Simulation of Multiple Breakup of Droplets in a Shear Flow by Phase-field Lattice Boltzmann Method
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ABSTRACT
Multiple breakup refers to a sequence of events through which a single droplet eventually produces multiple daughter droplets at a given flow condition. It is a more common phenomenon than binary breakup assumed in the existing breakage kernel models. Using phase-field lattice Boltzmann method, this work investigates the effects of Reynolds number, capillary number and soluble surfactant on multiple breakup in shear flow. We find that the critical capillary number in multiple breakup decreases as Reynolds number increases, and the regime map for a surfactant-free system could be classified into the non-breakup, elementary breakup, multiple breakup, filament and coalescence regimes. In the system of surfactants, the multiple breakup regime widens and the coalescence regime narrows. A correlation is then proposed to predict the number of breakup events and daughter droplets at a confinement ratio of 0.5. This may provide some clues on developing new breakage kernels in population balance modeling.
KEYWORDS: Multiple breakup, shear flow, phase-field model, lattice Boltzmann method, soluble surfactants.
1 INTRODUCTION
Emulsions are liquid droplets dispersed in another immiscible liquid phase. Emulsification are widely used in food production,1 pharmaceuticals,2 health care,3 and crude oil extraction industry.4 Emulsification devices include stirred tanks,5 rotor-stator mixers,6,7 impinging jet high-shear chambers and high-pressure homogenizers.8 Under high rotational or injection speeds, droplets continuously undergo stretching and bending deformation, and eventually break. It is very important to control droplet size distribution through appropriate shear or turbulent flow and surfactants, which in turn affects emulsion stability and rheology.
Multiple breakup refers to a mother droplet eventually generating multiple daughter droplets through a sequence of breakup events. It involves not only initial breakup of a large droplet, but a series of subsequent breakup processes.9 Multiple breakup plays an important role in emulsification. Previous experimental studies show that the probability of binary fragmentation is equal to or larger than 95% for bubbles in turbulent flows, whereas multiple breakup a has higher probability than binary breakup for liquid drops.10 Multiple breakup has become a new research topic in droplet breakup model development in recent years.5,11-13 Droplet size was estimated by only the average initial droplet size and shear rate for a given emulsion laminar flow.14 Droplet breakup in linear simple shear flows has therefore received much attention,15 but mainly focused on binary or ternary breakup. The mechanism and regime map of multiple breakup in laminar flow is, however, far from being well understood, in particular, for the system of surfactants.
Simple shear flow provides an ideal environment to explore the fundamentals of droplet breakup.16 The effects of droplet viscosity ratio, confinement ratio, Reynolds number, capillary number and surfactants on binary or ternary breakup in simple shear flow have been investigated either by experiments or simulations.1,10,17-20 Rumschel and Mason21 grouped the evolution of droplet shape into tip-streaming, dumbbell shape, slender body formation and non-breakup regimes for various viscosity ratios and shear rates. Grace17 investigated the effect of viscosity ratio from 10-6 to 950 on droplet breakup, and found that the viscosity ratio 0.1~1 is most beneficial to droplet breakup. Williams, et al.18 reported that droplet deformation and breakup are essentially independent of viscosity ratio at high concentration of surfactant such as β-lactoglobulin, with a critical capillary number of about 0.47. Vananroye et al.22 studied the effect of confinement ratio on droplet breakage, and found that confinement suppresses breakup at low viscosity ratios, whereas promotes breakup at high viscosity ratios.
Janssen, et al.23 simulated the effect of confinement ratio in shear flow on droplet breakup by boundary integral method. The simulation indicated that the critical capillary number firstly decreases and then increases with increasing confinement ratio, and droplets undergo ternary breakup when the confinement ratio reaches 0.7. Komrakova, et al.24 presented a sequence of droplet breakup in shear flow, using a diffuse interface free-energy lattice Boltzmann method. Liu, et al.20 simulated the effects of Reynolds number and capillary number, and reported that droplets endure ternary breakup when Reynolds number reaches 10.
[bookmark: _GoBack]Most studies divided the droplet shape regime into a stable regime and an unstable regime.20,25-27 This work aims to investigate the multiple droplet breakup into daughter droplets in the unstable regime, by using a phase-field model19 coupled with the Multiple-Relaxation-Time lattice Boltzmann method28. We found that the unstable regime can be further grouped into elementary breakup, multiple breakup, filament and coalescence regimes in a surfactant-free system. A correlation of multiple breakup is then proposed. Finally, we demonstrated two regime maps for a surfactant system and a surfactant-free system, respectively.
2 SIMULATION METHON
2.1 Governing equations
In this work, the continuous flow of oil and water (ρo=ρw) in simple shear flow is simulated by the incompressible one-field equations:

	 	(1)

	 	(2)
where the thermodynamic force fv can be expressed as the divergence of pressure tensor. The divergence of pressure tensor is relevant to the chemical potential of interface μϕ and the chemical potential of surfactant μψ.19 The interfacial dynamics is simulated by a phase-field model, and the interface governing equation is generally formulated as the convective-diffusive Cahn-Hilliard equation:

	 	(3) 
where ϕ is order parameter, representing the relative local concentration of compositions. Mϕ denotes the mobility of ϕ and interface diffusion rate. In systems of surfactant, the governing equation of surfactant is of the same form as the interface transport equation:

	 	(4)
where ψ is the local concentration of surfactant, Mψ is the mobility of ψ and represents surfactant diffusion rate.
2.2 Free energy theory
[bookmark: OLE_LINK28][bookmark: OLE_LINK8]   The free energy function is a correlation of ρ, ϕ and ψ for oil-water two-phase systems containing soluble surfactant. The function actually determines the equilibrium properties and the interface behavior (deformation, breakup and coalescence) of droplets in the phase-field model.19,29 The free energy model19 is employed in this work to model the adsorption isotherm of surfactant at droplets interface, and the free energy function F is formulated as

