GLOBAL WEIGHTED REGULARITY ESTIMATES FOR HIGHER ORDER
ELLIPTIC AND PARABOLIC SYSTEMS

THE QUAN BUI AND XUAN TRUONG LE

ABSTRACT. In this paper, we prove the weighted Lorentz and weighted Orlicz estimates for the
weak solutions to the higher order parabolic systems with the leading coefficients satisfying a
small BMO norm condition. As a byproduct, we obtain the weighted estimates for the higher
order elliptic systems.
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1. INTRODUCTION

In this paper, we are interested in the global regularity estimates for the higher-order parabolic
system

N
(Lu)" == (u'); + (—1)mz Z Da(a%ﬁ(x,t)Dﬁuj) = Z Defe, (x,t) € Ry,

(1) J=1 |a|=[8l=m jal=m
u'(z,0) =0

foralli=1,...,N with N € N;, m € Nj, u = (ug,...,uy) defined on R} :=R" x (0,7) and
f = {f"} with f* € L*(R%) for all 1 < i < N and multi-indices o with |a| = m.

As a byproduct, we obtain the regularity estimates for the corresponding higher-order elliptic
system

N
(2) (Mu) +xi =" 3 D¥af (@)DPwd) + i = D Df in R",

J=1|a|=|B|=m laf=m

foralli =1,...,N, u = (uq,...,uy) defined on R” and f = {f?} with f* € L*(R") for all
1 <4 < N and multi-indices o with |a| = m, and A > 0.
In this article, we assume that the coefficients a%ﬁ (z) and a?j’g (z,t) satisfy the following condition:

there exist two positive constants Aj, Ao > 0 such that
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(3) \a%ﬂ\ < A,
and
N N
(4) SN afed 230 N e e,
4.7=1 |a]=|B|l=m i=1 |a|=m

where a?jﬁ is understood both a?jﬁ(x) and a%ﬁ(x, t).
In the paper, we use the following notations:
e For m, N € Ny and 1 < p < oo, we denote by W’ (R™) the cartesian product

W™mP(R™) x ... x W™P(R™).

e For u € W™P(R") and k € N, we denote D*u = (DVu)} .
e For u = (u',...,ul) € WP(R") and 0 < k < m we denote D*u = (DFul, ... DFulV)

and
N 9 N
=S |ph | =30 [
i=1

=1 |y|=k
We recall the definition of weak solutions to the systems (1) and (2).

2
P4

Definition 1.1. (a) A functionu = (u',...,u™N) withu® € C(0,T; L*(R"))NL2(0, T; W™2(R")),i =
1,..., N is said to be a weak solution to the system (2) if

N N
Z/ uiapf;dacdt—/ Z Z a?‘jﬁ(m,t)DﬁujDo‘cpidxdt
i=1 /Ry R7

T i,j=1|a|=|8|=m

N
= (—1)m+1/ Z Z DY dxdt,

T i=1 |a|:m

()

for all o' € CP(RY), i =1,...,N.
(b) A function u = (u',...,u") € W]Vn’Q (R™) is said to be a weak solution to the system (2) if
N

N N
(6) / Z Z Q%B(x)D’BujDagpida} + )\/ Zuz(pzdx _/ Z Z fiaDagpidg;’
. R™ =1 R™

" ij=1 |a|=|8l=m i=1 |a]=m
for all ' € C°(R™), i=1,...,N.

The regularity estimate problem for elliptic and parabolic systems (1) and (2) has received a
great deal of attention from many mathematicians. This topic plays an important role in the
theory of partial differential equations. In particular, the regularity estimates for the second-
order elliptic and parabolic equations have been investigated intensively so far. See for example
[24, 25, 26, 9, 17, 20, 21, 22, 19, 16, 6, 11] for the standard second-order linear elliptic and
parabolic equations corresponding to m = N = 1, and [12, 7] for the second-order linear elliptic
systems corresponding to m = 1 and the references therein. However, there are not many studies
on the regularity estimates for the higher order equations. Here, we would like to list certain
results in this research direction.

(a) The regularity results for weak solutions to higher-order nonlinear elliptic systems on a
bounded domain in R™ were obtained by [13]. Some interesting results on differentiability
theory concerning the higher-order elliptic systems were proved in [14].

(b) In [15], the authors proved the LP-type regularity for the higher order elliptic equations with
VMO coefficients. The LP-theory of higher-order parabolic and elliptic systems in the whole
space R", on the half space R’} and on a bounded domain in R™ can be found in [10].
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(c) In [8], the authors established optimal gradient estimates in the Orlicz space for solutions
of a nonhomogeneous elliptic equation of higher order with discontinuous coefficients on a
nonsmooth domain.

(d) Recently, the authors in [28] proved the regularity estimates for the weak solutions to the
equations (1) and (2) corresponding to N = 1 in the Orlicz settings by using the free maximal
function technique introduced by Acerbi and Mingione in [1].

Before introducing the main results we wouls like to set up the assumptions we will work in
the paper.

