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Abstract

In this paper, we consider a nonlinear viscoelastic problem with infinite history
and a nonlinear feedback localized on the domain and a relaxation function satisfying

g'(t) < —=E()G(g(t)).

We establish explicit and general decay rate results, using the multiplier method and
some properties of the convex functions. Our results are obtained without imposing
any restrictive growth assumption on the damping term and without imposing any
assumption on the boundedness of initial data used in many earlier papers in the
literature.
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1 Introduction
In this paper, we consider the following nonlinear viscoelastic problem:

uy — Au + f0+oo g(s)Au(t — s)ds + o(t)h(us) = 0, in 2 x (0,00)
u =0, on 022 x (0, 00) (1.1)
u(z, —t) = up(z, t), uy(z,0) = uy (), in 2 x (0, 00)

where u denotes the transverse displacement of waves, ) is a bounded domain of RN (N >
1) with a smooth boundary 02 and ¢, h, o are specific functions. The viscoelastic prob-
lems with infinite-memory terms have been studied by several authors. Giorgi et al. [1]
considered the following semilinear hyperbolic equation, in a bounded domain £ C R3,
+oo
uyy — K(0)Au — K'(s)Au(t — s)ds + g(u) = f
0

with K(0), K(co) > 0 and K’ < 0 and gave the existence of global attractors for the
solutions. Conti and Pata [2] considered the following semilinear hyperbolic equation
with linear memory in a bounded domain €2 C R" |

+oo
g + auy — K(0)Au — K'(s)Au(t — s)ds + g(u) = f in Q x R" (1.2)
0



where the memory kernel is a convex decreasing smooth function such that K(0) >
K(00) > 0 and g : R — R is a nonlinear function of at most cubic growth satisfying some
conditions and proved the existence of a regular global attractor. Pata [3] discussed the
decay properties of the semigroup generated by the following equation

uy + aAu(t) + Pug(t) — /0+<>0 p(s)Au(t — s)ds =0

where A is a strictly positive self-adjoint linear operator and a > 0, 5 > 0 and the memory
kernel p is a decreasing function satisfying some specific conditions. He established the
necessary as well as the sufficient conditions for the exponential stability. Al-Mahdi and
Al-Gharabli [4] considered the following viscoelastic problem

uy — Au + f0+oo g(8)Au(t — s)ds + |uy|™ u; = 0, in Q x (0, +00)
u(z,t) =0, on 982 x (0, 4+00) (1.3)
u(x, —t) = up(z,t), u(x,0) = uy(z), in Q x (0, +00),
and they established decay results with using a relaxation function g, satisfying the con-
dition 3
g(t) = =£M)g"(t), 1<p<g, (1.4)

and they obtained a better decay rate than the one of [5] and [6]. Mustafa [7] consider
the following coupled quasilinear system

¢

[ue]” ugy — Au — Aug +/ g1(s)Au(t — s)ds + fi(u,v) =0
0

| vy — Av — Avy + [ g2(s)Av(t — s)ds + fo(u,v) =0

(1.5)

and established more general decay rate results where the relaxation functions satisfy
gi(t) < —H(g;(t)), i = 1,2. He provided more general decay rates for which the usual ex-
ponential and polynomial rates are only special cases. Al-Mahdi [§] consider the following
viscoelastic plate problem with a velocity-dependent material density and a logarithmic
nonlinearity:

“+o00
g Py + A2+ Ay — / g(s)A2u(t — s)ds = kulnu| in Q x (0,00),  (1.6)
0

where Q is a bounded domain of R? with a smooth boundary 9. He established an
explicit and general decay rate results with imposing a minimal condition on the relaxation
function, that is,

g'(t) < =€) H(g(t)), (1.7)
where the two functions £ and H satisfy some conditions. Recently, Al-Mahdi [9] consid-
ered the following plate problem:

+o0o
Uy — oAy + APy — / g(s)A%u(t — s)ds = 0,
0

and proved that the stability of this problem holds for which the relaxation function g
satisfies the condition . In the present work, we study the asymptotic behavior of
the solution of , under a wider class of relaxation functions. In fact we intend to
establish a three-fold objective:



(a) extend the work for the viscoelastic problems with finite memory discussed in the
literature such as the ones in [10], 11, 12] to infinite memory.

