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Steady states and Hopf bifurcation of a
diffusive predator-prey model with prey
harvesting and prey-taxis®

Yan Lif, Xiuzhen Fan, Feng Zhou

College of Science, China University of Petroleum (East China),
Qingdao 266580, PR China

Abstract

This paper is concerned with a predator-prey model with prey-taxis and
linear prey harvesting under the homogeneous Neumann boundary condition.
The stability of the unique positive constant solution of the predator-prey
model without prey-taxis is derived. Also, the emergence of Hopf bifurcation
is concluded by choosing the proper Hopf bifurcation parameters. Moreover,
the existence of non-constant positive steady states is investigated by the
introduce of prey-taxis. The conclusions show that prey harvesting and
prey-taxis can enrich the dynamics.

Keywords: Predator-prey model; Steady states; Hopf bifurcation; Prey-
taxis.

1 Introduction

In paper [1], based on the assumption that the prey exhibits herd behavior and
the predator interacts with the prey along the outer corridor of the herd of prey,
Braza proposed the predator-prey model with square root functional responses.
Considering the spatial diffusion of populations, the model proposed by Braza was
extended to a diffusive model in paper [2]. The diffusive predator-prey model is
as follows:

% —di1Au = u(1 —u) — Vuw, (z,t) € (—00,400) x (0,00),
ov

i daAv = v(cv/u — sv), (z,t) € (—00,400) x (0,00),
ou  Ov

%_%_0’ x = —00,400, t € (0,00),
u(z,0) = up(z) > 0,v(z,0) =vo(xz) >0, =z € (—00,+00),

(1)
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where u, v represent the populations of the prey and predator respectively; positive
constants d; and ds are the random diffusion coefficients of prey and predator pop-
ulation respectively; positive constant ¢ represents the rate of biomass conversion;
positive constant s represents the scaled death rate. And in paper [3, 26|, the
pattern formation of system (1) has been studied.

Predator-prey models are basic differential equation models for describing the
interactions between two species, and are of great interest to researchers in math-
ematics and ecology. Both the functional response and harvesting can affect
dynamical properties of biological and mathematical models. For different species,
constant harvesting [5, 6, 7, 13|, proportional harvesting [8, 9], and nonlinear
harvesting [10, 25] are currently investigated by many authors. In particular,
in paper [14], results were obtained for optimal harvesting. In this paper, we
introduce the linear harvesting term into the model (1), and consider the following

model:
ou
a—dlAu:u(l—u)—\/ﬁv—hu, (x,t) € Q2 x (0,00),
@—dAv—v(c U — sv) (z,t) € Q x (0,00)
ot 2 ) ’ ) ) (2)
ou Ov
%—%—0, xE@Q,tG(0,00),
u(z,0) = up(z) > 0,v(z,0) =vo(z) >0, €K,

where € is a bounded domain in R, 8 > 1, n is the outward unit normal vector
of the boundary of 02 which we will assume is smooth. hu represents linear prey
harvesting.

Bifurcation is a very important issue in dynamic system theory. It reflects the
qualitative variation of the topology of the flow caused by changes in parameters.
It has great significance both in mathematical theory and practical applications
[30]. Hopf bifurcation has been widely investigated in [24, 31, 32, 33, 34]. In
this paper, we will treat h as a Hopf bifurcation parameter, and demonstrate the
importance role of the harvesting in the dynamical behaviour.

In addition to the random movements of predators and prey in space predation
activities, there is also a chemotaxis phenomenon, that is, the spatiotemporal
changes in the predator population density are also affected by the gradient of
the prey population. The biochemotaxis model is not only used to describe the
biological movement process at the micro-scale, but also applied to the study of
population dynamics at the macro-scale. Due to the existence and important
role of chemotaxis, more and more scholars have begun to carry out research.
For example, in paper [11], the authors dealed with a prey-predator model with
indirect prey-taxis; in paper [12], the global boundedness and stability of the
predator-prey model with prey-taxis were obtained. And a prey-taxis equation
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was derived in paper [28] and was extended in [29]. Therefore, it is necessary to
study the predator-prey model with prey-taxis term. Next, we will further study
the above model of (2) with prey-taxis term, and the corresponding model is as

follows:
ou
a—dlAu:u(l—u)—\/ﬂv—hu, (x,t) € Q2 x (0,00),
ov
= _d-A . = — Q
T doAv +V - (avVu) = v(evu — sv), (z,t) € Q x (0,00), 3)
Ju  0Ov