For z € R™ and r > 0 we denote by B,(z) = {y € R” : |x — y| < r} the open ball centered =
with radius r. For z = (z,t) € R""!| we shall mean # € R" and t € R. For z = (z,t) € R**!
and 7 > 0 we define the cylinder Q,(2) = B,(z) x (t —r*™ t +r?™]. From now on, by a cylinder
Q, we shall mean Q = Q. (z) for some z € R" and r > 0.

Let E be a measurable subset in R™*! (or in R™). For a measurable function f defined on F

we denote
- 1
fo=of r=a | 1

Throughout this paper, apart from (3) and (4) we additionally assume that the coefficients

a%ﬁ (z) and aaﬁ (x,t) satisfy the small BMO norm condition as follows.

Definition 1.2. (a) Parabolic case: Let R,0 > 0. The coefficients {af}ﬁ(a:, t)} are said to satisfy
the small (8, R)-BMO condition if

) swp swp f () a6 duds <8,
zi=(z,t)ERM 1 0<r<R J Q. (2) Br (@)

for alli,j,a, B as in (1), where

“aB _ ap
"5 5, %) = |Br(@)] JB,(x) @iy (> 5)dy.

(b) Elliptic case: Let R,§ > 0. The coefficients {af‘jﬁ(:z:)} are said to satisfy the small (6, R)-
BMO condition if

8 sup ][ a®P(y) — a2 2dy < 62,
( ) z€R™,0<r<R Br(x)‘ 1 (y) z] By(2) ’ V=

foralli,j,a, B as in (2).

Remark 1.3. Note that under the conditions (3), (4) and (7), it is easy to see that for any
€ [1,00) there exists € > 0 so that

() sup sup f 0 (0) — a9 dyds <,
zi=(z,t)ER?T1 0<r<R J Qr(2) B

foralli,j,a, B as in (1).

The main aim of this paper is to prove the regularity estimates for the higher order parabolic
systems (1) in the settings of the weighted Lorentz spaces and the weighted Orlicz spaces, and
then the regularity estimates for the higher order elliptic systems (2) are obtained as a byproduct.
More precisely, Theorems 1.4 and 1.5 give regularity estimates in the weighted Lorentz spaces
for the systems (1) and (2). Meanwhile, Theorems 1.6 and 1.7 give regularity estimates in the
weighted Orlicz spaces for the systems (1) and (2). In these theorems, we refer to Section 2 for
the definitions of Muckenhoupt weights, and the weighted Lorentz and Orlicz spaces.

Theorem 1.4. Assume that the coefficients {a?jﬁ(z:,t)} satisfy (3), (4) and small (8, Ry)-BMO
condition (7), p € (2,00), ¢ € (0,00] and w(x,t) = w(x) € Ayp(R™ ). Then there exists
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positive constant &y such that if 6 < &y, f* € LY (RY) for all o =m andi=1,...,N, and u
is a weak solution to the system (1), then we have

(10) S 1Dt

k=0

o) S MEN ey -

The estimate (14) is nothing, but implies the WP regularity estimates for the weak solution
to the system (2), i.e,

1 H DF H < MEM w5 9.
(1) 51044 ], S Wiy 2>

By the standard duality argument, we imply that (11) is valid for 1 < p < 2, and hence, (11)
holds true for all 1 < p < oc.

Theorem 1.5. Assume that the coefficients {af‘jﬁ(x)} satisfy (3), (4) and small (6, Ro)-BMO

condition (8), p € (2,00), q € (0,00] and w € A,;5(R"™). Then there exist positive constants

and N such that if § < §o, X > Xo, f&* € LEY(R™) for all |o| =m andi=1,...,N, and u is a

weak solution to the system (2), then we have

(12) |1D"ul]
k=0

Lﬁ;q(Rn) f, H’f‘HLfU’q(Rn) .

Theorem 1.6. Assume that the coefficients {a?‘j’g(x,t)} satisfy (3), (4) and small (8, Ry)-BMO
condition (7), and assume that ® € AoNVy and w(x,t) = w(x) € Ay (R™TY). Then there exists
positive constant 8y such that if § < &, f& € LE(R%) for all |a| =m and i =1,...,N, and u
is a weak solution to the system (1), then we have

Y Ful? w(zx,t)dx ) w(z, t)dzdt.
(13) kZO/f(yD \) (z,)d dtg/m@ﬂf]) (, t)dzdt

Theorem 1.7. Assume that the coefficients {a%ﬁ(x)} satisfy (3), (4) and small (6, Ry)-BMO
condition (8), and assume that ® € AaNVy andw € A;, (R™). Then there exist positive constants
o and Ao such that if 0 < § < 8o, A > Ao, f* € LE(R") for all |a| =m andi=1,...,N, and u
is a weak solution to the system (2), then we have

v ku2 wl(x)axr QU)JI xT.
(14) kzo/"(b('p 2) wiz)d 5/n<1>(|f) (2)d

Note that the results in Theorems 1.6 and 1.7 extend those in [28] to weighted Orlicz settings
and to the systems, whereas the estimates in Theorems 1.4 and 1.5 are new. Moreover, the
small BMO condition (7) is weaker than that in [28]. Indeed, the small BMO condition allows
the coefficients to be bounded with respect to ¢ and have a small BMO seminorm with respect
to . This is contrast to the small BMO condition in [28] which requires the coefficients to have
a small BMO seminorm with respect to both z and ¢. Our small BMO norm condition (7) is
similar to those used in [22].

