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Abstract: A coupling framework for modeling the non-constant-velocity approach of
two fluid particles and the curved film drainage was developed, and an improved
model was presented to predict the variable-velocity approach. Using this framework,
the effect of the constant-velocity and variable-velocity approach on liquid film
drainage was investigated. Two film drainage models based on immobile interface
and fully mobile interface were adopted. The simulation results showed that the film
thinning rate of the former is much less than that of the latter. In the case of
constant-velocity approach, the immobile interface model showed a relatively flat
curved film, while in the case of variable-velocity approach, three types of film,
wimple, pimple and dimple, can be found. The different combinations of the drainage
models and the approach velocity boundary conditions were compared with the
experiments. The fully mobile interface model with variable-velocity approach can
reasonably predict the coalescence and rebound of bubbles.
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1. INTRODUCTION

The coalescence phenomenon of fluid particles (bubbles or droplets) is often
encountered in industrial equipment such as bubble column, stirred tank,
distillation column etc. The coalescence usually plays an important role in
determining mass transfer and heat transfer of multiphase system. Whether
coalescence is beneficial to actual operation depends on the scene it is applied to. In
the process of chemical reaction, larger contact area between phases is expected,
while in foaming separation process, larger bubble volume is expected'.Therefore, the
detailed study on the coalescence process will be valuable to help people to adjust and
control the fluid particle size or interphase contact area in multiphase flow.

Some investigations'® used computational fluid dynamics (CFD) simulation
(volume of fluid method, level-set method) to analyze the deformation, rupture and
coalescence of fluid particles. Although the CFD simulation can describe the
dynamics of droplets or bubbles, once the two fluid particles are in close contact, the
simulation results are easy to show the non-physical characteristics, such as the
numerical pseudo-coalescence of two bubbles’. The accuracy of numerical simulation
is limited by the size of mesh, however, and the coalescence process between bubbles
spans at least five orders of magnitude with respect to the liquid film thickness, which
means that a very fine mesh setting is required to accurately describe the coalescence
process. Although the current computing technology has been rapidly developed, it
still consumes huge computing costs in the face of complex multiphase systems.
Therefore, another more economical and effective phenomenological modeling
method is still widely used. Based on different reasonable assumptions, researchers
have built a large number of coalescence rate (or frequency) models®?°. Liao and
Lucas?! reviewed the early coalescence rate models in detail. Some interesting work
on the application of coalescence rate models to different reactor simulations can also
be found!6-17-22-26

In order to provide the coalescence time or critical coalescence velocity required

in the coalescence rate model, a detailed study on the liquid film drainage process is



required. Some insightful reviews” ?’on the construction of film drainage model can
be found. Virtually, the coalescence process of fluid particles is very complicated, and
some reasonable assumptions are necessary. The coalescence process of two fluid
particles driven by external force can be simply divided into three processes: fluid
particles approach each other to form a liquid film, film is thinning and film ruptures.
Since the time of liquid film rupture is very short compared with the time of approach
process or liquid film drainage process, most studies focused on the first two
processes. In terms of the research of approach process, based on the assumption of a
planar film, Svendsen and Luo®® performed a force balance analysis on two
equal-sized or unequal-sized bubbles colliding along the direction of the center of
mass. The equation of two bubbles approaching each other and the equation of motion
of the mass center of two-bubble system were obtained. Hagesaether et al.?® used the
same method, but takes more account of ellipsoid fluid particles and lubrication forces
in the model. Klaseboer et al** analyzed the process of buoyancy driven bubble
impacting horizontal solid interface, and considered the deformation of interface
during bubble collision, and established a force balance model. Their model can
predict the rebound process of bubble hitting solid interface.

On the other hand, according to whether the interface is deformable, the film
drainage model can be divided into a planar film model’*and a curved film
model**37. The assumption of the planar film model is that, in the process of liquid
film thinning, the liquid film interface (or film surface) is always a pair of parallel
plane. Although this type of model is simple and easy to calculate, it may only be
suitable for fluid particles of smaller size (d<1mm). The assumption that the thickness
of liquid film is uniform in radial direction implies that there is no pressure gradient in
the radial direction. However, some experiments®**#’ have observed that there is a
dimple on the interface of liquid film during the drainage process, which means that
there must be an uneven distribution of pressure in the liquid film. Therefore, the
planar film model may be too simplified to describe the physical process of real film
drainage. Different from the planar film model, the curved film model takes into

account the characteristics of the interface during the drainage and thinning process.
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According to the mobility of the interface, it can be divided into a fully mobile
interface model, a partially mobile interface model and an immobile interface model.

Most models were based on the assumption that lubrication approximation and
axisymmetric flow. The film drainage rate is controlled by the flow inside the fluid
particle and the flow of continuous phase in the liquid film. Davis ef al.*' used the
boundary integral method to study the flow in the droplet, and obtained the tangential
velocity of the liquid film interface contributed by the droplet flow. When the
tangential velocity of liquid film interface is 0, it is an immobile interface model,
whereas on the contrary, it is a mobile model. The model of Davis et al*' has a
significant disadvantage, that is, there are natural singularities in the boundary integral
equation, which brings great difficulty to the calculation of the model. Nevertheless,
their model has been applied by many researchers’®*74243  Klaseboer et al.’’
investigated the immobile model and the mobile model under constant velocity
boundary conditions. Compared with the coalescence experiment of high viscosity
droplets, they found that the former had better prediction ability, while the latter
predicted a smaller order of magnitude of liquid film thickness. Bazhlekov et al.’®
introduced the viscosity ratio of two phases into the dimensionless equation of liquid
film drainage, and connected the immobile model and partial mobile model by
changing the viscosity ratio. However, their models still used the boundary condition
of constant velocity or constant force. Abid and Chesters*’ investigated the film
drainage and liquid film rupture between two droplets under the condition of constant
approach velocity. They found that the drainage rate of liquid film under constant
velocity boundary condition is significantly higher than that under constant force
boundary condition. Recently, Ozan and Jakobsen*® followed the work of Bazhlekov
et al’® and Klaseboer et al.’’ to study the effect of approach velocity on the
coalescence time of fluid particles, and found that, with the increase of the approach
velocity, the coalescence time showed a non-monotonic trend of decreasing to a
minimum value and then increasing. Although this conclusion was obtained at
different constant approach velocity, it was enough to show that the boundary

