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Abstract In this short paper, we focus on the blowup phenomenon of stochastic parabolic equations.
We first discuss the probability of the event that the solutions keep positive. Then, the blowup
phenomenon in the whole space is considered. The probability of the event that the solutions
blow up in finite time is given. Lastly, we obtain the probability of the event that blowup time of

stochastic parabolic equations larger than or less than the deterministic case.
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1 Introduction

For a deterministic partial differential equation, when we add a noise on it, we first want to know
how to change about the solution, that is, the effect of noise. More precisely, if the solutions of
deterministic parabolic equations keep positive, what is the probability that the solutions keep
positive for the stochastic case ? In this paper, we will give a partially positive answer. Similarly,
for the blowup phenomenon, we want to know the probability of the event that the solutions blow
up in finite time.

We firstly recall some known results of stochastic partial differential equations (SPDEs). In
this paper, we only focus on the stochastic parabolic equations. It is known that the existence and
uniqueness of global solutions to SPDEs can be established under appropriate conditions (see [2]).

For the finite time blowup phenomenon of stochastic parabolic equations, we first consider the case



on a bounded domain. Consider the following equation

du(z,t) = (Au+ f(u))dt + o(u)dBy, t>0, x€ D,
u(w,t)]t=0 = uo(z) > 0, z €D, (1.1)
u(x,t) =0, t>0, z€dD,

where By is a one-dimensional Brownian motion. Da Prato and Zabczyk [19] studied the existence
of global solutions of (1.1) with constant . Manthey and Zausinger [16] considered (1.1), with o
satisfying a global Lipschitz condition. Dozzi and Lépez-Mimbela [6] studied (1.1) with o(u) = u
and proved that if f(u) > u!™® (a > 0) and the initial data is large enough, the solution will
blow up in finite time with a positive probability, and that if f(u) < u'™# (3 is a certain positive
constant) and the initial data is small enough, the solution will exist globally almost surely (also
see [18]). When o does not satisfy the global Lipschitz condition, Chow [3, 4] obtained the finite
time blowup phenomenon. Lv and Duan [13] described the competition between the nonlinear term
and the noise term for equation (1.1). Bao and Yuan [1], and Li et al.[12] obtained the existence
of local solutions of (1.1) with jump process and Lévy process, respectively, also see [21]. For more
details in blowup phenomenon of stochastic parabolic equations, see [5, 14, 17] for details.

We remark that the method used to prove the finite time blowup of solutions on a bounded
domain is the stochastic Kaplan’s first eigenvalue method. In order to make sure the inner product
(u, ¢) positive, the authors firstly proved the solutions of (1.1) keep positive under some assumptions,
see [1, 3, 4, 12, 13]. The method used to prove the positivity of solutions is that the negative part is
zero. The main difficulty is to choose suitable test functions. In the present paper, we will introduce
another method to prove the positivity of solutions. We also remark that, in our paper [15] a new
method (stochastic concavity method) is introduced to prove the solutions blow up in finite time.
The advantage of this method is that we need not the positivity of solutions.

In former papers [7, 15], the blowup phenomenon in the whole space is considered in the form
of Eu?(z,t). That is to say, the moment of the solutions will blow up in finite time. From the point
of probability theory, we want to know the probability of event that the solutions blow up in finite
time. In present paper, we study the parabolic equations with linear multiplicative noise and give
the probability of the event.

On the other hand, we remark that the existence of finite time blowup solution was obtained
by Dozzi and Lépez-Mimbela [6]. But the estimate of blowup time is no result. This is our second
aim. We will estimate the probability that blowup time of stochastic parabolic equations large than
or less than the deterministic case.

The advantage of linear multiplicative noise is that we can change stochastic parabolic equations
into random parabolic equations. And then we can use the comparison principle and the results of
deterministic case to get the results of the stochastic case.

Throughout this paper, we write C' as a general positive constant and C;, i = 1,2, - - - as concrete

positive constants.



