Effects of local non-equilibrium in rapid eutectic solidification. Part 1: statement of the problem and general solution
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ABSTRACT
Numerous experimental data on rapid solidification of eutectic systems exhibit the formation of metastable solid phases with the initial (nominal) chemical composition. This fact is explained by suppression of eutectic decomposition due to diffusionless (chemically partitionless) solidification beginning at a high but a finite growth velocity of crystals. A model considering the diffusionless growth is developed in the present work to analyze the atomic diffusion ahead of lamellar eutectic couples growing into supercooled liquid. A general solution of the model is presented from which two regimes are followed. The first presents diffusion-limited regime with the existence of eutectic decomposition if the solid-liquid interface velocity is smaller than characteristic diffusion speed in bulk liquid. The second shows suppression of eutectic decomposition under diffusionless transformation from liquid to one-phase solid if the solid-liquid interface velocity overcomes characteristic diffusion speed in bulk liquid.
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1 INTRODUCTION
Eutectic transformation presents the decomposition of one phase to the other ones resulting in the formation of mechanical mixture of solid phases. The transformation has many evidences that the eutectic microstructure is affected by undercooling and growth velocity in the case of solidification from undercooled liquid and by thermal gradient in the case of unidirectional solidification [1]. At low undercoolings or small growth velocities, the eutectic structure has lamellar, rod or irregular morphology[2], while at high undercooling or large growth velocity, anomalous eutectic will appear instead of regular or irregular eutectic patterns [3]. There are many experimental works(especially, for Ag-Cu, Ni-Sn, Co-Si, Ni5Si2-Ni2Si, Ni-B, Fe-B, Co-B, Al2O3-Er3Al5O12 alloys) in which such changes in morphology were found[3-6].
If the growth velocity is provided by deep undercooling or ultrafast cooling rates, the metastable single phaseof crystals or glasscan be formed. For example, using the injection of a liquid droplet into a quenching bath, Duwez et al. obtained crystalline microstructure with metastable solid solution of the single phase instead of expected eutectic pattern in Ag-Cu alloys[7]. Giessen et al. found that the eutectic transformation in Y-Cu alloy should be suppressed and a metastable solid solution can be formed by using the "splat cooling" technique[8]. In addition to this, Miroshnichenko found homogeneous supersaturated solid solutions of the initial composition in Al-Mg eutectic alloy after quenching from the melts at rates of 105-106 K/s[9]. The same outcome has been also done by Jacobson [10] in a series of experiments on films from Ag-Cu alloys processed by melt-spinning. In addition to the observations of diffusionless solidification of eutectic (near eutectic) melts, one can also find some characteristic types of crystal microstructures indicating on the existence of chemically partitionless crystal growth. For example, Gusakova et al. [11] studied the effect of the cooling rate on the microstructure and showed that at cooling rates of about 105 Ks-1, the eutectic reaction of Sn-Bi alloys is suppressed, and grains of a supersaturated solid solution of Bi in Sn are formed by partitionless solidification. 
Jackson and Hunt (JH) gave the first model for diffusion-limited growth of lamellar and rod eutectics as the growth of coupled α and β phases [12,13]. Trivedi et al. extended the JH model to the eutectic growth under rapid solidification conditions (TMK-model)[14].The TMK model relaxing the assumptions of small Peclet number, used a cigar shape of phase diagram with kα=kβ=kphase diagram, and finding that the chemical distribution coefficient k is no longer constant, but depends on the eutectic growth velocity. Taking the interface solute trapping into account, Kurz et al. analyzed the failure of local equilibrium at the solid–liquid interface at high growth velocity within the framework of the JH and TMK models[15]. Based on TMK-model, Ludwig and Zheng et al. obtained the ΔT-V-λ relationship for an arbitrary binary eutectic phase diagrams(including kα≠kβ) and arbitrary Peclet number together with the general scaling law for eutectic growth [16,17]. Their calculated process exhibited difficulties in obtaining the reliable results due to iterative method and long-term convergence to the final value. Li et al. neglected the solute trapping but incorporated the kinetic and thermal undercoolings into the eutectic growth in the analysis of solidification in bulk undercooled melt (LZ-model)[18].
Although the regular eutectics format small undercooling and anomalous patterns appear at deeply undercooled eutectic systems that can be described by one of the latest models[12-18], the results for the diffusionless microstructure cannot be predicted by these models. 
      In this study, combing the diffusionless theory of the work[19], we deduce the eutectic model, which includes the final speed VD for solute diffusion in bulk liquid. Finiteness of VD allows us to predict the complete solute trapping and diffusionless solidification at the finite interface velocity [20]. 
2 MODEL EQUATIONS
2.1 The model statement
Consider solidification of a binary system consisting of the atoms A and B and having the eutectic point with equilibrium temperature Te and concentration CE, as shown in Fig. 1a. ΔCα, ΔCβ are the concentration differences between phases α, β and eutectic point (Te,CE), respectively.
Assume that undercooling ΔT below eutectic point in the liquid provides a motion of the interface with the velocity V comparable with the solute diffusion speed VD=(D/2τD)1/2 in bulk liquid, where D is the diffusion coefficient and τD is the time for relaxation of solute diffusion flux to its steady-state value. We neglect the diffusion in α and β phases which have the form of the lamellar eutectic microstructure. Then, for a steady-state regime, for the concentration C of B-atoms in the liquid, the 2D diffusion equation is given by [19,20]

