Wave dispersion characteristics in lipid tubules considering shell model based on nonlocal strain gradient theory
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Abstract
[bookmark: OLE_LINK2][bookmark: OLE_LINK10]In this paper, wave dispersion analysis of lipid tubules is presented by using the first-order shear deformation (FSD) shell theory. The small-scale effect is revealed explicitly based on the nonlocal strain gradient theory (NSGT). Different types of lipid tubules with size-dependent material properties are taken into account. Hamilton’s principle is utilized to derive the equations of wave motion. The analytical solutions of phase velocity and wave frequency of propagated waves are obtained. In addition, detailed investigations are implemented to highlight the effects of the types of lipid tubules, the longitudinal and circumferential wave numbers, the material length scale parameters and the nonlocal parameters on the wave dispersion characteristics of lipid tubules.
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1. Introduction
[bookmark: OLE_LINK3][bookmark: OLE_LINK4][bookmark: OLE_LINK5][bookmark: OLE_LINK6]Lipid molecules are capable to self-assemble in solutions into multifarious supramolecular structures with well-defined morphologies such as tubules, ribbons, vesicles and micelles 1–3. Lipid tubules with crystalline bilayer walls are cylindrical shell structures ranging from micrometer to nanometer scales 4,5. The wall thicknesses, lengths and diameters of lipid tubules depend on the conditions under which self-assembly occurs and the nature of the lipid molecules 6. Since lipid tubules were first discovered from bilayer membranes in 1984 7–9, they have shown wide application prospects in controlled release systems for drug delivery 10–12, templates for protein crystallization 13,14 and encapsulates for functional molecules 15,16, etc.
Due to their prominent geometry, chemical functionalities and physical properties, the material and mechanical properties of lipid tubules have been investigated by some researchers 17,18. In the work of Frusawa et al. 19, the bending analysis of a single-lipid nanotubule (cardanyl--D-glucopyranoside) was performed and its Young’s modulus was measured by using optical tweezers. Rosso and Virga 20 carried out the approximate dynamics and exact statics analyses of lipid tubules adhered to a plane. Zhao et al. 21 utilized the lipid tubule of 1,2-bis(tricosa-10,12-diynoyl)-sn-glycero-3-phosphocholine (DC8,9PC) to analyze its bending and radical deformation behaviors. And then, Zhao et al. 22 found that nanoscale helical rippled tubules of DC8,9PC could enhance the thermal stability of lipid tubules. By analyzing the buckling behaviors of lipid tubules in shrinking liquid droplets, Zhao et al. 23 measured Young’s modulus of DC8,9PC. Using the finite element analysis and radical atomic force microscope indentation, the local elasticity of DC8,9PC lipid tubules was studied by Zhao et al. 4. Shen et al. 24 conducted the postbuckling, nonlinear vibration and bending analyses of DC8,9PC lipid tubules. In the work of Zhong et al. 25, nonlinear dynamic stability and vibration in pre/post-buckled states of DC8,9PC lipid tubules were investigated by using the nonlocal beam model. Using the nonlocal strain gradient theory (NSGT), Sahmani and Aghdam 26 performed the vibrational and postbuckling analyses of lipid tubules. It should be noted that all the lipid tubules in the above-mentioned literature are simplified to the beam model.
The small-scale effect on mechanical behaviors is significant when the structure size reaches the micro/nano-scales. Since the molecular dynamics simulation and the controlled micro/nano-scales experiments are often difficult to conduct, many high-order elasticity theories have been developed to account for the small-scale effect in deriving constitutive relations, such as the nonlocal elasticity theory 27, the couple stress theory 28, the strain gradient theory 29, the NSGT 30, etc. Among those theories, the NSGT incorporates the strain gradient stress field and nonlocal elastic stress field by introducing the nonlocal and material length scale parameters. In this theory, the small-scale effects on micro/nano-scale structures are strengthened by considering the stiffness-hardening and stiffness-softening influences. This theory has been utilized widely to conduct the vibration, bending and buckling analyses of micro/nano-structures 31–37.
[bookmark: OLE_LINK11][bookmark: OLE_LINK12]As one of effective ways for structural detection, wave dispersion has attracted a mass of research interests. Wang and Varadan 38 studied the wave dispersion in single-walled carbon nanotubes (CNTs) via the Flügge shell theory. Hu et al 39 investigated the wave dispersion of double- and single-walled CNTs, where the results of the nonlocal shell theoretical model were consistent with the molecular dynamics simulations. Considering the effects of porosities and viscoelastic foundation, Liang and Wang 40 carried out the wave propagation analysis of FGM sandwich plates based on the quasi-3D trigonometric shear deformation theory. Zeighampour and Beni 41 performed wave dispersion analysis of functionally graded (FG) cylindrical microshell reinforced by CNTs. In the work of Zeighampour et al. 42, wave dispersion analysis in viscoelastic cylindrical nanoshells was carried out via the NSGT. Ma et al. 43 utilized the NSGT to studied the wave dispersion of magneto-electro-elastic (MEE) cylindrical nanoshells. With the consideration of the influence of thermal environment, Ebrahimi et al. 44 studied the wave dispersion in graphene nanoplatelet-reinforced composite (GNPRC) cylindrical nanoshells based on the NSGT. Using the NSGT, Habibi et al. 45 analyzed the wave dispersion in GNPRC cylindrical nanoshells coupled with piezoelectric actuators.
[bookmark: OLE_LINK9]The present work is devoted to investigating the wave dispersion characteristics in DC8,9PC lipid tubules by using the shell model. The first-order shear deformation (FSD) shell theory in conjunction with the NSGT is employed to model the present system. The size-dependent material properties of lipid tubules are considered. The Hamilton’s principle is utilized to derive the equations of wave motion. The analytical solutions of wave dispersion relations are acquired. Additionally, the influences of system parameters are studied on the wave dispersion characteristics of DC8,9PC lipid tubules.
2. Nonlocal strain gradient theory
On the basis of the NSGT developed in the work of Lim et al. 30, the stress field takes into account both strain gradient stress field and nonlocal elastic stress field by incorporating the nonlocal and material length scale parameters. The total stress is expressed as