%—%:O, xe@Q,tE(O,oo),
u(z,0) = up(x) > 0,v(x,0) =vo(z) >0, €L,

where o denotes the prey-tactic sensitivity. The term avVu gives the velocity by
which predators move up the gradient of the prey. Motivated by the ”volume-
filling” mechanism [4, 15], we have

X(I=35), 0<v<vm,

a=afv) = (4)
0, UV 2 Up,

where x and v, are positive constants. In the following research, we mainly study
the case 0 < v < v,,.

The outline of this paper is as follows. In Section 2, after analyzing the
characteristic equations, we conclude the stability of constant equilibrium solutions
of problem (2). In Section 3, we research the existence of periodic solutions
bifurcating from the unique positive constant solution of problem (2). We analyze
the existence of the non-constant steady states of problem (3) by the fixed point
index theory in Section 4. In Section 5, we will adapt simulations to carry out our
conclusions.

Throughout the paper, up denotes the eigenvalues of —A in Q under the
homogeneous Neumann boundary condition satisfying

0=po<pp <pg<-opy <--- <00,

2 Stability of equilibrium points of problem (2)

In this section we will study the stability of constant equilibrium points of problem

(2).
It is easy to see that the trivial equilibrium point (0,0) always exists. If 0 <
h < 1, semi-trivial equilibrium point (1 — h,0) exists. Especially if

O<h<1-2, (5)
S
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a unique positive constant solution (uy,v,) also exists, where

¢ c
* — 1—-h— ) *x — *
u PO Vs
Theorem 2.1 For problem (2),
(1) (0,0) is unstable;
(2) If 0 < h < 1 holds, (1 — h,0) is unstable;
(3)Assume that
3
0<h<hy,, and 1—2—z>0 (6)

hold, where h, will be determined in the later, then (u,vy) is locally asymptotically
stable.

Proof In what follows, we will only prove the case (3), the similar method can
be used to prove the other two cases. We consider the linearization near (uy,vy)
of problem (2):

Denote

di 0
D =
0 do

Tt is easy to see that the Jacobi matrix at (u,v,) of problem (2) is as follows:

,Mkd1+1*2u** 2\1}:: h —/ Uk
—purD + Ly =
cv*ﬁ —ppds + C\ /Uy — 25V,

Hence, )\ satisfies the characteristic equation:

A + By + By, =0,

where

Bux = prdy + punds — (1 — 2uy — —2— — h— sv,)

1k = ME01 T HEd2 * SN x )

Bk = [prdy — (1—2 )] (s + s0.) + -

— X — — 2u, — — . Sv —CUy.
2k Hra1 * 2\/17* Mk @2 * 5
Let Z(h) =1—2u, — 2:}*“** — h — svy, and through a series of calculations, we

obtain

3c c
Z(h)=—-1+h+——c/1—h—~-
(h) tht oo —c >
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and

Z1l—=-)=->0
1-9=%>0,
3c c
Z(l— —)=—cy/-<0
( 25) ¢ 5<
According to
Z'(h)=1— — > 0 7
1) =1 4= >0 7

we have that Z(h) monotonically increases with respect to h. Then there exists a
he € (1 — 2,1 — <) satisfying Z(h.) = 0. So we could acquire that if & € (0, hy.),
Z(h) < 0 holds; if h € (hi,1 — %), Z(h) > 0 holds. Therefore, by (6), we have
Bir > 0, By, > 0 for all k, which imply that (u.,v,) is locally asymptotically

stable.

3 Hopf bifurcation of problem (2)

In this section we are going to analyze the conditions about the parameters under
which the Hopf bifurcation occurs near the unique positive constant solution
(ty,vy) of problem (2). From Theorem 2.1, we know that if h € (0, h,), (ux,vs)
is locally asymptotically stable. So the possible Hopf bifurcation interval is h €
[P, 1 =€) .

