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Abstract

In this paper, we give a new higher dimensional Hermite-Hadamard inequality for a

function f :
n∏

i=1
[ai, bi] ⊂ Rn → R which is semiconvex of rate (k1, k2, ..., kn) on the co-

ordinates. This generalizes some existing results on Hermite-Hadamard inequalities of S.S.
Dragomir. In addition, we explain the Hermite-Hadamard inequality from the point of view
of optimal mass transportation with cost function c(x, y) := f(y − x) +

∑n
i=1

ki
2

∣∣xi −
yi
∣∣2, where f(·) :

n∏
i=1

[ai, bi] → [0,∞) is semiconvex of rate (k1, k2, ..., kn) on the co-

ordinates and x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) ∈
n∏

i=1
[ai, bi]. Furthermore, by using

the higher dimensional Hermite-Hadamard inequality, we compare the transport cost in
different transport models on the sphere S2.

Keywords. Convex functions, Hermite-Hadamard inequality, Optimal mass transportation

1 Introduction

The classical Hermite-Hadamard inequality for convex functions f on [a, b] is usually stated as

f(
a+ b

2
) ≤

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
. (1.1)

which was first published in [4].
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In the 2-dimensional situation, for any function f : [a, b] × [c, d] → R which is convex
on the co-ordinates on [a, b] × [c, d], Dragomir proved in 2001 the following two-dimensional
Hermite-Hadamard inequality (Theorem 1 in [2]):

f(
a+ b

2
,
c+ d

2
) ≤ 1

2

[
1

b− a

∫ b

a

f(x1,
c+ d

2
)dx1 +

1

d− c

∫ d

c

f(
a+ b

2
, x2)dx2

]
≤ 1

(b− a)(c− d)

∫ b

a

∫ d

c

f(x1, x2)dx1dx2

≤ 1

4

[
1

b− a

∫ b

a

f(x1, c)dx1 +
1

b− a

∫ b

a

f(x1, d)dx1

+
1

d− c

∫ d

c

f(a, x2)dx2 +
1

d− c

∫ d

c

f(b, x2)dx2

]
≤ f(a, c) + f(a, d) + f(b, c) + f(b, d)

4
(1.2)

Interested readers are also refered to [3] for more details. On the other hand, Hermite-Hadamard
Inequality has also been extended to various other contexts, including for example Hermite-
Hadamard’s type inequalities involving two functions, Hermite-Hadamard inequality for log-
convex functions, etc. Details can be found in [7] and [11], respectively.

In this paper, inspired by the Hermite-Hadamard inequality for semiconvex functions f :
[a, b] → R in [6], in Section 2, we establish a higher dimensional refinement of the Hermite-

Hadamard inequality (1.2) for a function f :
n∏

i=1

[ai, bi] ⊂ Rn → R which is continuous and

semiconvex of rate (k1, k2, ..., kn) on the co-ordinates. Here ai < bi(i = 1, ..., n). Dragomir’s
result (1.2), and the Hermite-Hadamard inequality for 1- and higher dimensional semiconvex
functions (see Theorem 2.2 and Remark 2.5, respectively) can all be seen as special cases. In
Section 3, we interpret the meaning of the new higher dimensional Hermite-Hadamard inequal-
ity from the point of view of optimal mass transportation problems by studying and comparing

the optimal transportation costs of five transport models in the hyper-rectangles
n∏

i=1

[ai, bi]. Five

transport models on the sphere S2 are also studied. In addition, by making use of the the new
higher dimensional Hermite-Hadamard inequality, comparison of the transport costs in such
models on the sphere is given.

2 Higher dimensional Hermite-Hadamard inequality for semi-
convex functions of rate (k1, k2, ..., kn) on the co-ordinates

We first recall some preliminaries on semiconvexity and the one-dimensional Hermite-Hadamard
inequality for semiconvex functions f : [a, b] → R of rate k ∈ R.

Definition 2.1. ([5], [6],[8]) A function f defined on a convex set in Rn is said to be semiconvex
of rate k if the function

h(·) := f(·) + k

2
|| · ||2
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is convex for some real constant k. Here || · || is the usual Euclidean norm.

Theorem 2.2. ([6]) If µ is a Borel probability measure on an interval [a, b] with barycenter

bµ =

∫ b

a

xdµ(x) , (2.1)

then for every semiconvex function f : [a, b] → R of rate k, we have

f(bµ) ≤
∫ b

a

f(x)dµ(x) +
k

2

∫ b

a

|x− bµ|2dµ(x) (2.2)

≤ b− bµ
b− a

f(a) +
bµ − a

b− a
f(b) +

k

2
(bµ − a)(b− bµ) . (2.3)

Motivated by these results, we establish a higher dimensional Hermite-Hadamard inequality
for semiconvex function of rate (k1, k2, ..., kn) on the co-ordinates. We start by recalling the
following definition.