(b) generalize the condition, ¢'(t) < —&(t)gP(t), 1 < p < 2, used in many papers in
the literature such as the ones in [13],[14], [4] and the one used in [7] for different
viscoelastic problems to the condition ¢'(t) < —&(t)G(g(t)) where G satisfies some

properties see [(Al)].

(c) drop the boundedness assumptions on the history data considered in many earlier
results in the literature such as the ones in [14], [13], [4] and [15].

The rest of our paper is organized as follows. In section 2, we present some material
needed to prove our result. Some technical lemmas will be given in section 3. We state
and prove our main decay results in Section 4. We also, in Section 4, provide some
examples to illustrate our theoretical results.

2 Preliminaries

In this section, we present some materials needed in the proof of our results. We use the
standard Lebesgue space L?(€2) and the Sobolev space Hj(€2) with their usual scalar prod-
ucts and norms. Throughout this paper, c is used to denote a generic positive constant.
We consider the following hypotheses:

(A1) g:R* — R* is a C' nonincreasing function satisfying, for some Sy > 0,

—Bog(s) < ¢'(s), g(t) >0 and 1-— /O+OO g(s)ds =1 >0, (2.1)

and there exists a C! function G : (0,00) — (0,00) which is linear or it is strictly
increasing and strictly convex C? function on (0, 7] for some r; > 0 with G(0) =
G'(0) = 0, lim,_, 400 G'(5) = 400, 5 — sG'(s) and s — s (G")"" (s) are convex on
(0,71]. Moreover, there exists a positive nonincreasing differentiable function ¢ such
that

g(t) < =E(t)G(g(t)), vt =0. (2.2)

(A2) h:R — R is a nondecreasing C° function such that there exists a strictly increasing
function hy € C*(R™), with ho(0) = 0, and positive constants ¢, cp, € such that

ho(ls]) < [h(s)] < g™ (ls]) for all [s| <e

2.3
crls| < |h(s)] < eafs| for all |s| > e (2:3)

In addition, we assume that the function H, defined by H(s) = /sho(1/s), is a strictly
convex C? function on (0, 73], for some r, > 0, when hy is nonlinear.

(A3) o :RT — RT is a nonincreasing differentiable function.

Remark 2.1. Hypothesis (A2) implies that sh(s) > 0, for all s # 0.



Remark 2.2. [16] If G is a strictly increasing and strictly convex C? function on (0,711],
with G(0) = G'(0) = 0, then it has an extension G, which is strictly increasing and strictly
conver C? function on (0,00). For instance, if G(r1) = a,G'(r1) = b,G"(r1) = C, we can
define G, fort > ry, by

— C C
G(t) = Et2 + (b—Cry)t + (a + 57“12 - brl) . (2.4)
The same remark can be established for H. For simplicity, in the rest of this paper, we

use G and H instead of G and H respectively.

Remark 2.3. [16] Since G is strictly convez on (0,71] and G(0) = 0, then
G(6z2) <0G(z), 0<0 <1 and z € (0,r]. (2.5)

Remark 2.4. We establish our decay results when the function H and G are nonlinear.
Because, the other cases were discussed in [17].

We introduce the "modified” energy associated to problem (|1.1))

1
2

1—

B(t) = gl b+ 21| Vull + 5(g0Vu) (1) (2.6

where .
(9o9u)t) = [ g()ITule) = Vu(t ~ 5)|ds
0
Direct differentiation, using (|1.1), leads to

1

E'(t) = 5(9’0Vu)(t) —o(t) /ﬂuth(ut)dx <0 (2.7)

For completeness we state, without proof, the following standard existence and regularity
result (see [18], [19]).