Denote

. C [dlsv*—dg(—l—kh-&—%)]z
W—sv*(l—h—;)— 10, .

Theorem 3.1 For problem (2). If hy <h<1—-%<, 1~ g—z >0, and W > 0 hold.
Let Q2 be a bounded smooth domain so that the spectral set S = {p;} satisfies
(S1) All the eigenvalues p; are simple for i > 0.
Then there exists ng € N such that hil <1 —< < hf | and for problem (2),
there are (ng + 1) Hopf bifurcation points satisfying

C
he =hit <hfl <hil <. <hll <1--
S

where K = hH (p;), i =0,1,--- no.

Moreover,
(1) The bifurcating periodic orbits from h = hll are spatially homogeneous, which
coincide with the periodic orbits of the corresponding ODE system;
(2) The bifurcating periodic orbits from h = hil are spatially nonhomogeneous,
1<i<ng.
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Proof From problem (2), we define

T(hyﬂk) = _Uk(dl + dg) + (1 — 2U* — 2:}%—* —h - SU*),
D(h,pr) = [prdr — (1 —2uy — 2“\/—*?* — h))(prds + svi) + Fcvs,
H = {(h ) € (0,00) x (0,00)  T(h, ) = O}.

Then H is the Hopf bifurcation curve.

Let h' be possible Hopf bifurcation value, by [16, 17], to identify Al be the
Hopf bifurcation point, we recall the following sufficient conditions:

(AH) There exists i € Ry := RU {0} such that T;(h) = 0 and D;(h¥) > 0
hold, and as i # j, Tj(hf1) # 0 and D;(h') # 0. And the unique pair of complex
eigenvalues A(h) = o(h) & iw(h) near the imaginary axis satisfy o'(hfl) # 0,
w(hf) > 0, where T;(hf') = T(h", p;), D;i(hf) = D(R™ | ;).

A series of calculations are performed as follows: Let T'(h,u;) = 0, that is
wi(dy + dz) = Z(h), and due to (7), we have p(h) monotonically increases with
respect to h. When ¢ = 0, that is po = 0, then h = h,. There exists ng such that
Ps € (fngs not1) satisfying p,(di + d2) = Z(1 — £). Hence there are (ng + 1)
possible Hopf bifurcation points satisfying

he =hil < b <hl <. <hf <15
S

According to the above discussion, we get

dReA(h) 1 c
_ = — ]_ —_— .
dh =t = gt =) > 0

S

o' (hf) =

Next we will show that under some additional conditions, D;(hH) > 0 holds
for 0 < i < ng and j € Vg, then we must have D;(hf) > 0 and D;(hf) # 0 for
0 <i<mngand j € Ry as required in the condition (AH).

We find
Dj(h) = [ugdy = (1 = 2us — 55= — )] (n;d2 + sv,) + 5
= dldg/j? +1;G — sv (—1+h+ %) +
2
= Wdidap; + 5521 — qhig; — sve(-1+h+ 38) + 5
= [\/ dldQMj + 27/51—@]2 + VV7
where

G =dysv, — dg(—l +h+ %)
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If W > 0, then we verify D;(hT) > 0, especially D;(hH) > 0.
Collecting the above analysis, we have that when i # j, T; (k) # 0 holds, and

o' (hF) >0, w(hf)=1/D;RH) > 0.

So the proof is accomplished by the Hopf bifurcation theorem in [16, 27].

4 Existence of non-constant positive steady-states
of problem (3)

In the section, we mainly analyze the existence of non-constant positive steady-
states of problem (3) with the assumption 9Q € C?t%(0 < a < 1), that is to say,
we will deal with the following model:
—d1Au = u(1l — u) — Vuv — hu, x €Q,
—dAv+ V- (awVu) = v(ey/u — sv), =€, (8)
% = ?TZ =0, x € 0N.

