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Abstract

In this paper, we structure a phytoplankton zooplankton interaction system with
two delays and Monod-Haldane type functional response, and mainly discuss the
affect of 7 and 7 to the dynamic behavior of system. Firstly, we give the existence
of equilibrium and property of solution. The sufficient conditions ensuring the glob-
ally asymptotical stability of the boundary equilibrium are given. The nonexistence
of the positive equilibrium ensures the global stability of the boundary equilibrium.
Secondly, let 74 = 0 and dynamic behavior of system with one delay (7) is investi-
gated. The stability switches phenomenon can occur as 7 varying. Then fixed 7 in
stable interval, using 7 as parameter, it can investigate the effect of 7 and find 7
can also cause the oscillation of system. Specially, when 7 = 7, the system can also
occur the stable switching phenomenon, and, under certain conditions, the periodic
solution will exist with the wide range as delay away from critical value. Further-
more, using the crossing curve methods, it can obtain the stable changes of positive
equilibrium in (7,7;) plane. When choosing 7 in the unstable interval, the system
still can occur Hopf bifurcation as delays varying. Some numerical simulations are
given to indicate the correction of the theoretical analyses. At last, some conclusions

are given.
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1. Introduction

For decades, as plankton is the basis of all food chains and networks in the

aquatic system and plays an important role in the Marine ecology, the dynamics
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of marine plankton has become an important research field. Phytoplankton, also
known as microalgae, are similar to terrestrial plants because they contain chloro-
phyll and need sunlight to survive and grow. Most phytoplankton are buoyant,
floating on top of the ocean where sunlight penetrates the water.In a balanced
ecosystem, they feed a variety of Marine life, including whales, shrimp, snails and
jellyfish. A striking characteristic associated with many phytoplankton populations
is rapid and large-scale bloom formation. These events are characterized by a sharp
increase in number, by several orders of magnitude, followed by a sudden decline in
the phytoplankton population, which returns to its original low level as if nothing
had happened. Zooplankton are animals that live in communities of plankton, both
herbivores and carnivores, Herbivores feed on phytoplankton and are then eaten by
carnivorous zooplankton.

However, a special class of phytoplankton common to most aquatic ecosystems
has a special physiological characteristic of releasing ”toxic” or ”allelochemicals”
that are harmful to the growth of other algae. Algal toxicity has an important effect
on the distribution of phytoplankton and zooplankton populations. The human
consequences of harmful algal blooms are high costs for fisheries and tourism.High
mortality of fish and other Marine animals during the brown tide sometimes leads
to a ban on trade in fish and shellfish for a considerable period thereafter. Further
brown tides pose a problem for human health, as consumers may die from poisoning
after exposure to toxic algae shellfish.Although human deaths are rare, cases of
eye irritation, headaches or other diseases can be observed.The economic impact is
severe, especially for communities that rely almost entirely on fishing. Tourism has
also been affected, as tourists are not allowed to visit the affected areas. Zooplankton
population is completely dependent on phytoplankton as the most favorable food
source, and the change of phytoplankton density has a great influence on the growth
of zooplankton.The effects of harmful phytoplankton blooms on zooplankton are well
known.When these harmful species multiply in large Numbers, the cumulative effect
of all the toxins may lead to a decrease in grazing pressure on zooplankton.

In 2002, Chattopadhyay et al.[1] proposed a mathematical model of the interac-
tion between toxic phytoplankton (TPP) and zooplankton, and discussed the role
of TPP in harmful algal blooms. The general form of the mathematical model they

consider is the following nonlinear coupling of ordinary differential equations

(1.1)

=

T =rP(t)(1 - ) — af(P(H)Z(),
PO — BFP)Z(t) — nZ(t) — 0g(P(t) Z(t),



where P(t) and Z(t) are the TPP population densities and zooplankton popula-
tion densities at time ¢, respectively. f(P(¢)) indicates the functional response of
zooplankton to phytoplankton and g(P(t)) describes the distribution of toxic sub-
stance that eventually kill off zooplankton populations. Since the pioneering work
of Chattopadhyay et al, a growing number of biological papers have been published
on the TPP-zooplankton model, demonstrating the importance of this interaction
[2,3,4,5,6,7,8,9, 10].

Some researchers have shown that toxic substances released by certain phyto-
plankton species repel zooplankton, which try to leave areas of high phytoplankton
density. This is similar to the phytoplankton group defense mechanism against
zooplankton.The main purpose of this paper is to consider a plankton-zooplankton
model that uses the monod-haldane type of functional response to simulate zoo-
plankton grazing. The zooplankton (Z(t)) can identify the TPP (P(t)) because the
latter consumes too much and thus kills too many zooplankton. The zooplankton
reduces their consumption through a change in chemotactic sensitivity in a direc-
tion opposite to the TPP gradient. This is modeled with a simplified non-monotonic
monod-haldane type of function response expressed by P/(m? + P?) [4, 11, 12].

Hence, in this paper, we investigate the following system:

dP(t) _ T’P(t) 1 — Pt)\ _ oP#)Z(t)

dt L m2+'PQ(t)’ (1 2)
dZ(t) _ Be PTP(t—T1)Z(t—T) P(t—71)Z(t) ’
. m2+P2(t—1) - 'UZ(t) o SIQ—I—Ttt—ﬁ)

The function P(t—7;)/(m*+P?(t—71)) represents the distribution of toxic substance
that eventually kill off zooplankton populations.
The biological senses and units of these parameters are shown in Table 1.

The initial conditions are chosen as
P(e) = ()01(9) 2 07 Z(e) = ()02(9) 2 07 %(0) > 07Z - O: 17 9 € [_Tmaxa 0]7 (13)

where (¢1(0), ¢2(0)) € C([~Tmaz: 0], RY), Tmas = max{r, 7 }.