Definition 2.3. Let k1, k2, ..., kn ∈ R, a function f :
n∏

i=1

[ai, bi] → R is said to be semiconvex of

rate (k1, k2, ..., kn) on the co-ordinates if for all xi ∈ [ai, bi], the partial maps

fx̂i
(u) : [ai, bi] → R, fx̂i

(u) := f(x1, ..., xi−1, u, xi+1, ...xn), i = 1, 2, ..., n

are semiconvex of rate ki, i = 1, 2, ..., n, respectively.

We also fix our notations as follows. For any i = 1, ..., n, bµi
=

∫ bi
ai
xidµi(xi) is the barycen-

ter of a Borel probability measure µi on an interval [ai, bi], respectively,

x̂i = (x1, ..., xi−1, xi+1, ...xn) ∈ Rn−1 ,

(x̂i, u) = (x1, ..., xi−1, u, xi+1, ...xn) ∈ Rn ,

bµ = (bµ1 , ..., bµn) ∈ Rn ,

(b̂µi
, u) = (bµ1 , ..., bµi−1

, u, bµi+1
, ...bµn) ∈ Rn ,∫∫

∏
j ̸=i

[aj ,bj ]

f(x̂i, u)dµ̂i(xi) =

∫∫
∏
j ̸=i

[aj ,bj ]

f(x̂i, u)dµ1(x1)⊗ ...⊗ µi−1(xi−1)⊗ µi+1(xi+1)...⊗ µn(xn).

Theorem 2.4. If µi, i = 1, 2..., n are Borel probability measures on the intervals [ai, bi], i =

1, 2..., n, respectively, then for every continuous and semiconvex function f :
n∏

i=1

[ai, bi] → R of

rate (k1, k2, ..., kn) on the co-ordinates, we have

f(bµ1 , ..., bµn) (2.4)

≤ 1

n

n∑
i=1

∫ bi

ai

f(b̂µi
, xi)dµi(xi) +

n∑
i=1

ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi) (2.5)

≤
∫∫

∏
i=1,...,n

[ai,bi]

f(x1, ..., xn)dµ1(x1)⊗ ...⊗ µn(xn) +
n∑

i=1

ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi) (2.6)
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≤
n∑

i=1

∫∫
∏
j ̸=i

[aj ,bj ]

bi − bµi

n(bi − ai)
f(x̂i, ai)dµ̂i(xi) +

n∑
i=1

∫∫
∏
j ̸=i

[aj ,bj ]

bµi
− ai

n(bi − ai)
f(x̂i, bi)dµ̂i(xi)

+
n∑

i=1

(n− 1)ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi) +

n∑
i=1

ki
2n

(bµi
− ai)(bi − bµi

) (2.7)

≤
∑

xi=ai or bi,
i=1,2,...,n

g(x1)...g(xn)
n∏

i=1

(bi − ai)
f(x1, ..., xn) +

n∑
i=1

ki
2
(bµi

− ai)(bi − bµi
) , (2.8)

where g(xi) =
{ bi − bµi

if xi = ai
bµi

− ai if xi = bi
, i = 1, ..., n.

Proof. It follows from Definition 2.3 that fx̂i
(u) : [ai, bi] → R, i = 1, 2, ..., n are semiconvex

of rate ki, i = 1, 2, ..., n, respectively.
Applying Theorem 2.2 to fx̂i

(u), i = 1, 2, ..., n, respectively, one has

fx̂i
(bµi

) ≤
∫ bi

ai

fx̂i
(xi)dµi(xi) +

ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi) . (2.9)

Taking x̂i = b̂µi
, i = 1, 2, ..., n in (2.9), and adding the n resulting inequalities, one has

nf(bµ1 , bµ2 , ..., bµn) ≤
n∑

i=1

[∫ bi

ai

f ˆbµi
(xi)dµi(xi) +

ki
2

∫ bi

ai

|x− bµi
|2dµi(xi)

]
and so

f(bµ1 , bµ2 , ..., bµn) ≤
1

n

n∑
i=1

[∫ bi

ai

f ˆbµi
(xi)dµi(xi) +

ki
2

∫ bi

ai

|x− bµi
|2dµi(xi)

]
,

which proves inequality (2.5).
For all i = 1, 2, ..., n, f ˆbµi

(xi) can be seen as a function of bµ1 . By using (2.2), one gets

∫ bi

ai

f ˆbµi
(xi)dµi(xi) +

ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi)

≤
∫ bi

ai

[∫ b1

a1

f(x1, bµ2 , ..., bµi−1
, xi, bµi+1

, ..., bµn)dµ1(x1) +
k1
2

∫ b1

a1

|x1 − bµ1|2dµ1(x1)

]
dµi(xi)

+
ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi)