conditions have an important influence on the film drainage.
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Most of film drainage models based on the lubrication approximation omitted the
inertia term and time derivative term in the momentum equation for the liquid film
flow, so the simplification is large. There is another less simplified model to be found.
Chesters and Hofman?* suggested that under low viscosity systems (such as water-air),
the liquid film interface is fully mobile, and film drainage is determined by the flow
of the continuous phase inside the liquid film. Starting from the continuity equation
and momentum equation describing the liquid film flow, they constructed a more
complete model of liquid film drainage and thinning. However, they used a boundary
condition of constant approach velocity that is inconsistent with reality. In addition,
because the model is less simplified, there are more nonlinear terms in the film
drainage equation, which makes it difficult to be solved, so the model has not been
widely promoted.

The drainage of liquid film in the process of fluid particle collision is determined
by the boundary conditions provided by the flow field environment. However, to the
best of our knowledge, in most of the deformable interface drainage models, either
constant velocity boundary conditions or constant force boundary conditions are used.
In practical cases, the flow field where the fluid particles are located usually has high
disturbance. Correspondingly, the constant velocity or constant force boundary
conditions may no longer be applicable. Therefore, it is necessary to study the
influence of non-constant velocity boundary conditions on the liquid film drainage.

This paper will focus on the investigation of the influence of variable approach
velocity boundary conditions on the liquid film drainage process. Our drainage
models follow those of Chesters and Hofman** and Klaseboer et al.’’, for the fully
mobile and immobile interfaces, respectively, with a constant or non-constant velocity
boundary conditions. An improved version of Svendsen and Luo model®® of approach
of fluid particles is proposed to predict a time-dependent boundary condition.
Considering the difficulty of solving the full mobile interface model (using uniform
mesh is easy to cause the numerical oscillation and divergence in the late stage of
drainage process), we use an effective adaptive moving mesh algorithm. The different

combinations of the two drainage models and different boundary conditions are
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compared with the head-on collision experiment of two bubbles. The characteristics
of the two models under two different boundary conditions are explored. Finally, the
simulation results are compared with the single event of two bubbles head-on

collision recorded in the experiment.

Fig. 1 Sketch of the approach and liquid film drainage processes of two fluid particles

2. MATHEMATICAL MODELS

As shown in Fig.1, two bubbles or droplets approach each other along the
direction of the line between the center of mass, forming a liquid film between the
two fluid particles. Liquid in the film is continuously squeezed out, and the film is
thinning. The r-direction continuous flow in a liquid film in cylindrical coordinates
can be described by mass conservation (Eq.(1)) and momentum conservation (Eq.(2)).
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Where u, v, and w are the fluid flow velocities in the 7, z, and @ directions in the liquid

film, and u. and p. are the continuous phase viscosity and density, respectively.



In order to obtain the film thickness thinning equation, some necessary
assumptions often appear in the modeling of fluid particles coalescence, as follows:

(1) Isothermal, incompatible, pure Newtonian flow system (viscosity, density and
surface tension are constant).

(2) The flow in the liquid film is approximately axisymmetric, and only the flow
in the r direction is considered (the flow in the z and # directions is not considered).

(3) Except for the liquid film region during the drainage, the fluid particles are
considered to remain spherical (r<<h<<R).

(4) The pressure P inside the liquid film is independent of the axial direction

ie.—~=0).
(i.e . )

2.1 Fully mobile interface model

Chesters and Hofman?* assumed that the pressure P and velocity u were evenly
distributed in the z direction in the liquid film for the fully mobile film interface. In
the cylindrical coordinate system, the relationship between the film thickness /# and

time ¢ is obtained by the mass conservation in the liquid film as follows
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Where, u is the drainage velocity at the radial position » of the film, which can be

obtained by combining Eq.(2) with the above assumptions of (2) and (4) and fully

mobile interface condition. That is,
2
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The first to third terms on the right hand side of Eq.(4) denotes inertial term, pressure
gradient term and viscosity term, respectively. According to the mass conservation in
the process of liquid film drainage, the viscosity term can be converted as follows3:
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In addition, P in Eq.(4) is the average axial pressure in the liquid film, which can



be expressed as follows:

Where, o is the surface tension and R is the equivalent radius, R=2R1R>/(R1+R2). The
use of equivalent radius can extend the model to the collision between fluid particles
of non-equal size or between fluid particles and infinite interface. The intermolecular
force of Van der Waals [1=A4x/67h® is considered in Eq.(6), where Ay is the Hanmark
constant (~102%]), it can be seen that when the thickness of the liquid film is reduced
to ~100nm, the microscopic force cannot be ignored (which will be discussed in

Section 4).
2.2 Immobile interface model

Following the work of Klaseboer et al.’’, another model of liquid film drainage

is given here. On the basis of hypothesis (3), it is considered that the deformation

region of liquid film interface has a small slope ( 0h/0r << 1), so the Reynolds

lubrication approximation can be applied to the momentum equation. From the

lubrication approximation, the inertia and time derivation terms in the momentum

equation (Eq.(2)) can be ignored (ug—u ~0 ’aa_u ~ 0 ). Combining the assumption (4)
r ¢

mentioned above, Eq.(2) can be simplified to the following form.
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For the immobile interface, u=0 at z = +h /2. Integrating Eq.(7) twice along the
z direction, an expression of the drainage velocity inside the liquid film in the case of

immobile interface can be obtained:
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Eq.(8) is generally understood as a parabolic velocity profile driven by a pressure
gradient inside the liquid film.