The paper is organized as follows. In Section 2, we give the existence of equi-
librium and property of solution for system (1.2). In this paper, we mainly discuss
the affect of 7 and 71 to the dynamic behavior of system (1.2). Firstly, we give the
sufficient conditions ensuring the globally asymptotical stability of the boundary
equilibrium. It can find that the delay of maturity of TPP does not effect the stabil-
ity of the boundary equilibrium while the delay of gestation of zooplankton can have

the key influence. The nonexistence of the positive equilibrium ensures the global



Table 1: Descriptions and units of parameters of system (1.2)

Symbol Parameter Definition Unit
r Intrinsic growth rate of phytoplankton population day™!
L Environmental carrying capacity gCm™3
a Grazing efficiency of zooplankton population day~tgCm=3
3 Growth efficiency of zooplankton population day=tgCm=3
1 Natural death rate of zooplankton population day™!
m The half-saturation constant [gCm~3]?
p Toxin-producing rate gCm=3 day™!
T Gestation delay of the zooplankton day !
T Delay required for the maturity of TPP day!

stability of the boundary equilibrium. Secondly, let 71 = 0 and dynamic behavior
of system with one delay (7) is investigated. The stability switches phenomenon
can occur as 7 varying. Then fixed 7 in stable interval, using 7 as parameter, it
can investigate the effect of 7, and find 77 can also cause the oscillation of system,
that is, 7 can lead to the existence of periodic solution. Specially, when 7 = 7, the
system can also occur the stable switching phenomenon, and, under certain condi-
tions, the periodic solution will exist with the wide range as delay away from critical
value. These results are shown in Section 4. In Section 5, using the crossing curve
methods, it can obtain the stable changes of positive equilibrium in (7,71) plane.
When choosing 7 in the unstable interval, the system still can occur Hopf bifurcation
as delays varying. Some numerical simulation examples are given to indicate the
correction of the theoretical analyses when the delays change in Section 6. At last,

some conclusions are given.

2. Equilibrium and Property of solutions

The system (1.2) always exists two boundary equilibira Ey(0,0) and F;(L,0).
The positive equilibrium is E*(P*, Z*), where P* satisfies the equation f(P*) :=
pP*? — (Be " — p)P* 4+ um? = 0 and Z* = = (m? + P**)(L — P*).

KT _ o g . . .
Define R, = 2 62Mm £ some conditions ensuring the existence of E* are given as

follows.

Lemma 2.1. The number of positive equilibrium for system (1.2) is given as fol-
lows.



(i) If m > L and R, > %, then system (1.2) exists a uniquely positive equilib-
rium E*(P*, Z*);
(11) If m < L, then the following results hold.

(a) When R, > L;:;TL”Q, system (1.2) exists a uniquely positive equilibrium
E*(P*,Z*);

(b) Whenl < R, < L;;?Q, system (1.2) exists two positive equilibria B (P, Z1);

(¢c) When R, = 1, system (1.2) exists a uniquely positive equilibrium E*(P*, Z*) =
E*(PL, 21);

(d) When R, < 1, system (1.2) does not exist any positive equilibrium, where

{ I (] LRV

Zr = L(m?*+P2)(L—-PL).

or

Lemma 2.2. The number of positive equilibrium for system (1.2) is given as fol-
lows.

1) If R, > L2+m2, then system (1.2) exists a uniquely positive equilibrium

2mL

E*(P*,2);

(ii)) When 1 < R, < L;;TQ andm < L, system (1.2) exists two positive equilibria
EL(PL, 23);

(111)) When R, = 1 and m < L, system (1.2) exists a uniquely positive equilibrium
E(Pr,2) = B* (P, 2});

(iv) When R, = LQ;TL” and m < L, system (1.2) ezists a uniquely positive
equilibrium E* (P*, Z*);

(v) Under the other situations, system (1.2) does not exist any positive equilib-
rium, where

{ Py = UG Rk T

ZL = gpm* + PE)(L - P,

and P7PX =m.

For convenience, when the positive equilibrium exists, we always assume that

Lemma 2.1 (i) holds, that is, m > L and R, > L;:;L’f. Furthermore, when (5 —

p)L > p(L*+m?) and 7 € [0, 7), system (1.2) exists a uniquely positive equilibrium
E*(P*, 2*), where

BL
pL+u(L2+m?2) "

P =P, Z" =27

Lln
o

Lemma 2.3. Let ¢;(0) > 0 (i = 1,2) and there exists some constant o > 0, for
t €[0,0), then



(a) all solutions of system (1.2) with initial conditions (1.3) uniquely exist and
are positive;
(b) tlim supP(t) < L and tlim sup Z(t) < M, where M = L(r4m)? .

drp
(c)if r > & then tlim inf P(t) > myg, where my = %(7‘ - M)

m2

Proof Theorems 2.1 and 2.3 in [13], solutions of system (1.2) with initial conditions
(1.3) exist on t € [0,0) for some o > 0 and are unique. Suppose (P(t), Z(t)) is a
solution of system (1.2) for ¢t € [0,0). Without loss of generality, it assumes that

€ [0,0) is the maximum internal of the solution and o = oo if the solution exists

for any t > 0. Integrating the first equation of system (1.2) gives

aZ(u)

t
P(t) = 01(0)e"TPEDT Tl S ot e (0, o).

To prove the Z(t) > 0 for any ¢t € [0,0), it uses the method of contradiction.
Suppose that there exists a t* € [0, 0) such that Z(t*) =0, Z'(t*) <0 and Z(t) > 0

for any ¢ € [0,¢*). From the second equation of system (1.2), we have

S\ Be TPt —1) Z(t* —1) * PP (t*—11)Z(t*)
Z() = w2 - e 2.1)
Be TP —T)Z(t*—1) .

m2+P2(t*—7)

>0,

which is a contradiction with Z’(t*) < 0. Hence Z(t) > 0 for all ¢ € [0,0). This
completes the proof of (a).

It follows from the first equation of system (1.2) that P’ < rP(1 —P/L), which
implies that tlirgo sup P(t) < L. Define

W(t)=P(t)+ 25 Z(t+7), t > 0.

Then from system (1.2), we obtain

7_) o paed™ Pt+1—71)Z(t+T1)

: o P(t) aed”
W(t)= rPt)(1-—12) - E5—2(t e TP n)

(t+
< rP(t)(1— P(t) _ O‘ﬁedTZ(t—i-T)
— W)+ P — 5P
< _,UW() L(r+u )

Applying the theorem of differential inequality, we obtain that

0 < W(t) < Lt (1 e=ut) L 7 (0)e .

drp

Therefore, tlim sup Z(t) < L(%:)Q = M. This completes the proof of (b).



From the first equation of system (1.2), we get

_ PO _ aPOZ@)
L M24P2(t)

— T - S P(t)

which implies that tlggo inf P(t) > £(r — <) = mg if r > 2. This completes the
proof of (c).

Therefore, from the continuation theorem of solutions for functional differential
equations [13] and using the same methods as Lemma 2.2, it has the following

theorem.

