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Abstract. This paper is concerned with a West Nile virus (WNv) model on a growing
domain, which accounts for habitat expansion of mosquitoes because of climate warming.
We aim to understand the relationship of the growing rate and the transmission risk of
WNv. The basic reproduction number, which is related to the growing rate and diffusion
rate, is introduced through spectral theory. The conditions to determine whether the
virus vanishes or spreads are deduced. The obtained results reveal that domain growth
leads to increased risk of infection, and is detrimental to the control and prevention of
WNv. To verify the feasibility of our analytical results on the long time behavior of WNv,
some numerical simulations are given.
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1 Introduction

Infectious diseases, which caused by various pathogens, can spread from person to person,
animal to animal, or person to animal. Since ancient times, the prevalence of infectious diseases
has brought enormous damage to people, therefore, many countries around the world pay
more attention to the investigation of the infectious diseases. Various epidemic models have
been proposed and analyzed for prevention and control strategies, especially for vector borne
diseases [10,15,30].

West Nile virus (WNv) is an emerging mosquito-borne virus that causes a severe, life-
threatening neurological disease in humans and horses, widely distributed throughout the world
and with considerable impact both on public health and on animal health [9].

Many species of birds act as primary hosts [22] and main source of transmission for WNv [29].
The virus exists in the form of a mosquito-bird cycle, that is, when mosquitoes carrying the
virus bite susceptible birds, they produce toxemia in the birds, and susceptible mosquitoes bite
host birds and then participate in the spread of the virus, thus circulating [1]. More than 300
avian species have been identified as being associated with transmission of the virus. In general,
the corvid and non-corvid families of birds have different responses to the virus, with corvids
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suffering a higher disease-induced mortality rate, such as crows, large ravens, magpies, blue
and grey birds [4, 16].

WNv was first identified in 1937 from the blood of a febrile woman in the west Nile region
of Uganda [6], hence its name. An outbreak in Israel in 1957, in which the virus was first
noted to be associated with central nervous system disease, was thought to be the cause of
severe meningitis in the elderly [25]. Since 1950, the virus has been circulating in Africa, the
Middle East, Asia and southern Europe, the first infected case was detected in 1999 during an
outbreak of encephalitis in New York city [6,19,23,30], and then propagated rapidly across the
US [12,19]. Fig. 1 shows the progress of human cases of WNv throughout the US, and indicate
the growth process of infected areas from 1999 to 2004. The states were colored according to
the percentage of all west Nile cases they represented in the US that year.

Flg 1: Figures show the progress of human cases of WNv throughout the US. 0%(no cases) is white; Less than 1% is blue;
Between 1% and 5% is green; Between 5% and 10% is yellow, and more than 10% is red. ( [2], minor modification). All the data
is based on the US Centers for Disease Control and Prevention [3].

For nearly two decades, many mathematical models for WNv have been proposed and
analyzed, however most of the models are focused on the non-spatial transmission dynamics
[8,30,31]. In order to analyze and evaluate two main anti-WNv preventive strategies, that is,
mosquito reduction strategies and personal protection, Bowman et al. [8] proposed a single-
season ordinary differential equation model for WNv in a mosquito-bird-human community;,
and showed that if the mosquito reduction strategy is carried out, which guarantee a certain
threshold quantity less than 1, WNv can be eradicated from the mosquito-bird cycle, on the
contrary, WNv persists in the mosquito-bird population.

But what we should actually do is considering the spatial spreading, which is an important
factor to affect the persistence and eradication of WNv. For the sake of depicting the movement
of birds and mosquitoes, Lewis et al. [19] researched the spatial spread of WNv, which is
described by the reaction-diffusion model. The model was inspired and extended from Wonham
et al. in [30], whose paper proposed and developed the non-spatial model for cross-infection
between mosquitoes and birds.

To utilize the cooperative characteristic of cross-infection dynamics and estimate the spatial
spread rate of infection, Lewis et al. in [19] proposed the modified spatial-independent WNv
model

(1.1)

G = abﬁb—(Nl}V_blb)] — Wy, t>0,
U = 0, 3 S22 — AL, >0,



and spatial-dependent WNv model

{ 6Ib = DA, + Oébﬁb b_b b) — Y1y, r e, t>0, (1 2)

O — DyAT,y, 4 oo 5y St Am*fm )Ty — dypLy, x € Qt>0,
where N, and A,, are the positive constants; [,(x,t) and I, (x,t) represent the populations

of infected birds and mosquitos at the location z in the habitat @ C RY and at time ¢t > 0,
respectively, and I(z,0) + I,,(x,0) > 0. The parameters are described in Table 1.

Table 1: Parameters Epidemiological Interpretations.

Parameter Description
Ny The total population of birds
A, The total population of mosquitoes
ap WNv transmission probability per bite to birds
m WNv transmission probability per bite to mosquitoes
B Biting rate of mosquitoes on birds
dm Adult mosquitos death rate
Vb Bird recovery rate from WNv
D; Diffusion coefficients for birds
Dy Diffusion coefficients for mosquitoes

For model (1.1), the authors derived the basic reproduction number

abamﬁgAm
Ry = 4] — 0" ™ 1.3
"N dnNy (1.3)

by utilizing the next generation matrix method [28]. They pointed out that the virus vanishes
for Rg < 1, while for Rg > 1, the disease-endemic equilibrium stabilizes. Moreover, in terms of
(1.2), they considered the existence of traveling waves, and deduced that the spread rate, which
is determined by linearized system, is equivalent to the minimal wave speed of the non-linear
one.

