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Abstract

In this paper we discuss the differential equation of the geodesic in
a Lagrangian space with (v, 8)-metric. We also derive the differential
equation of geodesic when a Lagrangian space with (v, 3)-metrics re-
duces to Finsler space with (v, 3) -metric. We have obtained certain
results related to S-curvature and non-linear connection in the form of
a metric tensor.
Keywords: Geodesic, Lagrange space, Non-linear connection, (v, 3)-
metric.
2010 Mathematics subject classification: 53B40, 53C60.

1 Introduction

P.Finsler introduced the concept of Finsler space in 1918. 60 years later in 1979
M. Matsumoto has been studied the non-Riemannian Finsler space with cubic
metric [5]. A cubic metric is defined as,[9]

1
3

(11) L) =l |

where a;j;(x) are component of a symmetric tensor field of (0, 3)-type depending
on the position x alone, and a Finsler space with a cubic metric is called the the
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cubic Finsler space.
The S metric defined as,

(1.2) Blx,y) = b)y',

Where b;(z) are components of a covariant vector in space.
In 2011 Pandey and Chaubey introduced the concept of (v, 5)-metric, where

v = aijk(m)yiyjyk} is cubic metric and 8 = b;(x)y’ is a one-form and obtained

its basic torsion tensors, curvature tensors, and 7T-tensor. P.N. Pandey and S.K.
Shukla studied Lagrange space with (v, 5) metric and obtained metric tensor, in
L™ Lagrange space. In 2006 L. Tamassy studied the relation between Lagrange
and Finsler space and established that the Hessians H,j(x,y) is positive definite
iff and only if the hypersurface 2/(®) are convex.

The differential equation of Geodesic with («, 5)-metric has derived by T.N.
Pandey for Finsler space[8]. In present article contains an explanation of the
differential equation of Geodesic in Lagrangian space with (v, 5)-metric.Pandey
and Chaubey has given the expression of Carten tensor but in the present article
gives another expression of Carten tensor with (v, )-metrics[12].

Many authors had studied the flag curvature and vanishing S-curvature[11].The
Geodesic spray of a Finsler space (M, F') is a globally defined smooth vector field
Gon TM \ 0. It given as G = y'0,i — 2G"9,i, Where G is the coefficient of the
geodesic equation.

The present paper starts with the introduction this section covers the outline
of the article information of each section that contributes to the article. In
the preliminaries contains Lagrange space with (v, 3)-metric and metric tensor
through this section we explain the condition when a Lagrange space becomes
a Finsler space. Next section 3 starts to defining the differential equation of
geodesic and gives the derivation of the Geodesic spray coefficient with (v, )
metric. Now the discussion arrived at a stage where can find out the spray in
Finsler space with (v, ) metric discussed in section 4. section 5 and 6 contain
S curvature and Carten tensor. At last, give the conclusion and next problems
to explore the theory.

2 Preliminaries

Let M be an n-dimensional smooth manifold and let T'M be its tangent bun-
dle. Let (2°) and (2%, 3") be local coordinates on M and T'M, respectively.
A Lagrangian is a function L : TM — R which is a smooth function on
TM =TM \ {0} and continuous on the null section.
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The fundamental metric tensor of Lagrangian L(z,y) is given by g;;(z,y)
and define as,

1. .
(21) gm(l',y) = §8Z~8jL2,

0

where & = 8_y"

Definition 2.1. A Lagrange space is a pair L" = (M, L(z,y)), The metric
tensor g;; of Lagrangian L(x,y) being a constant signature on 7'M is called a
regular Lagrangian.

