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Abstract:
In the present work flow is developed for unsteady MHD 2nd grade fluid between two periodically oscillating plates.The flow behavior is categorized in the three cases, namely Couette flow, Poiseuillie flow and combination of these two flows. The partial differential equation arises from modeling of these problems have been analytically solved by using two well-known techniques Optimal Homotopy Asymptotic Method (OHAM) and Adomian Decomposition Method (ADM). The comparison of these two methods has been shown numerically as well as graphically and found in excellent agreement. Finally the heat transfer analysis and the effect of physical parameters during periodic motion of fluid flow has been analyzed and discussed.   
Keywords:“Second grade fluid”,“Parallel horizontal plates”, “MHD”,“(OHAM)” and“(ADM)”.
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1. 	Introduction
It is a true fact that the non-Newtonian fluids perform applicable and a vital role in manufacturing and technical applications. Newtonian fluid can be defined by a single model, but it is difficult to propose a single model which shows all characteristic of non-Newtonian fluids. The classification of non-Newtonian fluids have remained much confused because there are several such fluids described in literature. Therefore, non-Newtonian fluid has been classified under different types, rate types and integral type fluids. Some researchers describe many applications of such fluids like, in theological problems in biological sciences, geophysics, the chemical and petroleum industries (Rajagopal and Gupta 1984,1993). Amongst, fluids of a differential type attain an unusual status.Second grade fluid is the simple subclass of these fluids for which one can easily obtain analytical solutions.The resulting equations of second grade fluids are in more general of higher order than the classical Navier-Stokes equations. Moreover, it described the normal stress effect, but does not explain the shear thinning and shear thickening effects. Despite these features a number of investigators have recently discussed many interesting fluid flows of second grade in different configurations, for instance, see studies in Labropulo (2000), Erdogan (2003),Tawari and Ravi (2009), Fetecau et al.(2011). Islam et al. (2011) investigated the applied pressure gradient on unsteady flow of second grade fluid. They calculated the exact solution using separation of variables. 
The flow of non-Newtonian fluid between two parallel plates is also a problem of considerable practical importance. Because parallel plates are often used to stimulate the actual flow domain conditions in several material processing applications such as plastic forming and continuous casting.Siddiqui, et al. (2006) discussed the steady flow of fourth grade fluid and Sisko fluid between two parallel plates. They derived four different problems of fluid flow due to the relative motion of the plates. Shah et al. (2010)studied analytical solution of couette flow, Poiseuillie flow, plug flow and generalized couette flow of fourth grade fluid by suing OHAM method. Keimanesh et al. (2011) investigated the different flows of third grade fluid between two parallel plates. They solved the velocity profile by using MDTM method. An extensive literature is available for the flow between two plates Hashemabadi(2004), Aydin and Ayci (2006), Chen and Zhua(2008), Francisca et al.(2012), Mokarizadeh et al.(2013) . Yongqi Wang and Wei Wu (2007) investigated fourth grade fluid flow on a porous oscillating plate. They studied the periodic motion of various embedded parameters involved in the model problem.The influence of magnetic field is observed in several natural and human-mad flows.The magnetic field is generally applied in industry to pump, heat, levitate and stir liquid metals. The MHD flow problems are mathematically interesting and physically useful, but a dynamic study of such problem is quite complicated. Parida et al. (2011) studied the effect of MHD on the flow of second grade fluid and obtain numerical solutions by using Rung-Kutta fourth order method.Other interesting results regarding the unsteady MHD flow of fluids can be found in the references  Gul et al.(2014,2015),Dinaryand et al. (2010), Rashidi (2014), Fetecau et al. (2011).
OHAM is a simple analytical technique and does not require the existence of any small or large parameter as does the traditional perturbation methods. OHAM can be successfully applied to a wide variety of problems arising in science and engineering as it reduces the size of the computational domain. Initially Marinica et al.(2008, 2009), Khan, Mehmood and Hasmi (2013) introduced the basic idea of OHAM.Many works have been reported on OHAM problems in Golbabai et al. (2013), Iqbal (2011), Esmaeilpour et al.(2010). Adomian Decomposition method (ADM) which is accurately computed the infinite series solution is of great importance to applied science. The main advantage of ADM is that it can be applied directly for all types of differential and integral equations. A comprehensive discussion has been given in Adomian (1990), Wazwaz(1999), Babolian  and Davari(2004), Al-Hayani and Casasus (2005). 
The objective of the recent article is to study the unsteady flow of MHD second grade fluid between two horizontal oscillating parallel plates. Three flow problems of liquid are discussed which are depending on the relative motion of the plates. (a) Upper oscillating plate is in motion and the lower plate is only oscillating (b) both oscillating plates are at rest while the fluid is forced under the constant pressure gradient (c) upper plate is moving with constant speed in the presence of the pressure gradient. The nonlinear equations of present three problems are solved by using OHAM and ADM. We observed that the results obtain from the two techniques are in a complete agreement.The plan of the manuscript is as follows: Section 2 is devoted to the basic equations. Section 3 deals with the description and solution of first problem. Section 4 gives solution methods. Section 5 provides description and solution of the second problem while Section 6 provides description and solution of third problem. Results and discussion are presented in section 7 while section 8 concludes the paper.
3 Basic equations

