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Abstract:

In mathematical models, parameters are one of the most important input factors that affect the
model outputs. In this work, the effects of parameters in complement with their interactions effects
on output variables of nanofluids in both converging and diverging channels has been studied. The
mathematical model is solved numerically by using Matlab built-in solver bvp4c. Global
sensitivity analysis (Sobol’s method) is used to quantify the effects of input parameters and their
interactions on model outputs. The results showed that the channel opening (« ) is the most
influencial parameter for the velocity profile, while Eckert number (Ec) becomes the most
influencial parameter for temperature distribution in both diverging and converging channels.
Also, the least sensitive parameters, as well as interaction effects of involved parameters are

identified on velocity and temperature profiles in both converging and diverging channels.
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1. Introduction

In recent times, nanofluids have gained much importance due to many engineering and industrial
applications. The use of nanofluids as coolants in industries, as drug transfering agent in
biomedical engineering, as nanochips in electronic devices and war heads are some of the
applications. The main idea of nanofluids can be traced back to Choi [1], who in a landmark study
proposed the idea. Theoretically, nanofluid is a suspension of nanoparticles and a working fluid,
where working fluid is termed as base fluid. The lack of heat transfer of typical fluids such as

water, the kerosne oil, lubricants and the traditional coolants made the researchers to look for more



efficient heat transfer fluids. Further studies have proved that the use of nanofluids can increase
the heat transfer capacity of traditional fluids upto 40% [2-4]. Also, researchers implemented the
experimentally developed models for the analysis of heat and mass transfer in various situations.
Like, for example flow over stretching surfaces [5,6], flow in channels [7,8], flow over wedge
[9,10]. One of the studies that has gained interest is the flow through conergent and divergent
channels, traditionally known as the Jeffery-Hamel flows [11,12]. Recently, Khan et al [13] studied
the flow of nanofluids in converging and diverging channels. They used Cu-Water nanofluids for
the analysis. In another related study, Khan et al [14] presented the flow and heat transfer in
converging and diverging channels suspended by carbon nanotubes. Extending the same, Mohyud-
Din et al [15] used the carbon nanotubes for analyzing the behavior of nanofluids in converging
and diverging channels.

In this study, we analyzed and studied a new aspect i.e. how the behavior of nanofluids are effected
by variations of involved parameters within a feasible regions? Which can be done using
sensitivity analysis. Mainly, two approaches are common to conduct parametric sensitivity
analysis i.e. local and global sensitivity analysis. In local sensitivity analysis (LSA), the value of
one parameter at one time is changed around its base value to study the impact of that parameter
on output variables [16,17]. The process is repeaded for all peameters individually and their
impacts are studied on outputs variables. The methods of LSA are also known as one-(parameter)-
at-a-time (OAT), which are simple and computationally efficient. While, LSA techniques are not
appropriate to study the impacts of feasible regions of input factors ( here parameters) and their
mutual effects on outputs variables. In such senarios, GSA is more suitable approache to study the
impacts of feasible regions of input parameters and their mutual effects on outputs variables [18-
24]. Recently, Darbari etal. [25] empolyed the response surface technique in nanofluid and
observed that entropy generation is more sensitive than Reynolds number. Further, Mackolil et al.
[26] employed the same methodology and studied the sensitivity analysis in Casson nanofluids
under heat absorption effects. They noticed that Nusselt number has a positive sensitivity toward
thermal radiation. While, Fadodun et al [27], investigated the entropy production rate in
Al>03/H20 nanofluid using response surface methodology.

Motivated with the importance of sensitivity analysis, it is aim to identify the most important
parameter that influence the flow of nanofluid in converging/diverging channels. Within this work,

we applied the global sensitivity analysis; the method of Sobol to identify the ranking of key



parameters, factor fixing and mutual effects of parameters on the flow of nanofluid in converging
diverging channels. Before applying the sensitivity analysis, it is very important to identify the
input and output quantities of interest (Qol). In this paper, the input Qol are model parameters
(a,Re,¢,Ec) and output Qol are velocity profile and temperature distribution of nanofluid under
consideration. The objectives of this research work are summarised as:

(i). Identify the most and least influential model parameters of nanofluid in convergent/ divergent
channels.

(i1). Ranking the most important model parameters and factor fixing

(iii). Identify the mutual (interaction) effects of parameters on output Qol.