		(1)


where the classical stress  and the higher-order stress  are defined as

	 	(2)

		 (3)





in which  is the elastic constant;  and  are the classical stain tensor and first-order strain gradient tensor, respectively; l is the material length scale parameter; e0a and e1a are nonlocal parameters.  and  are the nonlocal attenuation functions, which can be determined experimentally or by matching the wave dispersion relation from atomic lattice dynamics.


Supposing that  and  satisfy the conditions proposed by Eringen 27, the nonlocal differential operators are defined as

	 	(4)

where the Laplace operator  is expressed as 

	 	(5)
By substituting Eq. (4) into Eq. (1), the general format of the constitutive equation can be written as 

	 	(6)

Based on the assumption in the work of Lim et al. 30, namely, retaining terms of order  and assuming e0=e1=e, Eq. (6) can be simplified as

	 	(7)
According to this simplified nonlocal strain gradient constitutive relation, i.e., Eq. (7), the nonlocal continuum theory can be obtained by setting l=0 as 27,46

	 	(8)
Moreover, the strain gradient theory can be obtained by setting ea=0, and can be written as 29,47

	 	(9)
    To investigate the wave dispersion of lipid tubules, the general constitutive relation based on the NSGT is employed hereinbelow.
3. Shell model for wave dispersion analysis of lipid tubules
An DC8,9PC lipid tubule modeled as a circular cylindrical shell with the thickness h and middle-surface radius r is shown in Fig.1. The cylindrical coordinate system (x, z) is chosen at the middle surface of the shell.