In present paper, we study a Lagrange space whose Lagrangian L is a func-
tion of y(x,y) and fB(x,y) only, where

(2.2)

{a) V@, y) = agr(, y)y'y'y*
b) B(x,y) = bi(x)y’

Let us denote this Lagrangian by L Thus

(2.3) L(z,y) = L(v, )

The space L™ = (M, L(x,y)) is called space with (v, §)-metric [4]. The funda-
mental metric [1] of L™ = (M, L(x,y)) defined as,

(24) gij(x, y) = ZpGij + pP—20;0; + pfl(aibj + bi&j) + pobibj
or
9i5 (2, ) = 2paijsy® + p-2aisty’y ajsy’y’

(25) s t s, t
+ p-19 Gty Y bj + ajay’y b ¢ + pobibj,

where p, ppand p_; given as,

a) p =37 2L,
C) P-1 = %7_2[/’767

d) pP—2 = %774(57“/ - 2’77157)-

Definition 2.2. A Finsler metric L(z,y) is called a (y, 8)-metric. If L is positive
the homogeneous function of first degree in two variable v and 3 . Where
3 = a;ry'y’y" is a cubic metric and 8 = b;(z)y’ is a one form.
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Definition 2.3. The Lagrangian metric L(~, §)-metric will be Finsler metric if
following conditions hold [2]

(2.7) P+ qeB+qay =0,
(2.8) QB+ q-27° =0,
where p_y = %’ Qo = LLpg, g2 = ng_ﬁ7 q-4 = %4([’77 - %)

The subcripts of coefficient p_1, qo, ¢_2, ¢_4 indicate respectively degree of
homogeneity. The fundamental metric tensor of Lagrangian metric L is given
by,

9ij = Praij + pobibj + p2(aib; + a;b;) + paaia;.

Then the identity(2.7) and (2.8) will be formulated as,

(2.9) {a) pof3 + p2y® = LLg,

b) p28 + pay® = 0.

3 Differential Equation of (Geodesic in an L"

Let the curve C' in L" joining two fixed points A and B where z'(t) is the
coordinate of general point P on it.The length of curve C' is given by,

A . .
dx* dx?
3.1 - (i ——dt,

ds dxt dxd
(3:2) V%

If curve C is geodesic then s will be constant length . Let gijdd—ﬁiddi: = 2

where F is the function of 2% and ‘. Now s can be written as s = ff Fdt from

Eluer’s condition 2£ — 4 (%) =0.

oz’ dt

. 2 ,.m g . m i J . . . .
The equation < < — 3T+ {zg} de’ drl _ () i a geodesic equation. If we consider

dt dt
s = t, then differential equation of geodesic is given by equation (3.3),

d*z™ m) d? dz*
3.3 L ——=0
(3:3) ds? N {Zj} ds ds
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The fundamental metric tensor of L"(z,y) with (v, f) metric is defined as,
gij = 2pal-j + P—20;G; + p_l(az-bj + CLjCLi) + pobibj

or written as
9ij = 2paq; + cicj.

Where,
a) qoq—-1 = p-1,
(3.4) b) (q-1)* = p-2,
C) (%)2 = Po-

The Chirstoffel’s symbols connected with metric tensor as,

m b — mnl [Ogkn | Ogin  Ogjk

The partial differentiation of metric tensor w.r.t. 2/,2* and 2" gives,

agkh . 80 8ak:h 8ck 6ch
99 _ o, 4 B 90 A 1)
Oxi - P—2Akh + pP—1D; | Qgp -+ PARRY

(37) + {(Qlak + Q(]bk>Azk + (P,lak + Pobk)Bj + q71Aj + QOB;-}Ch

+ {(Q—mh + Qobn) Ain, + (P-1an, + Pobp)Bj + q-1A; + qOB;}ck7

agjh
oxk

(3.8) + {(Q—laj + Qobj)Aij + (P_ya; + Pobj) By + g1 Ak + QOB]/C}Ch

=2 (P—2Ajh + p—lBk) ajn + 2pAjny"

+ {(Q—lah + Qobj)Ain + (P_1ap, + Pobr)Bi + q-1 Ak + CIOBJIC}C]',

995k
oxh

(39) + {(Q_laj + Qobj)Aij + (P_laj + Pobj)Bh + q_lAh + qoB,’L}ck

=2 (P2Ahj + ,01Bh> ajk + QPAij/h

+ {(Q-ﬂk + Qobr) Ay + (P_1an + Pobp) By + q-1An + qOB;L}%
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Where the symbol used in paper are related by the equations from (3.10) to
(3.13).