Substituting Eq.(8) into Eq.(1), and then integrating Eq.(1) along the z direction,



the film drainage equation of immobile interface can be obtained:
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The pressure P, here, is the same as Eq.(6).

2.3 Initial and boundary conditions

When two spherical fluid particles are just in contact, but no obvious
deformation occurs, the corresponding initial film thickness can be defined as:
By = hyy + (10)
R
Here /oo is the thickness at the center of liquid film at the initial moment.
The drainage velocity of liquid film at the initial time can be calculated as

follows:

r Urel ,0
2h,

U, =

(11)

Urelp 1s the relative approach velocity between two fluid particles at the initial
moment.
At the boundary far away from the liquid film region, there is the following

relation (r=rpound):
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If the time-dependent variation of approach velocity at the boundary is considered,

Eq.(12) becomes:

oh
5~ Uu® (14)

Here U(?) is a function of time, it can be obtained from the force balance during the
collision of fluid particles. The next section will introduce an approach model of fluid
particles to study the effect of variable-velocity boundary conditions on liquid film

drainage.



2.4 Approach model

Pressure gradient in the liquid film is the main force driving the liquid film to
drain. Under the action of other forces (such as buoyancy and drag force), the pressure
distribution in the liquid film will be affected, thus affecting the process of liquid film
drainage. However, the approach model proposed by Svendsen and Luo?® could not
reflect the change of pressure in the liquid film. Therefore, it is necessary to consider
the influence of pressure gradient on the interface of deformable liquid film in the
approach equation.

As shown in Fig.1, the force balance equation based on Newton's second law

along the line direction of the fluid particle's center of mass is as follows:
4 dU,
EER? (pd + CVMpc)Ttl = E + FC,i + FD,_fbrm,i + FDmg,i (15)

Here, U, is the average flow velocity of the center of mass of bubble i (i=1, 2) relative
to the surrounding continuous phase. The term on the left hand side of Eq.(15) is the
inertial force containing the contribution of virtual mass force, where p. and py are the
density of continuous phase and the density of fluid particles, respectively. Cyas is the
virtual mass coefficient, and its value of spherical bubbles of constant size** could be
taken as 0.5. The physical meaning and expression of the right hand side term of Eq.

(15) are as follows:

F= 3R (p.=p,)e  Buoyancyforce) (16
p.U;
‘F Dmg’i‘ =1R’C,, # (Drag force) (17)
T
|FC| = 27T.|.Plfd7" (Capillary force) (18)
0
. form ~ Fe (Lubrication force) (19)

Here, Eq.(19) arises from extreme cases where lubrication is considered only as a
contribution of excess pressure?”. Regarding the drag coefficient Cp; in Eq.(17), a

modified expression proposed by Gong et al.** is adopted in this paper.

10



Taking into account the force direction of each fluid particle, Eqs.(16)~(19) are
introduced into the force balance equation Eq.(15), and the motion equation of each

fluid particle can be obtained:

4 du f U;
SR (pa+Cop )= P = F, ~ 4z [Prdr - aR?C,, £ (20)
0
d 't U;
4?7[R23 (p, + CVMpC)%: F, +47rJ.Prdr—7rR22CD,2 pcz - (21)
0

By subtracting Eq.(20) from Eq.(21) and adding Egs.(20) and (21), respectively, the
velocity equation of the two fluid particles approaching each other and the equation of

the mass center migration of the two-fluid particle system are finally obtained:

dU. _3 (Fi-<'F) -3(1+&) I:Pm’r
dt 4 (p, +Cpp.)7R; (Pa+ Coas P ) R} (22)
3u.

- 16(pd + Gy P )R12 (CD,lUlRel - CD,2U252R62 )

W, 3_ ¢ _ (A+F)  mE(GUR+CUiRe)
dt 4(1+§3)(pd+CVMpc)”Rl3 16(1+§3)(pd+CVMp“)R12
U &u,

Uu=U,, +—2< u,=U, ——2 24
1 me (1+§3) 2 me (1+§3) ( )

Here, U, (=U1-U0) is the relative velocity in the direction of connection line of mass
centers of two fluid particles, Unc 1s the velocity of the mass center of the whole
two-fluid particle system, £ is the ratio of the radius of the two bubbles (=Ri/R>), and
Rei=pd:U; /u(i=1,2) is the Reynolds number for the fluid particles, d; is the diameter
of fluid particle .

The approach model (Egs.(22)~(24)) can be coupled with the liquid film
drainage model (i.e. fully mobile interface model or immobile interface model)
through Eq.(14), and the influence of the forces of each component on the liquid film

drainage can be analyzed.

3. NUMERICAL PROCEDURE
Different solution strategies are used for the liquid film drainage models of the
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two types of mobility interfaces described in Section 2. For the solution of the
immobile interface model (Eqs.(7)~(9)), all spatial derivatives use a discrete format of
second-order accuracy on a one-dimensional uniform mesh. Starting from Eq.(10),
given the initial value Ao of the film thickness, the pressure P is calculated from Eq.(6).
Now that the pressure P is known, the film thickness % at the next moment can be
obtained from Eq.(9) in combination with the boundary conditions Eq.(12) (or Eq.(14))
and Eq.(13). When considering the boundary conditions of constant velocity approach,
the fixed relative approach velocity Uconsiun: between the two fluid particles on the
right hand side of Eq.(12) is used. When considering the effect of non-constant
velocity approach on liquid film drainage, given an initial relative approach velocity
Urel(t=0), Eqs.(22)~(24) can provide a relative approach velocity U, that changes
with time for the drainage model through the boundary condition Eq.(14).

