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Abstract. In this paper, we consider switched coupled system of nonlinear implicit impulsive Langevin equations with mixed
derivatives. Some sufficient conditions are constructed to observe the existence, uniqueness and generalized Ulam-Hyers-Rassias
stability of our proposed model, with the help of Generalized Diaz-Margolis’s fixed point approach, over generalized complete

metric space. We give an example which supports our main result.

1 INTRODUCTION

At Wisconsin university, Ulam raised a question about the stability of functional equations in the year
1940. The question of Ulam was: under what conditions does there exist an additive mapping near an
approximately additive mapping? [31]. In 1941, Hyers was the first mathematician who gave partial
answer to Ulam’s question [13], over Banach space. Afterwards, stability of such form is known as
Ulam-Hyers stability. In 1978, Rassias [22], provided a remarkable generalization of the Ulam-Hyers
stability of mappings by considering variables. For more information about the topic, we refer the
reader to [14,26,28,32,38,39,41].

An equation of the form m ‘;% = )\% +1(t) is called Langevin equation, introduced by Paul Langevin
in 1908. Langevin equations are broadly used to described stochastic problems in image processing,
physics, astronomy, chemistry, defence system, electrical and mechanical engineering. Brownian mo-
tion is well describe by the Langevin equations when the random oscillation force is supposed to be
Gaussian noise. For the removal of noise, mathematicians used fractional order differential equations,
also it performs well in reducing the staircase effects as compare to ordinery differential equations. Thus
it is very important to study fractional Langevin equations, for more details see [2,11,19,20,23].

Fractional order differential equations are the generalizations of the classical integer order differ-
ential equations. Fractional calculus has become a speedily developing area and its applications can
be found in diverse fields ranging from physical sciences, porous media, electrochemistry, economics,
electromagnetics, medicine and engineering to biological sciences. Progressively, fractional differential
equations play a very important role in fields such as thermodynamics, statistical physics, nonlinear os-
cillation of earthquakes, viscoelasticity, defence, optics, control, signal processing, electrical circuits, as-
tronomy etc. There are some outstanding articles which provide the main theoretical tools for the qual-
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itative analysis of this research field, and at the same time, shows the interconnection as well as the dis-
tinction between integral models, classical and fractional differential equations, see [1,16,18,21,24,29,30].

Impulsive fractional differential equations are used to describe both physical, social sciences and
many dynamical systems such as evolution processes pharmacotherpy. There are two types of im-
pulsive fractional differential equations the first one is instantaneous impulsive fractional differential
equations while the other one is non-instantaneous impulsive fractional differential equations. In last
few decades, the theory of impulsive fractional differential equations are well utilized in medicine, me-
chanical engineering, ecology, biology and astronomy etc. There are some remarkable monographs
[4,9,12,17,25,33,35,37,40], considering fractional differential equations with impulses.

Recently, many mathematicians received a considerable attention to the existence, uniqueness and
different types of Hyres—Ulam stability of the solutions of nonlinear implicit fractional differential equa-
tions with Caputo fractional derivative, see [6,8,27,28].

Wang et al. [34], studied generalized Ulam—Hyers—Rassias stability of the following fractional differ-
ential equation:

CDgrwz(w) = f(w,z(w)), we (wy,sx], k=0,1,....m, 0<v<l,
z(w) = gr(w, z(w)), we (sk,wi], k=1,2,...,m

Zada et al. [36], studied existence and uniqueness of solutions by using Diaz Margolis’s fixed point
theorem and presented different types of Ulam—Hyers stability for a class of nonlinear implicit frac-
tional differential equation with non-instantaneous integral impulses and nonlinear integral boundary
conditions:

Dy wz(w) = f(w,z(w), Dy z(w)), w € (wy,s¢], k=0,1,...,m,0<v <1 we (0,1],

2(w) =I5 (Ck(w,2(w)), w € (sk-1, w0,k =1,2,...,m

20) = 1y [ (T=9)" Mnls,2(5))ds.

In recent years, many researchers paid much attention to the coupled system of fractional differen-
tial equations due to its applications in different fields [3,4,7,15]. Zeeshan Ali et al. [5], studied the
existence, uniqueness of solutions by using using the classical fixed point theorems such as Banach
contraction principle and Leray-Schauder of cone type and presented various kinds of Ulam stability
including Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam—-Hyers—Rassias stability and
generalized Ulam-Hyers—Rassias stability of the solutions to a nonlinear coupled systems of implicit
fractional differential equations involving Caputo derivative of the form:

‘D'u(w) — f(w,v(w), D'u(w)) =0, ve (23], we],
“Dro(w) — f(w,u(w), D'v(w)) =0, e (2,3, we],
(W) w=0 = t(w)|w=0,  w(w)lw=1 = Au(y), A5 € (0,1),

=1
=70

(w)]w=0

In this paper, we study the following switched coupled system of nonlinear implicit impulsive

(@)lw=0,  v(w)|w=1 = Av(y), A, 7 € (0,1)



Langevin equations with mixed derivatives of the form:

CDglw(D +AM)u(w) = f (w,v(w),cDg/wu(w)), w € (wy,s¢], k=0,1,...,m,
u(w) = gr(w,u(w)), we (sko,wi], k=12,...,m
mo1
u(0) =ug, u(T)= / 1 T — (1 =) tu(s)ds, 0<m <T,
0
CDgw(D + A2)o(w) = fo(w, u(w ),CDg,wv(w)), w e (wg, sk, k=0,1,...,m,
v(w) = gk(w,o(w)), w e (s, wel, k=1,2,...,m
O =v, o= ["c
v(0) =vy, o(T)= /0 T
where ‘D, and CDg,ZU represents classical Caputo derivative [16], of order v and y respectively with
the lower bound zero, 0 = wy < sp < wy <51 < --- < Wy < 5y = T, T is the pre—fixed number and
A, Ay € R\ {0}, 0 < v <1, p,pa > 0, 29 are constants, f1, /> : [0,T] x R — R is continuous and
Sk [sk—1, wx] x R = Ris continuous forall k=1,2,...,m
In the second section of this paper, we create a uniform framework to originate appropriate formula

(1.1)

s —s)P2lo(s)ds, 0<m <T,
n n

of solutions for our proposed model. In section 3, we implement the concept of generalized Ulam—
Hyers—Rassias stability of Eq. (1.1). Finally, we give an example which supports our main result.

2 Preliminaries

Let ] = [0,T] and C(J,R) be the space of all continuous functions from | to R, and the piecewise
continuous function space PC(],]R) ={z:f —=>R:ze ((wwr_1)],R),k =0,...,mand there exist
z(wy ) and z(w}!), k=1,2,...,mwithz(w, ) = z(w)}.
In the current section, we create a uniform framework to originate appropriate formula for the solu-
tion of impulsive fractional differential equation of the form:

CDK,W(D+A1)u(w) = fl(w>/ w e (wklsk}/ k= 0,1,...,m
M(ZU) = gk(w)/ w e (Skfl/wk]/ k= 1,2,...,m, (21)

w(0) = up, u(T)= [ =

— )1 ly(s)ds, 0<n <T,
IA rpl(ﬂl s)P1 " u(s)ds m

We recall some definitions of fractional calculus from [16] as follows.

Definition 2.1. The fractional integral of order v from 0 to w for the function f is defined by

Iy o f (w /f w—s)""lds, w>0,v>0,
where I'(+) is the Gamma function.