Proposition 2.5. Let (ug(.,0),u;) € H}(2) x L3(Q) be given. Assume (A1) — (A3) are
satisfied, then problem (1.1)) has a unique global (weak) solution

u € C(RT, Hy(Q)) NCYRT, L*(2)).

Moreover, if

(uo(-,0),u1) € (H*(Q) N Hy () x Hy()

then the solution satisfies

ue L™ (RT, H*(Q) N Hy(Q2)) N WH (RT, Hy(2)) N W>> (RY, L*(Q)) .

3 Technical Lemmas

In this section, we state and establish several lemmas needed for the proof of our main
result.



Lemma 3.1. Foru € H} (), we have

[([ s —ut—as) e < 0~ nc3tgowuo)

where Cy, is the Poincaré constant.

Proof.

/Q ( /0+009<8><u<t> —ult = s))ds)2 dr = /Q ( Om Va(s)Vg(s) (ult) — ult - 8))ds>2 da.

By applying Cauchy-Schwarz’ and Poincaré’s inequalities, we can show that

/Q (/0+oo g(s)(ult) — u(t - s>>d5)2 dx
= /Q (/0%0 g(s>d8) (/;OO g(s)(u(t) —u(t — s))QdS) da

< (1 - O)C2(goVu)().

Lemma 3.2. There exists a positive constant M such that
+o0 +o0
[ aolIvut) - Vule - 9)lBds <M [ gt +9) (14 [Vunl)P) ds, (3)
t 0
Proof. The proof is identical to the one in [20]. Indeed, we have
+00 —+o00 +oo
[ sNIvutt) - Vute - 9)lds <2Va@lF [ gsds+2 [ glITutt - 9)|ds
t ¢ ¢

+o0 +oo
< 2sup||Vu(s)||2/ g(t+s)d8+2/ g(t + 5)|[|[Vu(—s)||*ds
0 0

s>0

4E(s)

400 +oo
/ olt + 5)ds + 2 / g(t + 9)|[Vuo(s)][*ds
0 0

< éE_(Oé))/O Oog(t+s)ds+2/0 ol + 9)|| Vo (s)][2ds

< M/o Oog(t + ) (1+||Vug(s)||?) ds.

(3.2)
where M:max{2,%}. O
Lemma 3.3. Under the assumptions (Al) — (A3), the functional
W(t) = / uuydz
Q
satisfies, along the solution, the estimate
4
V(1) < =5l Vully + [fuelly + c(goVu)(t) + 0/ W (ur)d (3-3)
Q



Proof. Direct computations, using , yield
+o0
V' (t) :/u?dx—l—/uAudx—/u/ g(s)Au(t — s)dsdx
Q Q o Jo
—o(t) / uh(ug)dx
Q
/ 2da —{ |Vu\ de —o(t )/ uh(u)dz
Q
+o0
/Vu / )(Vu(t —s) — Vu(t))dsdz.
Using Young’s inequality and Lemma we obtain
+o0
/Vu / )(Vu(t —s) — Vu(t))dsdx
1 oo 2
< (5/ \Vu|*dz + — o (/ g(s)|Vu(t —s) — Vu(t)|ds) dx (3.5)
0
< 5/ \Vul*dz + —(goVu)(t).
0 )

Also, the use of Young’s and Poincaré’s inequalities gives

—a(t)/uh(ut)dxScé/qux—l—i/hQ(ut)dx
Q 0 Q
<c5/ |Vul d:z:+45/h2(ut)dx.