For the fully mobility interface model (Egs.(3)~(5)), the solution is more
complicated, because the model is less simplified. In the drainage velocity equation
Eq.(4), inertia term, viscosity term and pressure gradient term in the » direction are
retained at the same time. It is foreseeable that this kind of model may obtain more
detailed information during the film drainage process. However, as can be seen from
Eqgs.(4) and (5), the simultaneous existence of inertial and viscous terms makes the
drainage velocity equation have more nonlinear terms, which makes the model more
difficult to be solved. Unlike the solution of the immobile interface model, an
adaptive moving mesh method* is applied to the solution of the fully mobile interface
model.

During the solution of the adaptive moving mesh method, the total number of
mesh nodes is always fixed, and the mesh nodes can migrate to specific areas (such as
the area with large curvature of liquid film surface), so as to improve the local mesh
resolution. In order to achieve a targeted migration of mesh nodes, it is necessary to
couple the mesh density function and the moving mesh partial differential equation
(MMPDE) (or moving mesh equation) with the drainage model to be solved. This
paper uses an optimal mesh density function (Eq.(25)) and MMPDE4 (Eq.(27)).
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In Egs.(25) and (26), ﬁ(x,t) is the mesh density function, /4 is the thickness of the

liquid film, [a, b] is the left and right boundary of the physical domain [ro, 7soundl,

a, is the adaptive intensity parameter, its value determines the degree of the influence

of the derivative of /4 on the mesh adaptation. In Eq.(27), 7(z > 0) is the mesh response
time, the smaller its value is, the more quickly the mesh node can make the

corresponding migration. This work chooses 7=107. x and ( are spatial

ax(C,t)

variables, x, Ea— . x(¢ ,¢) is the mapping of uniform mesh nodes in the
¢

computational domain Q. on the physical domain Q, which is obtained through a

coordinate transformation:
xzx(C,t):Z;chE[O,f]—nce QE[a,b] (28)
The initial and boundary conditions of Eq.(27) are

x(C,O)z%Jra (29)

x(O,t)za x(ﬁ,t):b (30)

Eq.(29) indicates that when =0, uniform mesh is taken as the start of numerical
calculation in the physical domain.

Thus, in order to apply the adaptive moving mesh method, the derivatives of
Egs.(3)~(5) in the physical domain can be converted to the computational domain by
using the chain rule. In the computational domain, combining the initial conditions

(Egs.(10), (11) and (29)) and boundary conditions (Eq.(12) or Eq.(14), Egs.(13) and
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(30)), the fully mobile interface model and MMPDE4 are solved simultaneously. As
with the immobile interface model, the discretization of spatial derivatives uses a
central difference scheme with second order accuracy. When the variable-velocity
boundary condition Eq.(14) is used, Egs.(22)~(24) need to be solved simultaneously
with Egs.(3)~(5).

4. RESULTIS AND DISCUSSION

4.1 Constant velocity approach

In the actual process, there are obvious differences in the velocity distribution of
flow field in the unit equipment. For example, in a stirred tank, there is a relatively
large flow velocity of fluid near the blade, and the collision velocity between fluid
particles may also be large, while at the liquid surface or near the wall, the flow
velocity of fluid is usually relatively small, and the collision velocity between fluid
particles may be relatively low. Due to the different collision velocities, there may be
some differences in the process of liquid film drainage and film rupture.

In this work, we focus on the film drainage process of two bubbles. That is,
water-air system is considered. Here, p~998kg/m? ps+~1.25kg/m? u~0.001Pa-s,
0=0.0725N/m. Fig.2 shows time evolution of the liquid film thickness under different
constant velocity boundary conditions using the liquid film drainage model with a
fully mobile interface (Eqgs.(3)~(5)). Fig.3 is the pressure distribution in the liquid
film at different moments corresponding to Fig.2. In Fig.2(a), two equal-sized bubbles
approach each other at a constant velocity of 0.01m/s. In this case, the inertial term
(i.e. the first term on the right hand of Eq.(4)) is relatively weak, and the viscous term
dominates the drainage process. As the liquid held between two bubbles is
continuously squeezed out, the liquid film is thinning with time and Van der Waals
force increases gradually (~1/h%). The attraction between fluid molecules becomes
significant before the capillary pressure plays a major role (The capillary pressure
becomes important only when the film radius is enough large). It can be seen from
Fig.3(a) that the maximum value of pressure in the liquid film at different times is

always maintained at the center of the liquid film. At =5.17ms, the pressure surges to
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about 440Pa, which is because Van der Waals force (II) is considered in the pressure
term in Eq.(6). When the thickness of the liquid film is reduced to the nanometer level,
Van der Waals force will play a pivotal role, so that the liquid film rupture at »=0
eventually. Abid and Chesters*? called this type of liquid film rupture as nose rupture,
while rupture occurs at the point deviating from center of the liquid film is called rim
rupture. In this work, the occurrence of coalescence (or film rupture) is determined by
the relationship between /min and he-. That is, coalescence (or film rupture) occurs
when /min<h. and rebound occurs when hui>he. Here, hmin and he denote the
minimum thickness of liquid film and the critical thickness for rupture, respectively.