According to the FSD shell theory 48, the displacement field of an arbitrary point in the shell along the x-, -, z- axes, denoted by ,  and , respectively, are

	 	(10)

	 	(11)

	 	(12)





in which ,  and  are the displacements of a point at the midplane;  and  denote the rotations of a transverse normal about the - and x- axes, respectively; t is time.
The relations between displacements and strains are given as

	 	(13)

	 	(14)

	 	(15)

	 	(16)

	 	(17)
For the FSD shell, the nonlocal strain gradient constitutive relations can be written as

	 	(18)

	 	(19)

	 	(20)

	 	(21)

	 	(22)










[bookmark: OLE_LINK114][bookmark: OLE_LINK115]where , , ,  and  are normal and shear strains; ,, and  are normal and shear stresses; Poisson's ratio, Young’s modules, and shear modules are , E and G, respectively. The relation between the shear modulus and Young's modulus is defined as

	  	(23)
The resultant forces and moments are given by

		(24)

where the shear correction coefficient is  48.
    From Eqs. (13)-(24), we obtain

	 	(25)

		(26)

	 	(27)

	 	(28)

	 	(29)

	 	(30)

	 	(31)

	 	(32)
where the extensional rigidity D and flexural rigidity K take the form of 

	 	(33)

		(34) 
The strain energy of the lipid tubule is expressed as

	 	(35)
    The kinetic energy is given as

		(36)
By employing Hamilton’s Principle 

	,	(37)
the wave motion equations of the DC8,9PC lipid tubule can be obtained as 

	 	(38)

	 	(39)

	 	(40)

	 	(41)

	 	(42)
where the coefficients I1, I2 and I3 are defined as

	 	(43)
By substituting Eqs. (25)-(32) into Eqs. (38)-(42), it yields

	 	(44)

	 	(45)

	 	(46)

	 	(47)

	 	(48)
The wave dispersion solutions to Eqs. (44)-(48) can be expressed as:

	 	(49)

		(50)

		(51)

	 	(52)

	 	(53)

where ;  is the frequency of wave motion; U, V, W,x and  are the amplitudes of wave motion; n and k are the wave numbers in the circumferential and longitudinal directions, respectively.
The relation between the wave frequency  and phase velocity v is given by 38:

		(54)
    Substituting Eqs. (49)-(53) into Eqs. (44)-(48) yields a generalized eigenvalue problem:

   	  	(55)
where the elements Lij and Hij (i, j=1, 2, ···, 5) in the matrix L and H can be found in Appendix. The wave dispersion relation derived from Eq. (55) can be obtained as

	 	(56)
According to Eqs. (54) and (56), five positive analytical solutions of wave frequency and phase velocity can be obtained. The first three low-value solutions which correspond to the coupled longitudinal, radial and circumferential (L-R-C) modes are discussed hereinafter.
4. Results and discussion
For the purpose of proving the accuracy of the present analysis, Fig.2 demonstrates a comparative study of dispersion relation of a homogenous cylindrical nanoshell. The nonlocal parameter, middle-surface radius, thickness, mass density and Poisson’s ratio of the cylindrical nanoshell are e0a=1nm, r=10nm, h=0.34nm,ρ=2.27g/cm3 and=0.2, respectively. The bending rigidity is K=2eV and the in-plane stiffness is Eh=360J/m2. As can be observed, the current results achieve good consistency with those in the literature 38, manifesting the validity of the current analysis.
In what follows, the analysis of wave dispersion in the DC8,9PC lipid tubules is carried out. Four types of DC8,9PC lipid tubules are chosen as examples, denoted by tubule-A, tubule-B, tubule-C and tubule-D, respectively. Their geometrical parameters and the corresponding size-dependent Young’s modulus are tabulated in table 1. Additionally, their mass density is =1.1g/cm3 49 and the Poisson’s ratio is 4


