Semi-analytical multiple solutions for nanofluid flow and heat transfer past a shrinking surface within porous media
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Abstract
A considerable amount of the energy consumption has indeed been affected in industry by friction and inefficient heat transfer. One promising way of overcoming this deficiency of ordinary heat transferring fluids is to use the nanoparticles. Recently, several studies have documented that nanofluid, formed by adding the nanoparticles to the base fluid, can significantly improve the thermal efficiency of these base fluids. In this communication, we present a numerical study for two-dimensional flow of Graphene-oxide (GO)/water nanofluids generated by a stretching/shrinking surface in the presence of porous media. The heat transfer analysis is further investigated under the influence of second order partial slip and mass suction. The current problem is governed by a system of partial differential equations which are derived using conservation laws and Boussinesq-approximations. These non-linear governing equations are converted into a set of ordinary differential equations with the help of similarity transformations. Multiple solutions are achieved analytically for flow fields while numerically for temperature fields. Numerical simulations are conducted using boundary value problem solver (bvp4c) in MATLAB. The influences of various physical parameters, for instance, nanoparticles volume fraction, porosity parameter, suction parameter, first and second-order slip parameters as well as Prandtl number on momentum and thermal boundary layers are presented graphically in detail. It is observed that the solution domain is significantly widen by increasing the nanoparticles volume fraction.
Keywords: Multiple solutions; Nanofluid; Partial slip effects; Heat transfer; Semi-analytical solutions.
1. Introduction
Keeping in view the recent development in science and technology, we are always seeking for some techniques which produce a low time and good quality products. To meet these standards, science and technology have made outstanding progress in several fields. Fluid mechanics is one of the sciences in which researchers and scientists have made excellent progress. In the recent past, several researchers studied the fluid flows owing to stretching sheet because of their realistic applications in engineering industry. They can be applied to the manufacturing of paper and glass, drawing of plastic films, fiber spinning, crystal growing, polymer extrusion etc. To explore the various engineering aspects, Sakiadis [1] started the boundary layer flow past solid surface. After his pioneer work, Crane [2] extended this by focusing on different features of stretching surfaces. Probably, he was the pioneer who deemed similar solutions for the flow driven by a stretching flat plate and obtain an exact analytical solution. Later, Gupta and Gupta [3] explored the heat transport mechanism during the flow past a stretching flat plate under suction and blowing. Later, Wang [4] explored the three-dimensional flow of Newtonian viscous fluid driven by a flat plate. He produces the closed-form analytic solutions. Andersson [5] addressed the magnetic field effect during the flow of a viscous fluid. Subsequently, several researchers developed various physical models to study the different aspects of stretching sheet phenomena, see the references [6-10].
On the other hand, numerous researchers have conducted their studies on the flows over a shrinking surface in recent years. This new kind of flow driven by a shrinking surface is essentially a backward flow and has adverse features as compared to the stretching flow. This was initially pondered by Goldstein [11] and suggested that the mass suction is required to maintain the flow. In this regard, Wang [12] presented the pioneer work to examine this unusual flow around the shrinking surface. In other work, Miklavcic and Wang [12] explored the steady flow of a viscous fluid past a shrinking sheet. They obtained the exact solutions of Navier Stokes equations and revealed that the flow can be maintain over shrinking surface by the imposition of mass suction at the boundary. Fang and Zhang [14] investigated the heat transport features during the flow over a shrinking sheet. They computed the closed -form solution in case of some special parameters. The magnetohydrodynamic unsteady flow of viscous fluid driven by a shrinking surface was reported by Merkin and Kumaran [15]. Fang et al. [16] presented the viscous flow driven by a shrinking sheet in the presence of second-order slip mechanism. Apart from above mentioned works, numerous studies have been reported by various authors concerning the boundary layer flow over shrinking sheet, see the references [17-20].
Over the past few decades, several researches have investigated the physical problems concerning the flow over shrinking surfaces and computed the multiple solutions. These solutions are practically more important because they allow to depict the physically realistic solution for considered problems. A few studies have been reported in current years to obtained multiple nature closed form solutions of exponential type for the fluid flows over shrinking surface. Andersson [21] obtained multiple exact solutions for the viscous fluid flow with partial slip conditions. Later, Wang [22] presented the flow of Newtonian fluid near a stagnation-point. He found the exact closed-form solutions for their problem. Again, Wang [23] revealed the exact similarity solutions for two-dimensional flow of viscous fluid generated by a stretching sheet. Furthermore, the reviews on exact multiple solutions for flow and heat transport have been conducted by Fang and Aziz [24], Turkyilmazoglu [25], Aly and Vajravelu [26], Nandy and Pop [27] and Rasca et al. [28], etc.
The energy loss due to heat transport and friction has severely hampered the industry's progress in this era of the advancement of science and technology. Efficient heat transfer to heating components and enhance the abrasion resistance of long-term moving components is essential for technological growth. A new procreation fluid with excellent thermal performance is beneficial for fulfilling the industrial or technological needs to deal with this problem. Choi and Eastman [29] invented a whole new heat transfer fluid based on nanotechnology that is known as nanofluids. Nanofluids are indeed produced by combining a base fluid (water, ethylene glycol) with a mixture of nanoparticles (i.e. metal oxides, metals, carbon materials). Studies have shown that nanoparticles have outstanding potential to improve the rate of heat transfer of ordinary base fluids and have excellent thermophysical performance. This special class of heat transfer fluids, nanofluids, will be applied in many fields, like, pharmaceutical processes, aerospace, transportation, automotive, air-conditioning, electronics, and power generation, etc. Great deal of work has been reported on the behaviour and characteristic of nanofluids in numerous problems since Choi introduced nanofluid. In this regard, various mathematical models for nanofluids have been reported by various researchers. There are indeed two main kinds of nanofluid models that were discussed in the fluid dynamics, which include the Buongiorno [30] and Tiwari and Das [31] model. After that, Kuznetsov and Nield [32] employed the Buongiorno to investigate the nanofluid flow generated by a vertical plate. Makinde and Aziz [33] described nanofluids flow under the influence of convective heat transport. Several researchers studied the flow and heat transport of nanofluids by incorporating different physical mechanism, which can be seen in the works [34-40].
2. Mathematical Formulation