An empirical formula of critical thickness proposed by Chesters*’ was used in this

work.
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Fig.2 Comparison of time evolution of liquid film thickness at different constant

approach velocities (water-air system, ¢=1.0, R1=0.5mm, /00=0.1R1, 7pouna =R1).
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Fig.3 Comparison of pressure distributions in the liquid film at different constant

approach velocities (water-air system, &=1.0, R1=0.5mm, 400=0.1R1, 7pound =R1).
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A typical rim rupture is shown in Fig.2(b). Under the constant velocity boundary
condition of Uconsan=0.1m/s, the liquid film has undergone a period of flat film
drainage (0~0.74ms), and then enters the curved film drainage stage (£0.74ms). In
Fig.3(b), when £~0.74ms, the pressure distribution in the liquid film is greater than the
Laplace pressure 20/R, and the pressure at edge of the film is greater than the pressure
at center of the liquid film, thus forming a curved liquid film. On the outside of the
curved liquid film region, there is a negative pressure zone, indicating that a part of
the liquid returns to the liquid film to prevent the thinning of the liquid film. On the
other hand, a large approach velocity has a strong inertial effect, and the curved liquid
film is more likely formed at the liquid film interface. For water-air systems with low
viscosity, under the constant velocity boundary condition of Uconsians =0.1m/s, the
inertial term mainly contributes to the liquid film drainage, and the film drainage
velocity is faster than that of Uconsian=0.01m/s. Therefore, Fig.2(b) shows a shorter

coalescence time (0.84ms).

full mobile

Coalescence time (ms)

1 i dimpling
—

i

O 1 " 1 " 1 " 1 " 1 " 1 " 1
0.02 0.04 0.06 0.08 0.10 0.12 0.14

U et o(M/5)

Fig.4 Coalescence time for the fully mobile interface at different constant approach

velocities (water-air system, Uye;,0=Uconstant, &=1.0, R1=0.5mm, /00=0.1R1, 7bound =R1).

Fig.4 shows the coalescence time of two bubbles with radius of 0.5mm at
different constant approach velocities. It can be inferred from Fig.2 that there is a
critical velocity Uuimp between nose rupture and rim rupture. When it is greater than

this value, dimple appears in the liquid film, the type of liquid film rupture is rim
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rupture, and otherwise, it is nose rupture. In Fig.4, Uiimp is 0.02m/s. When
Uconstan<Uaimp, the coalescence time decreases almost linearly with the increase of
approach velocity. When Uconstan™Udimp, the dimple becomes significant, and the
tendency of coalescence time to decreasing with the increasing velocity decreases. It
should be emphasized that not colliding bubbles at all velocities will coalesce, in
contrary, rebound may occur. It is difficult to predict this phenomenon by using a
constant boundary condition for the drainage model, which will be discussed in detail
in the next section.

In order to compare the differences between the different drainage models, we
investigate the characteristics of the immobile interface model with constant velocity
approach under the same condition. Fig.5(a) shows the time evolution of the liquid
film thickness. Compared with the fully mobile interface model, no nose rupture is
observed in the immobile interface model at the approach velocity of 0.01m/s.
Because the model only considers that contribution of parabolic drainage driven by
pressure difference to the film thickness thinning, there is a difference of magnitude
between this model and the fully mobile interface model. It can be seen from Fig.5(b)
that after the formation of a dimple film (¢ > 9ms), the pressure distribution in the
liquid film is basically maintained nearby 2¢/R, and the pressure gradient in the film
is quite small, which reveals the reason why the curved liquid film is relatively flat in
Fig.5(a). In Fig.5(c), the minimum and central film thicknesses decreases with the
increase of time, and remains at 1.38um after =35ms. At the same time, the radius of
the liquid film gradually increases to 0.19mm with time, which is basically constant,
as shown in Fig. 5(d). In our simulation, we cannot predict the evolution information
of the liquid film after 10°°m by the immobile interface model with constant velocity
boundary condition, so we cannot get the coalescence time of bubbles from this model.
For the collision of bubbles in pure water, the film is thinned to nanometer scale, and
the time required for bubble coalescence is less than 10ms. Therefore, we consider
that this model may not be suitable for physical systems with low viscosity and high
Reynolds number. Nevertheless, we can still study the performance of the immobile

interface model under different boundary conditions.
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4.2 Non-constant velocity approach

As mentioned earlier, when two bubbles collide at a certain velocity, they may
rebound in addition to coalescence. However, it is difficult to predict the rebound
phenomenon through the drainage model with constant velocity boundary conditions,
because two fluid particles always approach each other at a constant velocity until
they coalesce. In this section, we will consider the variety of bubble relative motion
and explore the characteristics of liquid film drainage model under non-constant
velocity boundary conditions.

Fig.6 compares the difference of liquid film drainage process predicted by the
fully mobile interface model under the constant-velocity and variable-velocity

boundary conditions. The results indicate that the drainage velocity of the former is
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faster than that of the latter. At the same time, the model with constant approach
velocity boundary condition predicts a smaller film thickness. Meanwhile, there is a

greater liquid film radius in the dimpled drainage region.
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Fig.6 Comparison of liquid film evolution under constant-velocity (dotted line) and
variable-velocity (solid line) boundary conditions (water-air system, ¢=1.0, Ri=0.5mm,

hoo=0.1R1, Fbound =R1).
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The evolution of dimple film radius under two kinds of boundary conditions is
given in Fig.7. It can be clearly seen that in both cases, the dimple film radius 7r
gradually increases with time. For the liquid film with constant approach velocity, the
curved liquid film appears earlier, so the radius of liquid film is kept larger in the
whole process of liquid drainage. Although the coalescence time difference is only
0.01ms, it will become significant with the increase of initial relative approach
velocity and bubble size.