In ecology, animals migrate over a certain distance for a variety of reasons. ones search
for food to keep themselves alive, for instance, the king penguins look for fish and shrimp
in nonfreezing seas; ones move for reproduction, such as Atlantic salmon and giant arapaima
fish, they have to spawn in the upstream of freshwater river every year; ones (migrant birds)
travel long distances in response to local climate change. In consideration of the mosquitos,
which are extremely temperature and moisture sensitive. Moreover, up to a point, higher
temperatures cause the mosquitoes to mature faster. Hence its habitat is incessantly expansive
due to climate warming. For instance, according to the report of future Ontario climate change
projections [33], the average temperature in Ontario is generally rising. It is estimated that by
2050, the average summer temperature (7-21°C) in southern and Northern Ontario will increase
by 1.5-4°C and 4-7°C respectively in the 1980s; by 2050s, the average temperature in Ontario
is likely to increase by about 3.6°C, and the number of warmer days will increase by 10-126
days. Therefore the range of mosquitoes to change and move northward beyond the current

boundary.

Now, we consider the WNv diffusive model on a growing domain through the following
discussion. As discussed in [11,27], we assume that Q(¢t) C R be a simply connected bounded
shifting domain at time ¢ > 0 and 0€(t) be the surface boundary of changing domain €(¢).
Let I = (Iy(x(t),t), [,(x(t),t))T be a vector of two infected species (birds and mosquitos) at
position z(t) = (z1(t), za(t),...,x,(t)) € Q(t). From the principle of mass conservation and
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Reynolds transport theorem [26], we can derive the evolution equations for reaction-diffusion
on growing domain. The continuous variation of the domain and its boundary produces a flow
velocity a(z,t). And the advection terms and dilution terms are introduced in the growing
domain €Q(t), the former is the amount of elements that shift with the flow due to local changes
of domain, while the latter corresponds to changes of local volume. Consequently, the reaction-
diffusion system of two infected species I, and I,,, with (1.2) on a continuously deforming domain
becomes

o1, 1
=0 + VI,-a + I,(V-a) = DAL +abﬂb(7b)-[m — Y,
ot —— ——— —— Ny
~ advection term  dilution term diffusion term
The rate of change of I reaction term
(1.4)
Olm + VIn-a + I,(V-a) = Dy)AIL, +am6bMIb —dp I
8t N—— N—— N—— Nb
~ advection term dilution term diffusion term
The rate of change of I,, reaction term
for x € Q(t), t > 0, with the null Dirichlet boundary condition
L(x(t),t) = L(x(t),1) = 0, z€Q(t), t>0, (1.5)
and the initial condition
I, = ]b(ZE) <N, I, = Im(I) <A, z€ Q(O), t=0. (16)

In order to circumvent the difficulty induced by the evolving domain, we want to transfor-
m problem (1.4)-(1.6) from a continuously changing domain to a fixed domain. To do this,
we use Lagrangian transformations, see [21] for details. Assume y1,¥s, ..., y, be fixed Carte-
sian coordinates in 2(0) such that z1(t) = Z1(y1, Y2, .-, Yn,t), T2(t) = T2(y1, Y2, -+, Yns )y - -
o (t) = Zn(y1, Y2, - - -, Yn, t). Then (I, I,,,) is mapped into the new function (u,v) defined as
Ip(z1(t), 22(t), . @a(t), ) = w(yr, Y2, - - -, Yn, 1),
t

’ (1.7)
I (1 (t), zo(t ) ,xn(t), ) =v(Y1,Y2, - Yn, ).

Although equations (1.4) can be translated to another form which are defined on the fixed do-
main 2(0) with respect to y = (y1, Y2, - . ., Yn), it is still difficult to deal with the new equations.
To further simplify the model equations (1.4), we assume that domain evolution is uniform and
isotropic. That is to say, the boundary of the domain deforms continuously at the same rate
in all directions as time goes on. Mathematically, we let

(x1(t), xo(t), ..., xn(t)) = p(E) (Y1, Y2, - -, Un), Yy € Q0), (1.8)

where p(t) is called growing ratio, which satisfies
p(t) € C0,00), p(0) =1, p(t) >0, tlim p(t) = pso > 1 and tlim p(t) = 0. (1.9)
— 00 — 00

If p(t) = 1 for any ¢, then Q(t) is just the fixed domain 2(0). Furthermore, assume that the
flow velocity is identical to the evolving rate of domain and using (1.8) yields

a=it) = pltyy = L),

then it follows from (1.7)-(1.8) that

w=2%+a -V, v,=% +a-VI,, V-a="2

p’
AL, = Au, Al, = 21(t)Av

p"’ (t)
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Therefore, problem (1.4)-(1.6) is translated into

2wy — D1 Au = apB Nb;“) (7 + p((t))> Yy € Q(O),t > 0,
o B = a0 B ye00 0

( 0) _Ibo( )<Nb7v<y70> = m,O(y) SAm: yEQ(O)

As far as growth ratio p(t) is concerned, see for example, the exponential growth rate p(t) = e

with 7 > 0 and the logistic growth rate p(t) = % in [20], where K accounts for the

carrying capacity (final domain size).

The rest of our paper is organised as follows: in Section 2, we introduce the basic reproduc-
tion numbers and study related properties. The corresponding preliminaries and the derivation
of stability conditions for disease free equilibrium and the endemic equilibrium on a growing do-
main are presented in Section 3, while three examples are provided to illustrate our theoretical
findings in the last section.

