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Abstract

In the present work, we evaluate the Laplace transforms and inverse Laplace transforms of
functions involving the generalized and reverse generalized Bessel matrix polynomials, which
yield a number of potentially useful (known or new) integral transforms as special cases. Fur-
thermore, pertinent relations of the different results given here with those involving simpler
and earlier ones are also considered.
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1 Introduction
Special classes of orthogonal polynomials satisfying linear differential equations of second

order have been exhaustively studied in recent years because of their importance in application to
physics, engineering and other fields (see, for example, [1–3]). The study of Bessel functions of
half-integral order led to the discovery of another interesting class of orthogonal polynomials, the
Bessel polynomials. Krall and Frink [4] in 1949 started a study on these polynomials which satisfy
second order differential equation and occur in the solution of the wave equation in spherical polar
coordinates. These polynomials, which seem to have been considered first by Bochner [5], are also
mentioned in Romanovsky [6] and Krall [7].

The generalized Bessel polynomials (GBPs) arise naturally in a number of seemingly diverse
contexts; e.g., in connection with the solution of the classical wave equation in network synthesis
and design [8], in the representation of the energy spectral functions for a family of isotropic
turbulence fields [9], and applications of a determinant expressions [10] and so on (see, for details,
[11]). Moreover, a large number of papers has been written on these polynomials (see, e.g., [10,
12–16, 18] and the references cited therein).
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On the other hand, various extensions of the classical orthogonal polynomials to matrix setting
investigated recently in (cf. [19]). The matrix generalization of the Bessel polynomials was intro-
duced first by Kishka et al. [20]. Recently, various works of the generalized and reverse generalized
Bessel matrix polynomials have been presented and discussed (see [21–25]).

Nowadays, the integral transforms have become an extensively used tool in solving certain
boundary value problems or certain integral equations . They are also useful in evaluating infinite
integrals involving special functions or in solving differential equations of mathematical physics
(see, [26–29]). The Laplace integral transform is the most popular and widely used, in several
branches of engineering, astronomy, applied statistics, probability distributions and applied math-
ematics, among these transforms (see, for instance, [30–37]).

Later on, a number of results on the generalization of Laplace Transform have been contributed
by Ortigueira and Machado [38], Jarad and Abdeljawad [39], Kim [40], Jena et al. [41], Ganie and
Jain [42], Maitama and Zhao [43] and Saifa et al. [44].

Recently, many works established several Laplace type integrals of special functions includ-
ing Gauss’s and Kummer’s functions [45], generalized hypergeometric functions [46, 47], Aleph-
Functions [48] and Bessel functions [49].

Motivated by some of these aforementioned investigations of the Laplace integral transform
with such special functions, we aim here at systematically investigating the Laplace type transform
of the generalized Bessel matrix polynomials BP,Qn (z), z ∈ C, for parameters (square) matrices P
and Q. In particular, we obtain a number of useful Laplace and inverse Laplace type integrals of
functions involving generalized and reverse generalized Bessel matrix polynomials with powers of
the matrix, matrix exponentials, product of one or more generalized Bessel matrix polynomials,
generalized hypergeometric matrix functions and Bessel functions. We also discuss some interest-
ing and special cases of our main results.

2 Preliminaries
In this section, we give some basic definitions and lemmas which are used further in this article.
Here and in the following sections, C and N denote the sets of complex numbers and positive

integers, respectively, and N0 = N∪{0}.We denote byMr(C) the space of r×r complex matrices
endowed with classical norm defined by

‖P‖ = sup
x 6=0
{‖Px‖
‖x‖

} = sup{‖Px‖, ‖x‖ = 1}.

This norm satisfies the inequality ‖PQ‖ ≤ ‖P‖‖Q‖, where P and Q are in Mr(C).

Definition 2.1. For any matrix P in Mr(C), the spectrum σ(P ) is the set of all eigenvalues of P
for which we denote

α(P ) = max{Re(η) : η ∈ σ(P )} and β(P ) = min{Re(η) : η ∈ σ(P )}, (2.1)

where α(P ) refers to the spectral abscissa of P and for which β(P ) = −α(−P ). A matrix
P ∈Mr(C) is said to be positive stable if and only if β(P ) > 0.
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Definition 2.2. [19,50]. Let P be a positive stable matrices in Mr(C) with P + kI is invertible for
all integers k ∈ N0, the gamma matrix function Γ(P ) and the digamma matrix function ψ(P ) are
defined as follows, respectively

Γ(P ) =

∫ ∞
0

e−uuP−Idu; uP−I = exp((P − I) lnu). (2.2)

ψ(P ) = Γ−1(P )Γ′(P ), (2.3)

where Γ−1(P ) and Γ′(P ) are reciprocal and derivative of the gamma matrix function.

Definition 2.3. [19]. For all P in Mr(C), we assume

P + kI is invertible for all k ∈ N0, (2.4)

and the Pochhammer symbol (the shifted factorial) is defined by

(P )n =

{
P (P + I)...(P + (n− 1)I) = Γ−1(P )Γ(P + nI), n ∈ N,
I, n = 0, (2.5)

where I is the identity matrix in Mr(C).