The fundamental equations governing the unsteady MHD flow of a second grade fluid in the absence of body force are given by

(1)

                  (2)

      (3)







Whereis MHD body force (Lorentz force),is the fluid density, is an electric field., is electrical conductivity is the current density,is applied uniform magnetic field, , and is magnetic permeability.  For small Reynolds number the magneto-hydrodynamic force involved in Equation (2) takes the form.

(4)
In this work we are dealing with second grade fluid so constitutive equations of  the Cauchy stress tensor is given by

(5)





Whereis the Cauchy stress tensor,is identity tensor,is fluid pressure,is the coefficient of viscosity,are


the material constants,andare the Rivlin-Ericksen tensor given by


(6)

(7)
3	Description of couette flow problem


Consider the unsteady flow of a second grade fluid between two horizontal parallel plates separated by a constant distance. The lower plate is only oscillating while the upper plate is oscillating and moving with uniform speed. We use the Cartesian coordinate system in which  -axis is taken along  the direction of motion of fluid and the y-axis is normal to the flow. A uniform magnetic field is applied to the plates. The velocity field is assumed to be of the form

(8)
Subject to the following boundary conditions

(9)
Therefore the continuity Equation (1) is satisfied and momentum Equation (2) becomes

(10)

The components of the Cauchy stress tensor  as

                  (11)

Inserting the value of  in Equation (9),we get 

(12)
Write the boundary value problems (9) and (12) in term of dimensionless variable. Here the following dimensionless, physical variables are used for this purpose 

(13)




Where,,, and  are defined above.
After dropping the asterisks the non-dimensional form of Equation (12) is

(14)
The corresponding BCs are

       (15)
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Figure:1.  Couette flow
3.1	The ADM Solution of Couette flow Problem
According to Gul et al.(2014,2015), Adomian (1990) and Wazwaz (1999), we apply ADM method on Eq. (14). Consider a nonlinear partial differential Eq. (14) in operator form

(16)

Applying  on Eq. (16)

(17)

(18)


ADM is a series solution method, soand  are the (Adomian polynomials). Therefore, Eq. (18) is reduced to the standard form of ADM as

(19)

   (20)
Now for the velocity components we compare both sides of Eq. (20)
Zeroth, first and second order problems are:



(21)(22) (23)
Solutions of Eq. (21), (22) and (23) using boundary conditions given in Eq. (15) are:

             (24)

   (25)

(26)
The solution of first problem velocity profile up to second order is:

(27)

(28)

3.2. The OHAM Solution of Couette flow Problem
Similar to the previous case the basic details of OHAM procedure are also omitted Marinica et al.(2008, 2009) and Gul et al. (2014,2015). Therefore, we directly apply OHAM to Eqs. (14) and the zero and first order solutions of velocity are given as: 

(29)

    (30)

      (31)
Solutions of Eq. (29), (30) and (31) using boundary conditions in Eq. (15)are:

                     (32)

 (33)
The 2nd  component solution is so lengthy. so, it is shown only graphically.