Moreover, our approach relies on those in [9] which makes use of approximation scheme, the
Vitali type covering lemma and the Hardy-Littlewood maximal function. This approach is dif-
ferent from those in [28] which make use of the free maximal function technique, respectively.
It is not clear that these approach can be applicable to our setting.

The organization of the paper is as follows. In Section 2, we give some definitions of Muck-
enhoupt weights and the weighted Lorentz and Orlicz spaces. Some approximation results are
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given in Section ??7. Finally, Section 3 is devoted to the proofs of the main results.

Throughout the paper, we always use C' and ¢ to denote positive constants that are indepen-
dent of the main parameters involved but whose values may differ from line to line. We will
write A < B if there is a universal constant C' so that A < CBand A~ Bif A < Band B < A.
We denote by O(data) the small quantity such that limgata—o O(data) = 0.

2. MUCKENHOUPT WEIGHTS, WEIGHTED LORENTZ SPACES AND WEIGHTED ORLICZ SPACES

2.1. Muckenhoupt weights. In what follows, by a cylinder @, we shall mean Q = Q,(z) for
some z € R*™! and r > 0.
For z; = (x;,t;) € R"™! i = 1,2, we define the distance

1
d(z1, z2) = max{|z1 — x2l, [t1 — t2|2m }.
Hence, following [27] we can define the class of Muckenhoupt weights as follows. Let 1 < p < oo.

A nonnegative locally integrable function w belongs to the Muckenhoupt class A,(R™""1), say
w € Ap(R™1), if there exists a positive constant C so that

-1
(15) (W] 4, @r+1) = sup(][ w(z)dz) <][ w_l/(p_l)(x)dz)p <O, ifl<p<oo,
Q Q Q

and

(16) ][ w(z)dz < Cess-infw(z), if p=1,
Q

zZ€Q
where the supremum is taken over all cylinders @ in R™". We say that w € A (R"*1) if

w € Ap(R™1) for some p € [1,00). We shall denote w(E) := [, w(z)dz for any measurable set
E C R™L

Lemma 2.1 ([27)). Let w € Ap(R"1),1 < p < 0o. Then, there exist k., > 0, and a constant
C > 1 such that for any cyinder Q, and any measurable subset £ C @,

L /EINe _ w(B) _ ¢ |E]\
¢ (@) SWQ)SC(@) :

The class of Muckenhoupt weight A,(R™) can be defined similarly with the balls taking place
of the cylinders in (15) and (16).

2.2. The weighted Lorentz spaces. Let w € A (R"*!), 0 < p < oo and 0 < ¢ < co. The
weighted Lorentz space LL;?(R"t1) is defined as the set of all measurable functions f on R"*!
such that

& de) Ve
llfllwqmw):{p /0 [tpw({zeR"“:|f<z>|>t})]q/”,f} < 00

In the particular case p = ¢, the weighted Lorentz spaces L5;”(R"*!) coincide with the weighted
Lebesgue spaces Lk, (R™*!) which is defined as all measurable functions f on R"*! such that

1/
ey = ([, @)t odear) ™.

The weighted Lorentz spaces Li;?(E) and L7 (R™) with w € Ao (R™) are defined similarly with
some appropriate modifications.
For r > 0, the Hardy-Littlewood maximal function M, is defined by

1 1/r
M., f(z) = sup (/ 1y, s)|" dyds) , z e R™H,
Q>z ’Q| Q

where the supremum is taken over all cylinders containing z. When r = 1, we write M instead
of Ml.
Arguing similarly to the proof of [23, Lemma 3.11], we can show that:
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Lemma 2.2. Letr <p < o0, 0< q¢< o0 andw € Ap/T(R"H). Then we have

M- fl ey mn1y S I Lpa ey

2.3. The weighted Orlicz spaces. Let us recall the definition of the weighted Orlicz spaces.
A convex function ® : R — [0, 00) is said to be a Young function if it is even, nonnegative,
nondecreasing on [0, 00), and satisfy

Definition 2.3. (a) A Young function ® is said to satisfy the global As condition, denoted by
® € Ay, if there exists a positive constant a1 such that

B(2t) < ar1®(t), Vt > 0.

(b) A Young function ® is said to satisfy the global Vo condition, denoted by ® € Vo, if there
exists a positive constant as > 1 such that

2&2@(15) < <I>(a2t), Vit > 0.
For @ € Ay, N Vs, observe that there exists a constant ¢ > 1 so that
(17) AO(t) < cP(At), forallt>0and A > 1,

where ¢ is a constant independent of A and ¢. Then the lower index i(®) is defined as the
supremum of all ¢ satisfying (17). Note that in the particular case ®(t) = t?,1 < ¢ < oo, we
have i = q.