2. Mathematical model

Here, we consider an incompressible fluid flow, where flow is produced via source or a
sink. The angle between the wall is 2¢, see Figure (1). The flow is considered to be purely radial
and symmetric of nature. The medium is filled with water (base fluid) and it contains copper Cu
as the nanoparticles. Thermal equilibrium between water and copper is assumed with no slip at the

walls of the channel, where the velocity field, V = [u,, 0,0] with u,. = u,.(r, 8).

Figure 1: A simplified geometry of the problem.

By considering the earlier mentioned assumptions, the polar form of continuity, momentum and

the energy equations in absence of body forces are [14],
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Supporting boundary conditions are,
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where, Ty is the temperature at the wall.
The continuity equation given in (1), can be written as,
f(@)=ru.(r,0)
The following expressions are being used for dimensionless form as,
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Elimination of presure P from Egs. (2), (3) and implementation of Egs. (5) and (6) gives a

nonlinear system of equations of the form;
F" () +2aRe(L-¢)** AF (1))F () +4a°F (1)) =0

AEcPr
Ay (L-9)*°

With boundary conditions, using Egs (5) and (6) are

B'(n)+ [ 4”F2 () + (F'(m))* | =0

F(0)=1, F'(0)=1, F)=0, A =1, and B'(0)=0

Where, Re denotes Reynolds number given by,
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In above equations, primes represent derivative w.r.t. 5. Further, F(7) and pg(n) are the

dimensionless velocity and the temperature profiles, respectively.

Table 1: Thermo-physical properties of base fluid (water) and nanoparticles of copper [13].

) %) )

Water (pure) 997.1 4,179 0.613
Copper (Cu) 8,933 385 401

3. The Sobol’s method

The method of Sobol is a global sensitivity analysis method in which the output uncertainty caused
by input parameters is decomposed and assigned to model input parameters. Due to this reason the
Sobol’s method is also known as variance-decomposition method. A general procedure to
implement the Sobol’s method is given in Figure (2). Consider a model of the form

Y = £(X) = f(X,%,... %), Where, x;, x,, ..., X, are K uncertain parameters generated independently

within a unit hypercube i.e. x €[0,1]¢ for i=123,...,K
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Figure 2: A simplified framework for sensitivity analysis in nanofluid model for both
convergent and divergent channels.

Further, the output uncertainty, Y can be decomposed as [18]:
K K K
(X, Xgen %) = To +Z fi(xi)+zz £ O, %)+t Fro i O Xg,e Xic) (11)
i i i<
In Eq. (11), f is integrable, fo is a constant, fi is a function of X, fjj is a function of x; and x;, and so
on, which in terms conditional expected values can be expressed as,
f, =E(Y)
fi(6)=Ei(Y1x)-1 (12)
fij (6, %) = Exij (Y 1%, %)) — fo — fi =
Where, E denotes expectation value and x-i means all parameters other than xi. The expression for

the total variance is,

v :jfZ(X)dx— £2,, (13)
Q
Eq. (13) in terms of Eq. (11) is
K K K
V=Z:Vi(xi)+Z:Z:[Vij(xi,xJ-)+...+Vly2 ’’’’’ K(xl,xz,...,xK)J (14)
i ii<j
Where,

Vi =V, (Ex-i (Y %)) =V (i (%))

Vij =Vx,xj (Ex=ij (Y 1%, %)) =Vi =V =V (;; (%, X;))

(15)



Eq. (14), when divided by V gives,

1:Z}_(:Si(xi)fZK;Sij(xi,xj)+...+8112 _____ K (%, X,y X ) (16)
. 5
where,
=y 17)
Sij = \% (18)

Where, S; (main effect) stands for impact of i" parameters and Sij represents the mutual impact
of i and j™ parameters on output uncertainty. The total effects S, or interaction effects of all
involved parameters can be computed as,

s B0 0D V(B Ix) (19)
i Vv \

In general, main effects are used to identify the key model parameters and total sensitivity

indices (mutual effects of parameters) are used for factor fixing, see Algorithm 1.

Algorithm 1: Algorithm to calculate main effects (S;) of all involved parameters

1 Input quantities of interest (Qol) := Input model parameters i.e. «*,a ,Re, 4, and Ec.

Output quantities of interest (Qol) := Velocity profile and temperature distribution.