2 The impact of additive noises

In this section, we consider the impact of additive noise on parabolic equations. Our aim is to find
the probability of the event that the solutions keep positive or belong to some interval or are less
(larger) than the solutions of the corresponding deterministic case.

We first consider a simple case:

{ du(z,t) = Audt + 0dB;, t>0, zeR% (2.1)

u(z,t)|t=0 = uo(z) 2 0, z € RY,

where o > 0, and B; is a one-dimensional Brownian motion. A mild solution to (2.1) in sense of
Walsh [20] is any u, which is adapted to the filtration generated by the white noise and satisfies the

following evolution equation

t
u(e.t) = [ K- yu@dy+ [ [ K-yt sodyds, (2.2
Rd 0 JR4
where K (z,t) is the heat kernel of Laplacian operator:
1 j/?
K(x,t) = —— exp <—>
(4rt)? At

satisfying

(gt - A> K(z,t)=0 for (a,t)# (0,0).

Due to the properties of heat kernel K, we have

u(z,t) = y K(z —y,t)up(y)dy + 0By,

which implies that

P(u(z,t) > 0) :IP’<§'% > f:\(f;) =1 —@(f:\(/?),

where A;(x) = — [pa K(x — y,t)uo(y)dy. Similarly, we have P(u(z,t) < 0) = @ (’i’f—(?> Here ®(x)
is the distribution function of standard normal random variable.
Similarly, for a,b € R and a < b, we have

Pla < u(z,t) <b) = P<a+At($) < By < b+At($)>

oVt Vi oVt
® <b+0/j;$)> - (aJrUi{/tf(x)) '

Therefore, we have the following results. Here C'— means that the constants is a little lower than
C,ie,(C—>C—¢forsome<e<l1.



Theorem 2.1 Assume that the initial data ug > 0 is a bounded continuous function. Then the
solution of (2.1) will keep positive with the probability 1 — ® (i‘;—f;?) for any fized point (x,t). For

real numbers a < b, we have

Pla < ulx,t) < b) = <b+0‘4\/%(“")> — <w>

Moreover, letting o — 0, the probability converges to 1 exponentially, and we get the exact rate.

That is to say, the probability
P(u(z,t) >0) -1, aso —0

with the exponential rate B, where B > 0 is any fized constant. More precisely, we have the following

estimate

_ Al)

1 —P(u(z,t) > 0) = O(e” 257t ).

When a+ A(z) and b+ A¢(x) have the same sign, the event {a < u(z,t) < b} will become impossible

event as o — 0.

Proof. From the above discussion, we only note that

At (z)
y

1 -Plu(z,t) >0) =& (?Ef;) = \/12?/;\/2 e*;dy,

and for any fixed positive constant ¢§

At (x)
I N v S
e 202¢ (& 2 dy — O
— 00

The proof is complete. [

Remark 2.1 1. The assumption that the initial data ug > 0 can be deleted, that is to say, for
additive noises, the events that solutions are positive and negative are possible. In other words, the
event that solutions always keep positive is not a certain event. Meanwhile, we note that if ug > 0,
then P(u(z,t) > 0) > 3.

2. If a <ug <b, then a+ Ai(z) <0 and b+ A(z) > 0, then as 0 — 0, the solutions will belong
to (a,b]. Furthermore, we have the exact convergence rate.

3. It is easy to see that Theorem 2.1 also holds if the operator A is replaced by —(—A) with
a € (0,1). More generally, A can be replaced by —(—A)*+V (-)-V if the operator —(—A)*+V(-)-V
has a heat kernel.

4. Theorem 2.1 is similar to large deviation principle, but there is a big difference from the

classical theory. We give the description about the event, i.e., how to become to the certain event.