Theorem 2.1. The solution of system (1.2) with the initial condition (1.3) is ex-
istent, unique, positive and bounded on [0,400) and I' = {(p1(0), v2(0)) € C|lmy <
01(0) < L,0 < pa(0) < M} is positively invariant set for system (1.2).

3. Stability of boundary equilibrium

That’s clear that Fy is always an unstable saddle point. For FEj, the following
global stability result holds.

Theorem 3.1. If 0 < 7 < 7, then Ey is unstable; If T > 7 := iln fan, then E; is
globally asymptotically stable (GAS), where T < 7.

Proof  The characteristic equation of system (1.2) at Fj is
(A+7) [A tpt ey — e M fLo ] =, (3.1)
Equation (3.1) has one root A = —r < 0, and the other roots satisfy

et = gl (3.2)

[/\ THt m2+L2

Define H(A\) :== A+ p+ mfng]e(““)T, we have H(0) = (u+

2+L2)e‘” >0,H'(\) >
0, H(400) = 400. Since 7 < 7, by intermediate value theorem, (4) has a unique
positive root A(7), then (3.1) has at least one positive root. Hence E; is unstable
when 7 < 7.

Next, it will prove E; is GAS. Let iw (w > 0) be root of (3.2), then w satisfies

o = [t e ][t -]

If 71 > 7y, then the above equation has no positive roots, i.e., (3.2) has no purely

imaginary roots. Hence E; is LAS if 74 > 7.

7



Furthermore, choosing
V(P,Z)=P-L—-Ln}+32-Z+af P2t

its derivative along solution of system (1.2) is

) — LT o 5 Pt—1)Z(t—T
V= TP+ 5252 +atm —« ”§2+732($t77-))
— o e MTPt—1)Z(t—T1
= % [Tp(l - %) - O‘mzrzw] + g [ﬁ m2+(732(t)77§) ) — nZ(t)
_p7’(t—T1)Z(t)] L PE o PU=Z(-7)
m2+P2(t—m1) m24+P? m2+P2(t—T)
_ r 2 alLZ aZ aP(t—7)Z(t—7) apP(t—11)Z(t)
- _Z(P o L) + m2¥P2 ,@L;*f” T T m2P2(t—1) ,@e*l”(mQ-‘r?l’Q(t—n))
< —I(P-L)?+ a[# - /@;M}z.
If m > 71, then # — ﬁe’_‘w < 0and V < 0. Furthermore, it has Vo= 0 iff

P =L,Z=0. Let & be largest invariant subset of V =0, then for each element
in @, it has P(t) = L and Z(t) = 0. By Lasalle invariance principle, F; is globally
attractive. Adding to the local stability, F; is GAS. This completes the proof.

Remark 3.1. From the above results, it has that the maturity delay of TPP has
no affect to the stability of Ey. For the small gestation delay T of zooplankton, E;
15 unstable and the positive equilibrium exists. For the large gestation delay T and
exceeding some value, Fq is globally asymptotically stable. That is, the large gestation
delay of zooplankton contributes zooplankton to die out and the small gestation delay
may contribute to persistent existence of two populations.

4. Stability of positive equilibrium

In this section, we always assume that m > L and R, > T”;JLLQ. Let z(t) =
P(t) — P*,y(t) = Z(t) — Z*, then system (1.2) becomes

0 = Az(t) — adsy(t) + O(2),
WO — Berm Ay Z x(t — T) + Be P Agy(t — T) (4.1)

dt
—pA3Z7x(t — 1) — (u+ pA2)y(t) + O(2),

where

. % 2__px2
Alz—%—i—QOéA%Z*, A2:#>07 A3:%>O‘

whose characteristic equation is
D\ 7,71) = N+ (u+pAy — AN — Ay (1 + pAy) (4.9)
+[ﬁ€7MTA2(O[A32* + A1 — )\)]67)‘7 — OépAgAgZ*ei)‘Tl = 0. .
D()\, O, O) = )\2 + (,U/ + pAQ — Al — ﬂAg))\ — Al(,u + pAQ — ﬂAg)



4.1. Case 1: 71 =0,7 >0
Firstly, we let 7 > 0,77 = 0, then system (4.1) becomes

EO — Ayx(t) — adgy(t) + O(2

WO — —pAyZe(t) — (n+ pAs

y(t) + Be A3 Z*x(t — 7) (4.4)
+0e™M M Agy(t — 1) + 0(2),

~— —

and (4.3) becomes

AN T,0) = N A4 (u+pAy — ADA = Ai(p+ pAy) — apAy A Z*

4.5
+[ﬁ€7MTA2(O[A32* + A1 — )\)]67)‘7 = 0. ( )

Rewrite (4.5) as the following form
Al(/\v T) + AQ()‘7 T)eiAT - 07 (46)

where

Al(/\uT) = )‘2+p/\+Q7 AQ()‘7T) =T +S/\7
p= p+pAs—A, q=—A(p+ pAy) —apAy A3 Z*,
r = —s(aA3Z*+ Ay), s = —Pe A,

Next, it investigates the existence of purely imaginary roots A = iw (w = w(1) >
0). Equation (4.5) is exponential polynomial about A with coefficients depending
on delay 7. Beretta and Kuang [14] established a geometrical method to decide the
existence of purely imaginary roots when the coefficients contained delay. It easily
can verify the following relations:
(i) A1(0,7) 4+ Ay(0,7) # 0;
(i) Ay (i, 7) + Ag(iwo, ) # 0;
(iii) lim sup {)AQW“) .|\ — oo, ReA > 0} <1,
(
(

Ai(A\71) | °
iv) Let F(w,7) = |AL(iw, 7)|* — |As (i, 7)|?, then it has finite roots;

v) If w > 0 exists satisfying F(w, 7) = 0, then it is continuous and differentiable
in 7.
Substitute A = iw into (4.6), it can yield

. o 2 o
71 COSTWT + S s%n wT =W q, (4'7)
S COSWT — r1 SIMWT = —Pw.
From (4.7), it has
. 2—
sin ot = (& —Ys=tErn qQ)Sngrfp”,
wes 4Ty (4 8)
cos o = —=Z )t mips '
- w2s2+r? :



Using (4.6) and the property (i), (4.21) is equivalent to

sinwr = Im (Al(iw’f)) )

AQ (iva)

coswT = —Re (ﬁ;gg:;) ; (49)
which yields
F(w,7) =o'+ 31(1)@? + Su(1) =0, (4.10)
whose roots are given by
wi =1 |-S(r) £ VA)|, (4.11)

where
() = p* —2q— 7, (1) = q* — 7"%7 A= 3?(7) — 43y(7).