(a) g& =72 A,
b) & = B;,
__ Oay
(3'10) Z)) ij jaij ’&lkh
khY" = Bai
e) Qo = 75 (Lapy77?),
Lf) Po= - Logss

1 _ _
(3.11) Q-1 = I {—477 (LW —-2y7'L,

N—

+7 Loy +47 Ly — 27 L, } ;

q-1
1 = -
(3.12) Py = E{V Loy — 27 5L"/B}>
o,

Now the Christoffel symbols of the first kind written for (v, 5)-metric as,

. _ [ Ogn  Ogjn  Ogjk
(314) [Jk7 h] - { 8(13j + 3xk 3xh )

[k, h] = 2p_oll(jpny Axnarn + 2p—1 115, A By — 4A ka5,
— 4Ajth + 2ijkhAjhyk - 4Ajkyh + ijh (P_laj + Pobj)

X thk — Qijh (P_laj + P()bj) Bthijk + <P_1ak + Pobk) Bth
(3.15)

+ 1kn (Q—laj + QObj) Ajje — 20T, (Q—laj + Qobj) e
+2 <Q1ah + Qobh) Ainen + qlljpy (Ajch + Ajck) — 2q_1 ApILjppc;
+ 2Ahch + QOijh <B}Ch + B;Ck> - QQOBZijth + QB;LC}L.

The equation (3.15) derived from equation(3.14) with using equations (3.7),(3.8)
and (3.9).
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The Christoffel symbols of the second kind are being obtained.
m 1 {Ogkn | Ogjn  Ogjk
1 L = - ‘ _ '
(3.16) {]k} { O i oxk  Oxh

The multiplication of inverse fundamental metric tensor with the Christoffel
symbols of first kind gives the Christoffel symbols of second kind(3.17).

m 1.
{z’j} =39 " {29—2H(jkh)Akhakh + 2p_11un Apn By — 4A ra
— 4Ajth + QijkhAjhyk — 4Ajkyh + ijh (Plaj + Pobj)

X thk — 2ijh (Plaj + P(]bj) Bthijk + (Plak + Pobk) Bth

(3.17)
+ In <Q—1aj + Qobj) Ajjer — 20, (Q—laj + Qobj> pjen
+2 <Q—1ah + Qobh> Aincn + g1l (Ajch + Ajck) — 2q_1 Aplljgpe;
+ 2Ahch + qOijh (B;-Ch + B;Ck) — QQOB]gij;th + QB;lCh:| .
The inverse fundamental metric defined as, ¢"™" = 2i (amh - 3 L 2cmch).
14 ptc
Then the Christoffel symbol is given by,
m 1
ik = 2p_oIl(jrn) Axn 2%+ ¢ 25k + 29 20 ULjxn A B;
6]m 1 mh 1 mh k 1 mh h
- 4Ajkm — 459 AjBy + 259 Pl kn Ay — 459 Ajry"+
mé‘h m(sh
ijh (P_laj + Pobj) Bh2 2Hgkh <P_1CL] + P()b )BthkJ 2,0 i 2
m ;l méh
+ (P—Mk + Pobk) By, RN + Wjn (Q—laj + Qobj)Aijm
(3.18) mgh m
"oy c
— 20, <Q—1aj + QObj) Hhkjm +2 (Q—Mh + Qobh) Ain 9T
o m(Sh m6h
L | Aj—— — k) —9¢ ,A,10 J
+q- ]kh( ]2p+c2+ ]2p+c2) q-14p gkh2p+02
cm cm ok cmoh
2A Ly, | B ! k 2q0 B} 11 J
i h2p—|—62+qO ]kh( 20+ 2 J2p+c2) DZn op+ 2