							(1)
which is valid for concentration C(x,y) in the spatial reference frame(x,y) moving at a constant velocity Vat the interface z=0. For eutectic transformation, the boundary conditions are 
-periodicity: C(x+λ)=C(x), here  λ=2(Sα+Sβ)
-symmetry:∂C/∂z=0			for x=0 and x=λ/2=Sα+ Sβ							(2)
-far-field: C=C∞				for z→∞
where Sα and Sβ represent the half of interlamellar spacing for each phase such that λ=2(Sα+Sβ) is the lamellar spacing (see Fig. 1b) and C∞ is the solution concentration in the liquid far from the interface.
For Eqs.(1) and (2), an analytical solution of the problem of lamellar eutectic pattern under local non-equilibrium conditions in the solute diffusion field has been obtained in Ref. [19]. The general solution for growth of periodic lamellas is described by
, V<VD		(3a)
C= C∞,   					V≥VD				(3b)

			(3c)

								(3d)
Where B0 and Bn are the Fourier coefficients and n belongs to a set of integer values. 
To calculate B0 and Bn, we use the boundary conditions from mass conservations:
· solute balance at the interface for α-phase (0≤x< Sα)

						 (4a)
· solute balance at the interface for β-phase (Sα≤x<Sα+ Sβ)

			(4b)
Here: kα and kβ are the velocity dependent solute partitioning functions for α-phase and β-phase, respectively, at the interface; Clα and Clβ are the concentrations on α-phase and β-phase in the liquid, respectively. Csα and Csβ are the concentrations on α-phase and β-phase in the solid(see Fig. 1b). 
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Figure1.Scheme of eutectic phase diagram (a) and the growing lamellar eutectic structure (b)