=

∫ bi

ai

[∫ b1

a1

f(x1, bµ2 , ..., bµi−1
, xi, bµi+1

, ..., bµn)dµ1(x1)

]
dµi(xi)

+
k1
2

∫ b1

a1

|x1 − bµ1 |2dµ1(x1) +
ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi).
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Note that f(x1, bµ2 , ..., bµi−1
, xi, bµi+1

, ..., bµn) can also be seen as a function of bµ2 . Using (2.2)
again and repeating the above steps, we get∫ bi

ai

f ˆbµi
(xi)dµi(xi) +

ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi)

≤
∫∫

∏
i=1,...,n

[ai,bi]

f(x1, ..., xn)dµ1(x1)⊗ ...⊗ µn(xn)

+
n∑

i=1

ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi).

Hence
n∑

i=1

[∫ bi

ai

f ˆbµi
(xi)dµi(xi) +

ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi)

]
≤ n

∫∫
∏

i=1,...,n
[ai,bi]

f(x1, ..., xn)dµ1(x1)⊗ ...⊗ µn(xn)

+ n
n∑

i=1

ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi) ,

which implies inequality (2.6)
We proceed to prove (2.7) by using (2.3). Note that for all i = 1, 2, ..., n,∫∫

∏
i=1,...,n

[ai,bi]

f(x1, ..., xn)dµ1(x1)⊗ ...⊗ µn(xn) +
ki
2

∫ bi

ai

|xi − bµi
|2dµi(xi)

=

∫∫
∏

i=1,...,n
[ai,bi]

[f(x1, x2, ..., xn) +
ki
2
|xi − bµi

|2]dµi(xi)⊗ µ1(x1)⊗ µ2(x2)⊗ ...⊗ µn(xn)

≤
∫∫

∏
j ̸=i

[aj ,bj ]

bi − bµi

bi − ai
f(x̂i, ai)dµ̂i(x̂i) +

∫∫
∏
j ̸=i

[aj ,bj ]

bµi
− ai

bi − ai
f(x̂i, bi)dµ̂i(x̂i) +

ki
2
(bµi

− ai)(bi − bµi
).

Adding these n inequalities and dividing the sum by n, one gets∫∫
∏

i=1,...,n
[ai,bi]

f(x1, ..., xn)dµ1(x1)⊗ ...⊗ µn(xn) +
n∑

i=1

ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi)

≤
n∑

i=1

∫∫
∏
j ̸=i

[aj ,bj ]

bi − bµi

n(bi − ai)
f(x̂i, ai)dµ̂i(x̂i) +

n∑
i=1

∫∫
∏
j ̸=i

[aj ,bj ]

bµi
− ai

n(bi − ai)
f(x̂i, bi)dµ̂i(x̂i)

+
n∑

i=1

ki
2n

(bµi
− ai)(bi − bµi

) . (2.10)
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Adding

n∑
i=1

(n− 1)ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi)

to both sides of (2.10), one proves inequality (2.7).

To end the prove we show inequality (2.8) by induction on n. If n = 1, then (2.8) is actually
an equality. Assume (2.8) hods for n− 1, then

n∑
i=1

∫∫
∏

j ̸=i,j=1,..,n
[aj ,bj ]

bi − bµi

n(bi − ai)
f(x̂i, ai)dµ̂i(xi) +

n∑
i=1

∫∫
∏

j ̸=i,j=1,..,n
[aj ,bj ]

bµi
− ai

n(bi − ai)
f(x̂i, bi)dµ̂i(xi)

+
n∑

i=1

(n− 1)ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi) +

n∑
i=1

ki
2n

(bµi
− ai)(bi − bµi

)

=
n− 1

n

∫ bn

an

[
n−1∑
i=1

∫∫
∏

j ̸=i,j=1,..,n−1
[aj ,bj ]

bi − bµi

(n− 1)(bi − ai)
f(x̂i, ai)dµ1(x1)⊗ ...⊗ µn−1(xn−1)]dµn(xn)

+
n− 1

n

∫ bn

an

[
n−1∑
i=1

∫∫
∏

j ̸=i,j=1,..,n−1
[aj ,bj ]

bµi
− ai

(n− 1)(bi − ai)
f(x̂i, bi)dµ1(x1)⊗ ...⊗ µn−1(xn−1)]dµn(xn)

+
n− 1

n

∫ bn

an

n−1∑
i=1

(n− 2)ki
2(n− 1)

∫ bi

ai

|xi − bµi
|2dµi(xi)]dµn(xn)

+
n− 1

n

∫ bn

an

[
n−1∑
i=1

ki
2(n− 1)

(bµi
− ai)(bi − bµi

)]dµn(xn)

+

∫∫
∏

j=1,..,n−1
[aj ,bj ]

bn − bµn

n(bn − an)
f(x̂n, an) +

bµn − an
n(bn − an)

f(x̂n, bn)dµ1(x1)⊗ ....⊗ µn−1(xn−1)