Let w € Ao (R"*1) and ® € Ay N V3. The weighted Orlicz space LE(R"*!) is defined as all
Lebesgue measurable functions f on R™*! such that

/ O(f(x,t)w(x,t)dxdt < co
Rn+1

with respect to the norm

[ flze @n+1y = inf {)\ : / o <f(a/r\, t)> w(x, t)dxdt < 1} .
Rn+1

Note that if f € L2(R"*1), then we have

(18) An+1®(f(x,t))w(m,t)dxdt~/ w({(@t): |f (. 6)] > A}) dB(N).

Rn+1

When ®(t) = 4,1 < q < oo, then space LE(R"*!) coincides with the weighted Lebesgue space
L%} (Rn—i-l)‘

The weighted orlicz spaces LE(F) with E is a measurable subset in R"*! and LE®(R") are
defined in the same manner with some appropriate modifications.

It is interesting to note that the maximal function is bounded on the weighted Orlicz spaces.

Lemma 2.4 ([18]). Let ® € Ay NV and w € Ajg)(R"™). Then we have

/Rn+1 O(f(x,t))w(z, t)dzdt S /

Rn+1

O (Mf(z,t))w(z, t)dedt < / O(f(x,t))w(x,t)dxdt.
Rn+1
3. WEIGHTED REGULARITY ESTIMATES FOR ELLIPTIC AND PARABOLIC EQUATIONS

Before giving the proofs of the main results we would like to recall approximation results in

[4].
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Fix zy = (w0,t9) € R® x (0,T), and 0 < R < Ry/2. Let u = (u},...,u) with u® €
C(0,T; L?(R™)) N LP(0, T; W™2(R™)) be a weak solution to the system (1). We now consider
the following Dirichlet problem

N
(w')y + (=1)™ Z Z Da(a%ﬁ(x,t)DBwj) =0 in Qar = Q2r(20),

i=1 |a|=|B]=m
lu' —w'|+ ... 4+ D™ Hut —wh)| =0 on  0pQ2nr,

for alli =1,..., N, where 9,Q,(2) := 0Q,(2)\(By(z) x {t +r?™}) for all r > 0 and z = (z,t) €
R+

(19)

With a such w, we next consider the following problem:

N
" Y D6, (D) =0 i Qn,

7=1 |a|=|B|=m
0! —w'| 4.+ | D" o —wh)| =0 on  0,Qr,
foralli=1,...,N.

(20)

Proposition 3.1 ([4]). Let v be a weak solution to the problem (20). Then there exists e; > 0
such that

(21) (][ |D™ (v — w)|2dz) s < 561<][ |me|2dz) 1/2.

Proposition 3.2 ([4]). If u € C(0,T; L*(R™)) N LP(0,T; W™2(R")) is a weak solution to the
system (1) and v is a weak solution to (20), then we have

1/2 1/2
(22) D™l i@ S (F 1DmeP) "+ (1)
Q2R Q2R
and
(23) f |Dm<u—v>|250<6>f rDmu|2+f £
R 2R Q2R

We are now ready to prove the main results. We first give the proofs of Theorems 1.4 and
1.5.

3.1. Weighted Lorentz estimates. The proofs of Theorems 1.4 and 1.5 rely on the following
proposition.

Proposition 3.3. Assume that the coefficients {a%ﬁ(x,t)} satisfy (3), (4) and small (§, Ry)-
BMO condition (7), p € (2,00), q¢ € (0,00] and w € A,;o(R"™). Then there exist positive
constants 8y and Ao such that if 6 < §o,A > Ao, ¢& and h' € LEI(RE) for all |a| = m and

i=1,...,N, and u is a weak solution to the system
(Lu)' + b = Z D% + bt in RY,
(24) la|=m
u'(x,0) =0

foralli=1,... N.

N N
(25) POIRCEE (12T S D DD D v AR W L e

0<k<m i=1 |a|]=m i=1

for all A > Ag.

We now postpone the proof of this technical proposition. First we give the proof of Theorem
1.4 and Theorem 1.5 assuming that the proposition holds.
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Proof of Theorem 1.4: Assume that u is a weak solution to the system (1). Let A\g be a constant
as in Proposition 3.3. We define
a(z,t) = u(z, t)e M,
Then we have 4 is a weak solution to the system
(La)'+ Nt = > De M'f), in RE,

laj=m
@'(z,0) =0
Applying Proposition 3.3 we get that

N
—A
gy S 2o 2 e ey
=1 |a|=m

Since e~ A0 < e=t < 1, from the above inequality we imply that

k:

O<k<m i=1 |a|=m

> [iptal
0<k<m

g

Proof of Theorem 1.5: Let ¢ € C§°(0,T) such that 0 < ¢ <1, ¢ =11in [T/4,7/2] and |¢¢| < 1.
We now define
vi(x,t) = u'(z)o(t), i=1,...,N,
where u is a weak solution to the system (2).
Observe that, fort=1,..., N,