Notice that the constant equilibrium solutions of the above model is the same
with problem (3). By using the fixed point index theory to calculate the indexes,
we provide some sufficient conditions for non-constant positive solutions of (8).
We first introduce fixed point index theory as follows:

Let E be a Banach space and W be the natural positive cone of E. For y € W,
define Wy={z € E : y + kx € Wfor some k > 0} and S,={x € W, : —x € W, }.
Let y,. be a fixed point of compact operator A : W — W and L = A'(y,) be the
F derivative of A at y,. We say that A’ has property v on W,, if there exist
t € (0,1) and w € W,, \ S, such that w — tA'w € S,,. For an open subset
U C W, define indexy (A, U) = indexw (A, U, W) = degy, (I — A, U, 0), where T is
the identity map. Furthermore, the fixed point index of A at y, in W is defined by
indexw (4, y,) = indexw (A, y,, W) = indexw (4, Uy, , W), where U(y,) is a small
open neighborhood of y, in W. Then the following lemma can be obtained from
the result in [18, 19, 20, 21].

Lemma 4.1 Assume that I — L is invertible on W,,,,

(i) If L has property v on W, , then indexw (A,ys) = 0.

(ii) If L does not have property v on W, , then indexw (A, y,) = (—1)°, where
0 is the sum of algebraic multiplicities of the eigenvalues of L which are greater
than 1.

The following theorem gives a priori bound for positive solutions of (8).
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Theorem 4.1 Any positive solution (u,v) of (8) satisfies
u(x),v(z) < max{l — h, V= h,v,} in Q,
s
where vy, is defined in (4).

Proof For the first equation of (8), define u(z¢) = max u, we use the maximum
Q

principle of elliptic equation, we obtain
[u(l —u) — vVuv — hul|p=y, >0,
then 1 —h —u(zo) > 0, so we get
w(zg) <1—h.

For the second equation of (8), when v > w,,, by the maximum principle
similarly, we have

v< SVI—h.
S

Hence,

u(z),v(r) < max{l — h, V= h,vn} in Q.
s

This completes the proof.

Remark

(i) E = CL(Q) ® CL(Q), where CL(Q) := {¢ € C1(Q) : §2 = 0 on IQ};

(ii) D := D, ® D, where D, := {¢ € CL(Q) : ¢ < 1—h+1in Q} and
Dy, :={peCLQ): ¢ < VI —h+1inQ};

(iii) W := Q @ Q, where Q := {¢ € C:(Q) : ¢(x) > 0,7 € Q};

(iv) D':=DnNnW.

By Theorem 4.1, the standard regularity theory of elliptic equations, the em-
bedding theorems and assumption 9Q € C?*%(0 < a < 1), we can obtain that
(u,v) € C? x C? for elliptic system (8) in [23]. Thus there exists a positive
constant Mj, such that ||Vullcr < My, |[Vuller < M;. According to the first
equation of (8) and Theorem 4.1, we get ||Aul|cx < M;. Hence, there exists
sufficiently large positive constant M such that u(1 — u) — y/uv — hu + Mu and
—x(1—22)Vv-Vu—avAu+v(cy/u— sv) + Mv are monotone increasing functions
with respwéct to u and v respectively.

Define a compact map A : C2(Q) @ C%(Q) — C1(Q) © C*(Q) by

(—di A+ M) Hu(l —u) — Vuv — hu + Mu)
A(u,v) =
(—doA + M)~ (—x(1 - %)V@ - Vu — avAu + v(ey/u — sv) + Mv)

By using a technical device developed by [18], we calculate the fixed point
index of A over IntD’ with respect to W.
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Theorem 4.2 indexy (A, IntD') = 1.

Proof For 6§ € (0,1), define a homotopy invariance Ay : C2(Q) ® C3(Q) —
CY() & CY(Q) by

(—dr &+ M)~ [0(u(1 — w) — v/av — hu) + Mu]
Ag(u,v) =
’ (—da A+ M)7LO(=V - (avVu) + v(ey/u — sv)) + M)

According to the proof of Theorem 4.1, it can be shown that any positive fixed
point (u,v) of Ay also satisfies

u(x),v(z) < max{l — h, V= h,vy,} in Q
S
since 0 < 6 < 1. Hence using homotopy invariance, it follows that
indexy (A1, IntD’) = indexy (Ag, IntD’) = indexg (Hy, IntD,,)indexq (H,, IntD,),

where
Hy(u) = (—diA + M)~ (Mu),

H,(v) = (=d2A + M) ™' (Mv),
so the spectral radius of H,, o and H, ¢ is as follows:
r(Huo) = r(Hyp) = 1.
Using Lemma 13.1 in [22], we get
indexq (H,,IntD,,) = indexg(H,,IntD,) = 1.