Definition 2.4. [21]. If P ∈ Mr(C), and w is any complex number, then the matrix exponential
ePw is defined to be

ePw = I + Pw + ...+
P n

n!
wn + ....

Definition 2.5. [19, 51]. Let m and n be finite positive integers, the generalized hypergeometric
matrix function is defined by the matrix power series

mFn(P ;Q; z) =
∞∑
k=0

m∏
i=1

(Pi)k

n∏
j=1

[(Qj)k]
−1 z

k

k!
, (2.6)

where Pi, 1 ≤ i ≤ m and Qj, 1 ≤ j ≤ n are commutative matrices in Mr(C) with
Qj + kI are invertible for all integers k ∈ N0 and 1 ≤ i ≤ m.
Note that for m = 1, n = 0, we have the Binomial type matrix function 1F0(P ;−; z) [51] as

follows

1F0(P ;−; z) = (1− z)−P = I + Pz +
P (P + I)z2

2!
+ ...+

(P )n z
n

n!
+ ..., |z| < 1.

Also, note that for m = 2, n = 1, we get the Gauss hypergeometric matrix function 2F1 (cf.
[19, 51]).
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Definition 2.6. [19,20]. Let P andQ be commuting matrices inMr(C) such thatQ is an invertible
matrix. For any natural number n ≥ 0, the n-th generalized Bessel matrix polynomial BP,Qn (z) is
defined as

BP,Qn (z) =
n∑
r=0

(n
r

)
(P + (n− 1)I)r(z Q

−1)r

=
n∑
r=0

(−1)r

r!
(−nI)r(P + (n− 1)I)r(z Q

−1)r.

(2.7)

By means of the notation of the hypergeometric matrix series, the generalized Bessel matrix poly-
nomials are given by

BP,Qn (z) = 2F0(−nI, P + (n− 1)I;−;−z Q−1). (2.8)

Therefore, the n-th reverse generalized Bessel matrix polynomial Θ
(P,Q)
n (z) is defined in [19, 21]

as

Θ(P,Q)
n (z) = znBP,Qn (z−1) = (−1)nΓ−1(−P − (2n− 2)I)Γ(−P + (n− 2)I)

× 1F1(−nI;−P − (2n− 2)I;Qz).
(2.9)

Definition 2.7. Let g(u) be a function of u specified for u > 0. Then the Laplace transform of
g(u) denoted by G(λ) = L

{
g(u)

}
, is defined by

G(λ) = L
{
g(u)

}
=

∫ ∞
0

e−λug(u)du, Re(λ) > 0, (2.10)

provided that the improper integral exists, e−λu is the kernel of the transformation and the function
G(λ) call the image of the function g(u).

If G(λ) = L
{
g(u)

}
, then the inverse Laplace transform of function g(u) is defined as

g(u) = L−1
{
G(λ)

}
=

∫ ∞
0

eλuG(λ)dλ. (2.11)

See Schiff [30] for further details on Laplace transform and its inverse.

Now, we will present lemmas which are important in the sequel

Lemma 2.1. Let P be a positive stable and invertible matrix in Mr(C) and Re(λ) > 0. Then, we
have

L
{
uP
}

=

∫ ∞
0

e−λuuPdu = λ−(P+I) Γ(P + I). (2.12)

L
{
uP (u+ 1)−1

}
= Γ(P + I) eλ Γ(−P, λ), (2.13)

4



where Γ(−P, λ) is incomplete gamma matrix function see [52].

L
{
g(u)ePu

}
= G(λI − P ). (2.14)

L−1
{
λ−P

}
= u(P−I) Γ−1(P ). (2.15)

Lemma 2.2. [53]. Let P be a matrix in Mr(C) such that ‖P‖ < 1 and ‖I‖ = 1. Then (I + P )−1

exists, and we have

(I + P )−1 = I − P + P 2 − P 3 + P 4 − P 5 + ....

3 Laplace type integrals of functions involving BP,Qn (z)

In this section, we investigate several new interesting Laplace-type integrals of functions in-
volving generalized and reverse generalized Bessel matrix polynomials asserted in the following
theorems:

Theorem 3.1. Let BP,Qn (z) be given in (2.8). For the function

g(z) = zA−I BP,Qn (z),

we have

G(λ) = Lg(z) = λ−A Γ(A) 3F0

 −nI, P + (n− 1)I, A

−
;−(λQ)−1

 , (3.1)

where A is positive stable matrix in Mr(C) and Re(λ) > 0.

Proof. From the expansion series of the BP,Qn (z) in (2.8) and relation (2.13) in Lemma 2.1, we
have

G(λ) =L
{
zA−I BP,Qn (z)

}
=

n∑
k=0

(−nI)k(P + (n− 1)I)k (−Q−1)k

k!
L
{
zA+(k−1)I

}
=

n∑
k=0

(−nI)k(P + (n− 1)I)k (−Q−1)k

k!
λ−(A+kI) Γ(A+ kI)

=λ−A Γ(A)
n∑
k=0

(−nI)k(P + (n− 1)I)k (A)k (−(λQ)−1)k

k!
.