(Lo)'(z, t) + A0 (2) = ' (2) e (1) + (—1)™ (Mu)' (2)(t)
= D DU (@)e(t) + u'(x)u(t),

|a|l=m

and v(z,0) = 0.
Hence, by Proposition 3.3 we have, for A > Ag,

> 2w It 60)] <SS IOy +Z||u ()l gacey)-

0<k<m =1 |a|=m

Since |¢| + |¢p¢| < 1, we have

N N
Z Z 1§ () (@) | oo e +Z”U Ol o @n) S Z Z ||fz’a”L7$q(R")+Z||ui||Lf,;q(R")-

i=1 |a]=m i=1 |a|]=m i=1

On the other hand, for a fixed p; € [1,p) we have
1Dl > C||| D"l
As a consequence,

% ot

0<k<m

o |61 017 > C |10

LE(R) LB LY9(R) '

N N
2R Z Z 17l Loy ey +ZHU2”LZ’"(RR)7
=1 |a|=m

i=1

as long as A > Ag.
This implies

PO [ I\meﬁZ S 1 ey

0<k<m i=1 |a|=m
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for sufficiently large . O

To prove Proposition 3.3, we need the following result which gives a regularity estimate for
the weak solution to the system (1) with compact support. But we first recall the following
useful whose proof can be obtained by a similar argument to [23].

Lemma 3.4. Let Q := Qg,(20) for some zg € R" w € A (R") and r < Ry/4. Suppose

that E C F C @ are measurable and satisfy the following conditions:

(a) w(F) < ew(Qr(2)), for some € € (0,1) and for every z € Q;

(b) for any cylinder Q,(z) with p € (0,2r) and y € Q, if w(E N Qy(z)) > ew(Qp(z)) then
QNQp(z) CF.

Then there exists ¢ := c(n,w) such that
w(E) < cew(F).

Proposition 3.5. Assume that the coefficients {a%ﬁ(x,t)} satisfy (3), (4) and small (0, Ry)-
BMO condition (7), and assume that w € Axo(R™1) and u € C(QRr,(20)),20 € R*™, is a
weak solution to (1). Then there exists Ag = Ag(n, A1, A2) > 1 so that the following holds true.
For any € > 0, there exist § = §(n, A1, Ag, e, w) and v = vy(n, A1, Ao, e,w) € (0,1) such that for
all A >0,
(26)
w ({2 € Qry(20) : M(|D™ul?) > AgA, M([f]*) < ¥A}) < Bew ({z € Qg,(20) : M(|D™ul?) > A}),
where B is a constant independing on e.
Proof. For convenience, we write @, for @Q,(zg) for all » > 0. We set

E={z€Qpr, : M (|ID™u?) (2) > Ao\, M (|f[*) (z) <y},
and

F={z€Qp,: M(|D™u|?)(z) > A}

We now fix € € (0,1). Since the Hardy-Littlewood maximal function M is weak type (1,1),
from the standard L2-estimate for weak solution to the equation (1) we have

c c
|E| < — |D™u(2)|?dz < — |f|?dz
Ao Jqop, Ao Jop,
c
< g N@nol < 1|@r,|

< c1a|Qp,/16(2)]s

for all z € QRg,.
Hence, from Lemma 2.1 there exists a constant ~g > 0 so that for any 0 < v < g, we have

w(E) < ew(Qry16(2)), Yz € Qry-

We now prove that for any cylinder Q,(z) with p € (0, Ry/8) and z € Qr,, if wW(ENQ,(z)) >
ew(Qp(z)) then Qr, N Q,(2) C F. Once this is proved the desired estimate (26) follows imme-
diately by applying Lemma 3.4.

Assume, for a contrary, that QN Q,(2) N F° # ) for some z = (z,t) € Qr, and p € (0, Ry/8).
Due to Lemma 2.1 again, it suffices to prove that

(27) [ENQu(2))] < €lQp(2)]-
Let z1 € Q,(Z) N F° and 22 € ENQ,(Z). Hence, we have
(28) M(|D™uf?)(21) < A, M(If[*)(22) <A

Observe that for z € Q,(z), we have

(29) M(ID™ul?)(2) < max {327 A M(ID™ufX Q) (2) } -
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We now consider the following equations:

Z Z D( aﬂxt)Dwa]) 0 in  Qgy(2),
(30) =1 |al=|fl=m

lu' —w'| + ... 4+ D" (' —wh)| =0 on  0,Qs,(%),
foralli=1,...,N, and

(31) la|=|8|=m

N -
MY S D, 00 =0 Qi)
=1

‘ 1( _wi)’:() on apQ4p<Z)7

foralli=1,...,N.
Then by Proposition 3.2, we have

1/2
D™ 0] |1 (1) < ][ D) 4 ][
e S ( o )+ ( -

f rDm<u—v>|250<6>f \Dmu|2+f £
QQP(E) QSP(E) QSP(E)

This along with (28) implies that there exist ca,c3 > 0 so that

1/2
£7)
(%)

z

and

(32) D™ 0] 1200 (s, (27 < €22
and
(33) F PP £ e(0) +
Q2,(2)
Therefore, taking Ag = max{3""2™ 4cy} + 1 we have
EAQuA)] < {2 € Qu(3) : MID™uf gy, 0)(2) > Ao}
< {2 € Qu(2) : M(ID™ (u — v) Xy, (2))(2) > AoA/4}]