2 Basic reproduction number

It is well-known [13] that the basic reproduction number is a threshold of epidemiology mod-
els to describe the average number of secondary infections produced when a typical infected
individual is introduced into a large susceptible population. In this section, the basic repro-
duction number is introduced and its related properties are given. For general ODE model,
basic reproduction number can be calculated by the next generation matrix method [28], and
subsequently developed by [32,35], they presented by spectral radius of next infection opera-
tor for space-dependent models, it is also calculated by principal eigenvalue of a corresponding
eigenvalue problem. In the following, the basic reproduction number for problem (1.10) is given
by the eigenvalue method.

According to assumption tlggo p(t) = poo, as a consequence, consider the auxiliary problem

of (1.10)

DlAU = BNV — U,y e Q0),
—%AV = amﬁb(AmT;V)U —daV, y€Q0), (2.1)
Uly) = V(y) =0, y € 09(0),
and its related eigenvalue problem
—&Aﬁb = sy — Wb + A(R)o, y € Q(0),
FAY = panfyyE o — dut) + MR, y € Q(0), (2.2)
d)(y) =1(y) =0, y € 990(0).

Note that problem (2.2) is strongly cooperative if R > 0, by virtue of Theorem 2.3 [7], it
exists a unique principal eigenvalue A(R)(R > 0), and then the positive eigenfunction pair
(¢, 1) corresponding to the principal eigenvalue A(R) is unique (subject to a constant multiple)
for y € Q(0). Meanwhile, continuous function A\(R) is strictly increasing to R, and satisfies
Rh_%lJr AR) <0, I%EI;O A(R) > 0. Based on the above argument, we derive that there is a unique

value Rf such that A(R{) = 0, which satisfies the following problem

—%A@ = R%/;Oébﬂbqj - %®, y € Q(0),
_%ZA‘I/ = RLgame?\;—ﬂ;q) - dm\ll7 y e Q(O)7 (23)
P(y) = ¥(y) =0, y € 99Q(0),



where (@, ¥) is the positive eigenfunction pair corresponding to the principal eigenvalue Rf.
Clearly, the principal eigenvalue R} of problem (2.3) can be explicitly written as

Oébﬁb : Oémﬁb‘?v—f

RS = - 24
and the positive eigenfunction pair corresponding to R{J’
o By(B5 + din)
(©,¥) = A (2.5)
O‘mﬂ (Dpl: + )
where (A*, ¢*) is the principal eigen-pair of the eigenvalue problem
—Ap =Ap, y € Q0),
{ 26)
e(y) =0,  y€00).

Remark 2.1 RS > Ry, where Ry has been given in (1.3), which means the risk increases with
respect to the growth of habitat.

Remark 2.2 It follows from problem (2.3), equation (2.5) and problem (2.6) that
—A®(y) 20, —A¥(y) 20, ye0), (2.7)

which will be used in the sequel.

3 Asymptotic profiles of solutions

In this section, to derive the property of disease free equilibrium and the endemic equilibrium
of problem (1.10) on a growing domain, we will construct the Lyapunov function and use a
super-subsolution technique. Before proceeding further, we here give the definition and relevant
lemma of the supersolution and subsolution, which will be used to study the asymptotic profile
behaviour of solutions.

3.1 Preliminaries
Throughout this paper, we denote the sector
((ug,v1), (uz,v2)) = {(u,v) 1 uy < uly,t) < us, vy < v(y,t) < vy, (y,t) € Q0) x [0,00)}.

Definition 3.1 A pair of functions (u,0)(y, t) and (@, 0)(y, t) in C*1(Q(0) x (0, oo)) ﬂC(ﬁ(O)
[0,00)) is called ordered upper and lower solutions to problem (1.10) if (0,0) < (u
(Ny, Ay) and

¢

iy — BEAG > a3 8505 — (y, 4+ 228)a, y € Q(0),t >0,
O — BLAT > amﬁb}'{,—bv)ﬂ — (d + 5513, y € Q(0),t>0,
ity — BEAG > abﬁbM@ — (w + 5, y € Q(0),t >0, (3.1)
Oy — pD2 AD > amﬁb g — (dpm + ’jfgg))@, y € Q0),t >0,
a(y,t) > 0=a(y,t), (y,t)ZOZ@(y,t), y € 09(0),t > 0,
[ @(y,0) > u(y,0) > a(y,0), 9(y,0) > v(y,0) > (y,0), y € Q0).

(=)



Lemma 3.1 (Comparison principle) Let (u,v)(y,t), (4,0)(y,t) and (4,0)(y,t) be a solution,
ordered upper and lower solutions to problem (1.10) respectively, then

(@,0)(y, 1) < (u,v)(y, 1) < (@,9)(y. 1), (y,t) € Q(0) x [0,00).

Neglecting time variable ¢ in Definition 3.1, we can get a straightforward definition of upper
and lower solutions to problem (2.1).

Definition 3.2 A pair of functions (U,V)(y) and (U, V)(y) in C*(Q(0)) QC(A_(O)) is called
ordered upper and lower solutions of problem (2.1) if it satisfies (0,0) < (U,V) < (U,V) <

(Ny, Ay) and

(

AU > a3, Nt Dy WU, y € Q(0),

—éAV > amﬁb%U —d,V, ye0),

_%A[j > abﬁbwv - foU7 Yy e Q(O)> (32)
AV>am6 mVU dn.V,  yeQ),

U(y) >0=U(y), V(y) >0="V(y), ye o).

Let A
K, = amﬁb + Yo, Ko = apfy+ dp.