+
n−1∑
i=1

ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi) +

(n− 1)kn
2n

∫ bn

an

|xn − bµn|2dµn(xn) +
kn
2n

(bµn − an)(bn − bµn)

≤n− 1

n

∫ bn

an

∑
xi=ai or bi,
i=1,2,...,n−1

g(x1)...g(xn−1)
n−1∏
i=1

(bi − ai)

f(x1, ..., xn) +
n−1∑
i=1

ki
2
(bµi

− ai)(bi − bµi
)]dµn(xn)

+

∫∫
∏

j=1,..,n−1
[aj ,bj ]

bn − bµn

n(bn − an)
f(x̂n, an)dµ̂n(xn) +

∫∫
∏

j=1,..,n−1
[aj ,bj ]

bµn − an
n(bn − an)

f(x̂n, bn)dµ̂n(xn)

+
n−1∑
i=1

ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi) +

(n− 1)kn
2n

∫ bn

an

|xn − bµn|2dµn(xn) +
kn
2n

(bµn − an)(bn − bµn)
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=
n− 1

n

∑
xi=ai or bi,
i=1,2,...,n−1

g(x1)...g(xn−1)
n−1∏
i=1

(bi − ai)

∫ bn

an

[f(x1, ..., xn) +
kn
2

∫ bn

an

|xn − bµn |2]dµn(xn)

+

∫∫
∏

j=1,..,n−2
[aj ,bj ]

bn−1∫
an−1

bn − bµn

n(bn − an)
[f(x̂n, an) +

kn−1

2
|xn−1 − bµn−1|2]]

+
bµn − an
n(bn − an)

[f(x̂n, bn) +
kn−1

2
|xn−1 − bµn−1 |2]dµn−1(xn−1)⊗ dµ1 ⊗ ...⊗ dµn−2

+
n−2∑
i=1

ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi) +

kn
2n

(bµn − an)(bn − bµn) +
n∑

i=1

(n− 1)ki
2n

(bµi
− ai)(bi − bµi

)

≤n− 1

n

∑
xi=ai or bi,
i=1,2,...,n−1

g(x1)...g(xn−1)
n−1∏
i=1

(bi − ai)

[
bn − bµn

bn − an
f(x1, x2, ..., an)

+
bµn − an
bn − an

f(x1, x2, ..., bn) +
kn
2
(bµn − an)(bn − bµn)]

+

∫∫
∏

j=1,..,n−2
[aj ,bj ]

bn − bµn

n(bn − an)
[
bn−1 − bµn−1

bn−1 − an−1

f(x1, x2, ..., an−1, an)

+
bµn−1 − an−1

bn−1 − an−1

f(x1, x2, ..., bn−1, an) +
kn−1

2
(bµn−1 − an−1)(bn−1 − bµn−1)]

+

∫∫
∏

j=1,..,n−2
[aj ,bj ]

bµn − an
n(bn − an)

[
bn−1 − bµn−1

bn−1 − an−1

f(x1, x2, ..., an−1, bn)

+
bµn−1 − an−1

bn−1 − an−1

f(x1, x2, ..., bn−1, bn) +
kn−1

2
(bµn−1 − an−1)(bn−1 − bµn−1)]

+
n−2∑
i=1

ki
2n

∫ bi

ai

|xi − bµi
|2dµi(xi) +

kn
2n

(bµn − an)(bn − bµn) +
n∑

i=1

(n− 1)ki
2n

(bµi
− ai)(bi − bµi

)

≤
∑

xi=ai or bi,
i=1,2,...,n

g(x1)...g(xn)
n∏

i=1

(bi − ai)
f(x1, ..., xn) +

n−1∑
i=1

ki
2n

(bµi
− ai)(bi − bµi

)

+
kn
2n

(bµn − an)(bn − bµn) +
n∑

i=1

(n− 1)ki
2n

(bµi
− ai)(bi − bµi

)

=
∑

xi=ai or bi,
i=1,2,...,n

g(x1)...g(xn−1)
n−1∏
i=1

(bi − ai)

f(x1, x2, ..., xn) +
n∑

i=1

ki
2
(bµi

− ai)(bi − bµi
)

Remark 2.5. If ki = k, i = 1, 2, ..., n, then a function which is semiconvex of rate (k1, k2, ..., kn)
on the co-ordinates is actually semiconvex of rate k, and one has the Hermite-Hadamard in-
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equality for n-dimensional semiconvex functions of rate k after taking ki = k, i = 1, 2, ..., n in
Theorem 2.4.