	 	(5)
In the right hand side of Eq. (5), the first two terms correspond to the bulk phase behavior; the third term is an interface gradient energy; the fourth term denotes the same solubility of surfactant in the bulk phases; the fifth term is interpreted as the energetic preference of surfactants when they are absorbed at droplet interface; the sixth term involving the Boltzmann constant kB represents the ideal entropy of mixing of surfactant and solvent; the seventh term represents the mode of isothermal adsorption; the eighth term is related to the different solubility of surfactants in oil and water; the last term is used to stabilize the numerical simulation without affecting the droplets dynamics. The chemical potential μϕ and μψ are then formulated as

	 	(6)

	 	(7)
The relevant parameters a, b, c, d, e, w, T, κ are the model parameters of free energy function, as listed in Table 1 and Table 2. c=0 corresponds to the Langmuir adsorption isotherm, and e=0 suggests the same solubility of soluble surfactants in both the bulk phases.
The interfacial tensions σ0 in a surfactant-free system and σe in a surfactant system are defined as

		(8)

	 	(9)
where ξ is a parameter proportional to the interface thickness, and ϕb is the initial parameter of ϕ in bulk phases. α, Ex, ψb and ψc are the model parameters listed in Table 2. The parameter of interfacial surfactant concentration ψ0, as given by Eq. (10), is relevant to the initial surfactant concentration ψb in bulk phase and a specified interfacial surfactant concentration at equilibrium ψc.19 

	 	(10)
The interfacial tension σ0 is then used to calculate some model parameters in Table 1 and the critical capillary number Ca. In surfactant systems, the interfacial tension σe is used to calculate the capillary number Cae. Unless otherwise indicated, the parameters in both the surfactant and surfactant-free systems are listed in Table 1 and Table 2.
TABLE 1   Model parameters of phase-field model (surfactant and surfactant-free systems)
	ξ
	ϕb
	κ
	a
	b
	Mϕ
	Mψ
	T

	1
	±1
	3ξσ0/4ϕ2 b
	bϕ2 b
	2κ/ξ2ϕ2 b
	Dϕ/(-a)
	0.02
	1/3



TABLE 2   Model parameters of adsorption isotherm of soluble surfactant (surfactant system)
	c
	d
	e
	Ex
	w
	α
	ψb
	ψc
	kB

	0
	κ
	0
	0.25
	d/(Exξ2)
	2
	0.001
	0.0017
	-(d/ξ2+w)ϕ2 b/2Tln(ψc)



2.3 Lattice Boltzmann Method 
[bookmark: OLE_LINK25]   Eqs. (1)-(4) are solved by Lattice Boltzmann method (LBM) for the three distribution functions:

		(11)

	 	(12)

	 	(13)
where fi, gi and hi are the particle distribution functions of ρ, ϕ and ψ, respectively. The equilibrium distribution functions feq i, geq iand heq iare relevant to fv, μϕ and μψ, respectively.19 i=0~8 denotes different directions of distribution functions. τf, τg and τh denote the relaxation parameters of fi, gi and hi, respectively. These parameters are related to kinematic viscosity (ν) by

	 	(14)
where η is the dynamic viscosity of external fluid of droplet and the sound speed cs=1/. The macroscopic variables are calculated from

	 	(15)

	 	(16)

	 	(17)

[bookmark: OLE_LINK24]	 	(18)
To improve numerical accuracy and stability, the equations of Multiple-Relaxation-Time (MRT) method, are used to replace Eqs. (11)-(13) and (15)-(18).28,30,31
3 RESULTS AND DISCUSSION
Figure 1 illustrates a schematic map of droplet in shear flow within two parallel moving plates. The droplet deforms and becomes ellipsoidal in a given shear rate γ. L is the length along the major axes and B is the length along the minor axes. H is the height of fluid domain and the distance between two parallel moving plates; W is the length of fluid domain. It should be noted that the relative length of fluid domain (W/H) affects droplets collision and coalescence. Smaller W/H leads to higher probability of collision and coalescence of daughter droplets (W/H=5 in this work). The two parallel moving plates at the top and bottom are set as velocity boundary conditions, and periodic boundary conditions are applied for inlet and outlet at the left and right.
[image: fig.1]
FIGURE 1   Schematic map of droplet deformation in shear flow
The confinement ratio (2R/H) is defined as the droplet diameter 2R divided by H to describe the wall effect on droplet deformation and breakup. Taylor's deformation theory,32,33 as given in Eq. (19), is used to validate the simulation. The theory describes the dependence of droplet deformation (D) on capillary number (Ca) in a surfactant-free shear flow at steady state. When the viscosity ratio is equal to 1, droplet deformation D is proportional to Ca. Several dimensional parameters are used to characterize the droplet deformation in simple shear flow, as given in Eqs. (20)-(23):

	 	(19)

	 	(20)

	 	(21)

	 	(22)