+ [{z € Qp(2) : M(ID™0|*X () (2) > AoA/4}].
Due to (32), we have

Hz € Qp(2) (|Dmv\ XQgp(z))(Z) > Ag)\/4}‘ =0.
Hence, this along with (33) implies
[ENQu(2)] < [{z € Qp(2) : M(ID™ (u = 0)[* X, () (2) > AoA/4}|
< C‘QQP( )‘ ]Dm(u—v)|2dz
Aod J Qa3

S e3(0(8) +7)[Q2(2)]
< ea(0(6) +7)|Qp(2)]-
This yields (27) by taking 0 and ~ sufficiently small. O

From the good-A inequality in Proposition 3.5, we obtain the following estimate.

Proposition 3.6. Assume that the coefficients {a%ﬁ(ac,t)} satisfy (3), (4) and small (8, Ro)-
BMO condition (7), p € (2,00), ¢ € (0,00] and w € Ay)o(R"™). Then there exists positive
constant &y such that if & < &, f* € LI (RY) for all |of = m and i = 1,...,N, and u €
C3(Qry(20),R™) is a weak solution to the system (1), then we have

(34) [ D" ul HLﬁ;q(Rg) S IIE HLZ;‘?(R;) :
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Proof. By Proposition 3.5, we have

> 1/q
98 (10" ) | ey = [~ (45970 (= € Qi) : MDY (2) > 40))] 7 2}

o 1/q
S {p/o [A2NPw ({2 € Qry(20) : MIE[?)(2) > 7A})] d;}

N 1/q
+ Be {p/o [APNPw ({2 € QRry(20) : MI(|D™ul?)(2) > /\})]Q/p d/\)\}

<C(p, q)Aofy—l HM (’f‘Q) HLZ;‘?(R’%) + C(g,m)BApe HM (\Dmuyz) HLﬁ;q
Taking € such that C(q,7)BApe < 1, we find that
IV (D™ ) || o gy < CIM(E1) ] g0

(@R (20))

which along with Lemma 2.2 implies
D™ ulllza gy < CNIEN Lz gy, -
g

Proposition 3.3 can be deduced from Proposition 3.6, by using an idea by S. Agmon [3].
Although this ideas was used in [10, 20, 21, 28] in various settings such as second order elliptic
and parabolic equations and higher-order parabolic equations, more complicated analysis and
calculations would be carefully examined in our setting.

Proposition 3.7. Assume that the coefficients {a%ﬂ(x,t)} satisfy (3), (4) and small (6, Ro)-
BMO condition (7), p € (2,00), q € (0,00] and w € A, j»(R™™1). Then there exists a positive
constant 8y such that if 6 < 8y and f* € LEY(RY) for all |a| = m and i = 1,...,N, then for
any weak solution u € CSO(QRO/2(ZO) R™) to the following system

(Lu)' + M = Z D%gi*, in R,
(35) la]<m
u'(x,0) =0
foralli=1,..., N, we have

(36) > A ||

0<k<m

al o
«@
LB9( R2) Z Z >‘2mHg${HLﬁ,‘q(R%)’
=1 |a|<m

for all A > Xg.
Proof. Fix ¢(y) € C§°(—Ro/2, Ro/2). For (z,y,t) € R*™! x R, we define
@'z, y,t) = u' (2, 1) Dy (y),

fori=1,...,N, where (y) = ¢(y) cos (Aﬁy + E)

We now define o ‘ '

(Ca)'(x,y,t) = (Lalz, 1) + (~1)" D",

foralli=1,...,N.

Setting Qr = Qr((20,0),t0) to be a cylinder in R"*! x R, since u € C6°(QRy/2(20)) is a weak
solution to (35), @& € C§°(QRr) is a weak solution to the following equation

La) = Y DgeDv(y)+ S DD lel(ge Dty (y))

la|=m la]<m—1
— D[t (z, )9 (y)) — (=1)™(Dy'a’)]  in R =R % (0,T),
ﬂi(x7y70) =0,

(37)
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foralli=1,...,N.
Applying Proposition 3.6 we obtain

|||D€2,y)ﬂ|HLz,’q(R;+l) ~ Il + 12 + -[37

where

N N
:Z Z 195 Dy W) o e Z Z Hg D) g0 gy,
i=1 |a|=m i=1 |a|<m

N
Iy = Y |z, 00 w) = (=)™ (D) gy

Let A\p > 0 be a fixed number which will be determined later. By a straightforward calculation
we obtain, for A > Ag,

N N
|o
I < Z Z lgi* ||LP‘1 (R2)> Iy < Z Z Azm | g7t ”qu (R2)>
=1 |a|=m =1 |a|<m-—1
and
1 N .
LS Z [l | Loge ey -
i=1
Therefore,
(38) DG gy @lll pponiny S Z > N (198 | g &) + AT Z 1’| L2y
=1 |a|<m
Fix a multi-index || =m and i = 1,..., N. We then have