The fully mobile interface model with variable-velocity boundary condition
predicts a slower drainage velocity, which can be explained by analyzing the force
components of the model at different times. Fig.8 shows the evolution of different
forms of forces on the liquid film and the evolution of the relative approach velocity
U« at different times. The blue solid line in Fig.8(a) represents the inertial force or the
resultant force including the virtual mass force. The black solid line represents the
“film force” which denotes a combined action of capillary force, lubrication form
drag force and Van der Waals force during the drainage process. When the two
bubbles just contact, the distance between the liquid film interfaces is large, the “film
force” at the initial stage (0~0.25ms) can almost be ignored, buoyancy can be viewed
as a dominant force. Therefore, in Fig.8(b) for 0~0.25ms, the relative approach
velocity between bubbles has a slight acceleration. With the thinning of liquid film,
the lubrication form drag force increases gradually, the acceleration of U, slows
down correspondingly. After 0.35ms, the lubrication force gradually becomes
dominant on the liquid film. Therefore, the inertial force containing a virtual mass
gradually increases in the opposite direction of buoyancy, and the relative approach
velocity gradually decreases. After 0.75ms, the liquid film force increased sharply
because the liquid film drainage entered the dimpled drainage region. At this time,
due to the increase of the curvature of the liquid film, the capillary pressure increased
rapidly and became a main force to prevent the bubble from approaching further.
When the film thickness is less than 100 nm, the attraction between the dense water
molecules in the center of film and the thin water molecules in the gas-liquid interface

increases gradually, and becomes a key factor for the final film rupture. The
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comprehensive effects of buoyancy, lubrication force, capillary force and Van der
Waals intermolecular force in the process of liquid film drainage can be reflected in
the evolution of relatively approach velocity in Fig.8(b). Therefore, the decrease of
approach velocity under the condition of non-constant velocity boundary explains the

difference of film thickness evolution in Fig.6.
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Fig.8 Evolution of the different forces on liquid film (a) and the relative approach
velocity under variable-velocity boundary condition (b) (water-air system,

Uconstant:(). 11’n/S, é:l .O, R1=0.51’nm, hOOZO. lRl, Vbound :Rl).

In order to study the discrepancy of different boundary conditions on the
immobile interface model, the same case as Fig.5 in the previous section is
investigated by using the non-constant velocity boundary condition. Fig.9 shows the
time evolution of liquid film thickness and pressure distribution in the film. Compared
with Fig.5(a), the time evolution of liquid film thickness in Fig.9(a) shows not only
dimple (7=14.7ms) but also wimple (=13.7ms) and pimple (=12.9ms). A detailed
definition of the different shapes of the liquid film interface can be found in section
3.1.2 of Chan et al.?* In fact, the change of interface shape of the liquid film is related
to the surface restoring force of the fluid particles and the distribution of the pressure
in the liquid film along the radial positions. The fluid flow in a liquid film is driven by
the pressure gradient, whereas the overall variation of buoyancy, drag force and “film
force” will affect the pressure distribution in the liquid film. It can be seen that,

compared with Fig.4(b), the time evolution of pressure distribution in the liquid film
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changes dramatically under the condition of variable velocity boundary, in Fig.9(b).
When =12.9ms, the pressure outside the edge of the liquid film is negative, forming a
pimple interface, which is consistent with the theoretical derivation of Chan et al.?’
Similar to Fig.3(b), the existence of negative pressure zone near rim liquid film leads
to an attractive hydrodynamic inside the liquid film, which resists the liquid inside the
film from being extruded out. Different from the fully mobile interface, as the
negative pressure zone increases, wimple and dimple are formed in the immobile
interface in Fig.9(b), which may be related to the slow drainage velocity and bounce
at the boundary far away from the liquid film area. Meanwhile, it is noted that
because the thickness of the liquid film is difficult to reach the critical film thickness
of nanometer scale, the rebound phenomenon has begun to appear outside the liquid
film areas at =12.9~14.7ms. In Fig.10, the minimum film thickness /i, predicted by
the immobile interface model, is plotted as a function of time. It can be seen that the
minimum film thickness reached in the drainage process increases significantly after
=14.7ms, which reveals that the drainage model can better predict rebound

phenomenon by considering the variable-velocity approach boundary condition.
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Fig.9 The evolution of liquid film thickness (a) and pressure distribution in the liquid
film(b) predicted by the immobile interface model with the boundary condition of
non-constant approach velocity (water-air system, U,/ (=0)=0.01m/s, &=1.0,
R1=0.5mm, ho0=0.1R1, rbound =R1).
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Fig.10 Evolution of the minimum film thickness predicted by the immobile interface
model with a non-constant approach velocity (water-air system, U, (=0)=0.01m/s,

&=1.0, R1=0.5mm, h00=0.1R1, ¥bouna =R1).
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Fig.11 Evolution of the film thickness under different boundary conditions: (a)
coalescence occurs under constant-velocity approach, and (b) rebound occurs under
non-constant-velocity approach (water-air system, U, (t=0) or Uconsian= 0.3m/s, {=1.0,

R1=0.75mm, h0o=0.2mm, 7pound =R1).

Experiments show that when the collision velocity between two bubbles is
greater than a critical value, the phenomenon of rebound appears. We use the fully

mobile interface model with constant and non-constant velocity boundary conditions,
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respectively, to study the collision of two equal-sized bubbles with radius of 0.75mm
at a relative velocity of 0.3m/s. Fig.11 shows the time evolution of the film thickness
under two boundary conditions. In Fig.11(a), when the boundary condition of constant
velocity approach is considered, the film thickness gradually decreases and the radius
of dimple increases. Eventually, the film thickness reaches the critical rupture
thickness (~25nm) at =2.20ms, the two bubbles coalesce. Fig.12(a) and Fig.13(a)
respectively indicate the evolution of the radius of the dimple and the film thickness at
the center /center and the minimum film thickness /min under the boundary condition of
constant approach velocity. However, the fully mobile interface model which takes
into account the boundary condition of non-constant approach velocity predicts quite
different results. In Fig.11(b), from =0 to =2.17ms, the decrease of the film thickness
and the expansion of the dimple radius show a similar trend as shown in Fig.11(a).
After >2.17ms, the liquid film thickness does not continue to decrease to the critical
film thickness, but appears, the liquid film radius begins to gradually shrink
(Fig.12(b)), and the minimum film thickness retreated (Fig.13(b)). It is noted that
during the initial stage of bubble rebound (=2.17~3.5ms), the liquid film center is still
thinning (Fig.13(b)), because the rebound starts at the boundary far away from the