Remark 2.6. In the two dimensional case, by taking µ1 :=
1

b− a
ν
∣∣∣
[a,b]

, µ2 =
1

d− c
ν
∣∣∣
[c,d]

,

where ν is the 1-dimensional Lebsegue measure, then bµ1 =
b+ a

2
, bµ2 =

c+ d

2
, and Theorem

2.4 reduces to Dragomir’s result (1.2) for a function which is convex on the co-ordinates (see
[2]). Such a function, in fact, is also semiconvex of rate (0, 0) on the co-ordinates.

Remark 2.7. Theorem 2.2 which is a one-dimensional Hermite-Hadamard inequality can also
be seen as a special case of Theroem 2.4. In fact, observe that when the intervals [ai, bi], i =
2, ...n degenerate to points, the function f(x1, x2, ..., xn) in Theroem 2.4 reduces to a semi-
convex function f(x) : [a, b] → R. With suitable modifications, (2.5), (2.6), (2.7) and (2.8) in
Theroem 2.4 reduce to (2.2) and (2.3) in Theorem 2.2.

Remark 2.8. For higher dimensional convex functions f on a hyper-rectangle
n∏

i=1

[ai, bi], we also

refer to [1] in which the Hermite-Hadamard inequality is expressed in probabilistic terms, that
is, f(Eξ) ≤ Ef(ξ) ≤ Ef(ξ∗), where E denotes mathematical expectation, and ξ (respectively
ξ∗) is a random vector. By taking ξ = (ξ1, ..., ξi, ...ξn) a random vector with ξi having uniform
distribution on [ai, bi], i = 2, ...n, then f(Eξ) ≤ Ef(ξ) ≤ Ef(ξ∗) implies

f(
a1 + b1

2
, ...,

an + bn
2

) ≤
∫∫

∏
i=1,...,n

[ai,bi]

f(x1, ..., xn)dx1...dxn ≤
∑

xi=ai or bi,
i=1,2,...,n

1

2n
f(x1, ..., xn).

It can also be reduced by using Theroem 2.4 in which f is taken as a convex function and

µi :=
1

bi − ai
ν
∣∣∣
[ai,bi]

, i = 1, ..., n, where ν is the 1-dimensional Lebsegue measure, then bµi
=

bi + ai
2

, i = 1, ..., n.

3 Mass transportation and Hermite-Hadamard inequality
In this section, we interpret the meaning of the new Hermite-Hadamard Inequality obtained in
the previous section from the point of view of optimal mass transportation problems.

A typical optimal mass transport problem is the Kantorovich problem, which is formulated
as:

min
γ∈Π(ν2,ν2)

∫
Rn×Rn

c(x, y) dγ(x, y) , (3.1)

where ν1, ν2 ∈ P(Rn) with P(Rn) meaning the space of Borel probability measures on Rn,
c(x, y) : Rn × Rn → [0,+∞) is a cost function, and

Π(ν1, ν2) := {γ ∈ P(Rn × Rn) : (π1)♯γ = ν1, (π2)♯γ = ν2}
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is the set of transport plans between ν1 and ν2. Here π1, π2 : Rn × Rn → Rn are the canonical
projections on the first and second factors, respectively. We refer to [9, 10] for more information
and references on optimal mass transportation theory.

Before proceeding, we first recall some standard notations. Let µi ∈ P([ai, bi]), i = 1, 2, ..., n
and δx denotes the Dirac measure at the point x ∈ R. The product measure δbµ1 ⊗ ... ⊗ δbµn ∈
P(Rn) of δbµi

, i = 1, 2, ..., n is given by

δbµ1 ⊗ ...⊗ δbµn (A1 × ...× An) =
{ 1 if bµi

∈ Ai, i = 1, 2, ..., n
0 otherwise

for any Borel measurable Ai ⊂ [ai, bi], i = 1, 2, ..., n.

3.1 Mass transportation meaning of the Hermite-Hadamard Inequality
After adding the constant

∑n
i=1

ki
2
b2µi

to each term in the Hermite-Hadamard inequality in The-
orem 2.4, we can prove that each new term equals to the mass transport cost in the following
series of transportation models with initial measure ν1 = δ0⊗...⊗δ0 ∈ P(Rn) and cost function
c(x, y) : Rn × Rn → [0,+∞) given by

c(x, y) = c(x1.x2, ..., xn, y1, y2, ..., yn) := f(y − x) +
n∑

i=1

ki
2

(
xi − yi

)2
, (3.2)

where

f :
n∏

i=1

[ai, bi] → [0,+∞)

is continuous and semiconvex of rate (k1, k2, ..., kn) on the co-ordinates.

Example 3.1. Take ν1 = δ0⊗...⊗δ0, ν2 = δbµ1⊗...⊗δbµn ∈ P(Rn), then Π(ν1, ν2) = {ν1⊗ν2}
is a singleton, and the optimal transportation cost from ν1 to ν2 is the sum of expression (2.4)
and

∑n
i=1

ki
2
b2µi

.