Since (1) = 2apAsA3Z* > 0 and ¢ + 1 = paAzZ* > 0, (4.10) has a uniquely
positive real root wy iff ¢ < ry.
Let

I = {7’ €0,7):¢q< 7’1}.
Then for all 7 € I, w satisfies (4.11) and w is not definited if 7 ¢ I,.
For 7 € I, let 6.(7) € [0,27) be defined by

(@i —q)switwipri
wisQ-‘rr% )

. (Q*wi)h +w3_p8
wisQ-‘rr% ’

sinf, (1)

cosfy (1) =

and the maps 7,,(7) : I, — R defined by

Oy (r)+2nm

= 0 " E N.

To(T)

Furthermore, it can introduce the continuous and differentiable functions S, (7)
in 7:

Su(1) =7 —=70(1), TE L, n€N.

Theorem 4.1. The equation (4.6) has a pair of simply imaginary roots A\ = +iw,,
w, s real for T € I, and at some 7 € I,

S,(7*) =0 for some n € N.

This pair roots cross the imaginary azis from left (right) to right (left) if o, (7*) >
0 (< 0), where

0.(r") = Sign{ M

} — Sign{—dsgy)
)\:iw+

10



Hence, the following theorem holds for system (4.4).

Theorem 4.2. Assume that 0 < 7 < 7. System (4.4), has the following dynamic
properties.

(i) If 1. is empty or not empty set, but S, (7) = 0 has no positive root in I, then
E* is LAS for all T € [0,7);

(11) If I, is non-empty, S, (1) = 0 has positive roots in I, and 0, (7*) # 0, for some
n €N, let 7° = min{7 : S,,(7) = 0} and 7' = max{7 : S,,(7) = 0}, then E* is LAS
for 7 € [0,7°) (7', 7) and unstable for 7 € (7°,7'). Here 7° and 7' are the Hopf
bifurcation values.

4.2. Case 2: 7>0, 17 >0

In the following, fixed 7 = 7* in its stable interval U and using 71 as the bifur-

cation parameter. We rewrite (4.3) as

D\, 75, 711) = AN+ (n+ pAy — AN — Ay (u + pAy)
+[ﬂ€_lm—A2(OéA32* + Al - )\)]G_AT* - C(pAgAgZ*e_Aﬁ (412)
= M apA+q+(r+s\)e N+ e =0,

where
@ = —A (1 + pAs), g2 = —apAyAsZ*.

By computing, it has

Q=@+ = aAyA3Z¥(Be™H + p) >0,
q1 + 2 +r = OZAQAgZ*(ﬁeil” — p) > (.

Let iw (w > 0) be the root of (4.12), separating the real part from the imaginary

part, it has
g2 coswT, = w? — g — r coswT — wssinwr*, (4.13)
g2 SinwT, = wp + wscoswt* — rysinwTt*.
Furthermore,
o ) 2
F(w):= [w?—¢q —ricoswr* — wssinwr*| (4.14)

: 2
+ [wp + ws coswT* — r sinwr*]” — g5 = 0,

with F(0) = (g1 +71)% — ¢2 > 0 and F(+00) = +o00. If (4.14) has roots, then (4.14)
has at most finite roots denoted by {w,}"_,. Substituting {w,}7_, into (4.14), we

can get
TS an ) A0S | oW — q1 = T COSWRTT — WS SIN W, T Jme,7=0,1,2, ...

Let 70 = min{7{"/} and 44wy are the roots of (4.12) for 7, = 70.

11



Lemma 4.1. If (4.14) has roots, for 7 = 7 € U, then it has the following conclu-
SLONS.

(1) If (4.14) has no positively real roots, then all roots of (4.12) have negative real
parts for any 1 > 0;

(i1) If (4.14) has finite real roots denoted by {w,}"_,, then the roots of (4.12) have
negative real parts for T € [O,T{)).

Let A(11) = ai(11) + ias(m1) be the root of (4.12) satisfying a;(7)) = 0 and
as (1) = wp. Derivating to 71 at 7 in two sides of (4.12), it has

Lemma 4.2. Sign{c/ (0)} = Sign{A;A; + A, A}, where
/ull = (oW Sin UJOT{), 1212 = (W( COS UJOT{),

Ay = p— 7" (swosinwer* + r1 coswer*)
+scosweT* — Tqe cos wyTY,

Ay = 2wy — 7 (swp cos woT* — 11 sin weT*)
—ssinweT* + 70 go sin woTy,.

Theorem 4.3. Suppose that T = 7 € U s satisfied.

(i) If (4.14) has no positive roots, then E* is LAS for any 7 > 0;

(ii) If (4.14) has positive roots denoted by {wy.}v_, and Sign{a} (7))} # 0, then E*
is LAS for 7 € [0,70). 70 are Hopf bifurcation values.

Remark 4.1. If (4.3) has two pairs of purely imaginary roots for some 7 and T,
say +iwy and +iwy, and all the other roots have non-zero real parts, then system
(1.2) undergoes a double-Hopf bifurcation with a ratio ky : ko, where wy : wy =
ki : ko. When ki, ko € Z7T, it is called ki : ky resonant double-Hopf bifurcation,
otherwise, it is called a non-resonant double Hopf bifurcation. More specially, since
there are multiple parameters in system (1.2) except for T and 1, tne bifurcation
with codimension greater than 1 can be considered. The interesting researches on
this topic can be found in [15, 16, 17, 18], and so on.

4.3. Case 3: iy =7 :=v >0

In this part, it will investigate local Hopf bifurcation when 74 = 7 = v. In this
situation, system (4.1) becomes

O — - Ayz(t) — adyy(t) + O(2),
awlt) [ﬁe*WAgZ* - pAgZ*} ot — v) + Be ™ Agy(t — v) (4.15)
—(p+ pAg)y(t) + O(2),

The system (4.15) has the same equilibria as system (1.2) when 7, = 7, E,(0,0), £,(L, 0)

and E*(P(v), Z(v)). E* exists when 0 < v < v := 51n 7PL+M(ﬁLL2+m2)'

12



As for E, the characteristic equation at E; of system (4.1) is given by

pL
m2+L2

—(A+p)v__BL
m2+L2

(A+7) [A+u+ i —0. (4.16)

Using the same method as Theorem 4.1, it has

Theorem 4.4. If 0 <v < v, then E; is unstable; If v > U := iln %, then Ei s
GAS, where v < D.