Using (U(O),V(O)) = (U(y),V(y)), ( K(U)) = (U(y),V(y)) as the initial values, iteration
sequences (U(’“),V"“ ) and (U™, V®)) are obtained through the following iterative process

R — —(k—=1) _(1._ (1
_ _ (b e (ke
~ LAY 4 g0 = VY 4 oA T - a0, 7Y,y e 00),
—BLAU® + U0 = KU (Mg VD oD, yeq),  (33)
~Le AV 4 KUM= KoV 4 (A U D — 4, VD, y € 0(0),
—(k —(k
| T =7 () = U () =v® () =0, y € 00(0).
where k£ = 1,2,---, (U(’“),V(’“)) and (U® V®) are called the maximal and minimal se-
quences. From the comparison principle, it easily follows that the above sequences (U(’“),V(’“))

and (U™, V®) admit the monotone property

(U, V) < (@D vEDy < @® v®) < @0 v < @V VEY) <@, 7), (349

for y € Q(0) and therefore the limits exist, denoted by

lim (TP, 7™ = @, V), 1im @©®,v®) = (U, V),

k—o00 k—o0

which yields



Furthermore, uniform estimate of the elliptic problem and Sobolev imbedding theorem assert
that (U,V) and (U, V) meet with

( —%AU = Oéb@b(NrU)V —wU, yeQO0),

Ny

~EAV = anful 45750 — dnV, y € 00
— AU = (TR U,y € 0),
—FAV = anBy(*5 )~ duV, y € Q(0),
[ Uy) =V(y) =Uly) =V(y) =0, y€o0).

Thus (U, V) and (U, V) are the solutions of problem (2.1) in the sector (U7, V), (U,V)). For
any solution (U3, Vi) to problem (2.1) in the sector (U, V), (U, V)), if (U, V1) and (U, V) are
a pair of super- and subsolutions of problem (2.1), we have (U1, V;) > (U,V), in a similar way,
we also have (U, V;) < (U, V). Therefore,

(U,V) < (U, V1) < (U,V) uniformly for y € Q(0).

(UA, VA) and (U,V) are called the maximal and minimal solutions of problem (2.1) in the sector
(U,V), (U,V)), respectively.
The following result is obvious, and is presented here for later application.

Lemma 3.2 (U(’“),V(’“)) and (U®, V8 generated by (3.3) converge monotonically to (U, V)
and (U,V), respectively.

3.2 The stability of the disease free equilibrium

Theorem 3.3 If Ry < 1, then the disease free equilibrium (0,0) of problem (1.10) is globally
asymptotically stable.

Proof: It follows from the assumption Ry < 1 that

A,
apf - Oémﬁbﬁ < Vol (3.5)
b

then there exits a small enough integer €y > 0 such that

A

apfp - @mﬁbﬁ < (1 —&0)*Wdm. (3.6)

Moreover, the above inequality implies that for any ¢t > 0

Am
/ apBpuvdy + 0 A Bp—uvdy < (1 — 50)/ yuldy + (1 — 50)9/ dnv*dy, (3.7)
0(0) 0(0) Ny 0(0) (0)

2(1_50)2"/bdm—abﬁb'am6b%
(amﬁb?\/im)Q

Construct the proper Lyapunov function

where 0 = > 0, and (u,v)(y,t) is a solution of problem (1.10).

1 7
V(t) = —/ uzdy—i——/ vidy.
2 Jaw) 2 Jo



Calculating the derivative of V(¢) with respect to t yields

vl(t) = fQ(O) u - udy + 0 fQ(O) v - vdy
- fQ(O) u[p?—é)Au + O‘bﬁb(N]bV: Jo— (v + p((t))) uldy

+0 Joo) VB2 A0 + 0 By (4572 )u — (i + 222 )0]dy

= _fQ Dl |V’U,‘2dy 9[9(0 zé)|VU!2dy+fQ abﬁbuvdy

+0 [0 amﬁbvmuvdy—fﬂ @2y udy — Joo (o + Zp(tt)) 2y

=0 Joo) R0 udy — 0 foq) (dm + tht)) vidy

o fQ(O) 2D_(1t|vu‘2dy — Qfﬂ(o W|V,U|2dy — f ab’Bb QUdy

am/B t)
—0 fQ( N, viudy — fQ(O) utdy — efsz p(t) 2dy

—<€o fQ(O) Nu dy - 500 fQ(O) mU dy

(3.8)

IN

< —g fQ(O) wuldy — 00 fQ(o) d,,v2dy.

Thanks to the Lyapunov stability theory, we have the convergence of L' —norm. Further, using
the technique of Theorem 4.2 in [18], we deduce that the disease free equilibrium (0,0) is
globally asymptotically stable when Ry < 1. U

Next, when RS < 1, we exhibit another conclusion about the disease free equilibrium of
problem (1.10).

To simplify the statement, we let
Ny A

max, cqo) D(y)’ max, o (o) V(y)

M = min{ (3.9)

where (®, V) is the eigenfunction pair in problem (2.3).

Theorem 3.4 Assume that Rf < 1, then any solution (u,v)(y,t) to problem (1.10) satisfies

lim u(y,t) =0 and lim v(y,t) =0 uniformly for y € Q(0) (3.10)

t—o00 t—o00

when the initial function meets with (u(y,0),v(y,0)) < (M®(y), MY (y)) for y € Q(0). That
is to say, the sector ((0,0), (M®, MWV)) is the stability region (or domain of attraction) of the
disease free equilibrium (0,0) to problem (1.10), where M is given by (3.9).