Example 3.2. Take ν1 = δ0 ⊗ ...⊗ δ0, ν2 = 1
n

n∑
i=1

δbµ1 ⊗ ...δbµi−1
⊗ µi ⊗ δbµi+1

⊗ δbµn ∈ P(Rn),

then Π(ν1, ν2) = {ν1 ⊗ ν2} is a singleton, and the optimal transportation cost from ν1 to ν2 is
the expression (2.5) in Theorem 2.4 plus

∑n
i=1

ki
2
b2µi

.

Example 3.3. Take ν1 = δ0⊗ ...⊗δ0, ν2 = µ1⊗ ...⊗µn ∈ P(Rn), then Π(ν1, ν2) = {ν1⊗ν2} is
a singleton, and the optimal transportation cost from ν1 to ν2 is the expression (2.6) in Theorem
2.4 plus

∑n
i=1

ki
2
b2µi

.

Example 3.4. Take ν1 = δ0 ⊗ ...⊗ δ0,

ν2 =
n∑

i=1

bi − bµi

n(bi − ai)
µ1 ⊗ ...⊗ µi−1 ⊗ δai ⊗ µi+1 ⊗ ...⊗ µn

+
n∑

i=1

bµi
− ai

n(bi − ai)
µ1 ⊗ ...⊗ µi−1 ⊗ δbi ⊗ µi+1 ⊗ ...⊗ µn
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in P(Rn), then Π(ν1, ν2) = {ν1 ⊗ ν2} is a singleton, and the optimal transportation cost from
ν1 to ν2 is the expression (2.7) in Theorem 2.4 plus

∑n
i=1

ki
2
b2µi

.

Example 3.5. Take ν1 = δ0 ⊗ ...⊗ δ0,

ν2 =
∑

xi=ai or bi,
i=1,2,...,n

g(x1)g(x2)...g(xn)
n∏

i=1

(bi − ai)
δx1 ⊗ δx2 ⊗ ...⊗ δxn

in P(Rn). Here g(·) is defined as that in Theorem 2.4. Then Π(ν1, ν2) = {ν1⊗ν2} is a singleton,
and the optimal transportation cost from ν1 to ν2 is the expression (2.8) in Theorem 2.4 plus∑n

i=1
ki
2
b2µi

.

Figure 1: Mass transportation meaning of Theorem 2.4

As the transport costs from ν1 to ν2 in Examples 3.1, 3.2, 3.3, 3.4 and 3.5 equal to each
term (adding

∑n
i=1

ki
2
b2µi

) in the Hermite-Hadamard inequality in Theorem 2.4, respectively, it
follows that the transfer costs in these examples become more and more expensive (see Figure
1: For simplicity, the figures are drawn in three-dimension).

3.2 Mass transportation models in the unit ball
We consider mass transportation models in the unit ball. For simplicity, we give examples in
3-dimension. Here we take c∗(x, y) = ||x− y||2 : R3 × R3 → [0,+∞) and the initial measure
being δ(0,0,0), the Dirac measure at the origin in R3. These transportation models in the unit
ball can be seen as models in a hyper-rectangle I3 := [0, 1] × [0, 2π] × [0, π], and hence one
can use the Hermite-Hadamard inequality in Theorem 2.4 and the interpretation in Section 3.1
to compare the transport costs in different models in the unit ball via the comparison of the
transport costs in the corresponding models in hyper-rectangles.

Set c(z, w) = (rz − rw)
2 : I3 × I3 → [0,+∞), where z = (rz, θz, φz), w = (rw, θw, φw).

Set µr = 3r2dr ∈ P([0, 1]), µθ = 1
2π
dθ ∈ P([0, 2π]), and µφ = sinφ

2
dφ ∈ P([0, π]). Then

bµr =
3
4
, bµθ

= π, bµφ = π
2
, and µr ⊗ µθ ⊗ µφ ∈ P(I3). By performing the following change of

coordinates

T :
S2 → I3
x = (x1, x2, x3) → z = (r, θ, φ)

,
{ x1 = rsinφcosθ

x2 = rsinφsinθ
x3 = rcosφ

one has c∗(0, x) = ||x||2 =
3∑

i=1

x2
i = r2 = c(0, Tx).
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Example 3.6. Take ν∗
1 = δ(0,0,0), ν∗

2 = δ 3
4
⊗ δ0 ⊗ δ0 ∈ P(S2). Then Π(ν∗

1 , ν
∗
2) = {ν∗

1 ⊗ ν∗
2} is

a singleton, and the optimal transportation cost from ν∗
1 to ν∗

2 for the cost function c∗(x, y) =
||x− y||2 is ∫

S2×S2

c∗(x, y)dν∗
1 ⊗ ν∗

2(x, y) = (
3

4
)2 .