Equation (4.3) has one root A = —r < 0, while the other roots satisfy the
following equation
Pi(\v) + Q1(\v)e ™™ =0, (4.17)

where

PiAv) = A+ pt o, Qi(hv) = —e

It’s obvious that
Pl(oa V) + Ql(oa V) 7& O: ,Pl(iwa V) + Ql(iwa V) 7& 0.

Let A = +iw°(v) (w¥(v) > 0) be the roots of (4.17), then stability switches may

occur at v (v) values:

where

21 20— 21w 7
W) = T — 0t i)’

and 09 (v) € [0,2m) satisfies

{ sin 09 (v) = —~ § ) (m2+L%)er

+\WV) = AL ’

W(m2+ L2 L]et”
cos 0% (v) = [ +,@L)+p le"”
Hence,
vi(v) = w01(y) {arcos [“(ngrL;LHpk]eW + 2n7r}.
+
Define
Zn(T) =v—v(v), neN

and

J' = {l/j : v; €10,v) and Z,(v) = O}.
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Theorem 4.5. If 0 < v < v, then +iw)(v) are the roots of (4.4). For some
v, € 0,7) andn € N, Z,(v.) = 0. This pair of roots traverse the axis of imaginaries

from left (right) to right (left) if 6% (v,) >0 (< 0), where

- Q; dZy(v)
Aiwg(u*)} N Slgn{ dv

If J° is not empty. For allv; € J°, if Z! (v;) # 0 holds, then system (4.15) undergoes
Hopf bifurcations at By when v = v;.

. (v.) = Sign{ 422

In the following, it investigates the existence of local Hopf bifurcation at E*.

When 7 = 7 = v, the characteristic equation (4.3) becomes
AV v) + A2\ v)e ™ =0, (4.18)

where
AY N V) = A2+ pA+ qu, A2\ V) =711+ qo + S

Let A = iw (w = w(v) > 0) be the root of (4.18) and use the same methods as
Section 3. The following relations hold.

(i) AY0,v) + A%(0,v) # 0;

(ii) Al(iw, v) + A*(iw,v) # 0;

(iii) limsup {)%’ A — oo, ReA > O} <1

(iv) Define F(w,v) = |Al(iw, v)|* — |A%(iw, v)|?, then it has finite roots;

(v) If there exists w > 0 satisfying F(w,v) = 0, then it is continuous and differen-

tiable in v.
Substituting A = iw (w = w(r) > 0) into (4.18), it has

{ w? —q = (r1+ q)coswr + swsin wv,

pw = —swcoswr + (r1 + ¢2) sinwv,
furthermore,
; _ (W?—q1)swtwp(ri+g2)
SINWV = w2524 (r1+q2)2 ’ (4 19)
_ _ (@-w?)(r1+g)+w’ps ’
coswy = = r s
From the definitions of A! and A?, (4.19) can be written:
. o Al (iwv) _ Al(iw,v)
sinwy = Im(AQ(w’VJ, coswy = —Re(AQ(w’V)),
which yields
Fw,v) :=wt+EZ1(v)w? + Z5(v) = 0, (4.20)
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and its roots are given by
wl =1 -Zi(v) =VA|, (4.21)
where

Ei(v) =p* —2¢1 — 5%, E(v) = qf — (r1 + q2)*, A =E3(1) —45,(7).

We have = (v) = A7 > 0 and ¢; +r1 + g2 = paA3 Z* > 0, then (4.20) has a uniquely
positive real root w, iff ¢ < r; + ¢o.
Let

L ={7€(0,0):q1 <71+ ¢}
Then, for v € I,, O(v) € [0, 27) satisfies

{ sin O(v) = (w2—611)Sw+wp(r1+qz)7

wis?4(r1+g2)?
_ _ (@1—w?)(r1tq2)+w’ps
cosO(v) = — )

with F(w,v) =0 for 7 € I,. Hence, the maps v,(v) : [, — R are defined by

O(v)+2nm
w(v)

vn(v) == , neN.

Furthermore, define the continuous and differentiable functions in v:

T,(v) =v—uv,(v), vel, neN.

Theorem 4.6. The equation (4.18) has the roots A\ = +iw(v*), and at some v* €
[V7
T,(v*) =0 for some n € N.

This pair of roots cross the imaginary axis from left (right) to right (left) if 0 (v*) >

0 (< 0), where
_ Si {—dT"<”) }
A=tw4 } en dv v=v*

Remark 4.2. For v € I, then it has the following one sequence of functions:

_ ., bi(+2nT
T,(v)=v e

o (v*) == Sign{—dz{f)‘

Theorem 4.7. For system (4.15), it assumes that 0 < v < v.

(i) If 1, is empty set or not empty set, but T, (v) = 0 has no positive root in I,
then E* is LAS for any T € [0,7);

(1) If 1, is non-empty set, T, (v) = 0 exists positive roots at I, and 6 (v*) # 0, for
n € N, and rearrange these roots as the set J := {1V v' ..,v™} with v/ < it j =
0,....,m—1. Then E* is LAS for v € [0,°)U (v™, V) and unstable for v € (V°,v™).
Hopf bifurcations occur at E* when v = 17,
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4.4. Global Hopf bifurcation of system (4.15)
In Section 4.2, it has known that system (4.15) undergoes local Hopf bifurcations

at E* when v near v/, 1/ € J. In this section, using the methods in [19, 20, 21], it
investigates the existence of globally periodic solutions.

The following notations from [21] are given. Denote

%:{uejﬂm@%:@,Lg:J—%,

A

) max{y; - vy e S0y <7}, 0 #0,
B 0, else,

B _ min{v; : v; € J%v; > v}, JO#£0,
! sup 1, else,

Al =max{v': Ve J,UJ? T <€ J },
B =min{v': v' e J,UJ, v >l e .}

Next, it assumes that J, # (), using global Hopf bifurcation theorem [19], it will
investigat the global existence of periodic solutions bifurcating from (E*, 17, i—?) for
system (4.15), where 7 € J* and w} = w,(7), and 4iw’ is the roots of 34.18)
when v = 17,

In this part, v € [0,7) always holds. Setting z; = (P, Z;), it rewrites system
(4.15) as:

£(t) = T(zt, v, p), (4.22)

where z;(0) = z(t 4+ 0). System (4.22) has three equilibria z; = (0,0), z, = (L,0)
and z* = E*.