Thus, we get the required result (3.1).
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Corollary 3.1. • For A = I , from (3.1) we have

G(λ) = λ−1 3F0

 −nI, P + (n− 1)I, I

−
;−(λQ)−1

 .
• If A is replaced by A+ (n+ 1)I in (3.1) one gets

G(λ) =λ−(A+(n+1)I) Γ(A+ (n+ 1)I)

× 3F0

 −nI, P + (n− 1)I, A+ (n+ 1)I

−
;−(λQ)−1

 ,
where β(A+ nI) ≥ 0.

Theorem 3.2. Let A be positive stable matrix in Mr(C) such that I − A satisfy the spectral
condition (2.4). If

g(z) = zA−I BP,Qn (z−1),

or

g(z) = zA−(n+1)I Θn(P,Q; z),

then, we have

G(λ) = λ−A Γ(A) 2F1

 −nI, P + (n− 1)I

I − A
;λQ−1

 , Re(λ) > 0. (3.2)

Proof. Starting from the Definition 2.6 and applying the relation (2.13), it follows that

G(λ) =L
{
zA−I BP,Qn (z−1)

}
=

n∑
k=0

(−nI)k(P + (n− 1)I)k (−Q−1)k

k!
L
{
zA−(k+1)I

}
=

n∑
k=0

(−nI)k(P + (n− 1)I)k (−Q−1)k

k!
λ−(A−kI) Γ(A− kI)

=λ−A Γ(A)
n∑
k=0

(−nI)k(P + (n− 1)I)k [(I − A)k]
−1 (λQ−1)k

k!
.

Thus, the result (3.3) is established.
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The following corollary can be obtained immediately

Corollary 3.2. • Setting A = (2n+ 1)I and Q = λI, in (3.3), we have

G(λ) = (2n)! λ−(2n+1)
2F1

[
−nI, P + (n− 1)I

−2nI
; 1

]
= n! λ−(2n+1) (P + 2nI)n.

• Setting A = ((2− n)I − P ), in (3.3), we have

G(λ) =λ−((2−n)I−P ) Γ((2− n)I − P ) 2F1

[
−nI, P + (n− 1)I
P + (n− 1)I

;λQ−1
]

=λ−((2−n)I−P ) Γ((2− n)I − P ) 1F0

[
−nI,−
− ;λQ−1

]
=λ((n−2)I+P ) Γ(2I − P ) [(P − I)n]−1 (I − λQ−1)n,

provide that β(2I − P ) > 0 with P − I is an invertible matrix and ‖λQ−1‖ < 1.

• WhenA = (B+(n+1)I) ∈Mr(C) such thatB+nI is an invertible matrix and use Lemma
2.2, then (3.3) gives

G(λ) =λ−(B+(n+1)I) Γ(B + (n+ 1)I) 2F1

 −nI, P + (n− 1)I

−(B + nI)
;λQ−1


=λ−(B+(n+1)I) Γ(B + (n+ 1)I) (I − (λQ−1))n

× 2F1

 −nI, (1− 2n)I − P −B

−(B + nI)
;−λQ−1 (I − (λQ−1))−1


=λ−(B+nI) Γ(B + (n+ 1)I) (λ−1I −Q−1)n

× 2F1

 −nI, (1− 2n)I − P −B

−(B + nI)
;−λ(Q− λI)−1

 ,

(3.3)

where (B + (n+ 1)I) is positive stable matrix in Mr(C) and ‖λQ−1‖ < 1.

• Putting B = (1− 2n)I − P ∈Mr(C) in (3.4) and applying Lemma 2.2 give

G(λ) =λ−((2−2n)I−P ) Γ((2− n)I − P ) (λ−1I −Q−1)n

=λP+(2n−2)I Γ(2I − P ) [(P − I)n]−1 (Q−1 − λ−1I)n, ‖Q
λ
‖ < 1.
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Theorem 3.3. Let A be positive stable matrix in Mr(C) such that I − A satisfy the spectral
condition (2.4) and Re(λ− µ) > 0, the following result holds true:

∫ ∞
0

zA−I eµz BP,Qn (z−1)e−λz dz =

(λ− µ)−A Γ(A) 2F1

 −nI, P + (n− 1)I

I − A
; (λ− µ)Q−1

 , (3.4)

or ∫ ∞
0

zA−(n+1)I eµz Θn(P,Q; z)e−λz dz =

(λ− µ)−A Γ(A) 2F1

 −nI, P + (n− 1)I

I − A
; (λ− µ)Q−1

 . (3.5)

Proof. For convenience, let the left-hand side of (3.5) be denoted by S. Applying the series ex-
pression of (2.8) to S, we obtain

S =

∫ ∞
0

zA−I eµz BP,Qn (z−1)e−λz dz

=
n∑
k=0

(−nI)k (P + (n− 1)I)k (−Q−1)k

k!