Correspondingly, take ν1 = δ(0,0,0), ν2 = δbµr ⊗ δbµθ ⊗ δbµφ
= δ( 3

4
,π,π

2
) ∈ P(I3). Then

Π(ν1, ν2) = {ν1 ⊗ ν2} is a singleton, and the optimal transportation cost from ν1 to ν2 for the
cost function c(z, w) = (rz − rw)

2 is∫
I3×I3

c(z, w)ν1 ⊗ ν2(z, w) = (bµr)
2 = (

3

4
)2 .

Hence the optimal transport cost in the two models coincide (see Figure 2).

Figure 2: Comparison of optimal transport costs

Example 3.7. Take ν∗
1 = δ(0,0,0), ν∗

2 = 1
3
µr ⊗ δ0 ⊗ δ0 +

1
3
µL1 ⊗ δ0 +

1
3
µL2 ⊗ δ0 ∈ P(S2).

Here L1 :
{ x2 + y2 = (3

4
)2

z = 0
, L2 :

{
x = −

√
(3
4
)2 − z2

y = 0
are curves in S2 and µLi

∈ P(Li)

such that µLi
(A) =

∫
A∩Li

ds, i = 1, 2, where ds is the arc length element. Then Π(ν∗
1 , ν

∗
2) =

{ν∗
1 ⊗ ν∗

2} is a singleton, and the optimal transportation cost from ν∗
1 to ν∗

2 for the cost function
c∗(x, y) = ||x− y||2 is∫

S2×S2

c∗(x, y)dν∗
1 ⊗ ν∗

2(x, y)

=
1

3

1∫
0

y21 · 3y21dy1 +
1

3

∫
L1

(
3

4
)2dµL1 +

1

3

∫
L2

(
3

4
)2dµL2 =

13

40
.
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Correspondingly, take ν1 = δ(0,0,0), ν2 = 1
3
δbµr ⊗ δbµθ ⊗ µφ + 1

3
δbµr ⊗ µθ ⊗ δbµφ + 1

3
µr ⊗

δbµθ
⊗ δbµφ ∈ P(I3). Then Π(ν1, ν2) = {ν1 ⊗ ν2} is a singleton, and the optimal transportation

cost from ν1 to ν2 for the cost function c(z, w) = (rz − rw)
2 is∫

I3×I3

c(z, w)ν1 ⊗ ν2(z, w)

=
1

3

2π∫
0

(
3

4
)2dµθ +

1

3

π∫
0

(
3

4
)2dµφ +

1

3

1∫
0

r2dµr

=
1

3

1∫
0

3r4dµr +
2

3
· (3
4
)2 =

13

40
.

Hence the optimal transport cost in the two models coincide.

Example 3.8. Take ν∗
1 = δ(0,0,0) and ν∗

2 ∈ P(S2)) such that dν∗
2 = 3

4π
dx1x2x3, then Π(ν∗

1 , ν
∗
2) =

{ν∗
1 ⊗ ν∗

2} is a singleton, and the optimal transportation cost from ν∗
1 to ν∗

2 for the cost function
c∗(x, y) = ||x− y||2 is

∫
S2×S2

c∗(x, y)dν∗
1 ⊗ ν∗

2(x, y) =
3

4π

∫∫∫
S2

3∑
i=1

y2i dy1y2y3

=
3

4π

1∫
0

2π∫
0

π∫
0

r2r2sinφdrdθdφ =
3

5
.

Correspondingly, take ν1 = δ(0,0,0), ν2 = µr⊗µθ⊗µφ ∈ P(I3). Then Π(ν1, ν2) = {ν1⊗ν2}
is a singleton, and the optimal transportation cost from ν1 to ν2 for the cost function c(z, w) =
(rz − rw)

2 is∫
I3×I3

c(z, w)ν1 ⊗ ν2(z, w) =

∫
I3

r2dµr ⊗ µθ ⊗ µφ(r, θ, φ)

=

1∫
0

2π∫
0

π∫
0

r23r2dr · 1

2π
dθ · sinφ

2
dφ =

3

5
.

Once again, the optimal transport cost in the two models coincide.

Example 3.9. Take ν∗
1 = δ(0,0,0), ν∗

2 = 1
12
δ(0,0,0) +

3
12
µ∂S2 + 1

3
µs +

1
3
µL ∈ P(S2), where

µ∂S2 ∈ P(∂S2)), µs is the probability measure on the plane s :
{ x2

1 + x2
3 ≤ 1

x2 = 0
such that dµs =

3
2π

√
x2
1 + x2

3dx1dx3, and µL is the probability measure on the line L :
{ 0 ≤ x3 ≤ 1

x1 = x2 = 0
such

that dµL = 3x2
3dx3. Then Π(ν∗

1 , ν
∗
2) = {ν∗

1 ⊗ ν∗
2} is a singleton, and the optimal transportation
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cost from ν∗
1 to ν∗

2 for the cost function c∗(x, y) = ||x− y||2 is∫
S2×S2

c∗(x, y)dν∗
1 ⊗ ν∗

2(x, y)

=
1

12
· 0 + 3

12

∫
∂S2

dµ∂S2 +
1

3
· 3
π

∫∫
s

(x2
1 + x2

3)
√
x2
1 + x2

3dx1dx3 +
1

3

1∫
0

x2
3dµL

=
3

12
+

1

3
· 3

2π

∫ 1

0

∫ 2π

0

r2 · r · rdrdθ + 1

3

1∫
0

x2
3 · 3x2

3dx3 =
13

20
.