To develop the model, we assume the steady, two dimensional and incompressible flow of water based nanofluids across a stretching/shrinking flat plate located along  plane through a porous media. The fluid's flow is particularly due to stretching/shrinking of the flat plate having velocity . The working fluid used in this analysis is water while the nanoparticles are GO. Moreover, the heat transfer process is considered by assuming the constant surface and ambient temperatures   , respectively. The physical model is shown in Figure 1.
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where      and  are effective density, effective dynamic viscosity, thermal conductivity and specific heat of the nanofluid, which are listed in Table 1. However, the mathematical form of these physical quantities is listed as follows:
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where  denotes the nanoparticle's volume fraction while the subscripts  refers to the nanoparticles and   refers to the working fluid.
The suitable boundary conditions specified by:
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The following similarity variables are adopted in determining the solutions to our formulated problem:
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It is important to note that the stream function  identically satisfy the continuity Eq.  with  .



Involving Eq.  the foregoing conservation equations  and  reduces to:
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where non-dimensional parameters are given as:
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3. Closed-form solution for velocity field
First, we seek the closed form solution of momentum Eq. (8) along with the boundary conditions  (10). Let us rewrite Eq. (8) as
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)Suppose that Eq. (13) admits the exact solution in the form




Making use of Eq. (10), the constants  and  are written as:
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Hence, the assume solution  (15)  becomes
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Making us of Eq. (18) in Eq. (8), we find the next algebraic equation:

 (
(
19
)
)

 (
(
20
)
)Therefore, after simple manipulation, we get the following fourth order algebraic equation in :


The most important part of this analysis is the prediction of multiple solutions to the dimensionless problem (13). It should be acknowledged that this question is now turned into finding the positive roots of the polynomial (20) which seem to have a crucial role in determining the dual solutions for flow field. Moreover, one can see that only positive real and distinct roots presents physically feasible solutions.
To get the dual solutions, rewriting Eq. (20) in the following form
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)Introducing a new transformation    we get





In above expression,   and  are given as

 (
(
25
)
)
In particularly, the two distinct positive roots of Eq. (23) are given by
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The velocity field is determined for both stretching or shrinking sheet after differentiating Eq. (18) as
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Skin friction coefficient

The skin-friction coefficient  is expressed as:
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where    is given by
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Upon using Eqs. (7) and (31), the skin-friction coefficient is calculated with next formula:
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where    is the Reynolds number.
4. Numerical solution for temperature field




The numerical solution for temperature field    is computed by implementing bvp4c routine in MATLAB. For this purpose, first we invoke the obtained closed form solution for dimensionless stream function  from Eq. (18) into Eq. (9). Then, the resulting ODE (9)  along with (11) is tackled numerically via bvp4c routine. For this, let  and  , such that
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)and associated boundary conditions are

.
5. Physical Outcomes and Discussion

To describe the physical outcomes of current problem, the graphical results are presented in terms of the flow and temperature fields for various physical parameters. We investigated the fluid flow and heat transport attributes by computing the profiles of non-dimensional velocity, skin-friction coefficient and temperature for water based nanofluid mixed with GO-nanoparticles. In all the profiles, one can see the dual solutions (upper and lower) in case of shrinking flow    for limited range of the suction parameter.



To check the validity of computed results, the present results of solutions values  and the skin-friction coefficient  are compared with the results of Turkyilmazoglu  in Tables 2 and 3. Both the tables reveals that the computed results are well accurate.
















Figures  shows the relationship between the solution domain  and the shrinking parameter  porosity parameter  nanoparticles volume fraction  and suction parameter    for both upper and lower branch solutions. From these figures, it is noted that the solution profiles are significantly affected by the porosity parameter  as a function of suction and shrinking parameter. It is seen from Figures  and  that an increase in  gives a gradual increment to the first solutions and reduces the second solutions. Furthermore, the solution domain    becomes wider with uplifting values of . Apparently, Figures   reveal that the solution profiles enhance with higher stretching/shrinking parameter for both solutions. In Figure  solution graphs are captured against suction parameter with distinct . According to these graphs, the solution profiles decreases for first solution and enhances in second solution with higher .



