The following features of solution (3)-(4) can be outlined. First, one can note that the only diffusion equation gives two principally different regimes. One of them occurs with V<VD leading to inhomogeneous composition in both longitudinal direction (along the z-axis) and transverse direction (along the x-axis) of solute distribution around the interface. In this regime, eutectic decomposition is determined by the atomic diffusion because the eutectic lamellar couples can grow through the inhomogeneous solute field. Another regime proceeds with V≥VD leading to homogeneous composition of the initial (nominal) concentration in both spatial directions. Due to chemical homogeneity around the interface the growth of eutectic couples is not possible. Such high-rate regime calls usually as ''chemically partitionless'' or merely ''diffusionless'' regime of solidification. Second, as distinct from the classical Jackson and Hunt solution[12], spatial frequency includes the term with V/2D in addition to the term bn, determined by Eq. (3d). In this description, the term V/[2D(1-V2/VD2)] in Eq.(3a) increases at V→VD and, evidently, becomes a significant function of the velocity V, especially at V≈VD. Third, solution Eq.(3) is transformed to the known solution of the TMK-model [14] for local equilibrium limit VD→∞ in the diffusion field. Fourth, when periodicity is lacking, i.e. bn=0 solution Eq.(3) describes the concentration profile of single-phase solidification at a finite diffusion speed VD[20].
If V≥VD, the lamellar eutectic structure does not form, therefore, we firstly consider the case of V<VD. After this, a discussion for the high rate regime V≥VD will be provided. 
2.2 Fourier coefficients
The solution for concentration gradient ahead of the eutectic interface is found by differentiating of Eq. (3a) with respect to z. This yields the z-component of the concentration gradient, which periodically varies in the x-direction, and exponentially damped in the z-direction:

					 (5)
Substituting Eq. (5) into Eq.(4a), one can obtain for α-phase (0≤x<Sα)

		(6a)
and substituting Eq. (5) into Eq.(4b), one finds for β-phase (Sα≤x<Sα+Sβ)

	(6b)
To obtain the solution of B0 and Bn, we shall follow the treatments of TMK-model [14] with the two special types of phase diagram.
Case I:  cigar-shaped phase diagram [14]
For this type of phase diagram, the solidus and the liquidus lines are parallel below the eutectic temperature. In this case, for any undercooling, we get Clα-Csα=ΔCα=const, and Clβ-Csβ=ΔCβ=const[14]. The coefficient B0 can thus be obtained by adding both sides of Eq.(6a) and Eq.(6b):

								(7a)	
For solution of the coefficients Bn, one can refer to the integral series [21] that leads to the following:

				(7b)	
where ΔC0=ΔCα+ΔCβ.
Case II: equal distribution coefficients for the two phases [14]
For this case, k is an arbitrary constant, but kα=kβ=k. Then, using Eqs. (6a) and (6b) one gets

							(8a)	

				(8b)	
where pn=2nπ/Pe with the eutectic Peclet number Pe =Vλ/(2D ).
2.3 Interfacial chemical composition 
For the undercooling calculation, the interfacial average composition in liquid is obtained from the TMK treatments [14]. Using Eq.(3a), the results are: 
· in front of the α-phase

	(9a)
· in front of the β-phase

	(9b)
The function Pin Eq. (9) is obtained accordingly the above two cases of the phase diagram as: 
Case I: cigar-shaped phase diagram

					(10a)
	(10b)
Case II: The diagram with equal distribution coefficients

				(11a)
		(11b)
As a result, expressions (9)-(11) completely define the concentration at the interface. Note that if k→1, the Case II transforms to the Case 1.
2.4 Interfacial undercooling
The undercooling at interface “liquid-eutectic pattern” consists of four terms [18]: constitutional undercooling ΔTc, the curvature undercooling (due to Gibbs-Thomson effect) ΔTr, the kinetic undercooling ΔTk and the thermal undercooling ΔTt. The sum of the first three terms comprises the so-called interfacial undercooling[18].  It is given by

			(12)
where Te is the equilibrium eutectic temperature, mv is the velocity dependent liquidus line slope, Γ is the Gibbs-Thomson coefficient (ratio of the surface energy to melting entropy per unit volume),is the interfacial curvature, where  is are the contact angle at the triple point junction, S is the half the width of the lamellar, and μ is the effective kinetic coefficient for growth of the eutectic mixture. Following the procedure described by the TMK-model[14], the average undercooling at the interface for lamellar eutectic is obtained by inserting average values for concentration(and ) and curvatures ( and ) of the α-phase and β-phase, respectively.
From Eq.(12), the undercoolings at the front of α-phase and β-phase are described by