Combining (3.4)-(3.6)) and choosing § small enough give ({3.3]). O
Lemma 3.4. Under the assumptions (Al) — (A3), the functional

+o0
- / ut/ g(s)(u(t) — u(t — s))dsdx (3.7)
o Jo
satisfies, along the solution, the estimate
l l 4c
X(0) < 2l Vulld = (1= €= Dl + 5 (goVu) (1)

A (3.8)

- TC(QIOVU)(t) + c/Q h(u,)dx

Proof. By differentiating (3.7)), using (1.1)), and performing integration by parts, we arrive



at

+o00
/ Vu. / Y (Vu(t —s) — Vu(t))dsdx

/Q(/O 9(s)Vu(t — s)ds ) (/O+Oog(s)(Vu(t—s) _vU(mdS) dr

(] gl — ) - u(t)ds ) Hudo
/ut/m ult — s) (t))dsdx—(l—f)/ﬂufdx

—E/Vu /+OO Y (Vu(t —s) — Vu(t))dsdx
+/Q /0 o(s)(Vult — 5) — Vu(t))ds

+/ ( / mf}( )(ult —s) — (t))ds> h(ug)dx
/ut/+°° u(t — s) (t))dsdx—u_g)/ﬂugdx_

Using Young’s inequality and Lemma we obtain

2

dx

/Vu /+°o (Vu(t — 5) — Vu(t ))dsdx<5/|Vu| Ao+ S(goVu)(1

L[ storut =9~ ntua < etaowar) e [ w2
and

/ Uy /+00 u(t —s) —u(t))dsde < 5/ uidr — g(g/OVu)(t).

Q
Combining all the above estimates and putting 0 = ﬁ, (3.8)) is established.

[]

Lemma 3.5. Assume that (A1) — (A3) hold. Then there exist constants My, My, m,c > 0

such that the functional
L(t) = My E(t) + Mayx(t) + (1)
satisfies, for all t € RY,

L'(t) < —mE(t) + c(goVu)(t) + c/Q h?(uy)dx

Proof. By using (2.7), (3.3)), (3.8, we easily see that

14

20 < 40 Vull - (0 (1= 1) = 1)l + (a2 + ) (o0

+ <;M1 - %MQ) (g'oVu)(t) + (cMs + ¢) /Q h?(uy)d.



At this point, we choose M, large enough so that
l
o= M, 1—5—4—1 —1>0,

and then M, large enough that

1 4c
— M, — —M? .
M= My >0
So, we arrive at
l
L(e) < =51 Vulls = allull + elgoTu)t) + ¢ [ K{u)ds (3.10)
Q

Therefore, (3.10) reduces to (3.9)) for two positive constants m and c¢. On the other hand

(see [21]), we can choose M; even larger (if needed)
so that
L~E (3.11)

[]

Lemma 3.6. Under the assumptions (A2) and (A3), then we have
o(t) / h*(us)dx < cH ' (J(t)) — cE'(t), if H is nonlinear (3.12)
Q

where

J(t) =

= —— | uh(uy)dr < —cE'(t) (3.13)
€2 Jo,

and

QQZ{$EQI|U,5| Sgl}-

Proof. In case H is nonlinear on [0,¢]. We assume that max {rq, ho(r2)} < ; otherwise
we take 7o smaller. Let 9 = min {rq, ho(r2)}. Now, using (A2), we have, for e, < |s| < ¢,

Ih(s)| < h51(|«9|)|8| < hal(|8|)‘s|

B EY
and h "
n(s)] > Holo ) 5 Toletl)
B E

So, we deduce that

ho([s]) < |h(s)] < hg'(|s]) for all |s| < & (3.14)
cils| < |h(s)] < cyls] for all |s| > & '
Using (3.14)), we get for all |s| < ey
H(h*(s)) = |h(s)lho(|h(s)]) < sh(s)
which gives
h*(s) < H '(sh(s)) for all |s| <& (3.15)

8



Now, we define the following partition which was introduced by Komornik [22]:
M ={zeQ:|wl >}, QD={recQ:|ul <e}
Using , we get on )y
ush(u) < erhy*(e1) < ho(ra)ry = H(r3) (3.16)

Then, Jensen’s Inequality gives

HYJ®)>c | H '(uh(w))dr (3.17)
Qo

Thus, combining ([2.7)), (3.14) and (3.17]), we arrive at
a(t)/h2(ut)d:c:a(t)/ hQ(ut)d:U—l—a(t)/ h? (uy)dz
Q Qo 951