Definition 2.2. The Riemman-Liouville fractional derivative of fractional order v from 0 to w for a func-
tion f can be written as

vodne  f(s)
Ly -t AC _
Dy f (w) = (i —v) dr / (@ syt ds, w>0,n—-1<v<n,

where I'(+) is the Gamma function.



Definition 2.3. The Caputo derivative of fractional order v from 0 to w for a function f can be defined

Dy f (w) = 1”(111—1/) /Ow(w — )"V (s)ds, wheren = [v] +1.

Definition 2.4. The general form of classical Caputo derivative of order v of a function f can be given
as

n—1_k
w

chaw = LDS,ZU <f(w) - Z T f(k)(o)), w>0n—-1<v<n.
k=0 ™

Remark 2.5. (i) If f(-) € C"([0,0),R), then

Lpy f(w) = ! /w f"(s) ds = 1V M (w), w>0,m—1<v<m.
0w I'(m—v)Jo (w—s)vtl-m 0w ! !

(ii) In Definition 2.4, the integrable function f can be discontinuous function. This fact can support us
to consider impulsive fractional problems in the sequel.

Lemma 2.6. [16] The fractional differential equation “D" f(w) = 0 with v > 0, involving Caputo differential
operator D" have a solution in the following form:

f(w) =co+crw+ C2w2 4+ 4 Cm—lwnil,

where ¢, €R, k=0,1,....m—1 and m=[v+1].
Lemma 2.7. [16] For arbitrary v > 0, we have
IY(“D"f(w)) = co + 1w + cQw* + - - + "},
where ¢, €R, k=0,1,....m—1 and m=[v+1].
Lemma2.8. [21]Letv > 0and B> 0, f € L'([a, b]).
Then I I f(w) = I*Bf (w), “ Dl (DE., £ (w)) = “Dy P f(w)and DY f (w) = f(w), w € [a, .

Lemma 2.9. [25] The function u € PC(],R) is a solution of (2.1) if and only if

w A m T
Ay (w=s) pv L / _s)PreMln—s) - / ~Aa(T=s) v
/0 e I fl(s)ds+r(p1+1) A (m —s)Pe I f1(s)ds — Aqq A e IV f1(s)ds

+ (Au (1" E,p, +1) (aw) — M) +€A1T> up, w € (0,50,

u(w) = { Qx(w) we (se_,wy], k=1,2,...,m,
Y A(w—s) v M n — —s) v r_ —s) v
/o e~ M(w=s)y fl(s)ds—i-m/o (1 —s)PreMln=s)] fl(s)ds—Mkl/O e MIT=) 1V £ (5)ds

Wi
+ N, /0 e*Al(wk*S)IVfl(s)ds + Ny, 8k(wi), w e (wy,s¢, k=0,1,...,m,



Ay = AT(p1+1)

(1—e AT (py +1) — Pt + T(p1 + DinP1Eq p, 1) (aw)’

AT (p1 1) (17 By 1) o) = e )
By, = 5 ,

1

S AT (p1 +1) = T(p1 +1)(1 — &) ()\F(Pl + 1) (mP Eqp, 1) (aw) — 6”))

Ay, = ,
Ok, ((1 — e MC(p1 +1) = mP +T(p1 + VP Eq p 1) (ﬂw)>
v = A=) T(py+De (1 —e M)
kl - )\ 5}(1 7

By,(1—e ") (1—e *)I(p1+1) —mP +T(p1 + )P E(q p, 41)(aw)

Nkl = o Aw 4
A 5](16

o =20(p1 +1) (eAw" — e Mt 4 ’71P1E(1,p1+1)(‘1w)em"> —mPe M —T(py + 1)E( p, 1) (aw).

In view of lemma 2.9 the solution form of proposed system 1.1 is given by

w 7
/0 e MOV (5,0(s), “Dy o (s) ) ds + ﬁ /0 (i — s)Pe M 1Y £y (s, 0(s), “ DY u(s) )ds
T
— An /0 eiAl(T*SHVfl(s,v(s),cDb’/wu(s))dS + <A11 (qf1 E(l,p1+1)(”w) — e/\lT) + eA1T> ug, w € (0,s0],
B Sk (w, u(w)) w e (sp_,wi], k=1,2,...,m,
v /w e_/\l(w_s)l"fl(s v(s), Dy ,u(s))ds + My /y]1 (m — s)”le_)‘l(m_s)lvfl(s v(s), Dy ,u(s))ds
0 7 7 O,w F(Pl + 1) 0 7 7 O/ZU
T w
— M, /0 e_’\l(T_SUVfl(s,v(s),CD(V)lwu(s))ds + Ni, /0 ’ e‘Al(wk_S)I”fl(s,v(s),CDg,wu(s))ds
+ Ni, g (wi, u(wy)), w € (wy, s, k=0,1,...,m,
w 77
/0 e‘AZ(”’_S)U’fQ(s, u(s),cDg,wv(s))ds + % /0 2(172 — s)?’ze—/\z(ﬂz—S)I”fz(s,u(s),CDglwv(s))ds
T
- AZZ/O e’AZ(T’5>1f‘f2(s,u(s),cDng(s))ds + (A22<77§2E(1,p2+1)(aw) - e)‘zT) + e)‘zT) vo, w € (0,50],
U(ZU) o gk(w,U(W)) we (Sk71, wk}l k= 1,2,...,7’1’1,
— " ;
/0 EiAZ(wiS)Isz(S,M(S),CDg,wv(s))ds I % /0 2(’72 _ S)pzef/\z('?rs)lﬂfz(slu(s)’cpg’wv(s))ds
T w
— M, /0 e‘AZ(T_SW‘fZ(s,u(s),CDg’wv(s))ds + Np, /0 ' e_)‘z(w"_s>1”f2(s,u(s),CDglwv(s))ds
+ Ny, gk (wy, v(wy)), w € (wy,s¢), k=0,1,...,m,

2.2)



3 Generalized Ulam-Hyers—Rassias stability concept

By the ideas of stability in [26,32], we can generate a generalized Ulam-Hyers—Rassias stability concept
for Eq. (1.1).
|cD1/

Ow

|u(w) — N, gxe(w, u(w)

(D + A)u(w) — fi(w, v(w), Dy ,u(w))| < gu(w), w e (wy,s¢], k=0,1,...,m, 0<v<1,
<Y, we (s, wl, k=12,...,m.

(3.1)
|CD” (D + Ap)v(w ) f( ( w), Dy ,o(w))] < go(w), w e (wr,s], k=0,1,...,m, 0<p<1,
|o(w) — Ny, gx(w, v(w))| < w € (sp_1,wi], k=1,2,...,m.

Definition 3.1. Eq.(1.1) is generalized Ulam-Hyers—Rassias stable with respect to (¢, ¢o, §) if there
exists C,,C, > 0 such that for each solution u,v € PC(J,R) of inequality (3.1) there is a solution
up,vo € PC(J,R) of Eq.(1.1) with

| (1, 0) (w) = (10, v0) (w)| < Cp(u(w) + @o(w)) + Lei(Cu + Co)pp, w €.