The variation in dual velocity curves  for varying second-order slip parameter   and nanoparticles volume fraction  inside the boundary layer regime is displayed through Figures  and , respectively. Here, the velocity curves in case of first solution are decremented with higher    and    while the opposite is seen for second solution. The profile of velocity for GO/water nanofluid is sketched in Figures  and due to the variation in suction and first-order slip parameter, respectively. It can clearly be seen through these figures that the velocity distribution enhances by increasing  for upper branch and reduces for lower branch. Moreover, a similar behavior is noted for corresponding momentum boundary layer. It should also be observed that the velocity graph increases with higher values of first-order slip parameter  in upper solution but in lower solution there show a decreasing trend. Effect of porosity parameter  on non-dimensional velocity distributions  is considered in Figure . The sketched profiles demonstrate the increasing behavior with    in case of upper branch and decreasing behaviour for lower branch. Figure    is plotted, to see the relationship between the shrinking parameter  and the velocity field  by keeping all other parameters fixed. According to the graph, the velocity curves decreases with higher  in upper solution, while increases in lower solutions. Similarly, the results are much pronounced lower solutions.











The graphical data for skin-friction coefficient  against suction parameter for distinct values of  and  is demonstrated in Figures  and . Again, this data suggests the existence of dual solution in case of shrinking sheet for specific range of mass suction. It is further depicted from these figures that the critical values of mass suction  lies in the range   for   however, these values fall in range  for   In addition, the critical values in both the figures decreasing with higher values of these parameters. The role of nanoparticles volume fraction is to significantly enhance the skin-friction coefficient for both solutions. The contrary results are seen for porosity parameter  .
















The thermal characteristics of GO/water nanofluid flow are illustrated graphically through Figures  for several values of physical parameters  and  In each figure, we observe the dual nature of temperature profiles  for shrinking flow with specific mass suction. The effect of second-order slip parameter  on dimensionless temperature profiles inside the boundary layer are displayed in Figure . As expected, the temperature curves show a decreasing behaviour with an uplifting values of second-order slip parameter in both the solutions. The computed results of thermal transport of GO/water nanofluid are illustrated in Figure  in the form of temperature field with diverse values of nanoparticles volume fraction. According to Figure , increasing nanoparticles volume fraction significantly enhances the temperature field for both solutions. Figure  reveals the outcome of suction parameter  on dimensionless temperature distributions  inside the boundary layer region. As, you have seen, the suction parameter significantly affects the temperature curves and show an increasing trend with greater . At last, Figure  illustrate the dual temperature profiles for several values of . Again, we notice a similar behaviour as we noted in last figure. The results indicate that the thermal boundary layer thickness increases as the first-order slip parameter increases
Table 1: The thermo-physical properties of water and nanoparticles.
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	Upper branch
	
	Lower branch
	

	
	
	Turkyilmazoglu [17] 
	Present study
	Turkyilmazoglu [17] 
	Present study

	2
	1
	1.8832035
	1.92129
	0.40052899
	0.400529

	
	3
	1.9212896
	1.95197
	0.29676823
	0.296768

	
	10
	1.9519690
	1.97956
	0.18882968
	0.18883

	
	0
	1.9795599
	2.96557
	0.33720300
	0.337203

	3
	1
	2.9655726
	2.97376
	0.27228263
	0.272283

	
	3
	2.9737635
	2.98653
	0.213016700
	0.213017

	
	10
	2.9822017
	2.99162
	0.14289554
	0.142896

	
	0
	2.9916152
	4.99227
	0.20030956
	0.20031

	5
	1
	4.9922728
	4.99353
	0.17232557
	0.172326

	
	3
	4.993552
	4.99511
	0.14226228
	0.142262

	
	10
	4.9951096
	4.99737
	0.101027588
	0.101028

	2
	1
	4.9973652
	1.92129
	0.40052899
	0.400529






Table 2: Comparison of numerical values of solution  as a function of  and  when  .



Table 3: Comparison values of  with Turkyilmazoglu [17] when  .

	
  
	
  
	
Turkyilmazoglu   
	
	Present study

	0
	0
	2.41421356
	
	2.414215

	
	-1
	0.38942826
	
	0.389428

	
	-3
	0.15150097
	
	0.151501

	
	-5
	0.09425550
	
	0.0942555

	1
	0
	0.68232780
	
	0.68232786

	
	-1
	0.28168830
	
	0.281688

	
	-3
	0.13178867
	
	0.131789

	
	-5
	0.08620469
	
	0.0862047

	3
	0
	0.28704681
	
	0.2870467

	
	-1
	0.18074365
	
	0.180744

	
	-3
	0.10449187
	
	0.104492

	
	-5
	0.07360578
	
	0.0736058

	5
	0
	0.18217166
	
	0.18217165

	
	-1
	0.13290337
	
	0.132903

	
	-3
	0.08651794
	
	0.0865179

	0
	-5
	0.06420511
	
	0.0642051
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