Now, we compare the solutions of stochastic parabolic with the corresponding deterministic

case. For simplicity, we consider

{ du(z,t) = (Au+ ku)dt + o(z,t)dB;, t>0, z¢&RY (2.3)

u(z,0) = up(z) 2 0, r € R4,



and

Je]
{ sv(r,t) =Av+ kv, t>0, z€ R4, (2.4)

v(x,0) = up(z) = 0, T € RY,
where k, 0 > 0.

Theorem 2.2 Assume that the initial data uy is a bounded continuous function. Denote the

event as
Ai(z) ={w € Q:u(z, t,w) <v(x,t)},
then P(Ay(z)) = 4.
Proof. Let w = u — v, then w satisfies that

dw(z,t) = (Aw + kw)dt + o(z,t)dB;, t>0, x¢€RY,
w(z,0) =0, r € R,

—kt

Denote w = e " w, then we have

(2.5)

di(z,t) = Awdt + e Fo(z,t)dBy, t>0, x€RY
w(z,0) = r € R,

Then the solution of (2.5) can be expressed as

Wz, t) = /Ot ( [l =yt s)e ks a(y, s)dy) dBs.

Let f(z,s,t) = [pa K(z —y,t — s)e "o (y, s)dy, then w(z,t) fo x,s,t)dBs. For any fixed
z € R and t > 0, we have fot f(x,s,t)dBs is a Gaussian process, whose expectation is 0. And we
also remark that

P(As(2)) = P(w < 0) = P(i < 0) = %

The proof is complete. [
We only focus on the linear parabolic equation in Theorems 2.1 and 2.2. Actually, we can also

consider the nonlinear parabolic equation

{ dug = (Au + kuP)dt + 0dB;, t>0, x€R% (2.6)

u(z,0) = up(z) = 0, r € R4,

where k& € R. For the Cauchy problem (2.6), it is impossible that the solutions keep positive almost
surely. However, we can use Jensen’s inequality to deal with some special case. Since the proof is

easy, we only give the result and omit the proof details here.



Proposition 2.1 Assume that p is an even positive number and k > 0, then it holds that

P(u(z,t) > 0) > 1— & (ffj?) .

Assume that p is an even positive number and k < 0, then it holds that

P(u(z,t) < 0) > & (?f/?) .

For 0 < p <1, we have that Elu| is a lower solution of the following equation

%v = Av + |kJvP, t>0, z€R%
v(x,0) = up(x) = 0, r € RY,

where u is a solution to (2.6). Consequently, when 0 < p < 1, the solution of (2.6) exists globally

almost surely.

3 The impact of linear multiplicative noises

In this section, we consider the impact of linear multiplicative noises on parabolic equations. Our
aim is to get the probability of the event that the solutions keep positive or the solutions are less
(larger) than those of corresponding deterministic case, and so on.

Firstly, we consider a multiplicative noise.

(3.1)

du(z,t) = Audt + f(u)dt + oudB;, t>0, x¢€R%
u(z,0) = up(z) 2 0, xr € RY,

where o > 0, and By is a one-dimensional Brownian motion. By using the It6 formula, it is easy to
see that if we let v(x,t) = e~“Btu(x,t), then v(z,t) satisfies that

%v(x,t) = Av(z,t) — ”—;v(ac,t) +e Bf(e?Bry), t>0, xcRY
v(z,0) = up(x) = 0, r € R,

o2

Denote w(z,t) = e 2 ‘v, then we have

2

0'2 o
%w(m,t) = Aw(x,t) +ezt7Bf(e?B=Tly), t>0, xeR?
w(x,0) = up(z) = 0, r € R%,

Therefore, using the comparison principle, we have the following result.

Theorem 3.1 Assume that the nonlinear term f is locally Lipschitz continuous, then the
Cauchy problem (3.1) with a nonnegative initial datum admits a local solution defined by (2.2).
Moreover, the solution remains positive: u(z,t) > 0, a.s. for almost every x € R? and for all
t €10, T), where T is the lifetime.