Remark 3.2. A function u,v € PC(],R) is a solution of the inequality (3.1) if and only if there is G €
PC(J,R) and a sequence Gy, k = 1,2,..., m (which depends on z) such that

@) |G(w)| < ¢(w), we ] and |Gx| <9, k=1,2,...,m
@) Dy,

(iii) CDg,w(D + A)o(w) = fz(w,u(w),cDg’wv(w)) +G(w), we (wy,s¢), k=0,1,...,m

(D4 AM)u(w) = fl(w,v(w),cDg,wu(w)) + G(w), w € (wg,s¢), k=0,1,...,m,

(iv) u(w) = Ny, ge(w,u(w)) + Gy, w € (sp_1,wg], k=1,2,...,m
() v(w) = Ny, 8k(w,v(w)) + G, w € (sp_1,wi], k=1,2,...,m

Remark 3.3. (1) If u € PC(J,R) is a solution of the inequality (3.1) then u is a solution of the following
integral inequality,



U
) = [ eIy 0, (00), Do) s = s [ =) MO 5, 006), D ()

7

T
+An /0 e’)”(T’S)IVfl (s,0(s), "Dy 1t(s))ds — (AH (mpE(Lle) (aw) — e)”T) + e’\lT> 1

U
< /Ow e M@= Vo, (s)ds — ﬁ /o 1(’71 —s)Pe M) g, (s)ds

T
+A11/0 e_)‘l(T_S)I“(pu(s)ds, w € (0,s0];

’u(w) - Nklgk(w,u(w))’ <Y, we (se_,wi], k=1,2,...,m;

w M ' - —s) v cTyv
) = eI (s, 006), D u(s))ds = gy [ =) O i 0(5), D ()
T w,
+ My, [T A (s, 00), Dy gu(s)ds = Ny [ e O A (5, 0(5), Dy ga(s))ds = N, g 1(w)|

w M g
—A1(w—s) v ky / p1o—A(m—s) v
</o e I"pu(s)ds + T+ 1) Jo (m —s)Pre I"py(s)ds

T w,
+ My, /0 e’)‘l(T’s)IV(pu (s)ds + Ng, /0 ' fAl(wk*s)IV(pu (s)ds+ 1, we (wg,s], k=0,1,...,m.

(3.2)
In fact by Remark 3.2, we get
“Dpw(D+ Au(w) = fr(w,v(w), Dy ,u(w)) +G(w), w e (wg,st], k=0,1,...,m, 0<v<1,
u(w) = Ni, gk(w, u(w)) + Gy, w € (sp_1,wi], k=1,2,...,m.
(3.3)



Clearly, the solution of Eq.(3.5) is given by
w
/ e M@= V(f(s,0(s), DY u(s)) + G(s))ds
0 :

r(pz‘lhj_l) ./(:71(771 - S)Ple—/\l(ﬂl—s)lv (fl (s,0(s), “DY i (s)) + G(S))ds

T
A [ eI (fi(s,0(5), D u(s) + G(s))ds
+ <A11 (P E (1 py 41 (aw) — eMT) + €A1T> up, w € (0,s0];
{ Ne,gk(w,u(w)) we (s, wi], k=12,...,m
/Ow e~ M(w=s)pv (fi(s,0(s),“Dg ,u(s)) + G(s))ds

N r(;\flil) /0171(;71 —5)P1eMln—s) v (f1(s,0(s),“Dg ,u(s)) + G(s))ds

M [T (f1(5,005), D () + Gls)) s

w
N [ eI (fy 5, 0(5), Dl u(s)) + G(s)) s
A ,
+ Ni, 8 (wye, u(wy)) + Gy, w € (wy, s, k=0,1,...,m

For w € (wg,s¢), k=0,1,...,m, we get
w
’u(w) - / e_)‘l(w_s)l"fl(s,v(s),CDgwu(s))ds
0 ,

M m
Tt = 9)me =1 i (5,0(s), 7Dy () s — Ny g, (a0

T w
My, [ T fi(5,0(6), D u(s))ds = Ny [ e MO fy(5,0(5), “Df u(s)) s
; ,
m
7/\1 w— S 1/ _ P1 7/\1(11178) 14
’/ I'G ds‘—i—‘r p1+1)/ (11 —s)Pte I G(s)ds‘
+‘Mk1/0 e’)‘l(T*S)I“G(s)ds’—l—‘Nkl/o S M@ G (s)ds | + |Gy

w M n
< —A(w—s) v ky / _ g\~ Mln—s) v
= /0 e I (PH (S)ds + r(pl + 1) 0 (;71 S) e I q)u (S)ds

T w,
+My, / ef’\l(T*S)IV(p(s)ds + Ni, / ‘ e*/\l(wlrs)lvgou (s)ds + 1.
0 0
Proceeding the above, we derive that
‘u(w) — Nklgk(w,u(w))‘ < |G| <y, we (spq,wi], k=1,2,...,m,
and

Ju(w) - /Owe_)‘l(w_s)lvfl(s,v(s),‘:Dawu(s))ds— Au ; / " — s)Pe MO [V fy (s, 0(s), D yu(s) )ds

T(p1+1) Jo

T
+A11/0 eIV £ (5,0(s), “Dy u(s) )ds — (Au (P E (1 py41) (aw) — M) M7 ) o‘



T
’/ “M(w=s)ve ds‘+| e +1) /771(171_S)Ple—/\l(m—s)lvc(s)ds‘+|A11/0 e—Al(T—S)IVG(S)dS’
1

A m
< —Ar(w—s) v 1 / — )P~ Mln—s) v
/0 e Yoy (s)ds + T +1) o (m —s)Pte Iy (s)ds

T
+A11/0 e MT=9) Vg, (s)ds, w € (0,s0)].
Similarly

(2) If v € PC(J,R) is a solution of the inequality (3.1) then v is a solution of the following integral
inequality,

[o(w) - /0 Y e =9 gy s, u(s), DY o(s) s — =2 ) /172(172—s)PZe*/\z('irs)Iﬂfz(s,u(s),CDg,wv(s))ds

F(p2+1 0

T
bz [ e T (s, (), Dl 0(6))s — ( Az (127 E gy a0) = ) 47 Yo,

w A 2
< —Aa(w—s) 7t __An / _ g\P2p—Pa(m—s) 1
<[ e 1o(s)ds — o B |7 —s)Pe I gy (s)ds

T
+A22/ efAZ(T*S)I"q)U(s)ds, w € (0,s0];
0
‘v(w) - Nkzgk(w,v(w))) <y, we (s_w], k=12,...,m

’U(w) B /Ozu e_/\Z(w_s)ﬂlfz(S,M(S),CDg,wv(s))ds _ % /0’72(172 _ s)pZE_M(Uz_S)nyz(S,u(S),cDg,wv(s))ds

T w,
+ My, /0 e_)‘z(T_S)Isz(s, u(s),CDg,wv(s))ds — N, /0 ‘ e‘AZ(w"_S)IVfZ(s, u(s),CDg,wv(s))ds — Ny, §x (wy, v(wy))

w M 12
< /0 e*/\z(wfs)l}lq)v(s)ds + Wﬁl) /O (12 — S)Pze*/\z(ﬂzfs)p‘q;v(s)ds

T w,
+ M, /0 e M 2(T=5) [k g, ()ds + N, /0 ' e M) [h o (s)ds + ¢, w € (wy,s¢), k=0,1,...,m.