FoBs
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After simplification equation(3.18),we get

m 1 . . cm 1
Ukt = g (oot =2y ) + 5 5 (s

1
Pobk> Bj — (P_lah + Pobh) Bj + 5 (Q_lak + QoBk)A k
(3.19)

1 1 1
- (Q—Wh + Qobh) Aip + 5(]—1143' — 5(]—1Ak + A + EQOB]; + Bﬁl}

+ g™ p_ 1l By — 29" A By, + g™ <ijkhAjhyk - 2Ajkyh)
Theorem 3.1. A given differential equation of the form e -+ {jk} ‘%% =
0,(say s = t) represented a geodesic differential equation in L" Lagrange space.

If the coefficient of differential equation is given by equation (3.19)

The differentiation of v and § w.r.t. ¢ is

dxt 5 w0y oz _.0p

From equation (3.20) it can be derived that,

81‘8‘% 4 pgk pik 87 i J aﬂ ? 2 Ajk j 2 i 8’765
(3:21) 4 —m = AFAT (1) +B'B (o +(v?A*B + B)atat

Another equation is also derived from equation (3.20)

dx' dx' 5 ;07 0P
(3.22) oot VA B e

From the equation (3.20), (3.21), and (3.22) the equation of Geodesic in v and
[.That can be express by equation (3.23)

2 2
B
2[(72A]k8 + Bm—a 5) — (WQBmBm—a T _~yTlpm

ot2 ot2 oxm
AL\ Oy 08 m (07
jk jk jk i 4 Ak Ak _7
(3:23) A 8xm>8t at}Jr{jk;} [VA A (at)
. oy 0p o8
2 ATk RJ 1 1
() 22 (%) ] o

Theorem 3.2. The Geodesic equation in Lagrange space with (v, [3)-metric
given by equation (3.23)in metric function. If the coefficient of the Geodesic
equation is given by equation (3.19).
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4 Lagrange Finsler space

The fundamental metric tensor with (v, 5)-metric is given by,
(4.1) 9ij = P1aij + pobibj + pa(aib; + a;b;) + paaia;.
These p1, po, p2, ps related in Lagrange space by equation (4.2).

a) po = 2Lpo + 4p1,
(4.2) b) po = 2L7*p_1 — 2pp1,
¢) pa=2p_s+ 27 p.

The Lagrange space will be Finsler space, if equation(4.3) satisfied by v and
metric.

(4.3) (a) poB +p2y* = LLg, (b) paf3+ pay’ = 0.
The metric L(y, ) defined a Finsler space. So gji = Ly ?A;x + LgB; and
gyLi = L'V?)l'yi + Lgb;. The every Finsler metric F' induce a spray
0L , OL
G=y'— —2G" .
Vo (2,y) ay
() G=y (L Ayt LeB) = 26 (e,) (Lo -+ Laby),

where the G*(z,y) is the Geodesic spray coefficient can be found by equation
(3.18).

The directional derivative of the v, B;, A;, A, Qo Po, @—1, P_1 and %,
1 1
(2p+c?)? 2p(2p+c?)

is calculated in form of equations,

oy 1
- = = a;,
dy’ 37

(4.5)