Remark 3.1 Comparing Theorem 3.1 with [15, Theorem 4.1], we find the proof here is simple
and the result is exact same as the deterministic case. The reason is that the problem (5.2) is
random and thus we can use the comparison principle. Moreover, the result of Theorem 3.1 is
better than that of [15, Theorem 4.1]. More precisely, in [15, Theorem 4.1], the assumption about
f s that f(u) >0 for u <0, which is stronger than that in this paper.

Theorem 3.2 Assume all conditions in Theorem 3.1 hold and w is the solution of (3.1) with

f(u) =uP. Then for p > 1, Eu is a super solution of the following equation

0., _ d
{mv—Av—i—vp, t>0, xeR% (3.3)

v(x,0) = up(x) = 0, r € R4
Consequently, when p > 1, Eu will blow up in finite time if the initial data belongs to Us, where
Uy = {v | v e BC(Rd,R+),U(:U) > ce_k‘x|2, k>0,c> 1},
and BC' is the set consisted of bounded and uniformly continuous functions.

Proof. It follows from Theorem 3.1 that u > 0 almost surely. The mild solution of (3.1) can

be expressed as

t
w@t) = [ Kla=ytu)dy+ /0 [ K=yt = 9, )y

t
—l—/ K(x —y,t — s)u(y, s)dydBs.
0 JRd

Taking expectation in the above equality, we have

t
Bu(e,t) > [ K-y thuol)dy+ [ [ Koyt~ 5)(EuP(y.s)dyds,
Rd 0 JRd

which implies that Eu is a super solution of equation (3.3). From [9] (also see [8, 11]), the solution
of (3.3) will blow up in finite time, then Eu will blow up as well. [J

Theorem 3.2 shows that Eu will be easier to blow up in finite time than the solution of (3.3),
but do not give the blowup probability. Now, we study this interesting problem. Let u be a mild
solution to (3.1) in the sense of Walsh [20] (given by the heat kernel). It follows Theorem 3.1 that
the solutions of (3.1) will keep positive if the initial data are nonnegative. Furthermore, we want
to know the probability of event that the solutions of (3.1) blow up in finite time. It suffices to
consider the equation (3.2). For simplicity, we only consider the case that f(u) = u”. Following
[10], if 1 < p < 1+ 2/d, then any nontrivial, nonnegative solution solutions of (3.2) with ¢ = 0

blows up in finite time. When o # 0, we have

Theorem 3.3 (i) Assume that 1 <p <1+ p%. The probability that the solution of (3.2) blows

2
ln(%)— (p=1)o

2 ), where 0 < € <€ 1 is a fizred any small

up in finite time is lower bounded by ® ( oT—1

constant.



(ii) Assume that 1+ ]% <p<l+ %. The probability that the solution of (3.2) blows up in finite
ln(%)_Q(p712)02T*
|

oI >, where 0 < € K 1 s a fized any small constant and

time is lower bounded by ® (
T* satisfies (3.10).

o2

Proof. It follows from Theorem 3.1 that w(z,t) = e 2 ‘v > 0 almost surely. By using the

properties of heat kernel, we get

w(z,t)

¢ .2
K(x =y, t)yuo(y)dy + / K(z —y,t = s)e” P05 0=07Beyl(y 5)dyds
Rd 0 JRd
= :Li(x,t) + I(x,t).
We assume that the solution remains finite for all finite ¢ almost surely and want to derive a

contradiction. We may assume without loss of generality that ug(x) > C1 > 0 for |z| < 1 by the

assumption. A direct computation shows that

2 2 2
Lzt > —O / exp (_|‘“|+|y|> dy>—C exp (_|~’U|> 7
(4rt)2 JB1(0) 4t (47t)2 4t

fort >1and C > 0.
It is easy to see that

t »2 p
bt > G [ e@l)ﬂ*(p”“&( K(x—y,t—sm(y,s)dy) ds
0 Rd

Let

G(t) = y K(z,t)w(x,t)dz.