2: Generate two random numbers matrices, A and B of order NxK using LHS. Where, N and K are
the total count of model simulations and uncertain parameters respectively.

3:fori = 1: N Solve the model for different parameter sets given in matrices A and B and save
as Y, and Yg respectively.

end of i loop.

4: for j = 1: K, generate another matrix C;, which is identically equal to the matrix A other than
the jt"column taken from matrix B. Again, model simulations for each C; are saved as Ye,

5: for p = 1: T, where Ts:= output time series = 2, for t = 1:t,, where t,:= total no. of time

points between 0 and 1, compute and save the sensitivity time series, S.for both velocity profile




and temperature distribution w.r.t. each parameter at each time point using Jansen operator
(estimator) [28,29].

N
1
_ 1 _ n _ yny2
S, =1 —ZNVZ(YB Y2,
n=

where,
1 1
V:WZ(YB(“))Z—EZ, and E:[WZWBW)Z}.
n=1 n=1

end of t, p and j loops
6: for s = 1: K, compute S;.

end of s loop.

4. Convergence of sensitivity indices

In this work, we used Latin hypercube sampling which covered the parameter spaces completly as
compared to simple random sampling, see Figure (3). In order to compute main, S; and total
effects, Sy, the method of Sobol needs N(K + 2) model runs. Like, if N = 10000 then the total
model runs requires to compute both S; and Sr;, are: N(+2) = 10000(4 + 2) = 60000. Initially,
sensitivity indices are computed for N =[1000, 2000, 3000, 5000, 7000, 10000] model runs, where
the convergence is achieved when N is around 3000.
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Figure 3: A comparison between Latin hypercube sampling (LHS) and simple random
sampling (SRS).

Figure (4) highlights the convergence of model parameters sensitivites on velocity profile for



diverging channel case. It can be observed that with increasing number of simulations, the vlaues
for each parameter converge. Same is the case with the temperature distribution for diverging
channel (Figure 5). Further, we have used the central limit theorem to calculate the convergence
of parameters sensitivities for each output Qol that lies within £5% of output uncertainty; which

is around 3000 model runs.

Convergence of model parameters sensitivities on velocity profile
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Figure 4: Convergence of S; of all involved parameters on velocity profile (diverging channel).

Similarly, the convergence of model parameters sensitivities for converging channel for both
velocity profile and temperature distribution is highlighted in Figures (6) and (7), respectively.
Clearly, we can see that with the higher number of simulations, the model parameters converge to

a single value and 3000 simulations are enough to attain the convergence.



Convergence of model parameters sensitivities on temperature distribution
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Figure 5: Convergence of S; of all involved parameters on temperature distribution (diverging
channel).

Convergence of model parameters sensitivities on velocity profile
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Figure 6 Convergence of S; of all involved parameters on velocity profile (converging
channel).
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Convergence of model parameters sensitivities on temperature distribution
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Figure 7: Convergence of S; of all involved parameters on temperature distribution (diverging
channel).

6. Solution procedure and its computational cost

To run model simulation for sensitivity analysis, a MATLAB built in solver bvp4c is used [28-
29]. The time taken for one model run is 13s which is suitable for conducting uncertainty and
sensitivity analysis. The total time to compute sensitivity indices for all parameters with N = [1000,
2000, 3000, 5000, 7000, 10000] is 10 hours. For model simulations, we used a laptop (Intel (R)
CORE i5, 8 GB of RAM). Table (2) gives a detailed description of number of simulations and the
time consumed.

Table 2: Computational cost for the simulations

Number of simulations Time consumed (in seconds)
1000 1763.06
2000 2772.00
3000 4152.50
5000 7618.90
7000 10277.60
10000 14797.90
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7. Results and discussions

This section is dedicated to analyze the reuslts obtained for different ouput Qol. For the said
purpose, Figures (8-17) are plotted. Figure (8) gives a description of simluations for the velocity
profile in diverging channel. It is evident that the major impact of o on velocity profile is at the
lower part of the channel and near the walls velocity profile is almost undisturbed. For the case of
teperature ditribution, however the main impact is in the middle part as well as near the walls of

the channel (Figure 9).

Velocity profile for o’ with N=10000
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Figure 8: Simulations for velocity profile (diverging channel).