oB, 2L o,
4.6 A Ay 5
(4.6) oyt Oyt Oxt v

0A; ;
(4.7) ayﬁ = Ay’
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0A ,
(48) aylih = Akhij
Qo 1 ( 1 5 1 2 _:
- =~ 3| 37 "Lagyai + Lggsbi | Qo+ —3 | — 37
oyt 4q? 3 4 3
X Ly + 57_4Lﬂ,@w> a; + V_QLBB%Bbi}v
0P, 1 ( 1, 1 /1,
- = —— | — = L/g/g,yai + Lﬁﬁﬁbi PO + — =
oy’ 4q? 3 4 3
x Lggpyai + Lﬁﬁﬁﬁbi)v
op~1 1 2 1 _ _
(4.11) oy K —37 L, + 37 4Lw> ai +7 szb,} :
90, 1 4 8 1
dy' - T2, [( — 37 "Ly + 37 "Ly + 37 ®Loyy
2 _ 2 _ _ _
+ 37 "L, — 37 7Lw> a; + (7 Ly — 27 5Lvﬁ) bi] Q-1
(412) 1 52 80 1
4q 4 {(?710[’77 - ?7711[’7 — 4y Loy + 578[’7%7) @i
+ (1078L7ﬁ — 67 "Lyys + 76Lwﬁ>bi] :
OP_, 1 4 _ 8 _ 1 _
dy' - 1%, [( — 37 "Ly + 37 *Ly + 37 ® Loy
2 2
+37° Ly - 577%) a; + <74Lwﬁ - 275L7,3> bz’] Py
4.13
(4.13) 1 4 1, 10 _,
dg4 |\ 37 Loyyg + 37 Loyygy = 37 Lyp
2 _ _ _
—37 7Lvﬁw> a; + (7 Loyps — 27 5Lvﬂﬁ) bz’}
o(2p+ )t 1 {( 2 . 1, )
) _ — S+ 2y g
(4.14) o 2o+ ) s
' dc
_2L bz 2c—
+ Y 7B + Cayz )
O 1 2 1
p(2p+c?) -5 —4 -2
(4.15) oy 2020+ 2)? K T3ty LW) bt

de 1 > 1, .
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The 85"? derived as,
Y

Oarns
OAkp aﬁ? vy - 5’akhj

( ) 8y] ayj 833'] (y + Yy ) kY,
day, . daysy°y" _

(4.17) 0y = 0y = 2A;j,
A darsty®y* ‘

(4.18) 0 _ Tow 2A1;17.

oyl oyl

In equation(3.5),using equation(3.7),(3.8),(3.9) we have,

) 1 )
G = (Ajka,;n + Al — Akja;n) + =a™* Akky’

+<—1 1 )(2@ + Qobi + b)A m
EEYINZ IO _1a wC
2p  4p(2p +c?) 18k 7 00k T Q00 ) Hik
(4.19) 1 1 N
EINZ IO P Pb)B: +q_ A B
" 2p  4p(2p +c?) (Poyay, + Pobk) Bj + q-14; + qoBy | ¢
1 1 |
————— | Ajpdy A 0™ — A0 ) —— A m n, j
+4p(2p+62)02( jkOk T Akk0; kj J) 20+ ) kkCCY

+ g™ p 1 T Bj.
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The directional derivative of G'(x,y) is given as,

(4.20)

0G" (93, n
oy’

1 j m m m
o ) (e uy oy )

1, -1 o (4pP+2pr +2p+ 1)
—a™ A 4+ —a™ A R A1
+ 50 Ay’ + 50" A + 0™ Ay’ + 12p(2p + 2)

X (anj + 3p,1bj + SCC;]') (2Q1ak + Qobk — qobk) Aika

4p* +2pc® + 2p + 1
(4p 12p£02p - C% ) <p_2aj +3p_1b; + 300;3) <P_1Bjak + PyB;by

m (4p+ %)
+ q_lAj + qoB]')c { — 12p2(2p T 02)202 P—2a; + p_lbj

20+ +c . . . 1
_ W%} (Ajkak + A8 — Ao ) + (

2p
1
- 5% 20) 1., 40 1 A, b b
4p(2p+62)){( @yt + 4Q1 Ay Qo + oy k)
2Q- QA ™y + A ™ R
i ( < 1ak+Q0bk+q°bk‘) Y ”“C”}+ (2p 4p(2p+c2)>

{ <P1,ijak + PlejAkj + P,lB;.ak + PoBka + POB;bk + qfl;jAj

2 1 ,
————— | p—2a; + 3p_1b; + 3ccj | — ——<Api| 2¢" MY’
+3(2p+02>2 <p 20 + 9p-10; + CC,J) 20 + 2) kk< crcy

+ e + (C"Cm);g) + (g™ p-11jn By) 5

The nonlinear connection N; of Lagrange-Finsler space with (v, 3)-metric is
given by equation (4.20).