curved liquid film area, and gradually drives the inside area from the outside area.
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Fig.12 Comparison of evolution of the film radius under constant velocity boundary
condition(a) and non-constant velocity boundary condition(b) (water-air system, Uy«
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Fig.13 Comparison of the central film thickness and the minimum film thickness
under constant velocity boundary condition (a) and non-constant velocity boundary
condition(b) (water-air system, Uy (t=0) or Uconstan= 0.3m/s, {&=1.0, R1=1.0mm,

hoo=0.2mm, 7bouna =R1).

Fig.12(b) shows in detail the process of the dimple radius extending from 0 to
the maximum value of 0.43mm, and then shrinking from the maximum value to 0.
The disappearance of the curved liquid film means that the minimum film thickness
returns to the center of the liquid film. In Fig.13(b), after /=3.5ms, the center of the
liquid film and the minimum liquid film thickness basically coincide, and the liquid
film rebounds rapidly to an order equivalent to the initial film thickness, indicating
that the two bubbles have basically completed rebound. Fig.14 is the time evolution of
the relative approach velocity U, of two bubbles. In the collision process of two
bubbles, U, gradually decreases to 0 with time, and starts to accelerate in the reverse
direction of approach after /=2.24ms. The reverse movement of the bubbles is fed
back to the liquid film area through the boundary condition, and eventually the liquid

film will gradually become thicker and the two bubbles will separate from each other.
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4.3 Comparison of the model results and the experiments

In order to verify the prediction ability of the drainage model under different
boundary conditions, we conducted an experimental comparison. The coalescence and
rebound of two equal-sized bubbles in head-on collision were recorded by a
high-speed camera, with frame rate of 5000 fps. In static ultra-pure water, a bubble is
first released through a micro-syringe. After traveling a distance, the bubble is trapped
by a capillary. Through the appropriate operation, the trapped bubble can be finally
still (please see Fig.15(a)) due to that the buoyancy of bubble (i.e. > in Eqs.(23) and
(24)) balances the supporting force of the capillary tube (Fsupporting) to the bubble. And
then, a second bubble of the same size is then released and the two bubbles collide
head-on, driven by buoyancy (i.e. F1 in Eqgs.(23) and (24)). In the case of head-on
collision, the effect of Fsupporing and F2 on the collision process could be ignored
because Fiupporting 1S approximately balanced by F2. Correspondingly, Fiupporting does
not appear in Eqgs.(23) and (24), and F3 is taken as zero. However, for the offer-center
collision of two bubbles, this effect should be considered in the approach model. This

work only focuses on the case of head-on collision of bubbles.
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Fig.15 Image sequence of collision of two bubbles ({=1, Ri=1.0mm) in water
recorded by high-speed camera. Case (a): the initial collision velocity Ucoision (i.€.
U1 (t=0)) is 0.15m/s, and coalescence occurs at #~3.6ms; Case(b): Ucouision= 0.20m/s,

and coalescence occurs at i~4.8ms.
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Fig.16 Image sequence of collision of two bubbles with radius of 1.0mm in water
recorded by high-speed camera. Case(a): Ucouision =0.278m/s , and bounce occurs

after ~8.8ms; Case(b): Ucouision= 0.304m/s, and bounce occurs after ~8.2ms.

Fig.15 and Fig.16 show the image sequences of coalescence and rebound of two
equal-sized bubbles with radius of 1.0 mm. In order to obtain the coalescence time of
the bubbles, the time when two bubbles are in initial contact is defined as Oms, and
the corresponding rising time before the bubbles are contacted is defined as a negative
value. Fig.15(a) and Fig.15(b) respectively represent the cases in which the bubbles
collide at the initial time with the relatively approach velocity U, at 0.15m/s and
0.20m/s, and eventually coalesce at about 3.6ms and 4.8ms. Cases of bubbles of the
same size as those in Fig.15, but collide at a higher relative approach velocity
(0.278m/s or 0.304m/s) and eventually rebound, can be observed in Fig.16.
Combining the cases of bubble coalescence and rebound in Fig.15 and Fig.16, we
compare the model prediction results with the experiments. For convenience, the
constant velocity boundary condition is denoted as C, the variable velocity boundary
condition as V, the fully mobile interface model as M, and the immobile interface
model as I. Now, the two models can be combined with different boundary conditions.
For example, the M & C represents the fully mobile interface model with constant
velocity boundary condition. The comparison between the simulation results of
different combinations of the models and the experiments is summarized in Table 1.

The thickness of the liquid film center (%00) at the initial moment in each case is also
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Table 1. Comparison of the prediction results and the experiments (p.=998kg/m?
pa=1.25kg/m?, u~0.001Pa's, 0=0.0725N/m, Ax=3.719%102°J, =1, rbound =R1)

Ri hoo Ure (1=0) Coalescence | Coalescence time (ms)
(mm) (mm) (m/s)
Exp. M&C [&C M&V [&V
1.0 0.13 0.15 Yes|3.6  Yes|3.19 No Yes | 3.01 No
0.10 0.20 Yes | 4.8 Yes|4.43 No Yes | 4.42 No
0.13 0.278 No Yes | 4.10 No No No
0.15 0.304 No Yes | 3.78 No No No

listed in Table 1. It is worth noting that /oo is a key parameter, and its value will affect
the coalescence time and even the result of collision. Unfortunately, there is no
general way to determine this value. In order to get a good prediction results, some
researchers choose to use 0.1 ~ 0.2R. Different from this rough method, we measured
the distance between the bubble interfaces when two bubbles just contacted as the
initial film thickness. Although this method is cumbersome, it can provide a more
realistic physical value.