<o(t) | H (uh(u)) de + o(t) / Ruyde  (318)
Qo o
< cH YJ(t)) — cE'(t).
This finishes the proof of (3.12]). -

Lemma 3.7. If (Al) and (A3) are satisfied, then we have, for all t > 0, the following

estimate
[ oev) - V(e - 9)ias < @G (%) (3.19)

where qo small positive number, G is defined in Remark (2.4) and

u(t) = — / ()Y (t) — V(¢ — s)[2ds < —cE'(1), (3.20)

Proof. To establish (3.19)), we introduce the following functional

—V(t —s)||3ds. (3.21)

T i1

Then, using the fact that F is nonincreasing and (2.6)) to get

<2 (v [ ive- o).
< 1—;q§+1 (/ +Et—s))ds)

. / B(s (3.22)
1T=0(+1)
< 8% U/E
= Yt+1) J,
<+

Ne}



Thus, gy can be chosen so small so that, for all ¢ > 0,
Alt) < 1. (3.23)

Without loss of the generality, for all ¢ > 0, we assume that A(¢) > 0, otherwise we get an
exponential decay from (3.9)). The use of Jensen’s inequality and using ([2.5)), (3.20) and

(3.23) gives

) = s [ 306 [ w90 - Vo - o)
> L [ 206166060 [ 0lv0) - V(e - 5)Fdads
> S0 GO [ @l Vit - o) dnds (3:24)
NGOG ) o - i
_ <t+qlo)§( )6( / / Vu(t) — Vau(t — s)| da:ds>
hence is established. 0

4  Stability result

In this section, we state and prove a new general decay result. For this purpose, we
introduce the following functions:

Gi(t) = /t W{(S)ds, (A1)
Go(t) = tW'(t), Gs(t) =t(W) 7L (t), Gu(t) = Gi(t). (4.2)

where W = (G~ + H‘l)_1 . Further, we introduce the class S of functions x : Ry — R
satisfying for fixed ¢, co > 0 (should be selected carefully in (4.24])):

x€C'Ry), x<1, X <0, (4.3)
and
G [Saonlo)] < e (6o S - 2D, (4.4

where d > 0, ¢ is a generic positive constant which may change from line to line, f; and
g will be defined in the proof of our main theorem and

Gs(t) = G- <01 /0 tf(s)ds). (4.5)

Remark 4.1. Thanks to (Al), Gs is convex increasing and defines a bijection from R,
to Ry, Gy is decreasing defines a bijection from (0,1] to Ry, and G5 and G4 are convex
and increasing functions on (0,r]. Then the set S z's not empty because it contains x(s) =

eGy(s) for any 0 < & < 1 small enough. Indeed, is satisfied (since (1.1)) and (4.5)).

10



On the other hand, we have q(t) fo(t) is nonincreasing, 0 < G5 < 1, and G' and G, are

increasing, then (4.4)) is satisfied if

oGy E%fo(o)] < %(G'(é) - G/(l))

which holds for 0 < e <1 small enough, since limy_, o, G'(t) = +00. But with the choice
X = €Gs5, (4.6) (below) does not lead to any stability estimate. The idea is to choose x
satisfy (4.3} . ) and ( . such that . gives the best possible decay rate for E.

Theorem 4.2. Assume that (Al) — (A3) hold and both H(t) and G(t) are non-linear
functions, then there exists a strictly positive constant C such that, for any x satisfying

(4.3) and (4.4)), the solution of (1.1)) satisfies, for all t > 0,

CGs(t)
Blt) < x(t)q(t)

Proof. Using , and , we obtain
L'(t) < —mE(t) + C(E)G_l (%) () + c/+oog(t +5) (1+||Vuo(s)|]?) ds
0

do t+1)E(t
+cH Y(J(t)) — cE'(t).