Correspondingly, take ν1 = δ(0,0,0), ν2 = 1
12
δ0⊗µθ⊗µφ+

3
12
δ1⊗µθ⊗µφ+

1
6
µr⊗ δ0⊗µφ+

1
6
µr⊗δ2π⊗µφ+

1
6
µr⊗µθ⊗δ0+

1
6
µr⊗µθ⊗δπ in P(I3). Then Π(ν1, ν2) = {ν1⊗ν2} is a singleton,

and the optimal transportation cost from ν1 to ν2 for the cost function c(z, w) = (rz − rw)
2 is

∫
I3×I3

c(z, w)ν1 ⊗ ν2(z, w) =
1

12
· 0 + 3

12
· 1 + 4

6

1∫
0

r2 · 3r2dr = 13

20
.

Again, the optimal transport cost in the two models coincide.

Example 3.10. Take ν∗
1 = δ(0,0,0), ν∗

2 = 1
4
δ(0,0,0) +

3
8
δ0 ⊗ δ0 ⊗ δ1 +

3
8
δ0 ⊗ δ0 ⊗ δ−1 ∈ P(S2).

Then Π(ν∗
1 , ν

∗
2) = {ν∗

1 ⊗ ν∗
2} is a singleton, and the optimal transportation cost from ν∗

1 to ν∗
2

for the cost function c∗(x, y) = ||x− y||2 is∫
S2×S2

c∗(x, y)dν∗
1 ⊗ ν∗

2(x, y) =
1

4
· 0 + 3

8
· 1 + 3

8
· 1 =

3

4
.

Correspondingly, take ν1 = δ(0,0,0),

ν2 =
1

16
δ0 ⊗ δ2π ⊗ δ0 +

1

16
δ0 ⊗ δ2π ⊗ δπ +

1

16
δ0 ⊗ δ0 ⊗ δ0

+
1

16
δ0 ⊗ δ0 ⊗ δπ +

3

16
δ1 ⊗ δ2π ⊗ δ0 +

3

16
δ1 ⊗ δ2π ⊗ δπ

+
3

16
δ1 ⊗ δ0 ⊗ δ0 +

3

16
δ1 ⊗ δ0 ⊗ δπ

in P(Rn), then Π(ν1, ν2) = {ν1 ⊗ ν2} is a singleton, and the optimal transportation cost from
ν1 to ν2 for the cost function c(z, w) = (rz − rw)

2 is∫
I3×I3

c(z, w)ν1 ⊗ ν2(z, w) =
3

16
· 4 =

3

4
.

Once again, the optimal transport cost in the two models coincide.

Applying Theorem 2.4 to the convex continuous function f(x1, x2, x3) = x2
1 : I3 → [0, 1]

and Borel probability measures µ1 = µr, µ2 = µθ, µ3 = µφ on the intervals [0, 1], [0, 2π], [0, π],
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respectively, one gets that each term in the Hermite-Hadamard inequality for f(x1, x2, x3) = x2
1

equals the optimal transfer cost
∫
I3×I3

c(z, w)ν1 ⊗ ν2(z, w) in the cube I3 in Examples 3.6, 3.7,
3.8, 3.9 and 3.10, respectively. Hence the transfer costs in these examples become more and
more expensive (see Figure 2). Furthermore, as the transport costs from ν∗

1 to ν∗
2 on the sphere

S2 equals to the transport costs from ν1 to ν2 in the cube I3, it follows that the transfer costs on
the sphere in these examples become more and more expensive (see Figure 2).
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[6] Niculescu C. P., Pec̆arić J.: The equivalence of Chebyshevs inequality to the Hermite-
Hadamard inequality. Math. Reports, 12 (2010), 145-156.

[7] Niculescu C. P.: The Hermite-Hadamard inequality for log-convex functions. Nonlinear
Anal. TMA 75, (2012), 662-669.

[8] Niculescu C. P., Persson L. E.: Convex functions and their applications: a contemporary
approach. Springer, Berlin (2004)

[9] Santambrogio F.: Optimal Transportation for Applied Mathematicians: Calculus of Varia-
tions, PDEs, and Modeling, 87, Birkäuser (2015).
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