	 	(23)
[bookmark: OLE_LINK10][bookmark: OLE_LINK31]Here γ denotes the shear rate, R the droplet radius, σ=σ0 the interfacial tension in a surfactant-free system and Dϕ the interface diffusivity.19
3.1 Code verification
[bookmark: OLE_LINK16]The simulation is firstly verified by the theoretical results of Eq. (19). The parameters are set as: H=W=600 lattices, Pe=2, R=30 lattices. Figure 2 shows that the simulation perfectly matches with the theoretical prediction, with marginal differences when increasing capillary number. The maximum error at Ca=0.23 (8%) lies within the allowable error range in literature.16 It should be noted that Taylor's deformation theory is only suitable for the confinement ratio (2R/H) less than 0.4.
[image: ]
FIGURE 2   Code verification by Taylor's deformation theory (2R/H=0.1, ξ=3, Re=0.5)
[bookmark: OLE_LINK9]Grid dependence is also tested in code verification. The grid number of fluid domain H×W varies from 120×600, 180×900, 240×1200 to 300×1500 lattices for Pe=5×103 and Reynolds number from 0.05 to 100. Figure 3 indicates that the critical capillary number for droplet breakup decreases gradually with increasing Re, which is in accord with the literature,20,25-27 and grid independence almost achieves at 240×1200 lattices. The droplet is stretched and then undergoes binary breakup when Re≤2.5, whereas ternary breakup occurs Re>10.20 In the latter case, droplet deformation generates a long capillary bridge and tiny droplets shear off. It is necessary to use 300×1500 lattices to resolve the ternary breakup. Therefore, we mainly used 300×1500 lattices in the following simulation.
[image: grid]
FIGURE 3   Grid dependence test: critical capillary number of droplet breakup (2R/H=0.5)
It should be pointed out that 2.75 hours was needed for the GPU-accelerated simulation of Re=1.0 and 300×1500 lattices in three NVIDIA Tesla K80 GPU cards, which is 418 times faster than the simulation in a single Intel E5430 CPU core. The latter needs 1150 hours in the same case. The development of GPU parallel codes follows the work of Shu and Yang34. Unless otherwise indicated, we mainly used two-dimensional simulation (2D) to investigate multiple breakup on account of the balance between computational cost and the deviation of 2D simulation to three-dimensional (3D) simulation. While the computational cost of 3D simulation is much higher (about 3000 hours for one regime map), we demonstrate that the deviation is acceptable (less than 8%) in Sect 3.4.
3.2 Effect of confinement ratio on droplet breakup
[bookmark: OLE_LINK33][bookmark: OLE_LINK32]Even though Ca and Re are kept the same in shear flow, droplets would deform differently at various confinement ratio (2R/H). In our simulation, the confinement ratio was adjusted by reducing H, and the droplet radius R=75 lattices. Figure 4 shows the effect of confinement ratio on the critical capillary number for droplet breakup. The model prediction in this work looks better than that of Liu, et al.20 and Janssen, et al.23, reflecting the trend of capillary number with increasing the confinement ratio. The critical capillary number firstly decreases and then increases. The decrease of critical capillary number when 2R/H < 0.5 is pertinent to the enhanced shear flow around the droplet. The gap between the droplet and wall becomes smaller, which makes the droplet more prone to deform and break up.
However, further decrease of the gap when 2R/H > 0.5 leads to the increase of critical capillary number. In the shear flow, droplet stretches along the streamwise direction, as shown in Figure 5. Hence, we define a deflection angle as the one between the major axis of droplet and the vertical direction. The deflection angle increases with increasing the confinement ratio, so that the elongated droplet tends to align with the streamwise direction, and hence droplet breakup becomes more difficult at the same shear flow. This may explain the increase of critical capillary number when 2R/H > 0.5. The most suitable confinement ratio for droplet breakup is around 0.4-0.5, implying that the optimum channel height is about four times droplet radius at Re=0.1. We chose 2R/H=0.5 in the following sections to investigate droplet multiple breakup.
[image: ]
FIGURE 4   Effect of confinement ratio on critical capillary number of droplet breakup (Re=0.1)

[image: C:\Users\aa\AppData\Local\Temp\ksohtml\wpsB6FC.tmp.png]
FIGURE 5   Droplet deflection angle at various confinement ratios (Re=0.1, Ca=0.42, γt=8.0)
 3.3 Effect of capillary number on multiple breakup
[image: ]
FIGURE 6   Effect of critical capillary number on droplet breakup (Re=2.5, 2R/H=0.5)
[bookmark: OLE_LINK13]To investigate droplet breakup in simple shear flow, we define elementary breakup as the breakup event for a given flow in which the daughter droplets generated from the breakup of the mother droplet cannot break any more at this flow condition. Hence, droplet breakup can be divided into elementary breakup and multiple breakup. The latter refers to the breakup event in which daughter bubbles may continuously break, eventually generating multiple daughter droplets through a sequence of breakup events in a constant shear flow. In this section, Re=2.5, 2R/H=0.5, Ca={0.271, 0.303, 0.404, 0.43, 0.505, 0.553} are set to study the droplet elementary breakup and multiple breakup in shear flow. The ordinate in Figure 6 refers to the dimensionless time γt, defined as the product of shear rate γ and time step t. Each subgraph of Figure 6 presents the evolution of droplet breakup with increasing γt. Here the Reynolds number and the shear rate are invariable, and by reducing σ0 in the simulation, the capillary number increases along the horizontal direction. The simulation time is long enough to ensure that the number of daughter droplets finally does not change with time. Figure 6 indicates that more daughter droplets are generated with increasing the capillary number, the breakup process in turn exhibits binary, ternary, quaternary, quintuple, senary or septenary breakup patterns, respectively.
 The binary and ternary breakup events can produce two or three daughter droplets respectively in one breakup event. Clearly observed in Figure 6 is the elongated droplet in shear flow, generating a stretch of capillary bridge (or liquid bridge) which then turns to be slender. The droplet finally breaks into two or more daughter droplets. In Figure 6a, since the daughter droplets do not break any more at this given shear rate, this binary breakup is an elementary breakup. In Figure 6b, the ternary breakup also belongs to an elementary breakup. The difference between the two cases is the central slender passage in the liquid bridge in Figure 6b, which then breaks and generates a central tiny droplet.
 Figure 6c illustrates the quaternary breakup composed of a ternary breakup and a binary breakup. While the ternary breakup in Figure 6b is an elementary breakup, Figure 6c demonstrates a non-elementary ternary breakup. Hence there is a transition from elementary breakup to multiple breakup with increasing capillary number. In the transition, the two droplets at both the ends of the three daughter droplets become smaller, and the central droplet gets larger, which is more likely to stretch under the same shear flow. The capability of the central droplet to form a liquid bridge enhances, causing an elementary binary breakup. The whole process eventually becomes a quaternary breakup.
The breakup process continues to evolve with further increase of capillary number. In Figure 6d, the quintuple breakup is composed of two ternary breakup events, with only the second being the elementary breakup. In Figure 6e, the senary breakup is composed of three breakup events: the first two are ternary breakups, and the third is a binary breakup. In the septenary breakup in Figure 6f, all the three breakup events are ternary breakups. The composition of ternary and binary breakup in a multiple breakup event can be inferred from this regime transition as