(4.6)

(4.7)
Since —= < 1 whenever ¢t > 0. Comblmng this with the strictly increasing and strictly

t+1
convex properties of H, setting 6 = < 1 and using Remark ({2.4] ., we obtain

t+1

L'(t) < —mBE(t) + C(Tj i 1)6’1 (%) (t) + C/0+oo gt +s) (14 ||[Vuo(s)]]?) ds

9o (t+1)¢
t+1) 4 (J() :
CTH (t—l——l) —cE'(t).

(4.8)
Let Ly(t) = L(t) + cE(t) E, then (4.8) becomes

Li(t) < —mE(t) + C(E>Gl (%) (t) + C/O+oo g(t+s) (14 ||[Vuo(s)]]?) ds

qo t+1)¢
(t+1) [ J()
c “ H <t—|—1)' o
4.9

Let ro = min{ry, 72}, x(t) = max{ tqff : t+1} and W = (G~' + H™Y)"". Then, we get

Li(t) < —mE(t) + c(t ; 1)W1(X(t)) + C/0+OO g(t+s) (1 + |\Vu0(s)||2) ds.  (4.10)

Now, for g9 < 19 and the fact that £/ < 0, W’ > 0, W” > 0 on (0, 7], we find that the
functional Lo, defined by

L / €0 E(t)
L) = (5 B )

satisfies, for some aq, as > 0.

11



and

Vo -0 E(t) g0 E'(t) . €0 E)
Lat) = (<t+ EE0) T D) E(O)) W <t+ I W) L)

(G £

< —mE({t)W' (t i ]T;E((é))) +e(t+ )W (ti’l %) W (x(1))

“Wl((ti)n'%) /0+ gt +5) (14 [Vuo(s)][2) ds
Let W* be the convex conjugate of W in the sense of Young (see [23]), then
W*(s) = s(W")"H(s) =W [(W) " (s)], if s € (0, W(ro)] (4.13)
and W* satisfies the following Young inequality

AB <W*(A)+W(B), if Ae (0, W’(ro)] B € (0,70]. (4.14)
With A =W’ (ti—ol . %) and B = W~ (x(t)), using and (4.12)-(4.14), we arrive at

(4.12)

T.§8)+W+DW<W(PH ZOY) w0t
((é)) éﬁog(H s) (14 |[Vuo(s)|?) ds
t

o E®) g B E(t)
t+1'w)+c(t+1)t+1 700 )W (t+1 E(O))+c(t+1)x(t)

v (2 B [t (0 [Tu)) o

(t+1)

~~
—_

Ly(t) < —mE(t)W' (

~—

(t+1)

< —mE(t)W' (

—I—CW’(

o

(4.15)
Using (3.13)) and (3.20)), we observe that
(£ + DE@X() < goplt) +E(1) T (1)
< qOu( ) +£(0)J(t)
< _cB/(1) — cE'(1) (4.16)
< —cE'(t).

So, multiplying (4.15)) by £(¢) and using the fact that, 50% < 19, give

() Ly (1) < —mE() E(H)W (tjfl : %) +cz08(t) - %W’ (tjfl ' %)
€0 E(t)

+oo
—cE'(t W' | ——— - —=% t 1 A d
B0+ o6OW (20 ) [ ot s) (14 T uo) ds
Using the non-increasing property of £, we obtain, for all t > 0,

(€L +cBY(0) < —meEOW (25 56 ) + e 5o (5 55

+ ()W <(ti)1) E((O))) /0 g(t+ s) (14 |[Vuo(s)]|?) ds.