5 S-curvature in metric tensor form

The distortiont = 7(x,y) on T'M associated with a volume from dV = o(x)
defined as ;

(5.1)

det g;;(z,y)

o()

7(z,y) = In
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In fact 7 depends only on F,, = F|r, 3 on T, M at each point x and 7(zy) = 7(x)
at a point x € M if and only if F), is Euclidean on 7, M. The S-curvature define
as [7]

52 Sy — et cl)]

Where c¢(t) is geodesic with ¢(0) = z, ¢(0) = y.
Let G = y'-2 — 2G*-2; denoted spray of I and dV = o(z)dx be a volume form

ox* oyt
on M. Then the S curvature ( with respect to dV') is given by ,
oG" Olno
5.3 S=——-y'—
(53) oy’ oxt’

The %2; calculated by equation (4.20),

6 Carten tensor for (v, 5)-metric

The fundamental metric with (v, 5)- metric given by
(61) gij = 2,0aij + P—20;Q; + p_l(aibj + ajbi) + pgbibj.

Now derived the following expression

dp 1, 2 _ 1 _
(62) a_yk = 5(—5’7 SL,y(lk + g'}/ 4L,y,y(lk + Y 2L%3bk)7
8al~
(6.3) Gy’j = aij (),
dp_ B P D B |
k2 = =29 (Lo — 27 L) g + 57 (VP Ly i
1 2
+ Liyygbi + 5774[/7% - 5773[’77‘% - 2771Lvﬁbk)>
@ai :
(6.5) o = aijry’ = Qik,
apo 1 _9 1
. OGP0  Z 2L ai + = Lggsby.
(6.6) g ~ g Dty 888bk
dp_ 1 _ 1 _ 1 _
(6.7) = = (=27 Lop + =7 Lopy)ar + 57 Logs.

ay* 3 6 2
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The g;; is fundamental metric tensor with (v, 5)-metric. Hence the direction
derivative of metric tensor find out as,

391} ap 8@1] ap72 8(@1%)
= 2——a;; 2 ——a;a;
(6.8) oyF aykay—i- p@yk + B ;4 + P o
: 0p-1 O(a;ibj + ba;)  Opo Ob;b;
+ a—yk(aibj + biaj) + p_1 o 3 kbibj O_ayk 7
99ij _ Moh I 1 o
(6.9) oyk P—1ll(ijk) it 1 p—2ll(ik) @itk — 3 P20k + Pyba;

+ Q1Clkajb,‘ + Robzb]bk

Wherell(;;1) represents sum of cyclic perpetuation in ¢,j,kand P, Q1,Ry given
following equations,

3 _ 1
(6.10) Pr=p1+2¢1P 1+ 57 QLV,Bﬁ + 5[’%357
1 1 5 1
(6-11) Q1= E’Y Lgs + 5'7 Ly + 67 Lpy,
1
(6.12) Ry = 5[//355.

The Carten tensor C;j;; for Lagrange space with (v, 3) metric given by equation
(6.9).

7 Conclusion

The article stars with basic definition of the cubic and S-metrics with the for-
mulation of Lagrangian space with (v, 5)-metrics. The Geodesic spray coefficient
and nonlinear connection expression find out for (v, 5)-metrics.There are rela-
tions that certify that any Lagrangian space with (v, 5)-metrics be a Finsler
space.The Carten tensor derived in the article approaches with Lagrangian dy-
namical concept.
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