∫ ∞
0

zA−(k−1)I e−(−µ+λ)z dz

=
n∑
k=0

(−nI)k (P + (n− 1)I)k (−Q−1)k

k!
(−µ+ λ)−(A−kI) Γ(A− kI)

=Γ(A) (λ− µ)−A
n∑
k=0

(−nI)k (P + (n− 1)I)k [(I − A)k]
−1 ((λ− µ) Q−1)k

k!
,

therefore, (3.5) as desired.

Remark 3.1. Using (3.3) and (2.14) yields to (3.5) directly.

Remark 3.2. From (2.10) and (2.13) we get to the result (3.6).

Theorem 3.4. If

g(z) = zA−I BP,λIn (z−1) BνI,Qm (z−1).

Or

g(z) = zA−(1+n+m)I Θn(P, λI; z) Θm(νI,Q; z).
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Then

G(λ) =λ−A Γ(A)Γ(I − A)Γ(2I − A− P ) Γ−1((1 + n)I − A)Γ−1((2− n)I − A− P )

× 3F2

 −mI, (ν + n− 1)I, 2I − A− P

(1 + n)I − A, (2− n)I − A− P
;λ Q−1

 , (3.6)

where A is positive stable matrix in Mr(C), such that satisfy the spectral condition (2.4) and
Re(λ) > 0 and Re(ν) > 0.

Proof. To prove (3.7), we require the relation (2.13) and the Definition 2.6, thus we have

G(λ) =L

{
zA−I BP,λIn (z−1) BνI,Qm (z−1)

}
=

n∑
k=0

m∑
r=0

(−nI)k(P + (n− 1)I)k (−λ−1)k

k!

× (−mI)r(νI + (m− 1)I)r (−Q−1)r

r!
L
{
zA−(k+r+1)I

}
=

n∑
k=0

m∑
r=0

(−nI)k(P + (n− 1)I)k (−λ−1)k

k!

× (−mI)r(νI + (m− 1)I)r (−Q−1)r

r!
Γ(A− (k + r)I) λ−(A−(k+r)I)

=λ−(A)Γ(A)
m∑
r=0

(−mI)r(νI + (m− 1)I)r (−Q−1)r

r!
[(I − A)r]

−1

×
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

[((1− r)I − A)k]
−1

=λ−A Γ(A)Γ(I − A)Γ(2I − A− P ) Γ−1(I − P + nI) Γ−1(2I − A− P − nI)

×
m∑
r=0

(−mI)r(νI + (m− 1)I)r (−λQ−1)r

r!
(2I − A− P )r

× [((1 + n)I − A)r]
−1 [((2− n)I − A− P )r]

−1.

Therefore, the proof of (3.7) is complete.

Theorem 3.4 leads to the following corollary.

Corollary 3.3. • Taking Q = λI, m = n and P = νI in (3.7), we have

G(λ) =L

{
zA−I

(
BP,λIn (z−1)

)2}
=λ−A Γ(A)Γ(I − A)Γ(2I − A− P )

× Γ−1((1 + n)I − A)Γ−1((2− n)I − A− P )

× 3F2

 −nI, P + (n− 1)I, 2I − A− P

(1 + n)I − A, (2− n)I − A− P
; 1

 .
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• When A = (3− 2n)I − 2P, P = νI,m = n and Q = λI, then (3.7) gives

G(λ) =L

{
z(2−2n)I−2P

(
BP,QIn (z−1)

)2}
=λ−((3−2n)I−2P ) Γ((3− 2n)I − 2P )Γ((2n− 2)I + 2P )Γ(P + (2n− 1)I)

× Γ−1(P + (n− 1)I) Γ−1((3n− 2)I + 2P )

× 2F1

 −nI, P + (2n− 1)I + P, 2I − A− P

(3n+ 2)I + 2P
; 1


=λ((2n−3)I+2P ) Γ((3− 2n)I − 2P )Γ((n− 1

2
)I + P )Γ(P + (2n− 1)I)

× 4−n Γ−1(P + (n− 1)I) Γ−1(P + (2n− 1

2
)I).

Theorem 3.5. Let BP,Qn (z) be given in (2.8). If

g(z) = zA−I eµz BP,Qn (z),

then

G(λ) = (λ− µ)−A Γ(A) 3F0

 −nI, P + (n− 1)I, A

−
;−Q−1(λ− µ )−1

 , (3.7)

where A is positive stable matrix in Mr(C) and Re(λ− µ) > 0.

Proof. Using the result (3.1) in Theorem 3.1 and applying (2.14), we obtain the required relation-
ship.

Theorem 3.6. Let BP,Qn (z) be given in (2.8). The following result holds true.

G(λ) =L

{
zA−I (z + w)−1 BP,Qn (z)

}
=wA−I Γ(A) eλw

×
n∑
k=0

(−nI)k (A+ (n− 1)I)k (A)k
k!

Γ(I − A− kI;λw) (−w Q−1)k,

(3.8)

where A is positive stable matrix in Mr(C), Re(λ) > 0 and Γ(A, z) is the incomplete gamma
matrix function defined in (cf. [52]).