Proof: Let
u(y,t) = Me " ®(y), v(y,t)=Me "U(y),

where 6 > 0 is sufficiently small. Recalling Remark 2.2 and using (1.9) give

Uy — B A — B0+ (0 + "4 )u

(
= Meiét[ —0 Oébﬁb\lf—l-(’}/b + npp(g))q)]
> Me™[— 6P — %A — BV + 7, D]
= Me_‘” [ — 5@4—(1%1 )Oébﬁb\p}

v
o



and ’
Uy — %Av B Nmu+(d + Z’J(t)))
= Me™[ =00 — DHAT — a0, 42 D+ (dy + “42) U]
‘”[ o —DzA\If—amﬁb m<I>+d U]

Me™t] — 6\11+( — )amﬁb’?\,—’:@]

v

v

0
because of 7, —1 > 0. Hence, (@, 7)(y,t) is the supersolution of problem (1.10) if
0

(u(y,0),v(y,0)) < (M®(y), M¥(y)), y < Q0).

Moreover, from Lemma 3.1, we deduces

u(y,t) <aly.t), v(y,t) <0(y,t), (y,t) € Q(0) x (0,00),
which easily assert that

thm u(y,t) =0 and tlim B(y,t) = 0 uniformly for y € Q(0).
— 00 —00
Therefore, ((0,0), (M®, MV)) is the stability region (or domain of attraction) of the disease
free equilibrium (0, 0).

U

3.3 The stability of the endemic equilibrium

In this section, we analyze the stability of endemic equilibrium to problem (1.10) under the
assumption Rfj > 1. We first construct the super- and subsolutions of problem (2.1).
Let

Uly) = 002(y), V(y)=dT(y), yeQ0),
where 0 < 0y < 1 is arbitrarily small, and (Rf; ®(y), ¥(y)) is the eigen-pair in problem (2.3).

We have R o R
—LLAT — a8, BV 4 U

(Np— 5) )

= G0~ AP — a3y T + D] (3.11)
= [Rp BV — BV + do abﬂb@‘l’]
= 500%51)‘1’[(3—8 - 1)+ ]{[_(;(I)]
and X
— LAV — 32500 + dV
= Go[ AV — 0, 3,525 0D + d, U] 3.12)

= So[gp By ® — By p @ + b5 VO]
= S0y ®l(p — 1) + 220,

It is easily showed that (3.11) and (3.12) are both negative for sufficiently small d, owing to
the precondition - <1 Hence, the pair (U(y), V(y)) : =(Ny, A;,) and the pair (U(y),V(y)) =

(0o®, 6o¥) are the super- and subsolutions of problem (2.1).
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In what follows, we would like to derive the stability region of the endemic equilibrium
of problem (1.10). We point out that, although we mainly follow the super- and subsolution
method, some modifications are required. The major improvements of the method have two
aspects, one is to circumvent the difficult that the super- and subsolution of the elliptic problem
are not those of the associated parabolic problem, and the other is to derive the convergence of
the sequence constructed by iteration for parabolic problem with specific initial value, which is
evident for normal systems owing to the monotonicity, but the corresponding sequence for our
system (1.10) is not monotone. In order to resolve these difficulties, we need the following two
lemmas, see also Lemmas 4.5 and 4.6 [34].

Lemma 3.5 If R > 1, there exist Ty > 0 and 6* such that (Ny, A,) and (6®(y), 0¥ (y)) are a
pair of super- and subsolutions of problem (1.10) for t > Ty, provided § < 0*.

Proof: On account of assumption (1.9), for arbitrary ey (0 < g9 < poo), there exists a Ty > 0
such that

oo — 0 < plt) < poo, 0 < % <eo, t>Th. (3.13)
Considering problem (2.3) and selecting o = 3(Rfj — 1) yields
(p ary —A AP < glfgabﬁb‘lf — (+¢)?, y € Q(0),
(p T AV < Rggooémﬁbglv—rgé — (d + )T, y € Q(0), (3.14)
P(y) = Y(y) =0, y € 99(0)

for the above &g.
Next, we pay attention to the auxiliary problem based on problem (1.10), what calls for
special attention is that time begins at Ty, that is,

Uy — p?—(lt)AU = Oébﬁb(NbT;u)U ( np(t ) Y€ Q(O>7t > TO?

Uy — p2D_(2t)AU = amﬁb%—b_v)u - (dm + pptg))va Yy e Q(O)vt > T0> (315)

u(y,t) = U(yat) =0, Yy e 89(0),75 > Ty

associated with the initial condition

u(y, To) = un, (y) < Ny, v(y,To) = vi(y) < Am, y € Q(0). (3.16)

Apparently, for problem (3.15), (3.16), (a(y, ), 9(y,t)) := (Np, A;n) is still a supersolution for
(y,t) € Q0) x [Ty, 00). Let

ay,t) = 6®(y), o(y,t) =0Y(y), yeQ0),t>Tp,

where § > 0 is to be determined later and (®, V) is the eigenfunction pair of problem (2.3).
Apply Lemma 2.2, (3.13) and (3.14), we have

i1y — s A — 0y 5, P+ (y + 20

—0READ — 00 + BLGPDU 4 (v, + 45 5P

< 02 GAD — B 0T + BEPDT + (v, + %ﬁt)))acb (3.17)
S (5[¢0&bﬂb\lf — Oébﬁbqf + a]l([—fbé(bqf}

_ B

= BV [(7; — DN, +09].
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Similarly, we deduces

D2 (Am - U) ~ np(t) )@ < amﬁbéq)

Bt — =5 AD — B p(t) <N [(Rg — — 1A, +09]. (3.18)

p2(t) Ne

because of ﬁ — 1 < 0, then there exists a sufficiently small §; > 0 such that inequalities

(3.17) and (3.18) are both negative when § < §;.
Moveover, for the initial function (u(y,Tb),v(y,Tp)), then there exists a dy = da(u(y, Tp),
v(y, Ty), Tp) > 0 such that

S®(y) <ul(y,To), 6¥(y) <v(y,To).