[bookmark: OLE_LINK21]	 	(24)
N is the total number of daughter droplets; xt is the number of ternary breakup event; xb is the number of binary breakup event. A multiple breakup event consists of Ne breakup events (Ne=N/2 or N/2-1). Eq. (24) is suitable for droplet breakup without considering coalescence. It suggests that a multiple breakup event consists of N/2 breakup events (take the integer part of N/2 if N cannot be divided by 2) in which the first N/2-1 events are ternary and the last one is binary. Conversely, all the events are ternary breakup if N is divisible by 2.
[image: ]
FIGURE 7   Tree structure of a multiple breakup event (Re=2.5, 2R/H=0.5).
The tree structure of a multiple breakup is further depicted in Figure 7. Each branch represents one breakup event. The branch started with a green sphere denotes a ternary breakup event, whereas the branch with yellow spheres represents a binary breakup event. Within each branch, the black solid lines signify the non-elementary breakup events, and hence the daughter droplets at the bottom of each branch can continue to break up. On the other hand, the black dash lines represent the elementary breakup events.
The tree structure can be resolved into several level (or depth) from top to bottom. While the daughter droplets at the two ends of each level cease to break, only the central droplets may break. The breakup event at the bottom is always binary in Figure 7a,c,e, and ternary in Figure 7b,d,f. All the event at the bottom level is elementary, suggesting the termination of the multiple breakup process. The number of binary and ternary events within each multiple breakup can be readily calculated from Eq. (24).
3.4 Effect of Reynolds number on multiple breakup
[bookmark: OLE_LINK14]Reynolds number plays an important role in droplet breakup and the critical capillary number. Figure 8a displays the critical capillary number as a function of Reynolds number for a surfactant-free system. When the Reynolds number increases from 0.05 to 100, the critical capillary number Cacr firstly remains unchanged, and then decreases almost monotonically, which is similar to the binary and ternary breakup in the simulation of Liu, et al.20 Our simulation reveals that the trends for ternary and quaternary breakup remain the same as that of binary breakup. Cacr firstly decreases slowly, and then rapidly when Re is greater than 1.0, suggesting that ternary and quaternary are more likely to occur, even though the critical number is higher than that of binary breakup at Re<1. In particular, ternary breakup occurs at lower Cacr when Re >10, and in this case binary breakup vanishes. Similarly, other multiple breakup events are more likely to occur at higher Re. It should be noted that when Ca>0.6 or the number of daughter droplets exceeds seven (septenary), the droplets breakup would be more complex, as discussed in Sect 3.6.
[image: ]
FIGURE 8   (a) Critical capillary number as a function of Reynolds number. (b) Tree structure of breakup of droplet p0 into daughter droplets p1~p8 (R: radius of p0, r1~r8: radius of p1~p8; surfactant-free system, 2R/H=0.5)
[bookmark: OLE_LINK5]Figure 8a also shows the distribution of daughter droplets p1~p8 for a senary breakup of the mother droplet p0, and the corresponding tree structure is illustrated in Figure 8b. Each point on the curve represents the capillary number and Reynolds number of the eight daughter droplets p1~p8. We notice that the central daughter droplets p1 and p2 undergo quaternary breakup and binary breakup, respectively. Although these two breakup events may be marginally affected by other droplets at the ends of each level (the breakup of p1 by p7 and p8; the breakup of p2 by p5~p8), p1 and p2 almost falls onto the quaternary (blue) and binary (black) breakup curves in Figure 8a, respectively, which implies that even the breakup of daughter droplets follows the rule in Eq. (24).
To further verify the critical capillary numbers in Figure 8a, 3D MRT-LBM simulations are carried out for the surfactant-free system, and the details of the algorithm have been reported in Shu and Yang28. Figure 9 shows the multiple breakup at Re=1. The droplets undergo binary, ternary, quaternary and quintuple breakup, respectively, with increasing the capillary number. The capillary number and the corresponding breakup pattern basically fall into the 2D simulation in Figure 8.
[image: 图片2]
FIGURE 9   3D simulation of multiple breakup for a surfactant-free system (Re=1, 2R/H=0.5).
3.5 Effect of surfactants on deformation and multiple breakup
[bookmark: OLE_LINK26]Surfactants may hinder breakup at lower Re, but promote breakup at higher Re, as reported by Liu et al.20 for binary breakup. This dual effect of surfactant is also found for the multiple breakup in our simulation, as shown in Figure 10. Overall, surfactant does not alter the trend of critical capillary number with increasing Reynolds number. However, in contrast to the surfactant-free system, surfactant increases the critical capillary number for low Re<2 (Caecr > Cacr), reflecting the hindering effect on droplet breakup. For Re>2, surfactant promotes breakup (Caecr < Cacr). At lower Re, surfactants mainly stabilizes droplet interface by reducing interfacial tension, but higher Re intensifies the uneven distribution of surfactant on droplet interface (see Figure 11), thereby increasing the concentration gradient of surfactant, which leads to the breakage of the interface of lower surfactant concentration.
[image: psi005]
FIGURE 10   Critical capillary number for a surfactant system (solid lines) and surfactant-free system (dash lines) (2R/H=0.5).
In the surfactant system, more surfactants are swept from the central oblate interface and convect to the tips of the deformed droplet, leading to lower surfactant concentration in the central oblate part, as shown in Figure 11. This sweeping effect in our simulation is consistent with Liu et al.20. In addition to this, we found that the square of order parameter gradient (i.e., interfacial gradient of volume fraction of dispersed phase) (ϕ)2 and the adsorption of surfactants could promote with each other, which ultimately promotes droplet breakup. In Figure 11, we chose the interface thickness (ξ=2) to illustrate a clearer and smoother droplet profile. Two vortices establish at the upstream and downstream of the droplet at the center. The streamlines of the two vortices converge at the two tips of the droplet, facilitating more surfactants concentrated at both the tips of the droplet than in the central oblate part of the droplet. The reason for this is that the external fluid applies a squeezing and stretching effect on droplet interface, and (ϕ)2 increases in this case, and then μψ decreases, which promotes the adsorption of surfactants on the interfaces of the tips. It can be seen from Eq. (7) that μψ decreases as (ϕ)2 increases, thereby making it easier for surfactants to adsorb onto the interface at the droplet tips. This causes the uneven distribution of surfactant and stress at interface, thus enhancing the droplets capability to flatten or even break up at the central region with less surfactants. (ϕ)2 actually reflects the extent of droplet flattening, and hence the increase of (ϕ)2 and the surfactant adsorption may promote with each other.