(3.4)
In fact by Remark 3.2, we get

CDg’w(D + Ap)o(w) = fz(w,u(w),CDglwv(w)) +G(w), we (wg,st], k=0,1,...,m, 0<pu<l,
v(w) = N, 8r(w,v(w)) + Gy, we (skq,wi], k=1,2,...,m
(3.5)



Clearly, the solution of Eq.(3.5) is given by

/Ow e~ MW (£ (s, u(s), ‘DY ,v(s) + G(s))ds

A U L
+ sz—l) /0 2(172 — 5)P2e~ M2l =s) i (fz(s,u(s),CDérwv(s) + G(s))ds

4z [ "o T 9 1 (fy (s, u(s), “DLols) + Gls))ds

+ (AZZ(Uzsz(l,p2+1)(ﬂw) —eh2T) 4 em) ug, w € (0,50);
N, gk(w,v(w)) w € (sp_1,wy], k=1,2,...,m;

/O.w e M@= [ (£ (s, u(s), D} ,o(s) + G(s))ds

Mk 2 o s c
+Wj—1)/o (11p — s)P2e~M2(n2 )I”(fz(s,u(s), Dg’wv(s)+G(s))ds

T
- Mk2/0 e~ M2 (T=s) i (fz(s,u(s),CDg/wv(s) + G(s))ds

w,
+ Ny, / C e wi—s) (fa(s,u(s),“Df ,v(s) + G(s))ds
0 7
+ Ni, 8k (w, v(wy)) + G, w € (wi,s¢), k=0,1,...,m

For we (wg,s¢], k=0,1,...,m, weget
’U(w) B /Ozu M2 (w=s) " f5 (s, H(S),CDg,wU(S))ds _ % /0712 (1r — S)pze_/\zwz_s)lyfz(S,M(S),CDg’wU(s))ds

T Wi
+My, /0 e TS0y (s,u(s),“D)) ,v(s))ds — Ny, /0 e 2O I £ (5, u(s), “ DY, 0(s))ds — Ni, g (wg, v(wy,))

‘/ (w=s) 1 G (s ds‘ + ‘7/172(772—s)PZe*MW*S)I%G(s)ds‘
I(p2+1)
+’Mk2/ e Z(T’S)IVG(s)ds’jL‘Nkz/ Ce R G (s)ds| + |Gy
0 0
w M 2
S/O e_M(w_S)IM)U(S)dS_'—W:Z-l)/() (772—S)PZe_AZ(”Z_S)I”q)v(s)ds
T w,
+Mk2/ e‘AZ(T_S)I”gov(s)ds—i-Nkz/ ke_/\2(wk_5)1”(/)v(s)ds+lp.
0 0

Proceeding the above, we derive that

’v(w) - Nkzgk(w,v(w))‘ <|Gk| <v, we (sk,wi], k=1,2,...,m,
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and

Ax

‘v(w) B /Ow e 201 fy (5, u(s), D ,v(s))ds — Tt 1)

" = sy 1 s, (), D ()

T
+A22 /O eiAZ(T*S)I}‘fZ (s, u(s), CDg’wU(S))dS - (A22 (’YZPZE(l,pH-l) (zzw) - EAzT) + EAZT) 00‘

w U
< |/0 E*M(W*S)F‘G(s)ds‘ + |1"(pAZ2)/O 2<172 _S)Pze*AZ(”Z*S)I”G(s)dﬂ

2+ 1
T
+]A22/ e M2(T=5) [1G (5) ds|
0

"w A 2
< [ e M- _ A / _ g\P2e— M=)
_/O e I (pv(s)ds+r(p2+1> A (2 —s)P2e My (s)ds

T
+Ax /0 e T35 [k, (s)ds, w € (0,s0].

4 Main results via fixed point methods

In order to apply a fixed point theorem of the alternative, for contractions on a generalized complete
metric space to achieve our main result, we want to collect the following realities.

Definition 4.1. For a non empty set V, a functiond : V x V — [0, o0] is called a generalized metric on V
if and only if d satisfies

o d(vy,v2) = 0if and only if v] = vy;
o d(vl,vz) = d(vz,vl) forall vy, vy € V;
o d(vy,v3) < d(vy,v2) +d(vy,v3) forall vy, vy, v3 € V.

Lemma 4.2. (see [10] (Generalized Diaz—Margolis’s fixed point theorem)), Let (V,d) be a generalized
complete metric space. Assume that T : V. — V s a strictly contractive operator with the Lipschitz constant
L < 1. If there exists a k > 0 such that d(T" v, T*v) < oo for some v in V, then the followings statements are
true:

(B1) The sequence {T"v} converges to a fixed point v* of T;

(Bp) The unique fixed point of T is v* € V* = {u € V such that d(T"v, u) < oo};

(B3) u € V*, thend(u,v*) < ﬁd(Tu,u).

We introduced some assumptions as follows:

(B1) The sequence {T"v} converges to a fixed point v* of T;

(By) The unique fixed point of T is v* € V* = {u € V such that d(T"v, u) < oo};

11



1
(B3) u € V*, thend(u,v*) < ﬁd(Tu,u).
We introduced some assumptions as follows:
(H1) f € C(J xR R).

(Hp) e There exists positive constants L fin and L Fuy? such that
|f1(w,u,m) — fi(w,0,n)| < Ly, lu—vl+Ls [m—n|, foreach we ] andallu,0,mn€R.

o There exists positive constants Lfvl and Lfvz’ such that
|f2(w,u,m) — fo(w,v,n)| < Ly, lu—o|+ Lfv2|m —n|, foreach w€ ] andall u,0,m,n € R.

(H3) o g€ C((sk 1L, W] X R, ]R) and there are positive constant Ley,, k =1,2,...,m such that
|8k (w,v) — gx(w, )| < L, lu—wvl|, foreachw € (sy_1,wy], andall u,v € R.

) -
e g € C((sk ,wie] X R, ]R) and there are positive constant Ley,, k =1,2,...,m such that
|k (w,v) = gx(w, )| < Lg,lu— 0|, foreachw € (sy_1,wy], andall u,v € R.

(Hy) o Let ¢, € C(J,Ry) beanondecreasing function, there exists c, > 0 such that

/Ow I"(¢(s))ds < Cypu(w) foreach w € J.

o Let 9, € C(J,Ry)  bea nondecreasing function, there exists c, > 0 such that

/Ow I"(¢(s))ds < Cp@o(w) foreach w e ].

Theorem 4.3. Suppose that (Hy) — (Hy) are satisfied and also a function u,v € PC(],R) satisfies (3.1). Then
there exists unique solutions ug, vo of equation (1.1) such that

w A m
/0 e_)‘l(w_s)l”fl (s,00(s), “Dg 1o (s) )ds + Wf—l) /0 (m — s)fe_/h(m_s)[”fl(s,vo(s),cDg,wuo(s))ds

— T —/\1(T—5) v cTyVv
Aqq A e IV f1(s,v9(s), Dolwuo(s))ds

+ <A11 (iylplE(llle)(aw) — e)‘lT) + e/\lT) ug, w e (0,s0];

up(w) = ge(w,up(w)) we (s, wy), k=1,2,...,m

w M m
[ eI (s, o0(6), Do (s))ds + g [T = eI fr (5, 00(5), D e (5)ds

I'(p1+1) Jo
-M T —/\1(T—s)11/ cpy d N Wk M (wk—s)lv cpv d
kfy € fi(s,v0(s), Do tio(s))ds + Ny, | e f1(s,00(s), “Dogtho(s))ds