The values of are


4	Description of Poiseuillie flow problem

In this problem the flow occurs when the second grade fluid is forced between two stationary and oscillating horizontal plates under the constant pressure gradientin x-direction. Here we apply all the other conditions and assumption of Couette flow problem. The equation of motion and boundary conditions take the form

(34)
With boundary conditions 

(35)
The dimensionless form of Eq. (34) and (35) using the dimensionless variable describe in Eq. (13) the momentum equations become 

(36)
The corresponding boundary conditions

(37)
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Figure. 2: Geometry of the second problem
4.1	The ADM Solution of Poiseuillie flow Problem
In this section we apply the mentioned method ADM on Eq. (36) we obtained zero, first and second order problems as

(38)

(39)

(40)
Solutions of Eq. (38), (39) and (40) using boundary conditions given in Eq. (37) are:

             (41)

(42)

   (43)
The general solution up to second order is

(44)

(45)
4.2	The OHAM Solution of Poiseuillie flow Problem:
Here we apply the OHAM method on Eq. (36), as a result, we obtain zero, 1st and 2nd order problems:

(46)

  (47)

(48)
  Solutions of Eq. (46), (47) and (48) using boundary conditions in Eq. (37) are:

(49)

 (50)
The 2nd  component solution is lengthy. so, it is shown only graphically:


The values of are
5	Description of Couette and Poiseuillie flow problem

In this problem the flow occurs on the oscillation of both plates and the motion of the upper plate under the constant pressure gradient in x-direction. Here we apply all the other conditions and assumption of  Couette flow problem. The equation of motion and boundary conditions take the form

(51)
With boundary conditions 

    (52)
The dimensionless form of Eq. (51) and (52) using the dimensionless variable to describe in Eq. (13) the momentum equations become 

(53)
The corresponding boundary conditions 

(54)
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Figure 3. Couette and Poiseuillie problrm

5.1	The ADM Solution of couette and Poiseuillie flow Problem
In this section we apply the mentioned method ADM on Eq. (53) we obtained the solution of zero, 1st and 2nd order  problems using the boundary conditions in Eq. (54) as

(54)

(55)

 (56)
General solution up to second order is

(57)

  (58)

5.2	OHAM Solution of Couette and Poiseuillie flow Problem
Here we apply the OHAM method on Eq. (51), as a result, we achived the solution of zero, 1st and 2nd order problems  using boundary condition in Eq. (52)

(59)

 (60)

The 2nd  component solution is so lengthy. so, it is shown only graphically:

The values of are



Table 1: Shows comparison of OHAM and ADM for Couette flow problem by taking.
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Table 2: Shows the comparison of OHAM and ADM for Poiseuillie flow problem by taking
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Table 3: Shows comparison of OHAM and ADM for Couette and Poiseuillie flow problem by taking
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Figure 4: Shows comparison of OHAM and ADM methods of first problem .
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Figure 5: Shows comparison of OHAM and ADM methods of second problem when
[image: ]

Figure 6: Shows comparison of OHAM and ADM methods for lift velocity profile when
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Figure 7:  Fluid motion at different time level in couitte problem.
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Figure 8: Effect of temperature at different time level in Couitte problem.
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Figure 9: Influence of temperature at different time period in Plug Flow problem.
[bookmark: _GoBack][image: ]

Figure 10: temperature distribution during oscillation motion in Couitte flow by taking 
[image: ]

Figure 11: Temperature distribution during different time level in poiseuille Flow by taking 
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Figure 12:  Temperature distribution of Plug flow during different time periods by taking

6	RESULTS AND DISCUSSION
In this work the analytical solution of unsteady MHD flow of 2nd grade fluid between two oscillating horizontal plates has been established using OHAM and ADM. Figs. 1, 2 and 3 highlights the geometries of three problems. The numerical comparison and absolute errors of OHAM and ADM methods are shown in Tables 1, 2 and 3 while graphical comparison of these methods are presented in Figs. 4, 5 and 6 for various values of embedded parameters. Figures 7-9 indicate fluid motion at different time level for velocity and temperature fields respectively. The effect of various parameters on the flow velocities are shown in Figs. 10-12.The velocity of fluid increases away from the plates with increasing these parameters. The reason is that the friction force reduces gradually as fluid goes away from the plates. Graphically the effects of flow parameters  on velocity  have been analyzed in Figs. 13-17. The effects of  on the velocity profile have been presented in Figs. 13-17 respectively. From the graphs we observed that velocity decrease by increasing the value of in coquette, Poiseuillie and coquette-Poiseuillie flow problems and similar as mentioned in the work of Yongqi Wang and Wei Wu [22] and in the work of Taza Gul [24,25].
7	CONCLUSION
In this attempt, the unsteady MHD flow of second grade fluid between two oscillating horizontal plate have been investigated. We discussed three flow problems depending on the relative motion of the plates. OHAM and ADM techniques have been used to obtain the solution. We observed that the results obtain from the two methods are in a complete agreement. The effects of model parameters are presented graphically on velocity field. The periodic motion of fluid flow analyzed and compared with the published work.
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