Proof. It is required to prove that
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G(λ) =L

{
zA−I (z + w)−1 BP,Qn (z)

}

=

∫ ∞
0

zA−I (z + w)−1 BP,Qn (z)e−λzdz

=
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−Q−1)k

×
∫ ∞
0

zA+(k−1)I (z + w)−1 e−λzdz.

According to (2.15) in Lemma 2.1, we get

G(λ) =
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

Γ(A+ kI)

×wA+(k−1)I eλwΓ((1− k)I − A,wλ)(−Q−1)k

=Γ(A) wA−Iewλ
n∑
k=0

(−nI)k(P + (n− 1)I)k (A)k
k!

×Γ((1− k)I − A,wλ)(−wQ−1)k.

This completes the proof of Equation (3.9) asserted in Theorem 3.6

Theorem 3.7. Let BP,Qn (z) be given in (2.8). The following result holds true.

G(λ) =L

{
zA−I log z BP,Qn (z)

}

=λ−A Γ(A)
n∑
k=0

(−nI)k (P + (n− 1)I)k (A)k

× (−(λQ)−1)k

k!
(ψ(A+ kI)− log λ),

(3.9)

where A is positive stable matrix in Mr(C), Re(λ) > 0 and ψ(A) is the digamma matrix function
defined in (2.3).

Proof. The proof of this theorem is quite straight forward as
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G(λ) =L

{
zA−I log z BP,Qn (z)

}

=

∫ ∞
0

zA−I log z BP,Qn (z)e−λzdz

=
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−Q−1)k

×
∫ ∞
0

zA+(k−1)I log z e−λzdz,

(3.10)

From (2,2), we have

Γ(A+ kI) =

∫ ∞
0

zA+(k−1)I e−z dz,

hence
Γ′(A+ kI) =

∫ ∞
0

zA+(k−1)I e−z log zdz.

Thus, we find that

Ψ(A+ kI) = Γ′(A+ kI)Γ−1(A+ kI)

= Γ−1(A+ kI)

∫ ∞
0

zA+(k−1)I e−z log zdz.

In the above equation replace z by λz, we get

Ψ(A+ kI) =λA+kI Γ−1(A+ kI)

∫ ∞
0

zA+(k−1)I e−λz log(λz)dz

=λA+kI Γ−1(A+ kI)

∫ ∞
0

zA+(k−1)I e−λz [log(λ) + log(z)]dz

=λA+kI Γ−1(A+ kI)

∫ ∞
0

zA+(k−1)I e−λz log(λ)dz

+λA+kI Γ−1(A+ kI)

∫ ∞
0

zA+(k−1)I e−λz log(z)dz

= log(λ) + λA+kI Γ−1(A+ kI)

∫ ∞
0

zA+(k−1)I e−λz log(z)dz.

(3.11)

Therefore, we have

∫ ∞
0

zA+(k−1)I e−λz log(z)dz

=λ−(A+kI) Γ(A+ kI) [Ψ(A+ kI)− log λ].

(3.12)
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Inserting (3.13) into (3.12) and (3.12) into (3.11), we get the required result as

G(λ) =
n∑
k=0

(−nI)k(P + (n− 1)I)k (A)k
k!

(−(λQ)−1)k

× λ−A Γ(A) [Ψ(A+ ki)− log λ]

=λ−A Γ(A)
n∑
k=0

(−nI)k(P + (n− 1)I)k (A)k
k!

×(−(λQ)−1)k[Ψ(A+ kI)− log λ].

Theorem 3.8. Let BP,Qn (z) be given in (2.8). The following results holds true

G(λ) =L

{
zA−I cosh νz BP,Qn (z)

}

=
1

2
Γ(A) (λ− ν)−A 3F0

[
−nI, P + (n− 1)I, A

− ;−((λ− ν)Q)−1
]

+
1

2
Γ(A) (λ+ ν)−A 3F0

 −nI, P + (n− 1)I, A

−
;−((λ+ ν)Q)−1

 ,
(3.13)

G(λ) =L

{
zA−I sinh νz BP,Qn (z)

}

=
1

2
Γ(A) (λ− ν)−A 3F0

[
−nI, P + (n− 1)I, A

− ;−((λ− ν)Q)−1
]

− 1

2
Γ(A) (λ+ ν)−A 3F0

 −nI, P + (n− 1)I, A

−
;−((λ+ ν)Q)−1

 ,
(3.14)

where A is positive stable matrix in Mr(C), Re(λ) > |Re(ν)| > 0.

Proof. By substituting for cosh νz = 1
2

(
eνz + e−νz

)
, in the left hand side (3.14), we see that the

result (3.14) is a direct application of the Theorem 3.5, by taking µ = ν,−ν and then adding.
In exactly the same manner, the result in (3.15) can be evaluated, so we omit the details in-

volved.
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Theorem 3.9. Let BP,Qn (z) be given in (2.8). The following results holds true

G(λ) =L

{
zA−I e−

ν
z BP,Qn (z)

}

=2(
ν

λ
)
−A
2

n∑
k=0

(−nI)k (P + (n− 1)I)k

×
(( ν
λ
)
−1
2 Q−1)k

k!
·KA+kI(2

√
ν λ),

(3.15)

where A is positive stable matrix in Mr(C), Re(λ) > 0, Re(ν) > 0 and KA(.) is modified Hankel
matrix function or Macdonald matrix function (cf. [19]).