Hence, the proof is accomplished.

Next, we will calculate indexy (4, (0,0)), indexy (A, (1—h,0)), and indexy (A, (ux, v4)),

respectively.
Theorem 4.3 indexw (A, (0,0)) =0.
Proof Through a series of analyses, we have W(o,o) =W, S0,0 = {(0,0)} and

(—diA+ M) '(1—h+ M) 0
A'(0,0) =
0 (—de A+ M)™'M

Assume that (I — A’(0,0))(¢, )T =0 for (¢, )T € W, we get
—hiAp = (1—-h)p, =€,

—dgA’(ﬁ:Q $€Q,
o¢ _0Y
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It follows from the strong maximum principle and Hopf’s Lemma that (¢,¢) =
(0,0). It shows that (I — A’(0,0)) is invertible on W(g o).
Let (I —tA’(0,0))(1,0)T = (0,0)%, that is,

1—t(—=diA+ M) (1 —h+ M) =0,

we obtain ¢t = % € (0,1). Therefore, A’(0,0) has property . The proof is
accomplished.

Theorem 4.4 When 0 < h < 1, indexw (A, (1 —h,0)) =0.

Proof By calculations, we have W(l,h’o) =ClQ)aQ, Sa-h0) = CLH )@ {0}
and

(—di A+ M) Y (=14 h+ M)  (—diA+M)"H(—/1—h)
A'(1—h,0) =
0 (—do A+ M) (evV/1—h+ M)
Let (I — A'(1 = h,0))(¢, )T =0 for (¢,4)T € W1_p,0) , that is

—dAp+(1—h)p+VI—p=0, zeQ,

—do A — /1 — hp =0, x € Q,
o0 oY
%_671_0’ x € 0f.

By the strong maximum principle and Hopf’s lemma, we have (¢,v) = (0,0).
Hence, (I — A’(1 — h,0)) is invertible on W1_j o).
Assume that (I —tA’ (1 —h,0))(0,1)T € S(1_4,0), that is

1 —t(—deA+ M) (evV1—h+ M) =0,
we get t = c\/f% € (0,1). Therefore, A’(1— h,0) has property v. The proof is
accomplished.

Denote

N = —1+h+32,
F QU Uy + d150, — do V.

Theorem 4.5 Assume that (5) hold.

(1) If
N < mln{i7 i}(a*v*\/ Uy + d]S'U*), (9)
di’ dy

10



then indexyw (A, (us,v4)) = 1;
(2) If .
N > d—(a*v“/u* + dysvy) (10)
2
and F? — 4d1dgcu§ > 0, then

Lo if D2, 1Mk is even,
indexyw (U, Vs) =

) k )
-1, if Zkikl-i-l my, 1s odd,

where o, = x(1 — 2=), my, is the multiplicity of g, and k;, ko will be determined

in the later.

Vs
Um

Proof (1) Observe that W(u*w*) = Stu, w,) = E and

. B A Ay
A (U*: U*) = s
Az Ay

where
A = (—d1A+M)"Y N+ M),
Ay = (—d1A+ M) (—/u),
A3 = (~doA+M) [N + £,
Ay = (—doA+ M) N (=25 Ju, — sv, + M).

Let A’ (uy,vy)(u,v)T = (u,v)T, then using the eigenfunction expansions (2.6)
in [18] for w and v, we have

dipr — N O™
Tkj
_ewve N g et e =0,
a0 2s 20k dy * * Thj

and
dip — N NO®

D(py) = det )
— et N — E o + S5 /Ui + 50k

11
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D(ux) = didapd + [di (%57 /ux + s04) — d2N]ug — sv. N + %w/u*

= didopi + [dl(ac*l—f*./u* +5vy) —doN]u, +1—h — <.