[image: ]
[bookmark: OLE_LINK3]FIGURE 11   Vortices, streamlines and surfactant distribution around droplets. (Streamlines converge at the tips of the droplet circled by solid lines and the white arrows indicate the streamline direction, Re=10, Cae=0.400, ξ=2)
3.6 Regime maps of multiple breakup 
As mentioned in Sect 3.4, the deformation and breakup of droplets become complex when the critical capillary number is greater than 0.6. Figure 12a shows that a droplet deforms into a filament or slender body when Re=0.1 and Ca=0.6. Droplets have strong deformation capability to resist the external shear, and continue to deform before breakup at smaller Reynolds number (Re<1) and larger capillary number (Ca>0.6). Hence we may name the regime (when Re<1 and Ca≥0.600) as filament.
Figure 12b shows the droplet coalescence at Re=10 and Ca=0.421. At the dimensional time γt =60~70, the central droplet shrinks and becomes thicker. The streamline around the central droplet is analogous to Figure 11, forming two vortices between the central droplet and the two neighboring smaller daughter droplets. The vortices may lead to the collision and coalescence of the daughter droplets at each side of the central droplet. Here we name the regime as the coalescence regime.
[image: ]
FIGURE 12   Filament and coalescence of droplet in shear flow (surfactant-free system, 2R/H=0.5).
The regime map of surfactant-free system can therefore be divided into five regimes: non-breakup, elementary breakup, filament, coalescence and multiple breakup, as shown in Figure 13. The non-breakup regime is self-explanatory. The droplets underneath the curve of critical capillary number of binary breakup cannot break up, and is therefore termed as a non-breakup regime. Daughter droplets in the elementary regime cannot break once more. In the filament regime, filaments or slender bodies are produced in response to the shear flow. In the coalescence regime, the daughter droplets tend to coalescence. The regime between filament, coalescence and non-breakup regimes is termed as the multiple breakup regime.
Figure 14 shows the regime map for a surfactant system. It also consists of the filament, elementary breakup, multiple breakup, non-breakup and coalescence regimes. Compared to the regime map of surfactant-free system, the elementary breakup and non-breakup regimes remain basically unchanged, but the coalescence regime narrows and the multiple breakup regime becomes wider, which is due to the fact that surfactants promote the interfacial stability. The filament regime also narrows since surfactants hinder droplet breakup at lower Re. In terms of the different droplet characteristics within the regime map, one could select the operating conditions to produce polymeric fibers or pasta in the filament regime, or emulsion in the multiple breakup regime. The regime map is therefore of significance for manufacturing polymeric fibers, food products or emulsion.
[image: regime-no-psi3]
FIGURE 13   Regime map of the surfactant-free system (2R/H=0.5)
[image: regime-psi-3]
FIGURE 14   Regime map of the surfactant system (2R/H=0.5)
4 CONCLUSIONS
Multiple breakup is systematically investigated by a phase-field based lattice Boltzmann method. The GPU-accelerated computation enables a fast simulation with acceptable computational cost, and thereby resolving the critical capillary number for droplet breakup, and demarcating the droplet regime map for a surfactant-free system and a system of surfactant. The model is first verified by Taylor's deformation theory, and then the effect of confinement ratio, capillary number, Reynolds number and surfactants are investigated.
With increasing the confinement ratio of channel, the critical capillary number first decreases and then increases. The ratio around 0.4-0.5 is most beneficial to droplet breakup at Re=0.1. With increasing the capillary number, the process in turn exhibits binary, ternary, quaternary, quintuple, senary or septenary breakup patterns, respectively. By analyzing the tree structure of droplet breakup, we derive an equation, i.e, Eq. (24) to calculate the composition of a multiple breakup. The equation can give the number of binary or ternary breakup events, as well as the total number of daughter droplets within a multiple breakup. We then present the critical capillary number as a function of Reynolds number from which one could identify which type of multiple breakup occurs at a specified capillary number and Reynolds number. 
[bookmark: OLE_LINK6][bookmark: OLE_LINK1]By comparing the critical capillary numbers for a surfactant-free system and a system of surfactant, we reproduce the dual effect of surfactant on breakup: surfactants may hinder breakup at lower Re, but promote breakup at higher Re. Surfactants can stabilize droplet interface by reducing interfacial tension at lower Re. At higher Re, we found that the square of order parameter gradient (the interfacial gradient of volume fraction of dispersed phase) (ϕ)2 and the adsorption of surfactants could promote with each other, which ultimately promotes droplet breakup.
Finally, the regime maps are given for a surfactant-free system and a system of surfactants, respectively. The maps consist of the filament, elementary breakup, multiple breakup, non-breakup and coalescence regimes. In terms of the different droplet characteristics within the regime maps, one could select the operating conditions to produce different materials, e.g., polymeric fibers or pasta in the filament regime, or emulsion in the multiple breakup regime. The regime map is therefore of significance for manufacturing smart materials in future.
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Notation
	a
	Model parameter