Proof.

G(λ) =L

{
zA−I e−

ν
z BP,Qn (z)

}

=

∫ ∞
0

zA−I e−
ν
z BP,Qn (z)e−λzdz

=
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−Q−1)k

×
∫ ∞
0

zA+(k−1)I e−(νz
−1+λz) dz

= 2(
ν

λ
)
−A
2

n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

×(−(
ν

λ
)
−1
2 Q−1)k ·KA+kI(2

√
ν λ).

This completes the proof of theorem.

Corollary 3.4. If A = P − I and Q = νI , then

G(λ) =2(
ν

λ
)
P−I
2

n∑
k=0

(−nI)k (P + (n− 1)I)k

×
( ν
λ
)
k
2

k!
·KP−(1−k)I(2

√
ν λ)

=2(
ν

λ
)
P−I
2 ·KP−(1−2n)I(2

√
ν λ).

Theorem 3.10. If

g(z) = zA−I BP,λzIn (1) BE,Qm (z) BE,Qm (−z), (3.16)
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where B(E,Q)
m is defined by (2.8), then

G(λ) = Lg(z) =
2A−I√
π

(P + A− I)n Γ(A) λ−A [(I − A)n]−1

× 8F3


−mI,E + (m− 1)I, 1

2
(E − I), 1

2
E, 1

2
(A+ (1− n)I),

1
2
(A− nI), 1

2
(P + A+ nI), 1

2
(P + A+ (n− 1)I)

E − I, 1
2
(P + A), 1

2
(P + A− I)

; 16(λ Q)−2

 ,
(3.17)

where A,E are positive stable matrices in Mr(C) such that E − I , 1
2
(P + A) and 1

2
(P + A− I)

are an invertible matrices and Re(λ) > 0.

Proof. Applying the following formula (cf. [51]), we find that

BE,Qm (z) BE,Qm (−z) = 4F1

 −mI,E + (m− 1)I, 1
2
(E − I), 1

2
E

E − I
; 4z2 Q−2

 ,
we have

G(λ) =L

{
zA−I BP,λzIn (1) BE,Qm (z) BE,Qm (−z)

}

=L

{
zA−I BP,λzIn (1) 4F1

 −mI,E + (m− 1)I, 1
2
(E − I), 1

2
E

E − I
; 4z2 Q−2

}

=
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−λ−1)k

×
m∑
r=0

(−mI)r(E + (m− 1)I)r
r!

(
1

2
(E − I))r (

1

2
E)r [(E − I)r]

−1(4Q−2)r

×L
{
zA−(k+1+2r)I

}
.

15



Making use of (2.13), we observe that

G(λ) =
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−λ−1)k

×
m∑
r=0

(−mI)r(E + (m− 1)I)r
r!

(
1

2
(E − I))r (

1

2
E)r [(E − I)r]

−1

×(4Q−2)r λ−(A+(k−2r)I) Γ(A− (k − 2r)I)

=λ−AΓ(A)
m∑
r=0

(−mI)r(E + (m− 1)I)r
r!

(
1

2
(E − I))r (

1

2
E)r

× [(E − I)r]
−1 (A)2r

(
4(λQ)−2

)r
=

n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

[(I − A− 2rI)k]
−1

=λ−A
2A−I√
π

Γ(A)Γ(I − A)Γ(2I − A− P ) Γ−1(I − A+ nI)Γ−1(2I − A− P − nI)

×
m∑
r=0

(−mI)r(E + (m− 1)I)r
r!

(
1

2
(E − I))r (

1

2
E)r (

1

2
A)r [(E − I)r]

−1

× (
1

2
(A+ I))r (

1

2
(A+ (1− n)I))r (

1

2
(A− nI))r

× (
1

2
(A+ P + nI))r (

1

2
(A+ P + (n− 1)I))r [(

1

2
(A+ I))r]

−1

× [(
1

2
A)r]

−1 [(
1

2
(A+ P ))r]

−1 [(
1

2
(A+ P − I))r]

−1.
(

16(λQ)−2
)r
.

Thus after a simplification, we get the required result (3.18).

Theorem 3.11. If

g(z) = z2A−I mFq
(
E;D; z2

)
BP,Qn (z2), (3.18)

with BP,Q
n is given by (2.8) andmFq(E;D; z) is the generalized hypergeometric matrix function is

defined in (2.6) such that Re(λ) > 0 if m < q − 1 and Re(λ) > |β(A)| if m = q − 1 and these
matrices are commutative and A is positive stable matrix in Mr(C), then

G(λ) =
22A−I
√
π

Γ(A) Γ(A+
1

2
) λ−2A

×
n∑
k=0

1

k!
(−nI)k(P + (n− 1)I)k (A)k (A+

1

2
)k(−4(λ2Q)−1)k

× m+2Fq

(
E,A+ kI, A+ (k +

1

2
)I;D; 4(λ)−2

)
,

(3.19)
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Proof. From (2.6), (2.8) and (2.13) we have

G(λ) =L

{
z2A−I mFq

(
E;D; z2

)
BP,Qn (z2)

}

=
n∑
k=0

1

k!
(−nI)k(P + (n− 1)I)k(4(Q)−1)k

×
∞∑
r=0

m∏
i=1

(Ei)r

q∏
j=1

[(Dj)r]
−1 1

k!