Define

X :C([_V7 0]7Ri)7
Y =CH(z,v,p) € X xR X R": 2y, = 2},
N ={(zv,p) : T(z,v,p) = 0},

and let é(z*7yj72_]7}') which is nonempty be the connected component of (2*, 17, i—z) in
e

¥, and Proj, (2%, 7, 2%) be its projection on v. By Theorem 3.1, it has the following
“r
results.

Lemma 4.3. All periodic solutions of system (4.22) are uniformly bounded in R?.

Lemma 4.4. If m > L, then system (4.22) does not exist nonconstant T-periodic
solution.
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Proof  Because the orbits of system (4.22) don’t intersect and P-Z axis are the
invariable manifold, which implies that, in the first quadrant, if there exists any pe-
riodic solutions, then there must be E* in its interior. It will prove by contradiction.
It assumes that system (4.22) has nonconstant 7-periodic solution, then it definitely

obtain that the following systems have nontrivial periodic solutions:

{ d'P t) TP( )( @) o aP(t)Z(t) - M,

B (D) e B ze
dZ(t) _ BePTP(H)Z(t POZ(H) .
dt m24P2(t) pZ(t) — & N

(4.23)

I

m2+P2(t) T

Define Dulac function Q = mP*ZZ then

A 4 AT — L] r(m?+ P +2Pr(1- F)
= —ﬁ[m2+2772+(P—L)2—L2 :

If m > L, then MQ) + (NQ) < 0. By Dulac theorem, system (4.23) has no periodic
solution in the ﬁrst quadrant, which is a contradiction. This completes the proof.
Theorem 4.8. Assume that the conditions J,. # 0, 7 € [0,v) and (3 — p)L >
pu(L? +m?) hold. Then for any v7 € J., there exists v' € J'U J, — {1/}, so that
system (4.22) has at least one positive periodic solution for v varies between v* and
.

Proof The characteristic equation of system (4.22) at an equilibrium z are expressed
as:

A(zZ,v,p)(\) = AMd — DY (z,v,p)(eM1d) = 0.

The system (4.22) has three equilibria z;, Zo and z*. From Section 4, it knows
that (z1,v,p) is not a center, while (Z3,v,p) and (2*, v, p) are isolated centers. By
Theorem 4.7 and T,,(17) # 0, there exist € > 0, § > 0 and X : (v/ — 6,17 + §) — C,
such that det(AA (7)) = 0,[A17) —iwl| < ¢ for all v € [V — §,7 + §] and
A7) = iwl, dReA(v7)/dv # 0.

Let Q22 ={(n,p):0<n<e,lp- 5_2‘ < e}. It can verify that on [/ — §,17 +

6] x O, 2x , A(2%, v, p)(n + 27”2) =0iff n=0,v=017,p= —;r Furthermore, define
J wi

“
Ri<z B 2”)(77 p) = A(z*, 17 £ 6,p)(n + 2Z4),
then the crossing number of (z*, 17, F) is given by
(=, ) = degg (R (207, 2),0, 2 ) — dogg (R ("9, ), 0, = )
+

+
-1, T,(7) >0,
1, T,(7) <o.
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Furthermore,
E(Z”vp)ef(z*’yj’ﬂ) X(E7 v, p) 7& 0,
o
where z is either z* or z;. Hence, the connected component £,. ; 2x) through
K 7w‘7

+
(2%, 17, 2”) in ¥ is unbounded.

By the definition of 17, there exists an integer j > 0 such that
o < Wl < 2(j+ D, Ve Jy,

which implies that

m<—<y‘7

Therefore, ﬁ < T <vif (zy,T) € {2, This fact combining with
wi, %

+
Lemma 4.4 show that Proj, .. ,; 2n ) is bounded. In addition , Lemmas 4.3 and 4.4

+
imply that the projection of £(,. ;. 2 ) onto the z-space is uniformly bounded for v €

Proj, (z*, 17, 25) N (A;, B;). Therefore either [A7, 7] C Proj,(2*,17,2%) N (A;, BY)
. . w3 ) Wl
or [V, B’] C Proj,(z*,17, 25) N (A, B;) holds. Otherwise, £(,. ,; 2r is unbounded
w+ ) 7“};7"_

and Proj, (z*, 17, i—z) C (A, B;), which is a contradicts.This completes the proof.

5. Crossing curve methods

The result of theorem 4.3 clearly shows the stability of the equilibrium E*when 7
and 7; change. Clearly, there is a Hopf bifurcation at 70 and there may be multiple
stable switches. If you leave 7 in an unstable region, 70 may not exist such that
E* is unstable in 7, € [0,7}), it is stable in 7; > 7). However, this is not entirely
satisfactory because it does not allow for a bifurcated analysis of (7, 7). That is, no
information is given about (7, 71) that generates stable or unstable stable states. For
this purpose, Gu et al. [22] provided crossing curve method which are defined as the
curves that separate the stable and unstable regions in the (7,7;) plane. However,
the system referenced in Gu2005 does not depend on the delay in the coefficients,
so these results cannot be used directly (4.1). Recently, An et al. [23] improve these
results in [22] to the system with the coefficients depending on the delay. In the
following, we will use the methods in [23] to give the couples (7, 7;) that generate a

stable or an unstable equilbrium.
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We rewrite (4.1) as

M= Aw(t) — ady(t) + O(2),

d%—g) = PeMA3Z*x(t — 1)+ Pe T Ayy(t — T) (5.1)
—pA3Z*x(t — 1) — (u+ pA2)y(t) + O(2),

whose characteristic equation is
D\, 7,7) 1= Yo\, 7) + 51 (A, 7)e N + (A, 7)e M =0, (5.2)

where

So(A,7) = A+ (1 + pAz — AD)A — Ai(p + pAs),
Y1\ 7T) = Be P Ag(aAsZ* + AL — N), Lo(N,T) = —apAyAsZ*.

It is easily to verify 34(\, 7),s = 0, 1, 2 satisfying the following conditions [23]:
(C1) X0(0,7) + %1(0,7) 4+ 35(0, 7) # 0;

©) ol o (28]« b)) <o

(C3) Xs(A\,7) #0,s=0,1,2, for any 7 € [0,7) and w € Ry;

(C4) For any w € R, at least one of |3(iw, 7)| (s = 0,1,2) tends to infinity as 7
tending —oo.