Letting 6* = min(dy, d2), it follows that (a(y,t),v(y,t)) is a subsolution to problem (3.15), and
then the proof is completed. 0

Next, we consider problem (3.15) associated with the different initial conditions
u(y, To) = 6@(y), v(y,To) =0¥(y), y € Q(0), (3.19)

and

u(y, To) = Ny, v(y,To) = An, y € 2(0), (3.20

~—

respectively, where Tj is given in (3.13). According to Lemma 3.5, we know that (N, A.,)

and (6®(y),d¥(y)) are a pair of super- and subsolutions of problem (1.10) for (y,t) € Q(0) x
[T, +00). We denote by (u(y,t),v(y,t)) and (a(y,t),v(y,t)) the solutions to problem (3.15),
(3.19), and (3.15), (3.20), respectively. Therefore, it follows from Theorem 6.1 in [24, Chapter
9] that both (u(y,t),v(y,t)) and (u(y,t),v(y,t)) exist and are unique, and satisfy

(0@(y), 0¥ (y)) < (uly,t),v(y, 1)) < (Np, Am), (3.21)

and
(6@ (y), 0¥ (y)) < (uly, 1), v(y,t)) < (No, Apa). (3.22)

Furthermore, we have the following conclusion.

Lemma 3.6 lim inf(u(y, ¢), v(y,t)) > (u(y),v(y)), end limsup(u(y,t), v(y,t)) < (aly),v(y)),

t—o00

where both (u(y),v(y)) and (u(y),v(y)) are the solutions to problem (2.1).

Proof: First of all, recalling that if the coefficients of the diffusion term is independent of t,
then both (u(y),v(y)) and (u(y),v(y)) are monotonously convergent as ¢t — +o00, whereas in
our problem (3.15), the coefficients are ’23( D) and ( we here use a different technique.

Put

t)’

t
1
s= [ ——dr, (3.23)
/TO PA(7)
then §'(t) = p%(t) > 0, which means that there exists an inverse transformation ¢ = h(s) and
lim ¢t = lim A(s) = +o0. (3.24)
S5—00 S—00
Furthermore, we let
u(y.t) =w(y.s), v(yt)==(,s), ye0), s>0, (3.25)
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then obtain
Up = Ws - p%@ Au(y,t) = Aw(y, s),
U=z s Au(y,t) = Az(y,s),
and

(02(y), 0¥ (y)) < (w(y,0),2(y,0)) < (Np, Ap) (3.26)
by (3.21). Subsequently, problem (3.15), (3.19) is translated into

~ DiAw = p*(h(s))awBy ™52 = p*(h()) (0 + sy ) ws - v € 20),8 >0,
— DyAz = p(h(s))amBy 52w — p2(h(s)) (dm + G051 ) 2,y € Q(0),5 >0,
w(y,s) = z(y,s) =0, y € 09(0),s > 0,

w(y,0) = 0®(y), 2(y,0) =¥(y), y € Q(0).

(3.27)

On account of (1.9), (3.23) and (3.24), for arbitrary (0 < £ < po), there exists a T3 > 0 such
that
Poo — € < p(t) < poo, for t>Ty+ T,

To+T1e
To p2(T)

take s; =

Poo — € < p(h(s)) < poo +2, §> 51. (3.28)
Assume that (w®(y, s), 2°(y, s)) is solution of the auxiliary problem as follows
Wy = DIAW = (poo — )2 By 57 Z — (poo + €)% (s + )W,y € Q(0),5 > s1,
Zs — DyAZ = (pos — )2 amBpA3EW — (poo + €)*(dm + €)Z, y € Q(0),5 > s1,
W<y7$):Z(y7S):07 ye@Q(O),s>sl,
Wy, s1) =0®(y), Z(y,s1) =0¥(y), y € Q(0).

(3.29)

It is easy to check that (w®(y,s),z°(y,s)) is the subsolution of problem (3.27). Recalling
that (0®(y),0¥(y)) is subsolution of (3.29), utilizing the method of the proof to Lemma 11.2
in [24, Chapter 7], we claim that (w®(y, s), 2°(y, )) is monotonically increasing with respect to s
for y € Q(0). In fact, w*(y, s) > 6®(y) when s > s1, then w®(y,n) > d®(y) for any n > s;. Asa
result, we(y, s+n) is the supersolution of (3.29). Moreover, w®(y, s) for (y,s) € Q(0) x [s1, +00)
is the solution of (3.29), by comparison principle, this implies that w®(y,s +n) > w*(y, s) for
(y,5) € Q(0) x [s1,+00). In the same way, we deduce z°(y,s + 1) > 2°(y,s) for (y,s) €
Q(0) x [s1,+00). By virtue of (3.26), one can derive that lim (w®(y,s),z°(y, s)) exists for

S§—00
y € Q(0). Denote

lim (w®(y, s),2°(y, 5)) = (w(y), 2°(y)), for y € Q(0).

§—00

Next, we will show that (w®(y), 2°(y)) is the solution of the following problem
~D1Aw (y) = (poo — )28 T D 25 (y) — (poo + )2 + )l (y),  y € 20),
—DoAZ (y) = (poo — &)20m B 22FELw () — (poo +€)2(dm + )27 (), y€Q(0),  (3:30)

b X

we(y) = 2°(y) =0, y € 99(0).
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In fact, we consider the following auxiliary problem
—DyAE = (poo — )2 B 522 — (poo + €)% (W +2)uf,  y € 2(0),
—Da AN = (poo — €)20m B35 wF — (poo + £)2(dm +€)2°, y € Q(0), (3.31)
&) =nmy) =0, y € 99(0),

which exists a unique generalized solution (£%,7°), where £°,7° € W2?(Q(0)) for any p > 1.
Taking

We(y,s) = w(y,s) —&(y), V(y,s) =2(y,s) —n°(v),
then W¢(y, s) meets with

WE — DIAWE = (poo — )2, B 2= 2 22y, 5) — (po + €)2(9 + )" (y, )

— (poo — )20 B Y 22 (y) + (poo + £)2 (3 + ) (1)

= F4(y, s), y € Q(0),s > s1,
W&(y’s) :07 yG@Q(O),s>51,
[ We(y,s1) = 02(y) — £ (y), y € Q(0).