(4.17)

(4.18)

12



Therefor, by setting Lz := £(t) Lo + cE. Then, for some as, ay > 0, we have

Therefor, we get

z4(0) < —meBow (2 - 2 ) + st B (2 29
+ ()W’ 0. @) /o oog(t + ) (1 + ||Vu0(s)||2) ds

(t+1) E(0)
o(MEQ) _ ) E0) E( )W ( 'E(t)) (4.20)
=" e (t+1) E(0) t+1 E(0)
+ ()W (tiol é) g(t+s) (14 ||[Vuo(s)]|?) ds

For simplicity, let fo(t) = 0 *g(t+s) (1 + |[Vuo(s)|]?) ds and q(t) = 5 then by recalling
the definition of GG and selecting £y small enough

/ kf(t) €0 E(t) / €0 E(t)
Lt < =25y @ <<t ey E<o>) T ADHOW <<t T W) - 42

Since G4 (t) = W'(t) +tW"(t), then, using the strict convexity of G on (0, ro], we find that
G4(t), Go(t) > 0 on (0, 7). Using the general Young inequality (4.14) on the last term in

(4.21)) with A =W’ < Egzggt > and B = [ fo(t)], we have for d > 0,

B (<0755 ) = gy [a0m00] (7 (+ 55 )

oo (oE250)) s
(50 (o ()
<z (+" 5y ) * i Lo ste] .

Now, combining (4.21)) and (4.22)) and choosing d small enough k1 = (kK — d) > 0, we

arrive at

, €0, (B0 e, (- E@a(d) | de), e
L3(t)§—kq(t)G2<o o )+ e Gz(o s >+ e [Satn o)
€0, [ BEWalt)\ . de)
= hm @ ( 5(0) >+ 20 (2050

(4.23)
Using the equivalent property in (4.19) and the increasing of G5, we have, for some

do = %y > 0,
s (=580 > 6 (oo )

(0)
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Letting F(t) := doL3(t)q(t) and recalling ¢ < 0, then for some constant ¢; = dok; > 0
and ¢y = dod > 0, we arrive at

F(t) € —af(t)Go(F() + :60G1 | St fold)] (4.24)

Since dyq(t) is is nonincreasing. Using the equivalent property F ~ E implies that there
exists by > 0 such that F(t) > by E(t)q(t). Let t € Ry and x(t) satisfying (4.3) and (4.4)).

If bog(t)E(t) < 2st($), then, we have

2 Gs(t)
B0 < 3 @t 2
If boq(t)E(t) > 265(5(5;;) Then, for any 0 < s < ¢, we get
Gs(t)
boq(s)E(s) > 2 NOR (4.26)
since, ¢(t)E(t) is nonincreasing function. Therefore, we have for any 0 < s <,
Gs(t)
Fls) > 22750 (4.27)
Using , 0 < x <1 and the fact that G is convex, we have, for any 0 < ¢; < 1,
Go <elx(s)]:(s) — 61G5(s)> = Go (elx(s)]:(s) — W)
Colo) (4.28)
< e1x(s)Gs (}"(3) - XE’(S) )
Recalling the definition of Gy, that is Go(t) = tW'(t), we have
G5(5) \ 11 Gs(s)
Ga((n()7(s) - Gal)) < o) F0) - S Yo (1) - ) -
/ GG 0G5 g G5() '
< e FW(#9)~ S ) — (o Sl () - S,

Now, using (4.27)) and the fact that W’ is increasing, for any 0 < s < ¢, we have
G
W (f(s) - G5(S)) < W’(f(s)), W’(f(s) - G"’(S)) > W’( 5(8)) (4.30)

X(s) x(s) x(s)

Therefor, we have

G5(8) /
W)\ ()

G (elx<s>f<s> - ele5<s>> < () F ()W (f<s>) ~ ax(s)

Now, we let
Fa(s) = e1x(s)F(s) — e1Gs(s), (4.32)
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where €; small enough so that F3(0) < 1. Using the definition of Gy; that is Ga(t) =
tW'(t). Then (4.31)) becomes, for any 0 < s < ¢,

6:(709) < (96 (7)) ~ e SE). (4.33

Further, we have
F3(t) = e () F(t) + erx(s)Fa(t) — erGs(2). (4.34)
Since x’ < 0 and using (4.24)), then for any 0 < s < ¢, 0 < ¢; < 1, we obtain