+ Ni, 8wy, uo(wy)), w € (wy,s¢), k=0,1,...,m

“.1)
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similarly

w—w—sv c A 12 —Ao(12—s) v
Jo ¢l ) Do) g By 2 =Rl ), P )

T
—Azz/o e”\Z(T’S)I”fz(s,uo(s),CDglwvo(s))ds

+ (Azz (’72’025(1,;72+1)(‘1W) - e/\zT) + eA2T> vo, w € (0,50];

w M '
/0 e M@y (s,ug(s), “ Dy, 00 (5) )ds + Wzl)/o (72 = $)he 2T fy(s,ug (s), “Dfy 0o (5) )ds

T "W
,Mkz/ —/\z(T s Isz(s uo( ) Dg,WUO(S))dS+Nk2/() ke_AZ(wk—s)IVfZ(S,MO(S)/CDg,wUO(S))dS

+ N, 8k (wy, vo(wy)), w € (wy, s, k=0,1,...,m,

vo(w) = {gk(w,vo(w)) we (sp_,w], k=1,2,...,m

4.2)
and

| (1, 0)(w) — (ug, vo) (w)|

1 _ e Aw M, ;7P+1 1—e M 1—e M
< N
< () et () ()

1 — e~ Aw CuLf”l CvaUl C(p (qou (ZU) + (PU(ZU)) -+ Lgk(cu + Cv)w
+Nk< T >><1_qu2+1_Lfv2)}< T ).(4.3)

forall we] if 0<v<l1

and
E = max{k, L2} < 1, (4.4)
where
_ —Aw p+1 —e M —e M
() e ) ()
Tp+Dp+1\ A A
7/\wk C L C L
+ N —¢ T + e suchthat k=1,2,...,my,
17qu 17Lf77
2 2
E 1—e"‘w w” M Pt (1 —en M /i
2 = 1“(1/+1)>+F(p+1)p+1( A )(TWH))

— AT TV 1 — e~ AWk w% CuLf”l CULfUl
*Mk< A ><r<v+1>>+Nk< A >(r<v+1>>>(1Lfl,ﬁlLfvz)'

such that k = 0,1,...,m}.
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Proof. Consider the space of piecewise continuous functions

V= {u,v : ] = Rsuch thatu,v € PC(]',]R)},
endowed with the generalized metric on V, defined by

d((u,v) — (1,0)) = inf {Cu + Cp € [0,400] suchthat |(u,0)(w)— (i1,7)(w)]
< Co(@u(w) + @o(w)) + Lo (Cu + Co)yp forall w € ]}, (4.5)

where
Cu € {Ce0,00] : |(u,0)(w)— (i1,0)(w)| < Cy(@u(w) + @o(w)) Vw € (wy,s¢), k=0,1,...,m}
and

Coe {Ce[0,00] : [(u,0)(w)— (7,7)(w)| < (Cu+Co)p Vwe (sp_p,wi], k=1,2,...,m}.

It is easy to verify that (V, d) is a complete generalized metric space [18].
Define an operator A : V — V by

[ i s, 0(6), D () + o ) O = eI fy (5, 0(6), D ()

F(p1 +1) Jo
T
—Au [ e T fi(5,0(5), ‘D u(s))ds

+ (All (P E(1,py41) (aw) — M7 + e)”T) zo, w € (0,s0;

(Au)(w) = Se(w,u(w)) we (sp_p,wy], k=12,...,m;

/Ow e MOV f (5, 0(s), “Df 1 (s) s + % /0171 (11— 5)Pe M1V £ (s,0(s), “ DY u(5) )ds

T w
— Mkl/o eiAl(T*S)IVfl(s,v(s),cDawu(s))ds—|—Nkl/0 keiAl(fk*S)I”fl(s,v(s),CDS,ZUu(s))ds

+ Ni, 8k (wy, u(wy)), w € (wg,se], k=0,1,...,m,
(4.6)

for all z belongs to V and w € ]. Obviously, according to (H;), A is well defined operator.
Next we shall verify that A is strictly contractive on V. Note that according to definition of (V,d),
forany u,v € V, itis possible to find C;, C; € [0, 0] such that

Cugu(w), w € (wg,s], k=0,...,

m
Cup, we (sp_p,wy], k=1,...,m.

4

lu(w) —a(w)| < {
4.7)

~

Copu(w), w € (wy,s¢), k=0,...,

m
Cop, we (syq,wi), k=1,...,m.

|o(w) —o(w)| < {

14



From the definition of A in Eq. (4.6), (Hz), (H3) and (4.7), we obtain that
Case 1: For w € [0, sg],

An
F(p1 + 1) Jo

T
,All/o e—)tl(T—s)[Vu(s)ds + (All (171P1E(1/p1+1)(aw) _ eAlT) +6/\1T) g

Aq
I'(p1+1)

[(Aw)(w) — (Ad)(w)] = | /Owe—M<w—S>1Vu(s)ds+ (i = 5)Pre M0 =9) [V, (5)ds

w n
—/O e M=) [V (s)ds — /0 (g1 — s)Pre=MUn=9) [z (s)ds

T
+A11/0 e MT=3) Vi (s)ds — <A11 (P E(1,p, 41)(aw) — e)\lT) + 6A1T> MO‘

< ‘/Ow e M=) [V (s)ds — /Ow e_)‘l(z"_s)lvﬁ(s)ds‘

L n _ p —A (7] 75) v . L m . p Y (77 75) v
+’T(P1+1)/0 (m = s)Pte T u(s)ds F(p1+1)/o (m = s)1e™ M=) [V a(s)ds|

T T
—i—’An/ e*)‘l(T*S)IVﬂ(s)ds — A11/ e*)‘l(T*S)Il’u(s)ds'
0 0

[(Au)(w) = (AT)(w)| < QAwe*ANW*@PWu@>—-a@ﬂds+fn1[f?*AﬂT*”Pwﬁ@>—-u@ﬂds
A n —M(mp1—s) v -
+Wil)/0 (1 — s)Pre= M=) V| (s) — a(s)|ds, (4.8)
where, We use the following notions for convince
u(w) = fi(w,o(w), Poyuw)) = fi(w,v(w), u(w))
1(w) = fi(w,o(w), Py, (W) = fi(w,v(w), i(w))

u(w) — (@) = [fi(w0w),u(w)) - fi(w,5(w),1(w))
Ly, [o(w) — o(w)

IN

i

_|_

]
=
N

=
—~ <
&

I

=i
£

which further gives

L
uw) = aw)| = 7= folw) = o(w)| ®9)
similarly
L
v(e0) = 0(w)] = 7 fuw) ~ alw)
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Put (4.9) in (4.8), we obtain

[(Au)(w) — (Adt) (w)]

_l’_
T(p1+ 11— Ly,
Cols, o
i —Aq(w—s) v
1qu2/0 e I @y (s)|ds +
N CoAnlLy,
I(pr+1)1—-Lg,
CUqu] (/w e/\l(ws)ds> (/w Il/|
1—=Lg \Jo 0
CoAn1Ly,
1- Ly,
CUAllqul
I(pr+1)1—Lg,

IN

IN

IN

U
/%m—@mfA
0

CUAH Lf“l

[ n = syped
0

([
("o =smeon=oas ) ([ Plgu(s)is )