	b
	Model parameter

	B
	The length along the minor axes of droplet

	c
	Model parameter

	Ca
	Capillary number

	Cacr
	Critical capillary number in surfactant-free system

	Cae
	Capillary number in surfactant system

	Caecr
	Critical capillary number in surfactant system

	cs
	Sound speed in LBM

	d
	Model parameter

	D
	Droplet deformation

	Dϕ
	Diffusivity of the interface

	e
	Model parameter

	ei
	Discretized velocity vector

	fi
	Distribution function

	

	Equilibrium distribution function for the N-S equations

	[bookmark: OLE_LINK7]fv
	Thermodynamic force

	F
	Free energy functional

	gi
	Distribution function for the C-H equation 

	

	Equilibrium distribution function for C-H equation

	hi
	Distribution function for surfactant concentration 

	

	Equilibrium distribution function for surfactant concentration

	H
	The height of fluid domain

	kB
	Boltzmann constant

	L
	The length along the major axes of droplet

	M
	The transfer matrix

	N
	The total number of daughter droplets

	Ne
	The total number of breakup events

	Pe
	Peclet number

	R
	Droplet radius

	Re
	Reynolds number

	t
	Time step

	u
	The fluid velocity

	w
	Model parameter

	W
	The length of fluid domain

	x
	The spatial location vector



Greek letters
	α
	Parameter of diffuse interface model

	γ
	Shear rate

	δt
	Time step

	η
	Dynamic viscosity

	κ
	Model parameter

	μ
	Chemical potential

	ν
	Kinematic viscosity 

	ρ
	Density

	σ
	Interfacial tension

	σ0
	Interfacial tension in a surfactant-free system 

	σe
	Interfacial tension in a surfactant system 

	τ
	The non-dimensional relaxation time

	τf
	Dimensionless relaxation time for density

	τg
	Dimensionless relaxation time for order parameter

	τh
	Dimensionless relaxation time for concentration of surfactant

	ϕ
	[bookmark: OLE_LINK2]Order parameter

	ϕb
	Order parameter of bulk phases

	ψ
	Local concentration of surfactant

	ψ0
	Interfacial surfactant concentration

	ψb
	Initial surfactant concentration in bulk phases

	ψc
	Specified interfacial surfactant concentration



Abbreviations
	CPU
	Central Processing Unit

	GPU 
	Graphics Processing Unit

	LBM
	Lattice Boltzmann Method

	MRT
	Multiple Relaxation Time


Literature Cited
[bookmark: reference1][bookmark: _ENREF_1]1.	Singh R, Bahga SS, Gupta A. Electric field induced droplet deformation and breakup in confined shear flows. Phys Rev Fluids. 2019;4(3):1-24.
[bookmark: _ENREF_2]2.	Khan BA, Akhtar N, Khan HMS, et al. Basics of pharmaceutical emulsions: A review. Afr J Pharm Pharmaco. 2011;5(25):2715-2725.
[bookmark: _ENREF_3]3.	Marti-Mestres G, Nielloud F. Emulsions in health care applications - An overview. J Disper Sci Technol. 2002;23(1-3):419-439.
[bookmark: _ENREF_4]4.	Martinez-Palou R, Reyes J, Ceron-Camacho R, et al. Study of the formation and breaking of extra-heavy-crude-oil-in-water emulsions-A proposed strategy for transporting extra heavy crude oils. Chem Eng Process. 2015;98:112-122.
[bookmark: _ENREF_5]5.	Solsvik J, Jakobsen HA. Single drop breakup experiments in stirred liquid-liquid tank. Chem Eng Sci. 2015;131:219-234.
[bookmark: _ENREF_6][bookmark: _ENREF_7]6.	Chen C, Guan X, Ren Y, et al. Mesoscale modeling of emulsification in rotor-stator devices: Part I: A population balance model based on EMMS concept. Chem Eng Sci. 2019;197:419-419.
7.	Chen C, Guan X, Ren Y, et al. Mesoscale modeling of emulsification in rotor-stator devices Part I: A population balance model based on EMMS concept. Chem Eng Sci. 2019;193:171-183.
[bookmark: _ENREF_8]8.	Henry JVL, Fryer PJ, Frith WJ, Norton IT. The influence of phospholipids and food proteins on the size and stability of model sub-micron emulsions. Food Hydrocolloid. 2010;24(1):66-71.
[bookmark: _ENREF_9]9.	Zhou H, Jing S, Fang Q, Li S, Lan W. Direct Measurement of Droplet Breakage in a Pulsed Disc and Doughnut Column. AIChE J. 2017;63(9):4188-4200.
[bookmark: _ENREF_10]10.	Andersson R, Andersson B. On the breakup of fluid particles in turbulent flows. AIChE J. 2006;52(6):2020-2030.
[bookmark: _ENREF_11]11.	Razzaghi K, Shahraki F. Theoretical model for multiple breakup of fluid particles in turbulent flow field. AIChE J. 2016;62(12):4508-4525.