Noting that

(w(y, s),2°(y, 5)) = (w(y),2°(y)) as s — o0,
which implies that F*(y,s) — 0, which leads to W¢(y,s) — 0 in L*(©2(0)). Consequently,
&(y) = we(y) in L*(©2(0)), according to the L —theory for elliptic equations, we deduce that
wi(y) € W2P(Q(0)) for p > 1. Analogously, n°(y) = 2°(y) in L*((0)) and w*(y) € W*#(Q(0))
for p > 1. Therefore, (w®(y), 2°(y)) is a generalized solution to problem (3.30). By choosing an

appropriate p > n and applying Eiobolev’s imbedding theorem, then there exists an « € (0, 1)
such that w®(y), 2°(y) € C*(Q(0)), which deduces that the right-hand sides of the first

two equations in problem (3.31) are in C*(€2(0)) further. In terms of the Schauder theory,
(we(y), 2% (y)) is the classical solution of problem (3.30).
Letting ¢ — 0 in (3.30) yields

—%Aw = apbh Nﬁ’\fbwé —ww, y € Q0),

~B2Az = By Ew — dwz, y € Q0), (3.32)

w(y) = z(y) =0, y € 99(0),
which implies that (w(y), z(y)) is the solution of (2.1). Noting that (w®(y,s),z°(y,s)) is the
subsolution of problem (3.27) gives that

lim inf (w(y, ), 2(y, 5)) = (w(y), 2(y)), v € Q0).

Then
lim inf (u(y, 1), v(y, 1)) = lim inf(w(y, 5), 2(y, s)) > (w(y), 2(y)) := (u(y),v(y)), v e Q(0).

Similarly to the above we can prove that

limsup(u(y, t),v(y, t)) = limsup(w(y, s), 2(y, s)) < (W(y),Z(y)) := (@(y),v(y)), y € Q(0),

t—o00 8§—00

where (u(y),7(y)) and (u(y),v(y)) are all the solutions of the elliptic problem (2.1). O

The aforementioned conclusions present a new treatment skill to study the property of
the endemic equilibrium, which is different from the classical approach. Next, we give the
persistence of the reaction diffusion system.
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Theorem 3.7 Suppose R > 1, for any solution (u(y,t),v(y,t)) to problem (1.10) satisfies

(U(y), V(y)) < liminf(u(y,t),v(y, 1)) < limsup(u(y, 1), v(y,1)) < (U(y),V(y),  (3.33)

—00 t—o0

uniformly for y € Q(0), where (U,V) and (U,V) are the maximal and minimal solutions
of problem (2.1) in the sector (U, V), (U,V)) obtained by the iteration sequences in (3.10).
Furthermore, the sector ((6®,0W), (Ny, Ayn)) is the stability region of problem (1.10), where
0 > 0 is small enough.

Proof: First, combining Lemma 3.5 and comparison principle, we derive that

(02(y), 0¥ (y)) < (u(y, 1), v(y, 1)) < (No, Am),  (y,1) € Q(0) x [Tp, +00),
which shows that the sector ((6®,0W), (Ny, A,,)) is the stability region of problem (1.10).
According to comparison principle yields
(u(y. 1), v(y, 1)) < (uly,t),v(y, 1)) < @y, 1), 9(y. 1), (y,t) € Q0) x [Ty, +00),  (3.34)
where (u(y,t),v(y,t)) and (u(y,t),v(y,t)) have been defined in Lemma 3.6. Meanwhile, it

follows from Lemma 3.6 that

lim inf(u(y, t), v(y, 1)) > (u(y),v(y)), limsup(@(y, ), v(y,t)) < (@(y),v(y))

t—o00

as well as both (u(y),v(y)) and (u(y),v(y)) are the solutions to problem (2.1). Therefore,
letting ¢t — oo in (3.34) yields

Uy),V(y) < (uly),vy)) <liminf(u(y,t),v(y, 1))
< limsup(u(y, £), v(y: 1) < (@y),2(y)) < (T(), V(y)).

Thus, we admit (3.33), and the proof of Theorem 3.7 is finished. O

Specifically, if either U(y) = U(y) or V(y) = V(y), then (U,V)(y) = (U,V)(y) =
(U*, V*)(y) is the unique solution to problem (2.1), we derive the following conclusion.

Theorem 3.8 Suppose RS > 1, if either U(y) = U(y) or V(y) = V(y), for any initial val-
ue of problem (1.10), we have tlim (u(y,t),v(y,t)) = (U*,V*)(y), that is to say, the endemic
—00

equilibrium (U*, V*) is globally asymptotically stable.

