - - -

(Om—1)ann R(az) + R(ar)n |Cn|)
(d — C)aln

(Mm—fﬂ)um—zn

R(az) Z

[0

X [[Wly
=M || %[y

[(agn + ag)(@g)agm - - -

(Ml)uzn(NS)MLn (pm— S)Mm on

(Qm—1)amn R(az) + R(

el

al’n

where, M =

T'(aintaz)(@s)ayn.--

(@ &

our desired result.
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Particular values
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Function

g

~+

|
—

I T
sin(t4)+sinh (1)

=+ — o = = e e e e e el e e e

2(t1)

F,

p-q

=

1—/(1—4t)
2ty/1—4t

Table 1: Special cases of m-parameter Mittag Leffler function

8 Relation of m-parameter Mittag Lefller function
with other functions and their graphical represen-
tation

In this section, Using MATHEMATICA 12, we reduce the m-parameter Mittag Leffler
function in terms of other functions such as exponential, trigonometric, hypergeometric
and algebraic functions by taking different values of the parameters. Also, we represent
the functions, their integrals and derivatives graphically using MATHEMATICA 12.

The following table gives us the list of functions after taking particular values of «;’s
and p;’s, once m is fixed.

Using MATHEMATICA 12, we now represent the functions mentioned in the above
table, its integrals and derivatives graphically.
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Figure 4: m-parameter Mittag Leffler function reduced to algebraic function

hypergeometric function.
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Similarly, we can take different values of the parameters and deduce the relation
of m-parameter Mittag Leffler function with different functions, which cannot be done

manually, using MATHEMATICA 12.
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9 Applications

Mittag Leffler function has come into prominence due to its various applications in solving
the problems of earth sciences, biological and physical engineering. It is used in various
problems of fluid flow, rheology, diffusive transport, electric networks, probability and
statistical distribution theory.

While moving from an integer order differential equation to fractional order differential
equation, the solutions occur in terms of Mittag Leffler function and its generalizations.
For instance, while investigating fractional generalization of the Kinetic equation, random
walks, super-diffusive transport, study of complex systems and in Levy flights [7].

There is interpolation of Mittag Leffler function and its generalizations between a purely
exponential law and power-law like behaviour of phenomena driven by ordinary Kinetic
equations and their fractional counterparts ( See, e.g. [1, 9, 10, 16, 17, 28]).

Certain boundary value problems that involve volterra type fractional integrodifferen-
tial equation has solutions involving Mittag Leffler function [27]. The solution of Abel-
Volterra type equation has been expressed in terms of Mittag Leffler function by Hills
and Tamarkin [11].

Mittag Leffler function is also used in Modelling. For instance, the one parameter Mittag
Leffler function is used to describe the Philips curve, that is to describe the relations
between unemployment rate and inflation rate [30]. Prabhakar function was used in di-
electric relaxation models. Also used in mathematical models of filtration dynamics that
are based on fractional equations constituting Hilfer-Prabhakar derivatives [4, 6, 22]. Re-
cently, Prabhakar function was applied in the theory of non-linear heat conduction with
memory and results were derived using generalized separating variable method [5, 23].

10 Conclusion

In our paper, we have defined the m-parameter Mittag-Leffler function, reduced it to
known extensions of Mittag-Leffler function. We then, discussed its various properties,
special function representations, integral representations and applied fractional calculus
operators. We used this m-parameter Mittag-Leffler function to generalize the Prabhakar
integral and discussed it various properties. We also obtained the relation of m-parameter
Mittag LefHer function with various other functions such as exponential, trigonometric,
hypergeometric and algebraic functions and represented graphically using MATHEMAT-
ICA 12. Mittag-Leffler function with one parameter has found its applications in the AB
Model and in relaxation models involving exponential and power law behavious interpola-
tion [19]. The data received from experimenting with models for cells and tissues is linked
to the Wiman function [3]. Prabhakar function is associated with Havriliak-Negami re-
laxation [8]. Hence, we believe that the results of the m-parameter Mittag-Leffler function
can also be used in simplification of certain important physical models in near future.
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