×L
{
z2A−(1−2k−2r)I

}
=

n∑
k=0

1

k!
(−nI)k(P + (n− 1)I)k(4(Q)−1)k

×
∞∑
r=0

m∏
i=1

(Ei)r

q∏
j=1

[(Dj)r]
−1 1

k!

× λ−2A−(2k+2r)I Γ(2A+ (2k + 2r)I).

Thus after a simplification, we obtain the result (3.20) in Theorem 3.11.

Theorem 3.12. If

g(z) = z
υ
2 Jυ(2(σz)

1
2 ) BP,λzn (1), (3.20)

then

G(λ) = σ
υ
2 (P + υI)n (

1

(−υ)n
) λ−(υ+1)

× 2F2

 1 + υ −m,P + (n+ υ)I

1 + υ, P + υI
;−σ

λ

 ,

(3.21)

where the Bessel function Jυ(z) of order υ has been given in the form (see [1, 3, 18])

Jυ(z) =
∞∑
s=0

(−1)s

s! Γ(1 + υ + s)

(z
2

)υ+2s
, (3.22)

and Re(λ) > 0, Re(υ) > −1 and Re(σ) > 0.
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Proof. According to (2.8), (3.23) and (2.13), it follows that

G(λ) =L

{
z
υ
2 Jυ(2(σz)

1
2 ) BP,λzn (1)

}

=
∞∑
m=0

(−1)m (σ)m+υ
2

m! Γ(1 + υ +m)

×
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−λ−1)k L
{
z
υ
2
+υ

2
−k+m}

=(σ)
υ
2

∞∑
m=0

(−σ)m

m! Γ(1 + υ +m)

×
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−λ−1)k Γ(1 + υ +m− k).λυ−m+k−1

=(σ)
υ
2 λυ−1

∞∑
m=0

(−σ)m λ−m Γ(1 + υ +m)

m! Γ(1 + υ +m)

×
n∑
k=0

(−nI)k(P + (n− 1)I)k(
− (υ +m)

)
k
k!

=(σ)
υ
2 λ−υ−1

(P + υI)n
(−υ)n

∞∑
m=0

(1 + υ − n)m((υ + n)I + P )m[(P + υI)m]−1

m! (1 + υ)m
(
−σ
λ

)m.

This completes the proof.

Theorem 3.13. If

g(z) = zρ−1 J2υ(2(σz)
1
2 ) BP,λzIn (1). (3.23)

Then

G(λ) =
(−1)n(P + (υ + ρ− 1)I)n(4P )υ π csc(ρ+ υ)π

λρ+υ Γ(1 + 2υ)Γ(1− ρ− υ + n)

×2F2

 ρ+ υ − n, P + (n+ υ + ρ)I

1 + 2υ, P + (υ + ρ+m− 1)I
;−4

σ

λ

 ,

(3.24)

where Re(λ) > 0, Re(ρ) > 0, Re(σ) > 0 and Re(υ + ρ) > −1
2
.

Proof. The proof of Theorem 3.13 would run parallel to Theorem 3.12. We, therefore, choose to
skip the details involved.

Theorem 3.14. If

g(z) = zρ−1 J2ν(2(σz)
1
2 ) J2µ(2(σz)

1
2 )BP,λzIn (1), (3.25)
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then

G(λ) =
(σ)ν+µ(P + (ν + µ+ ρ− 1)I)n(λ)−(ρ+µ+ν) Γ((ρ+ µ+ ν))

(−(ρ+ µ+ ν + 1))n Γ(2ν + 1)Γ(2µ+ 1)

× 2F3

 ρ+ ν + µ− n, P + (n+ µ+ ν + ρ− 1)I

1 + 2µ, 1 + 2ν, P + (µ+ ν + ρ− 1)I
;
σ

λ

 ,

(3.26)

where Re(λ) > 0, Re(µ+ ν + ρ) > 0.

Proof. Applying the formula [1, 3] for the product of two Bessel functions to get

J2ν(2(σz)
1
2 ) J2µ(2(σz)

1
2 ) = (σz)µ+ν

∞∑
s=0

(−σz)s

s! Γ(2µ+ s+ 1)Γ(2ν + s+ 1)
.

From the above equation and (2.8), we have

G(λ) =L

{
zρ−1 J2ν(2(σz)

1
2 ) J2µ(2(σz)

1
2 )BP,λzn (1)

}

=(σ)µ+ν
∞∑
s=0

(−σ)s

s! Γ(2µ+ s+ 1)Γ(2ν + s+ 1)

×
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−λ−1)k L
{
zρ−1+m+µ+ν+s−k}.