CUAHqu

AnlL Aulg,
— Ly,

up

e MT=9) 1V |5(s) — 5(s)|ds
[ M os) — a(s)la

10n=3) V|0 (s) — o(s)|ds

[T gufs)las
0

1-Ly

u2

Ty (s) |ds

gl

Elgo(s) s

1 —_ e—/\lT

CULf”l (1 _ MW

1- Lf“Z )\1 )Cq)q}v(W) * 1

1— e_/\l”/l

g
_quz

)qu%(w)

M

. CoAniLy, (mP+) (
T(pr+1)(A=Lg )(p1+1)
1—eMT

IN

M

)quq’v(w)

Aqp (P11 e~

1_87/\11()
_ A
<< p >+ “( n

Cva”l C(pq)y(w)
X —
1-—- quz

1—eMT

)+

(=)

T(p1+1)(p1+1 A

An(mPth 1—ehm

) +A11(

M

On the similar way, we can obtain

e—)\zw 1 _ e—/\zT

)*n

)

(4.10)

p1+1)(p1+1) A

Ap (12211 1—ehom

[(Av)(w) = (AD)(w)| <

W >+A22<

CuLfv2 C(quu(w)
1Ly,

A2

(-

16

)+

(

I( Aa

p2+1)(p2+1)

)

(4.11)



Therefore from (4.10) and (4.11), we get the result given as

[A(u,0) — Aa, )I
() ()
M i+ pi+1\ A 1=Ly,
{ ( /\zw) 4 A (1 _ eA2T> N A U2p2+1 (1 _ e/\zqz) }
M F(p2+1) P2+1 Ao

02

Suppose that max{A1,A;} = A, max{py, po} = p, max{A11, A} = A and max{ny,m} =17

|A(u,0) — A(@,3)] < <<1_§:Aw)+A<1_§_AT>+r(p111)2ir1(1_§_w>>

L + i CuCoppu(w) + CoCypo(w)
1-L; ' 1-Lg )P ooy

Case 2: For w € (s;_1, wy], we have
| (Au)(w) — (Ad)(w)] = [gx(w, u(w)) — gx(w, )| < Loy, [u(w) — a(w)| < Lk, Cup-
On the similar way, we can obtain
[(Av)(w) — (AD)(w)] = [gk(w, v(w)) — gk(w, D)| < Ly, [v(w) — 3(w)| < Lok, Co-
Therefore from (4.12) and (4.13), we get the result given as
[A(u,v) — A(a,0)] < Lok, Cuth + Leg, Cotp
Case 3: For w € (wy, s¢], and s € (wy, sg],

| (Au)(w) — (Ad)(w)]
/Ow e M=) [V (5)ds +

Mkl n p1,—M(1—s) v
m/o (71 —s)Pre M=) 1Vy(s)ds

w,

T
_Mk1/0 e—/\l(T—s)[Vu(s)ds+Nk1/() ke_)\l(wk—s)lvu(s)ds

+Ni, 8k (W, u(wy)) — Ni, gk (wr, #(wy)) — /Owe_mw_s)lvf(sfv(s))ds
M,

"M
__ _ g\P1p—M(m—s) vz
T+ 1) ./0 (m —s)Pe IV (s)ds
w,

T
+ M, /O e_)‘l(T_S)IVﬁ(s)ds — N, /0 k 6_/\1(wk_s)1'/ﬂ(s)ds

17

(4.12)

(4.13)



IN

IN

< ‘/Ow e M@= vy (s)ds — /Ow e*Al(w*S)I"ﬂ(s)ds’

+

+

IN

I

M, n P1p—M(m—s) v My, ’71 P1p—M(m—s) vy
m/o (m —s)Pte Iu(s)ds m/o (11 —s)Pte IVi(s)ds

T T
M, / e MT=9)1Vi3(s)ds — My, / e‘Al(T_S)I”u(s)ds’
0 0
w, w,
Ni, / k e*/\l(Wk*S)IVu(S)dS — Nj, / k oM (wkfs)lvﬂ(s)ds’
0 0

Ny, gk (wy, u(wy)) — Ni, 8k (wy, #(w k))’

e M@=V |y(s) — a(s)|ds
]\/Ik1

Uit
(pl +1) / (;71 75)7’16—/\1('71—5)11/‘”(5) B L‘t(s)’ds+ Lgk1Cu¢

T
+Mj, /0 e MIT) i (s) — u(s)|ds + Ny, / e M) [V | (s) — a(s)|ds

IN

L w
o [T fo(w) — o(w) ds

1Ly,

+
T+ (1 - Ly,
Mkl Lf“l

My, Ly,

n
) /0 "1 — 5)Pre M5 [V o (w) — 5(w)[ds + Ly, Cutp

Nkl Lf“l

T / eI o) — o) lds + [ e o) — o(w)ds
i SO fug /0

C'y qul

w
A (w—s 11/ d
L¢MAE 9a(s)lds

Cv Mkl qul

+
I(p1+1)(1—Ly,
CoMy, Ly,

n p1p—M(m—s) v
5, Om =8O g (5) s + L, Cup

Cz; Nkl qul

1 7)\1 (T—s) v 7)\1(wk s) v
+1%ZA lgu(s)lds + 5= [T e O o)

Cva1 w w
u —M(w—s) g >( 1|0y (s)|d )
-1y, (/0 e s /0 |@o(s)|ds

CoM;., L U
it )</ 1(’71—5)’71 10m=) >( I|po(s |ds> + Lk, Cutp
0

+
M+~ Ly,

C-UMk] Lf] T A CyNi Lf wy Wy
u —A1(T-s) v oM Ty —Aq (wg—s) v
i, (e ) (f peos) e 5 ([T m) ([ e
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that is

| (Au) (w) — (A) (w)]

CUqu 1 —e Mw CoM, Lg, 171]91-&-1 1_e—Mm
1 1

1—qu2< M )C“"(P”(wH T(pr+1)(1—Ly,) p1—|—1< o )qufpv(w)

CUMkl Lf”l 1-— e_/\lT CUNkl Lf“l 1 _ e—Alzuk
+ 1-Lg, ( M >C<p§9v(w) + -1, ( " )Cq,gov(w) + Lk, Cutp

_ =MW 141 A
e (G o e O

1-— EiAlT 1— eiAlwk C‘Uqu
M, < A ) Nk, ( AM >> 1— Lfl Copo(w) + Lok, Cup

u2

_ 7)\1?,0 M P1+1 _ 7)\1771 _ 7/\1T
(1 e > n It (1 e ) M, <1 e )
/\1 F(Pl + 1) P1 +1 )\1 1 )\1

N 1 — e MWk Cvaul Co@o(0) + Log, Cuth (4.14)
1 Al 1— quz [ &% gky~u .