5.1. Crossing curve

Next, we will determine the feasible values of (7,71) € [0,7) x R so that A =

w (w > 0) is a root of (6.2). The curve formed by all these points is called " crossing

1 (tw,T
ﬁl(wﬂ—) - E;Ew,fgv (5 3)
Yo (tw,T :
Po(w,7) = ziﬁw,&

curve”. Let

where

Yoliw, 7) = —w? — A1 (1 + pAz) +iw(p + pAy — Ay),
Yi(iw, ) = Be T Ay(aAsZ* + A — iw), Yoliw, T) = —apAsAsZ*

Hence, (iw, 7, 71) is the zeros of (6.2) iff
D(w,7,71) =14 Bi(w, 7)e ™ + Bao(w, T)e ™ = 0. (5.4)

It assumes that (iw,7,71) is the zero of (6.2), then the left side of (5.4) must
form a triangle on the complex plane. Since | X (iw, 7)| + |21 (iw, 7)| > [Za(iw, T)] is

always true, therefore, the feasible region 2 can be obtained.

19



Lemma 5.1. 7 € [0,7), the feasible region Q) for (w,T) satisfies
Q={(.7) €R XT: fi(w,7) 20, folw,7) >0 },

where fi(w,7) = | X (iw, 7)| + | X2(iw, )| — |Xo(iw, 7)| and fo(w, ) = |Xo(iw, 7)| +
|20 (iw, 7)| — |21 (1w, 7).

Therefore, the feasible region is surrounded by the line 7 = 7, 7-axis and w-axis,
the curves fi(w,7) = 0 and fo(w,7) = 0. For every connected region 2, the feasible
range for w is denoted by I, = [w!, wk] k=1,2,...,N. Furthermore, for each w € I,
[k

Tw’w

there exists the intervals I¥ = "] C I, on which two inequalities hold in €.
Let the angles formed by 1 and ) (w, 7)e™™" be 6;(w, 7), and the angles formed

by 1 and By(w, T)e ™™ be Oy(w, 7), by the law of cosine, it has

14’|ﬁ1 (va)F*'ﬁQ(va)R

01(w, T) = arcos

2|81 (w,T)] ’
1 w,T)|2— w,T)|?
92(w’ 7_) — arcos +|ﬁ2(2‘ﬁ)2‘(w77|_/3)|1( )l ’
where ) Shliw, 7)
iw, T 9 (iw, T
BTy = (22027
Brlw, )l = ’EO )) and |Gy (w,7) Yo (iw, T)
For each fixed w € I, it can note that Im(ﬁl(w T)e ) =0 iff ;(w,7) =0 or
7, which is equivalent to 7 = 7% or 7 = 787 Therefore, Im(3;(w, 7)e~*7) cannot

change sign for 7 € IntI*.
In the following, two feasible cases are considered:
(i) Im (S (w, T)e™™T) > 0:

From the triangle, it can obtain

arg(B(w, 7)e ™) =1 — 01 (w,7), arg(Bao(w, 71 )e” ™) = Oy(w,T) — .
Then there exists an n € Z such that
arg(f(w, 7)) + 61 (w, 7) + (2n — 1)1 = wr, (5.5)
and
T = %[arg(ﬂg(w,ﬂ) — O2(w, )+ (2k + 1)7|, for some k € Z, (5.6)

where k > ki and k§ is the smallest integer such that the right side of (5.6) is

positive.
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(i) Im(B (w, 7)e™™7) < 0:
In this case, the triangle formed is the mirror image of the case (i) about the real

axis. We have
arg(fi(w, 7)) — b1 (w,7) + (2n — )T = w7, for somen € Z, (5.7)
and
T = i arg(fBe(w, 7)) + Oa(w, 1) + (25 + 1)7r], for some j € Z, (5.8)

where j > j; and j, is the smallest integer such that the right side of (5.8) is
positive.
Now it can define I as the interval of w and I the feasible values of 7 for every

fixed w € I¥. Fixed w € I, it can define the following functions:

St(w,7)= 17— i[arg(ﬁl(w,ﬂ) + 6 (w, )+ (2n — 1)7r], fro some n € Z.

(5.9)
If (5.9) has zeros written as 1% (w),i=1,2,--- . Furthermore, it can obtain 71 values
as follows:
~iE gt 1 ~it ~it -+
77 (w) = < [arg(ﬁg(w, 7)) F Oo(w, 7)) + (25F + 1)7T], (5.10)

where j* > j& and j& is the smallest integer such that 7/ ¥ (w) > 0.
If w takes all the values in the whole interval I“, then it can obtain the following

curve on §2

C = {(w,%ii(w)) we ¥ S, (w, 7 (W) = o}, (5.11)
and the crossing curves on (7,71) plane
T = {(#"(W),# 7 (w) €[0,7) x Ry 1w € I*, S, (w, 7" (w)) =0}.  (5.12)

Note that 7, = 780 #£ 0 or 7, = 75" # 0o must satisfying one of the following

equations:
181 (w, )| + [Bow, )| = 1, (5.13a)
161(w, )| = [Ba(w, )| = 1, (5.13D)
|61(w, 7)| = |Ba(w, 7)] = —1. (5.13c)

Lemma 5.2. (i) If (5.13a) or (5.13b) holds for 7, = 78" £ 0 or 7, = 78" # 00,
then 01 (w,7,) =0 and S} (w,7,) =S, (W, T,);

(ii) If (5.15¢c) holds for 7, = T8 £ 0 or 7, = TF" # +00, then 0)(w,7,) = m and
SH(w, 1) =8, 1 (w, 7).
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For each fixed w € Iy, it can classify the interval I* into 4 types: Type 1:
01 (w, 780 = 0, (w,787) 5 Type 2: 01(w, 75 # 01(w, 75") ; Type 3: 780 = 0 and
TR £ to0 ; Type 4: 7" = 400. On each Type, the plots of S¥(w, 7) are different.

Furthermore, it assumes that

(C5)  9SE(w,7)/0r #0 for any (w,7) € C.

~iE

By (C5), the endpoints (we, 7" (w.)) of every component of C must locate the
boundary of €2 and can be divided into 3 types:

Type A: (5.13a) holds for (w,7.,) = (we, 7 (we)).-

Type B: (5.13b) holds for (w,7,,) = (we, 7% (we)).

Type C: (5.13¢) holds for (w,7,) = (we, 7" (we)).

For convenience, Type AA indicates that both end points of the component are
Type A. Depending on the type of endpoint, each component of the curve C falls
into the following six categories: AA, BB, CC, AB, AC, and BC.

Lemma 5.3. If the condition (C5) holds, then any two components of C will not
intersect in Int().