[bookmark: OLE_LINK1][bookmark: OLE_LINK13]Fig.3 plots the curves of wave frequency versus longitudinal wave number k of different types of lipid tubules for the L-R-C modes. The effect of lipid tubule type on the dispersion relations are investigated. For clear discussion, we define the mode number by the numerical order of wave frequency and phase velocity in the following results. As can be observed, for the fixed circumferential wave number, the wave frequencies of all types of lipid tubules increase with the increasing longitudinal wave number. It can be seen that tubule-D has the smallest wave frequency and tubule-A has the largest wave frequency. Moreover, the wave frequency in tubule-B is larger than that in tubule-C. Additionally, it is notable that for the first L-R-C mode, the wave frequencies of different lipid tubules are close to each other when longitudinal wave number , or in the range of corresponding longitudinal wavelength .
Fig.4 shows the phase velocity versus longitudinal wave number k for different types of lipid tubule. For the first L-R-C mode, the phase velocity initially increases, then decreases, and finally increases to the constant. As to the second L-R-C mode, the phase velocity initially decreases and then tends to be constant. Moreover, the phase velocity for the third L-R-C mode initially reduces to one constant, and then decrease further to another constant value. Additionally, it should be noted that, since the coupling exists among the longitudinal, radial and circumferential wave modes arising from the coupled displacement fields, the nonlinear variations of phase velocities for the L-R-C modes appear. 
[bookmark: OLE_LINK7][bookmark: OLE_LINK8]In Figs. 5 and 6, the variations of wave frequency and phase velocity with circumferential wave number n for different types of lipid tubule are demonstrated. It is seen that the wave frequency and phase velocity increase with the increasing circumferential wave number for all types of lipid tubules. In particular, the wave frequency and phase velocity for the first L-R-C mode increase faster than that for the second L-R-C mode, while the wave frequency and phase velocity for the second L-R-C mode increase faster than that for the third L-R-C mode. In addition, the maximum and minimum values of wave frequency and phase velocity are corresponded with tubule-A and tubule-D, respectively.



The influence of nonlocal parameter ea on the dispersion relations of tubule-A for the L-R-C mode is depicted in Fig.7. As can be observed, when  or , the difference among the wave frequencies for various nonlocal parameters is invisible, indicating that the wave frequency is insensitive to the nonlocal parameter when the longitudinal wave number is small. However, when , distinct difference among the wave frequencies for different nonlocal parameters appears, showing that the nonlocal parameter should not be ignored at large longitudinal wave number. Additionally, it should be noted that an increase in the nonlocal parameter leads to the decrease in the wave frequency. The reason is that the nonlocal parameter generates the stiffness-softening effect on the DC8,9PC lipid tubule.



In Fig. 8, the effect of material length scale parameter l on the dispersion relations of tubule-A for the L-R-C modes is given. As expected, the wave frequency is insensitive to the material length scale parameter when  or , whereas, when , the material length scale parameter has significant effect on the wave frequency. Because the stiffness-hardening effect of material length scale parameter is exerted on the DC8,9PC lipid tubule, it can be observed that the wave frequency increases with the increase in the material length scale parameter.
5. Concluding remarks
In this article, the wave dispersion characteristics in DC8,9PC lipid tubules are studied. Theoretical formulations are based on the FSD shell theory and the NSGT. Hamilton’s principle is utilized to derive the governing equations. The influences of the longitudinal and circumferential wave numbers, the types of lipid tubules, and the small-scale effects on the dispersion relations are investigated. It is shown that wave frequency in lipid tubules increases with the increasing longitudinal and circumferential wave numbers; and phase velocity in lipid tubules increases with circumferential wave numbers. Results also indicate that wave frequency and phase velocity are the largest in tubule-A but are the smallest in tubule-D. Moreover, the wave frequency and phase velocity in tubule-C is smaller than those in tubule-B. In addition, the small-scale effects on the phase velocity and wave frequency are significant only at large longitudinal wave number.
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	Table 1. Geometrical parameters and material properties of lipid tubules 5,24.

	
	r (nm)
	h (nm)
	E (MPa)

	tubule-A
	236.2
	24.4
	1440

	tubule-B
	246.3
	39.6
	960

	tubule-C
	249.3
	52.8
	715

	tubule-D
	257.5
	66.0
	610
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