IN

| (Au)(w) — (A)(w)]

On the similar way, we can obtain

_ 1— e Mv My Pt (1 — e~ 1 —eMT
— < 2
|(A0) (w) — (AD)(w)| < (( = )+WZ+1) p2+1( ' >+Mk2(/\2 )

4N, 1 — e~ Mowk Cvavl Cop (w) + Lo, Cot (4.15)
2 A 1-— Lf pru gk =0

2

Therefore from (4.14) and (4.15), we get the result given as

1—e M My, Pl 1 —e M 1—eMT

A — A7) < 1 i-e
[l o)~ Mg o) < (( M >+F(P1+1) P1+1< M )+Mk]< M )

]. - 67/\1{”]‘ Cvau
o (52) ) 2 et )

1_ 7/\2%(} M p2+1 1_ *)\2772 1_ 7/\2T

A ) i () ()
As F(pz + 1) p2+1 Ao As

1— e\ CoLy,
+Nj, ( pP ) -1, (C(P(pu(w) + Lgk2Cv1p>

1'2

Suppose that max{A;,A2} = A, max{p1, p2} = p, max{Mg,, Mg,} = Mg, max{Ng,,Nx,} = Nk
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max{Lek,, Lok, } = Lok and max{ny, 72} =1

1—e M M, gyt 1—e M 1—e M
— A(3,0)] <
|A(u,v) — A(i1,0)] < << 3 )+F(p+1)p+1( 1 )+Mk( 3 )
1 — e~k C”Lf“1 CULfvl
() ) (P e )

X <C(p((l’u(w) + @o(w)) + Lek(Cu + Cv)lp)-

Also, for w € (wy, sg), and s € (sg_q, wg],

M
/Ow e~ M (W*S)I'/u(s)ds + le-l) /0’71(;71 — S)Ple*/\l(ﬂﬁs)lvu(s)ds
0

T
_Mklfo e*)‘l(T*S)I’/u(s)ds—l—NkI/ ke*Al(wk*S)IVu(s)dS

[(Au)(w) = (Am)(w)| =

+Ni, 8k (W, u(wy)) — Ni, 8k (wy, (wy)) —/0 e MWV E(s,0(s))ds
My
[(p1+1)

T w,
+ My, /0 e_)‘l(T_s)IVﬂ(s)ds — Nj, /0 £ e—M(wk—s)Iva(s)dS

/'71 (1 — s)Pre=MUn=5) [V (s)ds
0
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\/ ~A(w=s) v, )ds—/ =) ' (5) |
& P =M (m—s) v _ L/’h _ \P1p=M(m—s) vy
(P1+1)/ (m —s)Pre” Iu(s)ds T+ 1) Jo (1 —s)Pte I'i(s)ds

T T
+ Mkl/o e‘Al(T_S)IVﬂ(S)ds—Mk]/O e—/\l(T—S)Ivu(S)ds‘

w, w,
+ Nkl/o ke*)‘l(wk*s)l"u(s)ds — Nkl/o ke*)‘l(wk*s)lvﬁ(s)ds’

+| Nk, 8k (wi, u(wy)) — Ny, gk (wr, i( k))‘

M- - M n Ayl — -
< /0 e M@ S)Iv‘u(s)—u(s)|d5+m/o (g1 — s)Pre=Mn S)IV‘M(S)—M(S)|dS+Lgk1CullJ
T (o
+Mk1/ 72\1(T s IV’u u(s)|ds+Nk1/0 f)q(wk s IV|u (s)’ds
Lg, w My, Ly, 7
< g [Tehe o) - ofw)lds + e +1k>1<1f . [ = sype I o) — ataw)ds
— Ly, 1 — Ly,
Mlefl /-T A Nk Lf
1 e T o(w) — o(w)|ds + ——— / e M@ o(w) — o(w)|ds + Lk, Cutp
1—qu2.0 1_qu2 0 gk
Cvlpol w CopMy, Ly, gl
[ M) v (1) ds 4 L / —5)Pre=MUn=s) V(1) ds
CUIPMlefl T N Cop Ny Lf Wy
TR T [T A (T #/ —M(wg—s) v
1L /0 e I"(1)ds + 1, L I"(1)ds + Lo, Cutp
1) up
that is

-l < {(7) () () ()

o () () (5 ()

CoLy,
— Lfl (C(p(pv(w) + Lgklculp) (4.16)

up

X

On the similar way, we can obtain

o) -l < {(5) (m55) i ) ()

1—e T T 1— e M2 wy
*M’Q( B ><r<v+1>)+Nk2< P ><r<v+1>>}
Gy,

T, (C(Pcpu(w) + LgszvllJ> (4.17)
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Therefore from (4.16) and (4.17), we get the result given as

1—eMw w? My Pt (1 — e "
_ 1.0 < ! .
|A(u,0) — A(1,9)] < {( A >(F(v+1))+F(P1+1) p1+1< M )(Fv+1)>

o () ) (5 )

vfu
SEACR)

A=) () s () ()
v+1 T(pp+1) p2+1 Ao T'(v+1)

(75
+Mk2(1 ﬂﬂ) (r VT:rl ) +Nkz<1 e;m) (r(ﬁn)}

CuLy,
- Lf1 (CW” @)+ Lgkzcvlp)

2

X

Suppose that max{Ay, A2} = A, max{py,p2} = p, max{Mg,, Mk,} = Mg, max{Ng,, Nk,} = Ng
max{ Lok, , Lok, } = Lok and max{ny, 72} =1

[A(u,0) =A@, 0)] < ((1 _i_w> (r(vw; 1)) + r(;jﬁn ZTl (1 _K_M> (F(vﬂjr 1))

() e ) (55 (k)

Cu Lf”l C'U LfU1
X <1 _ quz + 1— Lf > (Cﬁo((f)“(w) + (Pv(w>) + Lgk(cu + CU)IP)

2

From above, we have

(8(,0)) () = (A8, 0) )] < £ C(gul) + pu(e) + L (Cu+-Colp ), wE 0,7,
that is,
d(A(u,0), A(#,9)) <E(Cy(pu(w) + ¢o(w)) + Lot (Cu + Co)p).
Hence, we conclude that
d(A(u,0),A(1,0)) <td((u,v) — (1,7)),

for any (u,v), (i1,7) € V, since the condition (4.4) is strictly contractive property is shown.
Now we take (u9,v9) € V. From the piecewise continuous property of (i, vo) and A(ug,vp), it
follows that there exists a constant 0 < G; < oo, such that

|(A(uo,v0))(w) — (uo, vo)(w)|

< | eI s, (0, 0)(9)ds + r(;1 ) = )P (s (0, 0) () s
~An /OT e MT=1V £ (s, (1o, 00) (5))ds + (All (1"Eqpi) (aw) =) + eAT) - o )@l
< Gip(w) < Gi(Cp(gu(®) + 9o(w)) + Loe(Cu+ Co)p),  w € (0,50].
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There exists a constant 0 < G, < oo, such that

|(A(uo,00))(w) = (uo,v0)(w)| = [gk(w, (1o, v0)(w)) — (uo,vo) (w)]
< Gy <G (Cq)((Pu(w) + ?v(w)) + Lgk(cu + Cv)¢>/

where w € (sp_q,wi], k=1,2,...,m.
Also we can find a constant 0 < G3 < oo, such that

| (A(uo,v0))(w) — (uo, vo) (w)]
| /0 e MO £ (s, (ug,v0) () )ds + 1"(2&1) /077(’7 —5)Pe M1V £ (s, (0, v0) (5))ds

IN

—M /OT e MT=9)1 £ (s, (o, 00) (5))ds + Ny /OWk e MU f(s, (g, 09) (5))ds
+ N8k (wy, (1o, vo) (wx)) — (o, v0) (w)
< Gap(w) < G3(Cy(@u(w) + ¢o(w)) + Lep(Cu + Co)p), w € (wy,s¢), k=1,2,...,m.

7

Since f, (uy,vx) and (ug,vg) are bounded on J and (Cy(¢u(w) + ¢@o(w)) + Lek(Cu + Cy)¢p) > 0. Thus
(4.5) implies that d(A(ug, vo), (1, vo)) < 0.