We notice that 1 —h — € > 0. Therefore, the solution of D(uy) = 0 is as follows:
(i) If F > 0, D(u) = 0 has no positive solutions and D(uy) > 0 for all k > 0;

(i) If F <0, and F? — 4d1dgcu§ < 0, then D(ux) = 0 has no positive solutions;
(iii) If F < 0, and F? — 4d1d26U§ = 0, then D(uy) = 0 has two identical positive
solutions;

(iv) If F <0, and F? — 4d1dgcu§ > 0, then D(uy) = 0 has two different positive
solutions.

Moreover, due to W(u*’v*) = S(u, v.), thus A’(u,,v,) does not have property
on W(u*,v*)'

Now, according to the Lemma 4.1(4¢) in this section, we use indexy (A4, (tux, vx)) =
(—=1)%, where § = D k>0 2on, MARM, and my, is the multiplicity of Ay as a positive
root of det B(A, i) = 0, where B(\, ug) = 0 will be determined in the later.

To make the above purpose, we research for A > 0 the eigenvalue problem

(A (us,vi) — (o, 0)T = N, )T, (8,9) £ 0,
that is
—di(A+ 1A = (N — AM)p — \Juah, x€Q,

2

—dy(A+ DAY = (BN + o — (B 4 s, £ AM)Y, € Q,

dq 2s dy (11)
o6 0y
%— on —O, 13669,

¢# 0,4 #0, zeq.

Thus, we have
By By
BO" /‘k) = »
B3 By

where
By = di(A\+ 1Dy +AM — N,
By = Vu,
By = —4tN-g
By = do(A+ 1w + AM + %52 /uy + sv,.

12
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Next, consider the characteristic equation det(B(A, ui)) = 0 for k > 0, that is

(dvpg + M)(dopis + MIN? + [(dipag + M) (dopy + 52 \/tx + svs)

+(dopir + M) (dipr — N)IX + D(py) = 0.

If N < é(a*vﬂ/u* + dysvy), then D(ug) = det(B(0, ux)) > 0, that is to
say, I — A’(uy,v,) is invertible. And if N < d—ll(a*v*,/u* + disvy), we con-
clusion that det(B(A, ux)) = 0 has no positive solutions, thus 6 = 0, that is
indexyy (A4, (us,v4)) = 1.

(2) If D(ur) = 0 has two positive solutions, we assume that the two roots are
My and Mj_ SatiSfying My € (Mkuﬂkl*%l) and Mj_ € (:U'kzvuk2+1) for 1 < k1 < ko.
It follows that D(ui) # 0 for k > 0, thus we have I — A’(uy,v,) is invertible on
W(u*,v*)'

First of all, we consider the case for K = 0. If £k = 0, then u; = 0, so we get

det(B(\,0)) = M2\2 + M[(ac*l“*,ﬁu* +s0,) — NJA+1—h— g — 0.
1
Therefore, det(B(A,0)) = 0 may have no positive solutions; or two identical

positive solutions; or two different positive solutions, thus § =0 or 2.

Next, we consider the case for k > 1. If k4 +1 < k < ko, D(pug) < 0, then
det(B(A, ux)) = 0 has one positive solution. If 1 < k < ky or k > ka+1,D(ug) > 0,
then det(B(A, pur)) = 0 may have no positive solutions; or two identical positive
solutions; or two different positive solutions, thus 6 = 0 or 2. Finally, we conclusion
that § = Z’ZikIH my + p, p is an even number. The proof has been completed.

Theorem 4.6 Assume that 1 — % <h<1-%and N < d—ll(a*v*./u* + disvy)
hold. If % € (pr, ig=41) for some k* > 1, then there exists a positive constant
ds such that

1, if E’Z;l my, 1S even,
indexyw (U, Vi) =
—1, if Yp_,my is odd

for dy > ds.

Proof In the proof of Theorem 4.5, we get that I — A’(uy,v,) is invertible on
W (uy,vy), and A’(u,,v,) does not have property 7, and thus we investigate the
sum of algebraic multiplicities of the positive eigenvalues of A’(uy,v,) — I.