Temperature distribution for o with N=10000
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Figure 9: Simulations for temperature distribution (diverging channel).
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For the converging channel case, again major impact of a is at the upper part of the channel as
well as near the walls velocity is not disturbed much as it is clear from the Figure (10). However,
for temperature distribution, most of the sensitivities lies at the middle of the channel without

effecting the temperature near the walls of channel (Figure 11).
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Figure 10: Simulations for velocity profile (converging channel).
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Figure 11: Simulations for temperature distribution (converging channel).

Figure (12) gives a detailed description of sensitivity of involved input parameters (Qol) for the

diverging channel. For the velocity distribution, two parameters « (47.23%) and the Reynolds

13



number (Re) (42.66%) have the major impact. The most sensitive of these parameters is the angle
opening a. Furthermore, the other two parameters, the volume fraction of nanoparticles and the
Eckert number have almost no effect on the velocity profile for diverging channel. Also, we can
identify here that the o and Re may act as bifurcation parameters. For the case of temperature

distribution, the most influencial parameter is the Eckert number (Ec) (97.63%). Further, the

impact of other three parameters is almost negligible.
Main effect, Si on output Qol with N=10000

Input Qol (Parameters)

F p
Output Qol

Figure 12: Main effect S; of all parameters on output Qol (diverging channel).

Figure (13) highlights the sensitivity of various parameters for converging channel case. In this
case, there is a slight variation in sensitivity of model parameters. The channel opening « and the
Reynolds number (Re) have almost the same values, i.e. 42.65% and 42.16%. Both these
parameters may act as bifurcation parameters for converging channel case. For the temperature
distribution, again there is a change in sensitivities of model parameters for converging channel.
The Eckert number (Ec) is the most influencial parameter (66.15%) followed by the channel
opening @ (10.97%) and the Reynolds number (Re) (8.76%). It is also pertinent to mention that
each column of Figures (12) and (13) represent the ranking of influencial parameters. For example
in Figure (13), for velocity profile, « (47.13%) is the most influencial parameter followed by
Reynolds number (42.66%), the Eckert number (2.10%) and voulme fraction of nanoparticles
(1.32%).
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Main effect, Si on output Qol with N=10000
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Figure 13: Main effect 3: on output Qol (converging channel).

The upcoming Figures highlights the interation effects of input Qol on velocity and the
temperature profiles. Figure (14) shows these effects for the case of diverging channel. One can
easily observe that the channel opening « has a 13.83% interation effect when compared to all the
other parameter. Similarly, the Reynolds number Re has 12.28% interation effects when combined
with all other parameters or input Qol. Next comes the nanoparticle volume fraction ¢ with 0.53%
followed by Eckert number with 0.30%. For temperature profile, Reynolds number have the
highest interaction effects (11.85%) followed by the channel opening « (9.97%), Eckert number
(7.09%) and nanoparticle volume fraction (0.29%).

In Figure (15), interation effects of input Qol for the converging channel case are presented. Here,

Reynolds number becomes the most dominating factor with 10.46% interation effects when
combined with the other involved parameters. Then comes @ with 8.78% followed by Eckert
number (1.17%) and the nanoparticle volume fraction ¢ (1.01%). For the temperature profile, ¢
becomes the most dominating parameter with the interation effects of 1.34%. Reynolds number
comes next with 1.02% interaction effects followed by Eckert number (0.96%) and the channel
opening « (0.93%).
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Interaction effect of each parameter on output Qol with N=10000
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Figure 14: Mutual (interaction) effects of all involved parameters on outputs for diverging
channel.

Interaction effects of each parameter on output Qol with N=10000
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Figure 15: Mutual (interaction) effects of all involved parameters on outputs for converging
channel.

8. Conclusions:
Sensitivity analysis for the flow of nanofluids in converging and diverging channels is presented.
Base on our analysis the following important conclusions can be drawn:
e For the velocity profile, « is the most inflential parameter for velocity profile. While,
for temperature distribution, Ec is the most influential parameter.

e On the basis of our analysis, for the diverging channel, « is the key parameter followed

16



by Re, ¢ and Ec in the case of velocity profile. When it comes to temperature profile,
Ec becomes the most important parameter, followed by «, Re and ¢ respectively.

¢ Inthe case of converging channel, « is the most sensitive parameter for velocity profile

followed by Re, Ec and ¢ respectively. For temperature distribution, Ec number is the

most influential parameter followed by Re, « and ¢ respectively.
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