Then for ¢t > 1,

Glt) = /R (e K ) + / (e, DK, t)d

R
t
> CdQ-I-Co/ e_(p_l)L;SJr(p_l)(’Bs
t2 0
P
X </ K(z,t)K(x — y,t — s)dzw(y, S)dy) ds. (3.4)
Rd JRd

It follows from the estimates of [10, pp 42| that

K(z,t)K(x —y,t — s)dx > C3K(y,s)—.
R4 t2

Hence, (3.4) becomes

CQ ¢ o2 S P
G(t)> == +Cs / em P st o=loBs [ 20 ) GP(s)ds,
0 2



where C3 is a positive constant. We can rewrite the above inequality as

d(p—1)

ya t p U2
tTdG(t) > Oyt + C’g/ sge’(p*1)78+(p*1)035Gp(s)ds =:g(t). (3.5)
0

Then for ¢ > 1, we have

d(p—1)
2

g(t) = Cat

and

0'2 - 2 0'2
g t) > t%def(pfl)7t+(pfl)aBtgp(t) > = e~ =D tHe-1)oBe oo (¢)

which implies

1-p 2
)
p—1 p—1

T (p—p2)d o2 B
> Cg/ s 2 e W NTsHP-oBs g for T >t > 1. (3.6)
t
(i) Assume that 1 < p < 1+ 2/(pd), i.e., (p> — p)d/2 < 1. Let {F;}1>0 be the filtration gener-
2

ated by {Bt}+>0. Due to {e_%HUBt}tZO is martingale with respect to {F;}+>0, taking conditional

expectation and using Jensen’s inequality, we have

l—p 2 T 2
CQ t_@ > 03/ S(P*g )dIE |:e_(p_1)"228+(P—1)oBs|]_—t:| ds
t

p—1
T 2 2 p_l
-p?) -
03/ s (E [e_ 2 5+"BS|]-}]> ds
t

T 2y o2
> 03/ 3(p 5 dse~ (P~ D t+p—1)oB:
t

v

Observing that

2 2
T 2 (p—p©)d+2 (p—p*)d+2 2
[ty [ b (1 ) @
t InT — Int, (p? —p)d/2 =1,

we gain

Cy P aw—1y?
t 2
p—1

2 _p2 .2
- QF§%3H3<TQ)5M+2—t“’%ﬁ”z>e@”2t+@”032 (p* —p)d/2 < 1,

- 2
C3(InT — Int)e~ P~ DT tHP-oB: (p? — p)d/2 = 1.

(3.7)

Hence letting T' — oo, we know that the probability of the inequality (3.7) does not hold is
0_2
equivalent to the probability of the event that {w € ; e~ FtHP-DoBi(w) 5 e}, where € > 0 is



10

any fixed. By using the fact that B; is a Gaussian process and for any fixed ¢t > 0, B; obeys the

Gaussian normal distribution N(0,t), we have

1 (p71)02t
P (e(pl)“;t+(p1)0'Bt - E) % (ln(e) -5 ) .

lol(p— )Vt

It follows from the above discussion that we can take ¢ = 1 in above equality.
(ii) Let us discuss the case: 1+2/(pd) < p < 1+2/d. In this case, noting that (p —p?)d +2 < 0
and d(p —1)2/2 > —1+d(p — 1)?/2, we obtain that

1—
02 pti d(p;l)Q > 2C3 t(P—Pi)d“‘Q _ T(P—Pz)d+2 e*(pfl)L;tﬁ’(p*l)UBt‘ (38)
p—1 ~ (P —p)d -2
Letting T' — oo, we get
1—
02 ptf d(Pgl)Z N Lt@wz)dﬁ 67(p71)§t+(p—1)oBt. (3'9)
p—1 ~ (p?—p)d -2
For any fixed € > 0, let T* satisfy
17}) 12 .2
C2 (T*)_ d(p21) 2036 (T*) (» p2)d+2 ' (310)
p—1 (p* —p)d -2