U = B, 0 2m—|p 1 U
szxyy)u — Z cazﬁDquQs(y)Dym | ‘ COS ()\QTVLy + Z)

BLla
2m—|Bl-1
’ —18]- 1 m
b Y Y cans DR DR g(y) DF cos ATy + T
k=0 B<a
—181 o —
_anﬁ/\ BDﬁ oy )cos</\2}vzy+z_(m2|m>ﬂ>
BLla
2m—|B|-1 .
K : Al - -
’ kzo E%vmwwzm P17k 6 (y) cos <A2my+4‘2>.
= <«

This implies

2m—|B|
E 0047,3 2m

BLla

2m—|B|-1
- K ; 18— T km
- D?x,y)u - E : E Ca,B,kA2M D:fuzDZm 18 k¢(y) cos <)\2my + 1 2> .
k=0 pB<a

xu' (y) cos ()\Q%y + g _ W)
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Hence,
2m — k
Z )\1** su|o(y) cos ()\2iny + Z — (Tn2)7r>
0<k<m Lﬁ,’q(R";fl)
(39) S |HDET;(L;,y)a‘”Lg;q(R¥+1)
2m—L—1 . - -
+ Z Z A2m H|D£U|D§m—€—k¢(y) cos <)\2my + 1 2> ‘
kJZO ng Lﬁ),q(R%.,_l)
Fix 1 < p; < p < p2. Then we have, for 0 < k < m,
2m — k
[DEul(y) cos Ay + T — Bm BT
4 2 LP Q(Rn+1)

(40) o Y

ZCH‘D];UW ‘(b cos <)\2my+7T M) '

LB9(R7) 4 2 P (dy)

On the other hand, by Lebesgue differentiation theorem, there exists A1 so that for all A > A;
we have

2m — k
(41) Haﬁ(y) cos <A21ny + 2 M) > 1/10.
4 2 LP1 (dy)
This together with (40) implies
& a7 (2m—k)r H i ‘
- L= M > D .
(42) H |D:Eu’¢(y) COS <)\2 y + 4 2 LP,Q(RH-"J C ‘ u‘ Lp q Rn)
w (Rp
for all A > Aq.
On the other hand, we have
k
H|D§;u\D§m‘f"“¢<y> cos <Azmy +2- ”)
4 2 Lﬁ;q(Rn+l)
km
(43) < H Dﬁu ‘ D2tk g (y) cos ()\2'”3/ + T >
D Lyt ®y) || Y ) 4 2 Jlpra(ay)
S 1oz
LP q(R")

for all 0 < /4 <m.
From (38), (40), (42) and (43) we have

2m—~—1
3 N H|Dku|‘ S S ae |Dt
LP »q Rn N Rn+1)
0<k<m k=0 {<m
N lo 1 N
+ Z Az || gt | poe mny + Ao Z [l | ey ey
=1 |a‘§m =1
< Y A ot
qu Rn)
0</<m

N
la| L .
E s 95" | Loy + Ao *™ A E :HUZHL?U"?(R;)-
al<m

i=1

||Mz
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Hence, we can rewrite the inequality above as follows:

> v [k, < ARt

(44) 0<k<m =1 |a|<m

a7 Y A Hka y)
0<k<m

LPQ R") '

This implies there exists Ag so that

> A |10kl <Z S A g2 cpaey)-

0<k<m =1 |a|<m

for all A > Ay as desired. U
We now give the proof of Proposition 3.3.

Proof of Proposition 3.3: Let ¢ € C§°(Qp,/2(20) such that

(45) 0<¢<1,6="1inQnul20), [¢:| < Rg' and [D¢| < By, V]a| <m.
We set
U (x,t) = u'(x, t)d(x — zo,t — to) 1= u' (2, )¢y (1, 1).
Observe that
N

(L) +Xi' = (1™~ Y Day (2, 6) D (W hsg)) + (uf + Moy + 1 (62):

3=1 |a|=|B|=m

Since w is a weak solution to the equation (24), we obtain further

(46)
(La) + Z 3 D“( 8z, 1) chDmJDﬁ—sz)
J=1 |o|=[B|=m v<B
N . .
DS S D@ @)D )y + 3 DOy + iy + ()
J=1 |a|=[B8]=m la|=m
:Il + I2 + (+h d)zo +u (¢z0) )
where
N . .
L = (_1)m Z D* (ag'ﬂ(w?t) Z CgDWuJDﬁ—W¢ZO) - Da(a?jﬁ(xat)DBuj)qszo )
=1 la|=|Bl=m v<B
and

IZ = Z Dag?QSzO-

|a|=m

Note that we have

(47) D*(fg) = gDf = > _(=1)l*"FlciDP (1D Py).
B<a

This implies

(48) gD*f = D(fg) + > _ (-1l FlciDP (D Py).
B<a
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Applying the formulas (47) and (48) we obtain

=Y Y (X e Y oo o)

J=1]al<m—1 |Bl=m v<B
N .