					(13a)

					(13b)
The solid-liquid interfaces of regular lamellar eutectics are assumed to usually be isothermal. Therefore, one can accept the equality: ΔTα=ΔTβ=ΔTI. To eliminate the terms involving CE, we combine Eq.(9) with Eq.(13) and find the undercooling as 

						(14)
where

							(15)	

						(16)

									(17)

								(18)
Consider the macro-interface as the dendritic surface with the dendrite tip radius R much larger than interlamellar spacing, λ<<R (Fig. 2a). Then, following the previous treatments [18], the thermal undercooling can be added as

							(19)

where ΔH=fαΔHα+fβΔHβ, is the weighted heat of fusion of two eutectic phases and Cp is the specific heat of the liquid. Iv is the Ivantsov function, Iv(u)=uexp(u)E1(u), in which  is the first exponential integral function. Pt=VR/(2α) denotes the thermal Peclet number with α the coefficient of thermal diffusion in the liquid. 
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Figure 2. Scheme of eutectic tip shown as dendritic surface: (a) diffusion-limited growth of eutectic dendrite at λ<<R, V<VD; (b) diffusionless growth of dendrite having eutectic composition but with suppressing eutectic decomposition at V>VD.

The melt undercooling ΔT is the sum of ΔTI and ΔTt. Combining Eqs. (12), (14) and (19), we obtain

		 (20)
To analyze the behavior of interlamellar spacing λ, we apply minimum undercooling principle [12-14], i.e. ∂ΔT /∂λ=0.Using Eq.(20), this leads to the following relationship for the lamellar spacing as a function of velocity:

										(21)

								(22)

							(23)
As a result, for the melt undercooled by ΔT, we can determine the growth velocity V and lamellar spacing λ. Under local equilibrium condition in the diffusion field, VD →∞, the system of equations (20)-(23) transforms to the expression ΔT-V-λ previously obtained in LZ- (with thermal and kinetic contributions to undercooling) or TMK-model (without thermal and kinetic contributions to undercooling). 
2.5 The equation for V≥VD





For case of V≥VD, we assume that the diffusion has no time to proceed [20] such that we get D=0.Interfacial composition, average composition, initial (nominal) composition will be the same, i.e.that means the transition to chemically partitionless solidification. In this diffusionless regime for two cases of phase diagram, see Eqs. (10) and (11), one obtains P=0and. As such, the parameters of eutectic growth (Sα, Sβ and λ) do not exist that leads to the absence of the expressionin Eq.(20). The interface undercooling can be described by two-folds. First, is infinity large, the liquid will change to glass with homogeneous composition. Second, is zero that gives the total undercooling Eq. (20) as follows:

						(24)	
Thus, at the point V=VD, the total undercooling steeply reduces to ΔTk+ΔTt with the beginning of the (metastable) chemically homogeneous phase formation.
3CONCLUSIONS
We have developed diffusion-limited model for lamellar eutectic couple growing into supercooled liquid based on the treatment of Trivedi-Magnin-Kurz(TMK) and Li-Zhou(LZ) models. This model explains both the eutectic solidification due to diffusion at V<VD and at V≥VD by suppression of eutectic decomposition due to diffusionless (chemically partitionless) solidification. A transition from chemically partitioned to diffusionless growth leading to formation for metastable supersaturated phases of the initial chemical compositions have been predicted in consistency with experimental data. It is shown that the interlamellar spacing between eutectic couple growth and diffusionless growth is changed abruptly at V→VD.
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Figure captions
Figure 1 Scheme of eutectic phase diagram (a) and the growing lamellar eutectic structure (b).
Figure 2 Scheme of eutectic tip shown as dendritic surface: (a) diffusion-limited growth of eutectic dendrite at λ<<R, V<VD; (b) diffusionless growth of dendrite having eutectic composition but with suppressing eutectic decomposition at V>VD.
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