[bookmark: _ENREF_12]12.	Solsvik J, Maass S, Jakobsen HA. Definition of the Single Drop Breakup Event. Ind. Eng Chem Res. 2016;55(10):2872-2882.
[bookmark: _ENREF_13]13.	Zhang Z, Xiong R, Corr DT, Huang Y. Study of Impingement Types and Printing Quality during Laser Printing of Viscoelastic Alginate Solutions. Langmuir. 2016;32(12):3004-3014.
[bookmark: _ENREF_14]14.	Cristini V, Guido S, Alfani A, Blawzdziewicz J, Loewenberg M. Drop breakup and fragment size distribution in shear flow. J Rheol. 2003;47(5):1283-1298.
[bookmark: _ENREF_15]15.	Janssen JJM, Boon A, Agterof WGM. Influence of dynamic interfacial properties on droplet breakup in plane hyperbolic flow. AIChE J. 1994;40(12):1929-1939.
[bookmark: _ENREF_16]16.	Hassan MR, Zhang J, Wang C. Deformation of a ferrofluid droplet in simple shear flows under uniform magnetic fields. Phys Fluids. 2018;30(9):092002.
[bookmark: _ENREF_17]17.	Grace HP. Dispersion phenomena in high viscosity immiscible fluid systems and application of static mixers as dispersion devices in such system. Chem. Eng. Commun. 1982;14(3-6):225-277.
[bookmark: _ENREF_18]18.	Williams A, Janssen JJM, Prins A. Behaviour of droplets in simple shear flow in the presence of a protein emulsifier. Colloid Surface A. 1997;125(2-3):189-200.
[bookmark: _ENREF_19]19.	Liu H, Zhang Y. Phase-field modeling droplet dynamics with soluble surfactants. J Comput Phys. 2010;229(24):9166-9187.
[bookmark: _ENREF_20]20.	Liu H, Ba Y, Wu L, Li Z, Xi G, Zhang Y. A hybrid lattice Boltzmann and finite difference method for droplet dynamics with insoluble surfactants. J Fluid Mech. 2018;837:381-412.
[bookmark: _ENREF_21]21.	Rumschel.F, Mason SG. Particle motions in sheared suspensions XII. Deformation and burst of fluid drops in shear and hyperbolic flow. J Colloid Sci. 1961;16(3):238-261.
[bookmark: _ENREF_22][bookmark: OLE_LINK4]22.	Vananroye A, Van Puyvelde P, Moldenaers P. Effect of confinement on droplet breakup in sheared emulsions. Langmuir. 2006;22(9):3972-3974.
[bookmark: _ENREF_23]23.	Janssen PJA, Vananroye A, Van Puyvelde P, Moldenaers P, Anderson PD. Generalized behavior of the breakup of viscous drops in confinements. J Rheol. 2010;54(5):1047-1060.
[bookmark: _ENREF_24]24.	Komrakova AE, Shardt O, Eskin D, Derksen JJ. Effects of dispersed phase viscosity on drop deformation and breakup in inertial shear flow. Chem Eng Sci. 2015;126:150-159.
[bookmark: _ENREF_25]25.	Li J, Renardy YY, Renardy M. Numerical simulation of breakup of a viscous drop in simple shear flow through a volume-of-fluid method. Phys Fluids. 2000;12(2):269-282.
[bookmark: _ENREF_26]26.	Renardy YY, Cristini V. Effect of inertia on drop breakup under shear. Phys Fluids. 2001;13(1):7-13.
[bookmark: _ENREF_27]27.	Drumright-Clarke MA, Renardy Y. The effect of insoluble surfactant at dilute concentration on drop breakup under shear with inertia. Phys Fluids. 2004;16(1):14-21.
[bookmark: _ENREF_28]28.	Shu S, Yang N. Direct Numerical Simulation of Bubble Dynamics Using Phase-Field Model and Lattice Boltzmann Method. Ind Eng Chem Res. 2013;52(33):11391-11403.
[bookmark: _ENREF_29]29.	Chaikin PM, Lubensky TC. Principles of Condensed Matter Physics. Cambridge University Press, Cambridge. 2000.
[bookmark: _ENREF_30]30.	Premnath KN, Abraham J. Three-dimensional multi-relaxation time (MRT) lattice-Boltzmann models for multiphase flow. J Comput Phys. 2007;224(2):539-559.
[bookmark: _ENREF_32]32.	Taylor GI. The viscosity of a fluid containing small drops of another fluid. Proc Roy Soc Lond A. 1932;138(834):41-48.
[bookmark: _ENREF_33]33.	Taylor GI. The formation of emulsions in definable fields of flow. Proc Roy Soc Lond A. 1934;146(858):0501-0523.
[bookmark: _ENREF_34]34.	Shu S, Yang N. GPU-accelerated large eddy simulation of stirred tanks. Chem Eng Sci. 2018;181:132-145.
7

image2.wmf
(

)

(

)

T

v

t

r

rr

¶

éù

+Ñ×=Ñ×Ñ+Ñ+

êú

ëû

¶

v

u

uuuuf


oleObject2.bin

image3.wmf
(

)

(

)

M

t

ff

f

fm

¶

+Ñ×=Ñ×Ñ

¶

u


oleObject3.bin

image4.wmf
(

)

(

)

M

t

yy

y

ym

¶

+Ñ×=Ñ×Ñ

¶

u


oleObject4.bin

image5.wmf
(

)

(

)

(

)

(

)

22

242

2

24222

      ln1ln1ln

2

V

B

abwd

F

c

kTeTdV

k

ffyfy

yyyyyfyrr

ff

ì

=-+++-

í

î

ü

++----+

éù

ý

ëû

Ñ

þ

Ñ

ò


oleObject5.bin

image6.wmf
(

)