F5(t) < exx () F5(t) — e1Gs(t)

< et OXOGFD) + s [Canhn] —acse.
Then, using , we get
Filt) £ —a€OGa(F5(0) + aatx(t)G: | a0 ()]
Dy ()G, (&2 GL(t (430
- aagore (T - ac
From the definition of GGy and G5, we have
G1 (G5(S)) = C Osf(T)dT,
hence,
Gi(s) = ~1&()Ga (Gi(s)) (4.37)
Now, we have
€ (OX0G [ Sa(010)] ~ eren)Ga( T ) ~ i)

= coer&(t)x(t)Ga [EQ(t)fo(t)} — e €(H)x(H) G2 ((}J;(g)) + a6aé(t)Ga (G5(t)  (4.38)
= &(t)x(t) <c2G4 EQ(t)fo(t)] e <Cj<5(§5§)) s Go Ej;)(t))) _

Then, according to (4.4]), we get

a0x() (G [Sano)] — e (S )) - e 2D <

x(t) x(t)

Then gives
F5(t) < —ai€(H)Ga(F3(1)). (4.39)

Thus from (4.39) and the definition of G; and G9 in (4.1)) and (4.2)), we obtain

(270 ) 2 et (4.40)
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Integrating over [0,t], we get
t
Gy (Fs(t) > / £(s)ds + Gy (F5(0)). (4.41)
0

Since G is decreasing, F3(0) < 1 and G;1(1) = 0, then

t
£ <67 (o [ e(0)is) = Gt (4.42)
0
Recalling that F3(t) = e1x(t)F(t) — e1G5(t), we have
1
Fiy < LFe) Gall). (4.43)
€1 x(t)
Similarly, recall that F(t) := doL3(t)q(t), then
(1+€) Gs(t)
Fut) < , 4.44
0= e x@a0) .
Since Lz ~ E, then for some b > 0, we have E(t) < bF;; which gives
1
B(p) < LEA) GO (1.45)
doer x(t)q(t)
From (4.25) and (4.45]), we obtain the following estimate
Gs(t) )
E(t) < e , 4.46
0= (a0 0
where ¢3 = max{%, %} O

Example 1 [20]: Let g(t) = a7 Where v > 1 and 0 < a < v —1 so that (A1)
v+1

is satisfied. In this case £(f) = va» and G(t) =t . For the fractional damping, let
ho = ct” and H(t) = vtho(V1) = ct*>

v . We will discuss two cases:
Case 1: if

mo(1+1)" <14 ||Vug||* <my(1+1t) (4.47)

where 0 < r < v —1 and mgy, m; > 0. We recall the definition of the functions Gs and
for simplicity, we choose v = 2 and then 0 < r < 1, then we find that

ol
wlw

W)= (G +H )7 t) =ct?, Got) = tW'(t) = ct

Gs(t) = ct®, Gy(t)=ct?, Gi(t)=ctz, Gs(t)=ct?
Therefore, we have, for some positive constants a; depending only on a, mg, my,r, the

following
ar(1+1)"" < fo(t) < ap(1+¢)7 M7, (4.48)

az(1+1)" < q(t) < aq(1+1), (4.49)
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We notice that condition (4.4]) is satisfied if

(t+ D20 fo()x(D) < as (1 _ <x>%) (4.50)

where a5 > 0 depending only on a. Choosing x(t) as the following
xO) =X1+t)"H 0<r<1, (4.51)

so that (4.3) is valid. Moreover, using (4.48) and (4.49)), we see that (4.50) is satisfied if
0 < A <1 is small enough, and then (4.4) is satisfied. Hence (4.6 implies that, for any

te Ry
E(t)<c1+t)"tD 0<r<1. (4.52)

Thus, the estimate (4.52)) gives limy o E(T) = 0. Case 2: if my < 1+ [|Vug||* < my.
That is r = 0 in (4.47) (as it was assumed in [5], [I7], [6] and [24]), then (4.52) holds with
r = 0.
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