In the Table 1, it can be found that I & C and I & V are less capable of predicting
coalescence events in water-air system because this model has a slower film drainage
velocity, which has been discussed in the previous section. Instead, both M & V and
M & C can successfully predict the coalescence of two bubbles when the initial
approach velocity is low. Furthermore, we benchmark the moment when two bubbles
appear apparent coalescence (e.g. Fig.15(a), 3.8ms), one frame forward is taken as the
coalescence time. Although the liquid film may have ruptured earlier, the liquid film
rupture is instantaneous, so this treatment is feasible. In the two cases of bubble
coalescence with initial approaching velocity of 0.15m/s and 0.20m/s, M & V and M
& C can reasonably predict the coalescence time of bubbles. The reason why the
coalescence time predicted by the M model is slightly less than that observed by
experiment may be due to the fact that the fully mobile interface model has a faster
liquid drainage rate and the bubbles have a certain degree of deformation. On the

other hand, it may be due to the limitation of experimental observation accuracy,
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which results in a higher coalescence time recorded.

When the bubbles collide at a higher velocity, they are more likely to bounce
back than coalescence. For the two cases of bubble collision at higher velocities
shown in Fig.16, M & V well predicts the occurrence of bubble bounces, whereas M
& C seems to be more likely to overestimate the coalescence ability of bubbles in
high velocity collisions. It is indicated that the non-constant velocity boundary
condition should be considered in the film drainage model. As seen from Table 1, the
combination of M & V has a better ability to predict rebound events, which means
that the critical coalescence velocity of bubbles can be predicted more reasonably in
theory. Critical coalescence velocity is a key parameter for coalescence rate model
required in the population balance modeling (PBM), however, is very cumbersome to

obtain it by experimental means.

S. CONCLUSIONS

In this work, a coupling framework for modeling the non-constant-velocity
approach of two fluid particles and the curved film drainage is developed. Both
approach and liquid film drainage processes are considered simultaneously, which
provides a more physically meaningful variable velocity boundary condition for the
film drainage model. In the improved approach model, besides considering the
buoyancy and drag forces of the bubbles, the capillary pressure, lubrication form drag
force, and the intermolecular attraction of Van der Waals are also considered. By
analyzing the evolution of each component force in the process of bubble collision,
the change of the relative approach velocity is quantitatively explained, and then the
liquid film drainage process is better understood. The characteristics of two models
with different interface mobility under constant velocity boundary and non-constant
velocity boundary conditions are studied.

Concretely, under the constant velocity boundary conditions, the simulation
results of the fully mobile model show that when Re is less than 20 (Re = p.dU/u.), the

liquid film drainage is dominated by the viscous term, the liquid film thinning rate is

30



slower, the coalescence time is longer, and the position of the liquid film rupture
appears at the center of the liquid film. As the approach velocity increases, the inertial
term begins to work, the liquid film drainage rate is accelerated, the corresponding
coalescence time decreases, and the type of drainage is mainly in the dimpled
drainage regimes. When Re is greater than 100, the coalescence time increases slightly,
because the inertia force increases, the curvature of the liquid film increases, and the
separation pressure inside the liquid film prevents the thinning of the liquid film. In
the gas-liquid system with Re>1, which is the focus of this work, it is found that the
immobile interface model, whether under constant velocity boundary condition or
variable velocity boundary condition, fails to predict the information after the liquid
film thickness is reduced to the micron level. Because the liquid in the immobile film
is squeezed out, only the parabolic velocity profile driven by pressure contributes, so
the film thinning rate is quite slow. Even if a constant velocity boundary condition of
0.01 m/s is set for the immobile interface model, the approaching velocity at the
boundary is much greater than the thinning rate of the liquid film area. This may be
the reason why the model can’t be adapted to the relatively high velocity boundary
conditions. On the other hand, the immobile interface model with variable velocity
boundary condition starts to rebound when the thickness of liquid film reaches ~10°m,
and in the process of rebound, three types of liquid film mentioned in Chan et al.?” and
Ozan and Jakobsen*, pimple, wimple and dimple, appear.

The simulation results of the fully mobile interface model under the non-constant
boundary condition indicate that the film has a slower thinning rate due to the gradual
slowing down of the approach velocity. By analyzing the evolution of each
component force in the process of bubble collision, the reason of the change of
approach velocity is revealed. At the initial stage of bubble collision, the liquid film is
thick and the lubrication force and capillary pressure can be ignored. With the
thinning of liquid film thickness, the lubrication form drag force gradually increases,
and then the formation of curved film will make the capillary pressure become the
dominant force to prevent the bubbles from further approaching. Then, when the film

thickness is reduced to ~100nm, the Van der Waals attraction will not be ignored. At
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higher initial approaching velocity, the models with constant velocity boundary
condition and variable velocity boundary condition may predict significantly different
results. The latter can better predict the phenomenon of bubble rebound under
high-velocity collision, while the former may overestimate the coalescence ability of
bubbles, and more predict the occurrence of coalescence. Finally, compared with the
experimental results, it is verified that the full mobile interface model with
non-constant velocity approach can better predict the coalescence and rebound of
bubbles.

Due to the limited experimental data available, there is no more verification on
the coalescence time. For further work, the effect of the approach velocity on the
liquid film drainage model of partially mobile interface will be considered. In order to
obtain the coalescence time required for the verification of the model, more head-on

collisions will be carried out.
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