32

F

abddwe

f

mffkyffyfyy

f

¶

==-+--Ñ+Ñ×Ñ+-

¶


oleObject6.bin

image7.wmf
(

)

(

)

2

2

[lnln1]

22

B

Fwd

kTce

y

myf

f

yyf

y

¶

==--

Ñ

-+--

¶


oleObject7.bin

image8.wmf
2

4

3

b

0

σ

kf

x

=


oleObject8.bin

image9.wmf
2

00

0.37511

11ln(1)

ln2

e0

c

σ

σ

c

Ex

a

yy

xy

ìü

æöéù

=--

íý

ç÷

êú

èøëû

îþ

＋

＋


oleObject9.bin

image10.wmf
0

0

exp

b

bc

B

c

kT

y

y

yyy

=

æö

-

ç÷

èø

＋


oleObject10.bin

image11.wmf
(

)

(

)

1

,,[(,)(,)]

eq

iittiii

f

ftftftft

dd

t

++-=-

xexxx


oleObject11.bin

image12.wmf
(

)

(

)

1

,,[(,)(,)]

eq

iittiii

g

gtgtgtgt

dd

t

++-=-

xexxx


oleObject12.bin

image13.wmf
(

)

(

)

1

,,[(,)(,)]

eq

iittiii

h

hthththt

dd

t

++-=-

xexxx


oleObject13.bin

image14.wmf
(

)

2

12

sf

vc

hrt

==-


oleObject14.bin

image15.wmf
8

=0

i

i

f

r

=

å


oleObject15.bin

image16.wmf
8

=0

ii

i

f

r

=

å

ue


oleObject16.bin

image17.wmf
8

=0

i

i

g

f

=

å


oleObject17.bin

image18.wmf
8

=0

i

i

h

y

=

å


oleObject18.bin

image19.tiff
Droplet phase (oil)

Continuous phase (water)





image20.wmf
35

32

DCa

＝


oleObject19.bin

image21.wmf
γ

R

η

Ca

σ

＝


oleObject20.bin

image22.wmf
LB

D

LB

-

＝

＋


oleObject21.bin

image23.wmf
2

ρ

γ

R

Re

η

＝


oleObject22.bin

image24.wmf
γ

R

Pe

D

f

x

＝


oleObject23.bin

image25.tiff
0.25 -
Taylor's theory
3 —=&— This work
—r—

020l Hassan et al. 2018

0.15

0.10 -

0.05 -

0.00 n 1 n 1 L 1 L 1 L





image26.tiff
Ca.

0.50

0.45

0.40

0.35

0.30

0.25

0.20

0.15

0.10

0.05

0.00

|-—/>— Binary breakup, H=120 lattices
[~/ Binary breakup, H=180 lattices
|”—"— Binary breakup, H=240 lattices
| —O—+—®— Binary/Ternary breakup, H=300 lattices
| ——/—®— Binary/Ternary breakup, H=120 lattices (Liu, et al. 2018)

0.1 1 10 100
Re




image27.tiff
Cax

048

0.46

0.44

0.42

0.40

0.38

0.36

0.34

0.32

o L I}
0 o m}
[m] [m]
oo
O / W Binary/ternary breakup, experiment (Janssen, et al. 2010)
—— Binary breakup, simulation (Janssen, et al. 2010)
—— Binary breakup, simulation (Liu, et al. 2018 )
—0— Binary breakup, simulation, this work
1 1 1 1 N 1
0.3 04 05 0.6 0.7

2R/H





image28.png
2RH-0.3

2RIH-04

2RIH=0.5

2RIH-0.6

2RIH-0.7

79.7°

812°
81.6° -
81.9° —




image29.tiff
e O O @] @] O @]
B = =
. . p— — —
= == —
. a'? 4}5& o= o= o 0 =0
\ /
. o Vo oo PR
. / K — @
. / ) o & o c 0 o=—2 o
: [
\ \
R 1 [ ' o L0 o o 0006 o o
: | t\_/‘ 000 200
i I
. :____ ! LoD 00 om2? 00
.

.

.

.

B




image30.wmf
(

)

1,=1     if  canbed

      

ividedby

2

1

,=0     el

2

2

 

se

tb

etb

tb

N

xxN

Nxx

N

xx

ì

=-

ï

ï

=+=

í

-

ï

=

ï

î


oleObject24.bin

image31.tiff
.

O




image32.tiff




image33.png
10

70

e P

=15 - 725
(a) Ca=0.300
=15 oy

(b) Ca=0.365

= o=

=15 n=35

(¢) Ca=0.484

LT

neis ne3s

(d) Ca=0.540

=45




image34.tiff
—&—/---B-- Binary breakup
—@—/---® -~ Temnary breakup
—h—/-- k-~ Quaternary breakup
~—%—/--“¥-- Quintuple breakup
——/---- Senary breakup
—<&—/-- -~ Septenary breakup
N N | N | M 0¥y

0.1 1 10 100




image35.tiff
=gt

__1 ]

b2 000015 0003

0_0.006 0.012 0.018 0024





image36.tiff
yt=0 O yt=0 O
=8 — $=20 —
pel6 e =40 e = o

shrinkage

=24 yt=60 0o T T—— o o

collision
— o4 —
=32 =70 "’. / (4 Py

L/coalescence

=40 ——————— y=80 4 ._=J. @

(a) filament (Re=0.1, Ca=0.600) (b) coalescence (Re=10, Ca=0.421)




image37.tiff
T





image38.tiff
quaternary

ternary





image39.wmf
eq

i

f


oleObject25.bin

image40.wmf
eq

i

g


oleObject26.bin

image41.wmf
eq

i

h


oleObject27.bin

image1.wmf
(

)

0

t

r

r

¶

+Ñ×=

¶

u


oleObject1.bin