4 Numerical simulation and discussion

In this section, in order to illustrate the impact of growing domain on the transmission of WNv,
let us carry out numerical simulations for problem (1.10) with coefficients and initial functions

as follows
D1 = 046, Qp = 3, ﬁb = 057 Yo = 014, Nb = 20,

Dy =02, oy, =2, dp, =0.07, A,,, =30,
u(y,0) = 0.5sinmy, v(y,0) =0.75sin7wy, Q(0) = (0,1),

and subsequently \* = 72, ©* = sin7y.
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In particular, () is the fixed domain 2(0) if p(f) = S = 1, then problem (1.10) turns to

u? — D1Au® = oy (N”];:A)UA — pu®, y € 2(0),t >0,
Ay —v2
v,i — DgAvAA: amﬁb%uA — d,v”, y € 2(0),t >0, (4.1)
u (y7t>:U (y,t):O, yEaQ( )7t>07
’LLA(y,O) = Ib,0<x(0)) S Nb7UA(y>O) = m,O(x(O)) S Am7 ye Q(O)a

whose basic reproduction number can be represented as

24
RO _ Ay A , 42
0 Ny(DiX* + 46) (Do A + diy) (4.2)

where \* is defined by (2.6). It is evidently that R(?(O) < Rf. Moreover, it follows from Theorem
3.4 that if R(?(O) < 1, for any solution (u®,v?)(y,t) satisfies

tlim u(y,t) =0, tlim v2(y,t) = 0 uniformly for y € Q(0). (4.3)
—00 —00

Example 4.1 According to the above parameter selection and (4.2), it follows that

3% 0.76 x 2 x 0.76 x 30 [ 5.198
RO _ ~ ~0.737 < 1
0 20 x (0.4672 + 0.14)(0.272 + 0.07) 4.680 x 2.044 ’

as a result, when ¢ — oo, the variable u®(y,t) of problem (4.1) decays to zero quickly for
y € [0,1], see Fig. 2, which implies that WNv is vanishing on the fixed domain.
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Flg 2: pt) = 1. Rgl(o) < 1, which implies that WNv is vanishing in the fixed domain. Graph (a) shows that the variable I
decays to zero. Graphs (b) and (c) are the cross-sectional view and contour one, respectively.

Next, we choosing logistic growth function p(t) = %,
K
(1.9). In all our simulations we fix » = 1 and vary K to account for the long-time asymptotic

behavior of solutions and the evolution of domain €(¢).

Example 4.2 Set K = 1.1, then p,, = 1.1. One can easily compute from (2.4), (2.5) and
(3.9) that

which satisfies the assumption

3% 0.76 x 2 x 0.76 x 33 5.198
Rl = 20_ ~ V0.785 ~ 0.886 < 1,
’ \/[Ofﬁf +0.14][%2%° +0.07]  V 3.892 x 1.701

O (y) ~ 0.662sinmy, ¥(y) = sinwy,

- N A, . ( 20 30)
M = min ) = min [ ——, — ] = 30.
maXyeQ(O)q)<y) maXyeﬁ(o)‘I’(y) 0.662° 1
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Obviously,
u(y,0) < MO(y), v(y,0) < MU(y).

It follows from Theorem 3.4 that u(y,t) — 0 uniformly for y € [0,1] when t — oo, which
means that [,(z,t) — 0 uniformly on any compact subset of [0,1.1) as t — co. Fig. 3(a) shows
that the infectious bird density I, decays to zero as time elapses, which implies that the virus
vanishes eventually. The corresponding cross-sectional view and contour one for [, see for Fig.
3(b) and (c), which illustrate the changing trends of the variable I, and that the domain ()
is growing gradually from the interval [0,1) to [0,1.1). A comparison of the above-mentioned
two examples reveal that the small growth rate makes the virus still vanishes.
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1. 3: e small growing ratio uarantees < 1an v is still vanishing. Graph (a) shows that the variable I, decays
Fig. 3: Th Ilg g ratio p(t) g tees R < 1 and WN 11 hing. Graph h, that th ble I;, decay
to zero. Graphs (b) and (c) are the cross-sectional view and contour one, respectively, from which we can clearly observe the change
of domain.

Example 4.3 Select K = 2, then p,, = 2. It follows from (2.4) that

5.198
Rf = ~ 2.690 > 1.
0 \/1.275 x 0.5635 -

According to the outcome of Theorem 3.7, we can obtain that the virus is spreading as time
goes on. From Fig. 4, we can find that the variable I(z,t) tends to a positive steady state and
Q(t) is growing from the interval [0,1) to [0,2). It’s worth noting that the big growing ratio
p(t) results in the spread of the virus.
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Flg 4: For the big growing ratio p(t), we acquire Rg > 1 and the virus is spreading. Graph (a) shows that the variable I,
stabilizes to a steady state, and graphs (b) and (c¢) exhibit the enlargement of domain.

Comparing Example 4.1 with 4.2 shows that if R5 < 1 on the fixed domain, we still have
RS < 1 for the model on the growing domain with the small growth rate. However, the basic
reproduction number could be great than 1 if the growth rate is big, which can be seen by a
comparison of Examples 4.1 with 4.3. We can be fairly sure from the aforementioned examples
that domain growth is closely related to the transmission risk of WNv, and that the bigger the
growing ratio, the greater the risk.
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It is well-known that WNv is carried by mosquitoes, and mosquitoes replicate vigorously
in temperate climates (warm summer). Climate warming has led to the gradual expansion of
mosquitoes into new areas, which were previously cold and unsuitable for survival of mosquitoes,
but are now warming up, and leading to larger mosquito habitats. Similarly, birds, as hosts of
WNyv, have strong reproductive capacity. They are moving around in search of food, breeding,
or responding to seasonal changes, which leads to the expansion of their habitat. In our paper,
habitat expansion of birds and mosquitoes is described as domain growth in mathematical mod-
els. It follows from our theoretical result and numerical simulation that when WNv vanishes on
a fixed domain, one still vanishes on the growing domain with the small growth rate, but WNv
can be spread on the growing domain with the large growth rate. Therefore, climate warming,
which results in habitat expansion of birds and mosquitoes, is harmful to the prevention and
control of WNwv.
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