13
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By calculating, we find that

— 0,0,/ —dy sv,+da N— /[0, /U, +dysv, —da N12—4dyda (1—h—£)

lim gy, = lim
do—>00 ’u* do—ro0 2d1dy
. . — 0V SUr—d1 5V, Fdo N+ /[y vi JUr+di sV, —da N2 —4d1do(1—h—<
lim ,U/i_ _ lim v 1 2 \/[ 2d\/d 1 2 N] 1da( 5
d2—>OO d2—>00 142
_ N
= -

Thus there exists a positive constant d such that p; < p; and g+ < pf for
do > d} since % € (pkr, tk++1). And we notice that if
(QVur/Us +disv ) +1—h — ¢

do > = )
2o Ny — dypi

then D(uq) < 0, and if

(Qvan/Uy + disv)pps +1 —h — <
N pigr — dipig.

do > 7o :=

)

then D(ug+) < 0.

Take a positive constant dj with dj > max{m, 72}, then for each 1 < k < k*
it is easy to see that the equation det(B(A, ) = 0 has only one simple positive
root since D(ur) < 0 for 1 < k < k*. On the other hand, for k > k* + 1,
by N < dil(a*v*\/ﬂ + disvy), the equation det(B(A, 1)) = 0 has no positive
root since (dpx, + M)(dzpy + 57 \/ux + sv4) + (dopy, + M)(dipx — N) > 0 and
D(ux) > 0 for k > k* + 1. Therefore we obtain 6 = Z:;l my, + 0 which derives
the result.

Collecting the above analysis, we conclude the following two conclusions about
the existence of non-constant positive solutions of problem (8).

3
Theorem 4.7 Assume that (5), (10) and F?—4dydacu? > 0 hold. Ile,zzzklﬂ My
is odd, then problem (8) has at least one non-constant positive solution.

Proof Assume that problem (8) has no non-constant positive solution. Through
the previous theorems, we have

1 = indexw (A4, IntD’)

= indexw (4, (0,0)) + indexw (4, (1 — h,0)) + indexy (A, (us, v4))
0+0+(-1)
- -1

which gives a contradiction. The proof has been complicated.
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hold, dﬂl € (g~ , kr41) for some k* > 1 and 22:1 my, 15 odd. Then there exists a
positive constant db such that for dy > d% problem (8) has at least one non-constant
positive solution.

Theorem 4.8 Assume that 1 — 3—; <h<1l-%and N < d—ll{a*v*‘/u* + dysv,}

Proof The proof of the theorem is similar to that of Theorem 4.7. So we omit
the proof.

5 Numerical Simulation

In this section, by using mathematical software Matlab, we show some numerical
simulations to depict our theoretical analysis of the existence of homogeneous
periodic solutions.

For problem (2), we choose that d; = 1, do = 0.8, h =0.2412, ¢ = 0.5, s = 0.8,
then we find that c,s satisfy 1 — ¢ > 0,1 — % > 0, and h satisfies 0 < h <
1— <, W > 0 under the conditions in Theorem 3.1. Theorem 3.1 tell us that when
0 < h < 0.2437, the unique positive constant solution is locally asymptotically
stable, and problem (2) has a homogeneous Hopf bifurcation near (u4, v4) with the
first bifurcation value héf = 0.2437 when 0.2437 < h < 0.3750. When h = 0.095 <
0.2437, the local stability of (us, v4) is depicted in Fig 1, and the period solutions

bifurcating from (u4,v,) at hlf a2 0.2412 are illustrated in Fig 2, respectively.

6 Conlusions

In this paper, we introduce the prey harvesting and prey-taixs into a predator-prey
model. Using the Hopf bifurcation theorem, we investigate Hopf bifurcation by
choosing prey harvesting parameter. And by the degree method and fixed point
index theorem, we study the existence of non-negative steady states depongding on
prey-taixs and predator’s self-diffusion coefficient respectively. The results show
that the introductions of prey harvesting and prey-taixs are necessary and they
can enrich the dynamics.

Acknowledgment. We would like to thank the anonymous referees for their
helpful comments and suggestions.
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