Applying (2.13), equation can be reduced to

G(λ) =
(σ)µ+ν

Γ(2ν + 1)Γ(2µ+ 1)

∞∑
s=0

(−σ)s

s! (2µ+ 1)s (2ν + 1)s

×
n∑
k=0

(−nI)k(P + (n− 1)I)k
k!

(−λ−1)k Γ(ρ+ µ+ ν + s− k) λ−(ρ+µ+ν+s−k)

= λ−(ρ+µ+ν) (σ)µ+ν
γ(ρ+ µ+ ν)

Γ(2µ+ 1)Γ(2ν + 1)

∞∑
s=0

(ρ+ µ+ ν)s
s!(2µ+ 1)s (2ν + 1)s

(−σ
λ

)s

×
n∑
k=0

(−nI)k(P + (n− 1)I)k
k! (1− ρ− µ− ν − s)k

=
(σ)ν+µ(P + (ν + µ+ ρ− 1)I)n(λ)−(ρ+µ+ν) Γ((ρ+ µ+ ν))

(−(ρ+ µ+ ν + 1))n Γ(2ν + 1)Γ(2µ+ 1)

× 2F3

 ρ+ ν + µ− n, P + (n+ µ+ ν + ρ− 1)I

1 + 2µ, 1 + 2ν, P + (µ+ ν + ρ− 1)I
;
−σ
λ

 .

This completes the proof.
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4 Inverse Laplace type integrals of functions involving BP,Qn (z)

In this section, we obtain the following inverse laplace type transforms of functions involving
generalized Bessel matrix polynomials.

Theorem 4.1. If

G(λ) = Γ(A) (λ+
1

2
σ)−A B

A−(n+1)I, 1

λ+1
2σ

n (−σ),

then

g(z) = zA−I exp(
−1

2
σz)(1− σz)n

where β(A) > 0 and Re(λ) > 1
2
|Re(σ)|.

Proof. It is sufficient to find Laplace transform of g(z)

G(λ) =L

{
zA−I exp(

−1

2
σz)(1− σz)n

}

=L

{
zA−I exp(

−1

2
σz)1F0

(
−n
− ;σz

)}

=
n∑
k=0

(−nI)k σ
k

k!
L

{
zA−(1−k)I exp(

−1

2
σz)

}

=
n∑
k=0

(−nI)k σ
k

k!
Γ(A+ kI) (λ+

1

2
σ)−(A+kI)

= Γ(A) (λ+
1

2
σ)−A

n∑
k=0

(−nI)k (A)k
k!

( σ

(λ+ 1
2
σ)

)k
,

As required.

Theorem 4.2. If

G(λ) = (−1)n σ
1
2
A+nI λ−(A+(2n+1)I) exp(

−σ
λ
z) BI−A−2nI,σn (λ),

then

g(z) = z
A
2
+nI Jυ(2(σz)

1
2 )

where β(A+ nI) > −1, Re(λ) > 0 and Re(σ) > 0.
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Proof. Using (2.13) and (3.23), we have

G(λ) =L

{
z
A
2
+nI Jυ(2(σz)

1
2 )

}

=
∞∑
r=0

Γ−1(A+ (1 + r)I) (−σ)r σ
A
2

r!
L
{
zA+(n+r)I

}
=σ

A
2 Γ−1(A+ I)

∞∑
r=0

(−)r [(A+ I)r]
−1

r!
Γ(A+ (r + n+ 1)I) λ−(A+(r+n+1)I)

=σ
A
2 (A+ I)n λ

−(A+(n+1)I) exp(
−σ
λ

)
n∑
r=0

(−nI)r [(A+ I)r]
−1

r!
(
σ

λ
)r

=σ
A
2
+nI (A+ I)n λ

−(A+(2n+1)I) exp(
−σ
λ

)
n∑
r=0

(−nI)r [(A+ I)r]
−1

r!
(
σ

λ
)r−n.

Putting n− r = k we get

G(λ) = (−1)n σ
A
2
+nI λ−(A+(2n+1)I) exp(

−σ
λ

)

×
n∑
k=0

(−nI)k (−(A+ nI))k
k!

(
−λ
σ

)k

=(−1)n σ
1
2
A+nI λ−(A+(2n+1)I) exp(

−σ
λ
z) BI−A−2nI,σn (λ).

This completes the proof.

The remaining results, which are given in the following theorems, can also be proven in a
similar lines. So we prefer to omit the details

Theorem 4.3. If

G(λ) = (−Q)n λP+(2n−2)I Γ(2I − P ) B2I−P−2nI, (Q−λI)
λ

n (−n),

then

g(z) = z−(P+(n−1)I) BP,Qn (z−1),

where Re(λ) > 0.

Theorem 4.4. If

G(λ) =
1

λ
2F0

(
−n, P − (n+ 1)I

− ;λQ−1
)
,

then

g(z) = BP,Qn (z−1),

where Re(λ) > 0.
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Theorem 4.5. If

G(λ) = (λ− µ)−1 2F0

(
−n, P − (1− n)I

− ; (λ− µ)Q−1
)
,

then

g(z) = exp(µz)BP,Qn (z−1),

where Re(λ) > Re(µ) > 0.
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