By using Banach fixed point theorem, there exists a continuous function up,vp : | — R such that
A" (ug,v9) — (19, v0) in (V,d) asn — oo and A(ug, vg) = (1, vp), thatis, ug, vy satisfies equations (4.1),
and (4.2) for every w € J.

Now we show that {u,v € V such thatd((ug,vg), (ug,v9)) < oo} = V. For any u,v € V, since
u,v and 1y, v are bounded on | and mingej (Cy (@u(w) + @o(w)) + Lok (Cy + Co)p) > 0, there ex-
ists a constant 0 < C(,,) < oo such that [(ug,v0)(w) — (4,v)(w)| < Cpy0) (Co(@u(w) + @o(w)) +
Lok (Cu + Co) ), for any w € J. Hence, we have d((ug, vo), (u,0)) < oo forall u,v € V, thatis {(u,v) €
V such that d((up,v9), (4,v)) < oo} = V. Thus, we determine that u, v are the unique continuous func-
tions with the equations (4.1), and (4.2) respectively. From (3.2), (3.4) and (Hy), we can write

swormimn) < (5 e 5 () ()

T(p+1)p+1
1 — e~ AWk Cuqul Cvavl
+Nk<A>> (1 — Ly, 1 —Lfvz)‘
Summarizing we have
d(A u,v),(u,v
d((uo,vo),(u,zj)) < ( ( - _)If ))

_ ,—Aw p+1 _ =AY _ ,—AT
< (1 e >+ My 7 (1 e )+Mk<1 e )
) Tp+1)p+1\ A )
1— e*/\wk C”Lf"l CULfvl 1
+N"< A ))(1—L 11 ) (1—L>'
fur fop

This shows that (4.19) is true for w € J. O

Finally we give an example to illustrate our main result.
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Example 4.4.

1
1 u(w) +°Dg_u(w
“Dg (D +2)u(w) = )+ Pos ;( ) . we(0,1]U(23],
8+ e + w? +¢Dj u(w)

ulw) = u(uJ)

S T
11,

u(O):?, u(1)_2 04 (4r4 ) ds 0<y<1

(4.18)

Db (B4 2oy = T E PO

8+ ¥ + w? +CD5 v(w)

o) — o(w)
@ = aratp@ny 00
1 1
U(O):g' 2/41 ds  0<py<l1
and 1
Db (D -+ 2)u(e) - — D F Pt e U3
8 + € + w? + Dy, u(w)
u(w) — u{w) w
() <s+w2><1+|u<w>|>| <L we
“DZ (D +2)0(w) @)+ Pon@l | o e 011023,
8+ eW + w? + ”Déw v(w)
o(w) - v(w) ’ <1, we(1,2].

B+ w?)(1+ |o(w)])
Let] =03, u=v=4pp=p=p=%tm=m=n=Lland0=wy<sy=1<w =2<
1

1
\U(W)JrCD&w?(W)\ with

cp2
s1 = T =T = 3. Denote fi(w,u(w)) = Juw)+ D””"Z(w)l and fo(w,v(w)) = T
8+e?+w2+Dg u(w) 8+e?+w2+°Dg, v(w)
Ly, =L, == Lg, = Ly, = Forw € (0,1]U(2,3] and g(w, 1(w)) = stz 8w, 0(w)) =
% with Lg, = 1forw € (1,2}.PuttingLf = %,gou(w) = @o(w) =eandCy =C, =Cy =1,
we have fow [2e5ds <e%and Ly ~ 0.1012, L, = 0.9501, so L =~ 0.9501 < 1.
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By Theorem 4.3, there exists a unique solution (u,v) : [0,3] — R such that

wo _ n - — u (ZU)|
Mw—s) v |ug(w)| d An / _g\P1p—M(m S)IV‘Oi
/0 ¢ 8+ev+w” " T(pi+1) Jo (n =) 8+ eV + w?

T
—M(T— |uo(w)| 4 MT MT
- All /0 e 1 S)Ivmds + A1] (W]IE(l,p]+l) (QZU) —e'l ) + e Uug, w € [0, 1]

1o (w)
(8+w?) (1 + [uo(w)])

we (1,2, k=0,1,...,m,

up(w) =
w
Ma(w—s) v __|to(w)] My, /’71  \PLa—Mp—s) v |to(w)]
/0 ¢ I8+ew+w2d5+r(r71+1) 0 (m —s)"e 18+ew+w2d5
T
A (T— |ug(w)] YK g (wp— |ug(w)]
—Mkl/o e Ml 5)1”78+610+w2ds+Nk]/0 e~ MWk 5)1”78+610+w2ds
up(w)
+ N , w e (23],
hETe At @ © €Y
w 172
—Ag(w—s) Tu |Z)0(ZU)| A / _ \P2,—A2(—s) T |00(w)|
/0 ‘ e+ @ T Ty 1) Jo 2797 ST
T
— A (T— [vo(w)| AT AT
—1422\/0 e 2 S)IymdS‘f' A22(7’]§2E(1,p2+1)(ﬂ7U) — 2 )+€ 2 Vo, W E [0,1]
vo(w)
we (1,2, k=0,1,...,m,
34+ w?)(1+ |vg(w
vo(w) — 4 B+ @A+ [oo(@)])

/w o2 (w—s) |[vo(w)| ds + My, /7]2 (1, — S)pzef/\z(;yzfs)ly |[vo(w)] ds
0 0

8+ W + w? I(p2+1) 8 + W + w?
T (T [vo(w)] R |vo(w)|
M Ao (T=s) pu 19N / Aa(wi—s) pu __190\@)1 4
kz/o ¢ 8+ev w2 Tk 0o ° §+ev +wd
+ N, vo(w) we (2,3],

B+ w?)(1+ [oo(w)])’

’(“/ v)(w) — (uo, Uo)(w)|

_ = Aw p+1 _ Ay _ ,—AT
< 1—e " My 7 1—e 4 M, 1—e
A I'(p+1)p+1 A A

AN 1—e M CuLg,, n Coly, Co (@u(w) + @o(w)) + Ler(Cu + Co )¢
A 1-1Ly,  1-Lj, 1-L '
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putting maximumof w=w,=T=y=71

| (u,v) (w) = (1o, v0) (w)|

1— e—?\T Mk 17p+1 1— e—?LT 1— e—/\T
< - -
< () et () e ()

N 1—e M CuLg,, n Coly, Co (@u(w) + @o(w)) + Lk (Cu + Co)yp
S 1—Ly, ~1-Lg 1-L '

now putting the values, we get

|(u,v)(w) — (ug, vo)(w)| < 0.8840<12_€Z;.49'5%1)/
| (1, 0) (w) — (ug, v0) (w)| < 0.8840(%),

|(u,0)(w) — (ug,v0)(w)| < 354308(e” +1),  forall w e [0,3].

Thus the problem (4.18) is Ulam-Hyers—Rassias stability.

5 Conclusion

In this article, we considered switched coupled system of nonlinear implicit impulsive Langevin equa-
tions with mixed derivatives and Some sufficient conditions are constructed to observe the existence,
uniqueness and generalized Ulam-Hyers—Rassias stability. After introduction we built a uniform struc-
ture to originate a formula of solutions for our proposed model. We implemented the new concept of
generalized Ulam-Hyers—Rassias stability to our proposed model, finally we solved a particular exam-
ple for our proposed model.
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