S o S0 e DR DY, ),
j=llal<m-1  |3=m7<a

and

Z Z Dle=ler DY (DY DV g,).

la]=my<a

Substituting the identities above into (46) then then applying Proposition 3.7, (45) and (3) we
obtain

5 i o

0<k<m

SR o L

|o¢\<m—1 0<k<m-—1

LisY(QRy/4(20))

3

L (Qpy2(20)) +Z Z >\2m g ”qu (QRg,2(20))

i=1 Ja|=m
+ Z HhZHLPq(QRO/Q(ZO) + Z Hu Hqu QR /Q(ZO))
1=1

for all A > Ay > 1.
Since A\ > 1, this implies, for all A > Ag,

3 A H|Dku]’

0<k<m

S DS

0<k<m—1

N
+ D a0 ooy -

i=1

L3 (QRy/a(20))

ol

LE(Qry /2(0)) +Z Z lgi* HL “(Qrgyy2(20))

i=1 |a]=m

Observe that we can pick a disjoint family of cylinder {Q g, /4(2:)}52; so that

(i) U; Qrojalzi) = Ry
(ii) there exists C' > 0 so that > 2, XQpy (=) < C-

Hence, from the above inequality we have

3 5 b o

j=10<k<m

L5 (Qrya(2)

ATY Y b

j=10<k<m

co N
+ZZ IZ 1951289 e + 22 2 I N 2890y e
pucien

7j=1 =1

2 1Dk

L% (Qry/a(25))
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This follows that

PP H|Dku|‘

0<k<m

7 Y A H|Dku\’

0<k<m

N
+y HhZHLgQ(R;)'
i=1

Therefore, for sufficiently large A, we have

S A H|Dku|‘

0<k<m

as desired. O

N
o

Lpiq R™
B9(R3) ==

N N
Lo (R S 192l parny + D 12°]] 2o
* i=1

i=1 |o|]=m

3.2. Weighted Orlicz estimates. In this section, we provide the proof of Theorems 1.6 and
1.7. Since the proofs of these two theorems are similar to those of Theorems 1.4 and 1.5, we just
sketch the proofs.

We first prove the following result.

Proposition 3.8. Assume that the coefficients {a%ﬁ(x,t)} satisfy (3), (4) and small (0, Rp)-
BMO condition (7), ® € Ay NVa and w € Ay (R™). Then there exists positive constant &
such that if § < &g, f* € L2(R%) for all |o| =m andi=1,...,N, and u € C§°(Qr,(20), R") is
a weak solution to the system (1), then we have

(49) /]R @ (|D™ul?) w(z)dz < /n @ (|f*) w(z)dz.

RT
Proof. Applying Theorem 3.5 and (18), we have
(50)

n
T

- @ (M (|D™ul?) (2)) w(2)dz N/Ooow ({2 € Qro(20) : M (|D™ul?) (2) > A}) d®(N)

2

/0 w({z € Qry(z0) : M (ID™uf?) (z) > AoA}) dB(Ap))
|t € Qu s Ml > 92)) doany

+Be [ (s € Qaylen) MDY @) > X)) a4
S [ wte € Qo) MULP(:) > A)) d(r o)

+ Be/ w ({2 € Qry(20) : M(ID™u?)(2) > A}) d(ApN).
0
Since ® € Ay N Vo, we have
B(AL) < Cal®2 D (t),Vt > 0,4 > 1,

where C' is a constant independing on ¢ and A.
From this and (50), we have

/ @ (M (ID™uf?) (=) w(z)dz Safs T /0 T ({2 € Qu(z0)  MUER)(2) > AY) ()

T

+ Bal?® A%/OOO w ({2 € Qry(20) : M(ID™ul?)(2) > A}) dB(N).
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Applying (18) again, we obtain

/ @ (M (ID"uf?) (=) w(z)dw <cpay®? / @ (M (I£?) (2)) w(z)d=
R%, Q

T

+ cpBal®2 10¢ /R & (M (|D™ul?) (2)) w(z)dz.

logy Ao

Taking e such that cy Ba; € < 1, and then using Lemma 2.4 we can conclude that

/ & (M (1D™?) (2)) w(z)d= < c/ M () (2)) w(z)dz.
.

T

O

With Proposition 3.8 in hand, by the argument used to prove Proposition 3.3, we can prove
the following result.

Proposition 3.9. Assume that the coefficients {af‘jﬁ} satisfy (3), (4) and small (8, Ro)-BMO
condition (7), ® € Aa N Vy and w € A;, (R"™1). Then there exist positive constants &y and \g
such that if § < 8o, X > Ao, g&, bt € LER™Y) for all |a| =m andi=1,...,N, and u is a weak
solution to the system

(Lu)' + X' = > D%+ 1, inRE,
(51) la]=m
u'(x,0) =0
foralli=1,... N.

Z / (N IDRR) we)de £ Y / (191) dz+Z/ (1) w(z)dz,

for all X > Ag.

At this stage, repeating exactly the arguments in the proof of Theorem 1.4 and Theorem 1.5,
we obtain Theorem 1.6 and Theorem 1.7.
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