Then the inequality (3.8) does not hold with the probability P(Az+), where
A = {w e e_(p_l)L;T*Hp_l)"BT*("J) > €}

Similar to the former case, we have

P(Ap«) = @ (
The proof is complete. [

Remark 3.2 The difference between the two cases 1 < p <1+ 2/(pd) and 1 +2/(pd) < p <
1+ 2/d is that: in the case (p — p?)d/2+ 1 > 0, the constant € > 0 does not depend on the time;
however, in the second case (p — p*)d/2 + 1 < 0, the constant € > 0 depends on the time and must
satisfy the inequality (3.10). Consequently, in the case (p — p?)d/2 + 1 > 0, the probability of the
event that the solutions blow up in finite time is closed to 1. But in the other case, the probability
has a certain distance with respect to 1.

The linear multiplicative noise can be regarded as a perturbation and the profile of the solution
will keep together with the deterministic case. Thus we should be care of the probability of the event
that the solutions has the same properties as the deterministic case. But if the noise is nonlinear
and multiplicative, the structure for the original equation will be changed, we can not deduce the

same properties as the deterministic case in general.
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Lastly, we prove the probability of the event that blowup time of stochastic parabolic equations
large than or less than the deterministic case. Let D C R?. Consider the following stochastic

parabolic equation

du(z,t) = (Au+ G(u))dt + KudBy, t>0, zeD,
u(z,0) = up(x), rzeD, (3.11)
u(z,t) =0, t>0, x€0D,

where G : R — R is locally Lipschitz and satisfies
G(u) > Cul™?  for all u > 0,

and C, 8,k are positive numbers, {B;};>¢ is a standard one-dimensional Brownian motion on a
stochastic basis (2, F, {Fi}1>0,P) and ug : D — Ry is of class C? and not identically zero. Dozzi
and Lépez-Mimbela [6] obtained the probability that the solution of (3.11) blows up in finite time
is lower bounded by fg;(qj,o)_ﬁ h(y)dy with

_ (B2 2 _
) = oty o () (00 = [ ot

where A1 > 0 is the first eigenvalue of the Laplacian on D, and ¢ is the corresponding eigenfunction

normalized so that ||¢|/;: = 1. It is not hard to prove that v(z,t) = e "Ptu(x, t) satisfies

%v(w,t) = Av(z,t) — %QU(iv,t) + e F Bt G (erBry(x, 1)), t>0, zeD,
o(a,0) = uo(a), reD, (3.12)
v(x,t) =0, t>0, ze€0D.

Similar to the proof of Theorem 3.1, we can prove the solutions of (3.12) will keep positive. Following
the method of Theorem 3.3, one can give a different probability from [6] of the event that the

solutions blow up in finite time. In paper [6], the blowup time is obtained, that is,

t <2 1
T = inf {t >0 ‘ / e—(A1+7)BS+HﬁBsds > Bu(d)? O)} .
0

It is easy to see that when x = 0, 7 becomes the blowup time of deterministic case. Assume T™*

satisfies

T aps 1
/0 e ds = Bu(qzb, 0).

Now we want to prove P(7 > 7). It follows from the definition of 7, we have

P(r > T*)

T*
= P (T > T, / e_Alﬁs(l —e N22'BS'~""B]35)d5 = /T e—(A1+f)5s+nﬁBst>
0 *

™ NQBS
=P / e MPs(1 — ez TRABsYs > 0
0

= 2 1 .
- P / e~ (M+5)Bs+rBBs 1o - — (1 _ e MBT ).
0 Aip

1



12

It follows from the results of [22] that the random variable fOT " e~ (W+n?/2)Bs+rBBs g hag a probability

law and we denote by PT". Then we have

Plr > T*) = PT*(Mlﬁu e MBTYY),

Combining the above discussion, we have the following result.

Theorem 3.4 The probability that the blowup time of (3.11) is larger than the deterministic
case (i.e., (3.11) with k = 0) is PT*(ﬁ(l — e MATTY),
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