Theorem 5.1. Under the conditions (C1)-(C5) the crossing curve on (7,1 )-plane
consists of one or several curves in the following types:

(a) A series of open-ended curves along Ti-axis;

(b) A series of closed curves along Ti-axis;

(c) A series of spiral-like curves along T -axis; and each of these curves approaching
oo in the direction of T -axis;

(d) Truncated curves of one of the above 3 cases.

5.2. Crossing directions

Assume that (7%, 77) € T, then there is an w* > 0 such that (iw*, 7%, 7]) is the
zero of (6.2). If 0D/OX # 0, then A(7,71) = Y1(7, 71) + i72(7, 71) is the simple root
of (6.2), which satisfies 71 (7*,77) = 0 and (7%, 77) = w* in the neighborhood of
(7*,77). In this section, we can calculate the crossing direction of the crossing curve
(5.12). Define

R(r,7) = Re{ 2801 [(r,7) = Im{ 225200 |,

or or
Ri(r,m) = Re{20rnl (7, 7,) = Im{ 220zn)}.
Furthermore, it can calculate RI; — R[] = _Im{%_li) 'g_TDl '

If RI; — RyI > 0, then the pair characteristic roots v, (7, 71) £ va(7, 71) of (6.2)

cross the imaginary axis to the right half plane when (7, 71) crosses the crossing curve
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to the right region. If the inequality is reversed, the crossing direction is opposite.
From (6.2), it has

oD —qwrT* PPt ] . g k%
S liw*, 7, 1) = 55, + X1,e7 T + X5 e T fiwt e T,

OD [ % % %\ __ V% s kN —iw T
5w, 7%, 1) = X5, —iwEse i

where ¥f = Y (w*, 7*) and Xf_ = 0X4(w*, 7%)/0T, s =0, 1, 2.

Furthermore,
{2 T = Re{ [ 4 (3, i me ) 4 55 ] 55,

Hence it has the following theorem.

Theorem 5.2. If 6(7*,7f) > 0 (< 0), then the pair imaginary roots crosses the
imaginary axis from left to right, as (1,7) passes through the crossing curve to the
right (left) region , where

5 7) = —Ref [Zg.e T + (B, —iwSp)e 1) 4 55 | T}

6. Numerical simulations

In this part, firstly, choosing the following parameters in system (1.2):
r=>5 L=8 m=10, p=0.005, « =0.8, =0.6, p=0.02. (6.1)

When 71 = 0, 7 can obtained as 317.7637. Under the parameters in (6.1), it can
obtain the plots of (7,S,(7)) (see Figure 1). From the plots, it knows that S,(7) =
0 (n = 0,1) has two roots 7° = 54.4 and 7! = 165.247. Therefore, choosing 7 =
30 < 70,7 =544 = 7% 7 =200 > 7!, respectively, the results are shown in Figures
2-4 and it can verify the correction of theoretical analysis.

Furthermore, fixed 7 = 30 € [0,7°) and choosing 7, as parameter, it can obtain
) =100.29. Let 7, =5 < 77, the results of the numerical simulations are sown in
Figure 5.

Specially, when 7 = 7y = v, the following parameters are chosen
r=5 L=8 m=6, u=0.005 =08, 3=0.7, p=0.01. (6.2)

It can obtain 7 = 453.4988 under the parameters (6.2). The plots of (v, T, (v)) can
be obtained (see Figure 6). From the plots, it knows that 7,,(v) = 0 (n = 0, 1,2) has
four roots 1% = 7.5, = 73.5, 1% = 381.26 and v = 425.266. Therefore, choosing
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Figure 7: (A) When v = 1, E* is stable. (B) When v = 7.5, E* is unstable and the re exists a
stable periodic solution. (C) When v = 430, E* is still stable.
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v=1<10,7="75=1"7=430 > 13, respectively, the results are shown in Figure
7 and it is consistent with theoretical results.

In the following, it also obtain the crossing curves in (7,7;) plane using the
parameters in (6.1). Under the parameters (6.1), it can obtain /; = [0.04,0.044] and
I, = [0,0.04], furthermore, I' = [0,15.0495] and I? = [0, 222.425]. It can know that
both I} = [0,15.0495] and I? = [0,222.425] belong to Type 1. The C curves and
crossing curves are shown in Figures 8-9. It can obtain the feasible region 2 that is
surrounded by 7-axis, w-axis and the blue curves in Figure 8. The curve C', which is
composed by the feasible values of (7,w) (see the color loops between the two blue
curves in Figure 8). Furthermore, we can see that the two closed loop curves C' on 2
with Type AB lead to two series of spiral-like crossing curves on (7, 71) plane along
71-axis shown in Figure 9. Finally, according to theorem 5.2, the crossing direction
is calculated and the final result is given in Figure 9, that is, when (7,71) changes
along the arrow direction, the feature root passes through the imaginary axis from
left to right. Fixed 7 = 10 and choosing 7 = 20, 80, 180, it can obtain the stable
switches phenomena (see Figures 10-12). It shows that Hopf bifurcation can still

occur when 7 locates the unstable interval.

Feasible region
kY

250

Figure 8: Feasible region and C curves, which composed by the admissible values (w, 7).

7. Conclusion

In this paper, we study a planktonic ecosystem (1.2) with two delays and Monod-
Haldane type functional response. We focus on the effects of two delays on the

system. In Theorem 2.1, we obtain the positively invariant set for system (1.2).
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FE* is stable when 7 = 20 and 71 = 10.
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The system (1.2) always exists two boundary equilibria Ey(0,0) and E;(K,0) while
Ey(0,0) is unstable and the stability of £y (K, 0) is shown in Theorem 3.1.

When the maturation rate 7 of zooplankton is more than some value, zooplank-
ton population will dies out in the end. When the maturation rate of zooplankton
T are restricted to a certain interval, the system (1.2) exists a uniquely positive
equilibrium E*(P*, Z*). When the toxin delay 7 does not exist, Theorem 4.2 shows
the stability of E* and system (1.2) may occur the stability switches when the mat-
uration rate 7 of zooplankton changes which depends on the set I, and the roots of
S (1) =0. When 7 > 0, it still can obtain the conditions which the system occurs
Hopf bifurcation. Furthermore, using the method in [23], the purpose is to find
stability crossing curve. When 7 is chosen in unstable interval it also can obtain the
stability of £*. By these researches, it can know the important effect of two delays
and the correction of theory analyses is verified in Section 6 for some numerical

examples.
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