p-moment exponential stability of second order
differential equations with exponentially distributed
moments of impulses

S. Hristova®* K. Stefanova ¢

¢ Faculty of Mathematics and Informatics
Plovdiv University “Paisii Hilendarski” Plovdiv 4000, BULGARIA

*

e-mail address: snehri@gmail.com

Abstract

Differential equations of second order with impulses at random moments are
set up and investigated in this paper. The main characteristic of the studied
equations is that the impulses occur at random moments which are exponentially
distributed random variables. The presence of random variables in the ordinary
differential equation leads to a total change of the behavior of the solution. It
is not a function as in the case of deterministic equations, it is a stochastic
process. It requires combining of the results in Theory of Differential Equations
and Probability Theory. The initial value problem is set up in appropriate
way. Sample path solutions are defined as a solutions of ordinary differential
equations with determined fixed moments of impulses. P-moment generalized
exponential stability is defined and some sufficient conditions for this type of
stability are obtained. The study is based on the application of Lyapunov
functions. The results are illustrated on example.

1 Introduction

It is well known that linear and nonlinear ordinary second order differential equa-
tions (ODEs) are adequate apparatus to model many phenomena in physics, biology,
chemistry, biophysics, mechanics, medicine, aerodynamics, economy, atomic energy,
control theory, information theory, population dynamics, electrodynamics of complex
media, and so on. One of the main question concerning qualitative behaviors of the
solutions to ODEs of second order, is the stability (see, for example, 2], [4] and the
references cited therein).



At the same time, many real world phenomena are characterizing by a special
type of changes of the state of the process under investigation. If these changes act
on a negligible small time, i.e. they act impulsively, then the dynamic of the state
variable is modeling adequately by impulses. In the case when the impulses occur
at random times, then the model requires the time of impulses to be considered as
random variables. When there is uncertainty in the behavior of the state of the in-
vestigated process an appropriate model is usually a stochastic differential equation
where one or more of the terms in the differential equation are stochastic processes,
and this usually results with the solution being a stochastic process ([5], |7], [8],
[9]). But there are some real world phenomena the dynamic of the state variable is
changing deterministically between two consecutive instantaneous changes at uncer-
tain moments. In this case appropriate models are impulsive differential equations
with random impulses. The presence of random variables usually determine that the
solutions of these equations are stochastic processes. We note that impulsive differ-
ential equations with random impulsive moments differs from stochastic differential
equations with jumps. Deterministic differential equations with random impulses
were considered, for example, in [1], [3], [6].

The main goal of the paper is to study stability properties of solutions of second
order impulsive differential equation when the waiting time between two consecutive
impulses is exponentially distributed. The p-moment generalized exponential stability
of the zero solution is defined and some sufficient conditions are obtained. The results
are illustrated on an example.

2 Random impulses in second order differential equa-
tions

Initially, we will give a brief overview of second order differential equations with
deterministic impulses.
Let the increasing sequence of nonnegative points {7} }32, be given and klim {T},} =
—00

oo. Consider the initial value problem for the system of second order impulsive dif-
ferential equations (IDE) with fixed points of impulses

" = f(t,z(t),2'(t)) for te€ (Ty,Trra], k=0,1,2,...,
z(0) =z, 2'(0) =y
where =, xg,z1 € R, f:[0,00) Xx R" x R — R", I}, Jp : R" — R™.
The solution of IDE (1) depends not only on the initial values (z¢, 1) but on the

moments of impulses Ty, k= 1,2,... and we will denote it by z(¢; zo, z1, {Tk}). We
will assume that x(Ty; o, 21, {T}}) = . liTm Ox(t; x, x1,{T}) and o' (Ty; xg, x1,{T}}) =
— =

lim 2/(t;xo, x1,{T}}) for any k =1,2,....

t—T,—0



We will assume the following conditions are satisfied:

H1. f(£,0,0) =0 fort >0, and I,(0) = 0, J,(0) =0, k = 1,2, . ...

H2. For any initial values (ty,zo,x1) the ODE 2" = f(t,x,2') with z(ty) = xo ,
2'(ty) = 1 has a unique solution x(t) = x(t;to, xo,x1) defined fort > t.

Let the probability space (€2, F, P) be given. Let {7 }°, be a sequence of random
variables defined on the sample space (2.

Assume ), | 7, = co with probability 1.

Remark 1. The random wvariables 1, will define the time between two consecutive
impulsive moments of the impulsive differential equation with random impulses.

We will assume the following condition is satisfied

H3. The random variables {1}, are independent exponentially distributed ran-
dom variables with the same rate parameter A | i.e. 7, € Exp()\).

Define the increasing sequence of random variables {£;}7, such that {, = 0 and

szzf:17—17 k:1,2,....

Remark 2. The random variable &, will be called the waiting time and it gives the
arrival time of n-th impulses in the impulsive differential equation with random im-
pulses.

Let the points t, be arbitrary values of the random variables 7, k = 1,2,...
correspondingly. Define the increasing sequence of points T), = Zle ti,k=1,2,3...
that are values of the random variables & and consider the initial value problem
for the system of IDE with fixed points of impulses (1). The set of all solutions
x(t; xo, x1,{T}}) of IDE (1) for any values t; of the random variables 7, k =1,2,...
generates a stochastic process with state space R™. We denote it by z(t; zo, x1, {7%})
and we will say that it is a solution of the initial value problem (IVP) for differential
equations with random moments of impulses (RIDE) formally written by

2'(t) = f(t,x(t),2'(t)) for & <t <&y, k=0,1,...,
(& +0) = L(x(& —0)), 2'(& +0) = Jp(2' (& —0)) for k=1,2,..., (2)
z(0) =z, 2'(0) = 1.

Definition 1. Let t;, be a value of the random variable 7., k = 1,2,3,... and T}, =
Zle ti,k =1,2,.... Then the solution x(t; xg,x1,{1}}) of the IVP for the IDE with
fized points of impulses (1) is called a sample path solution of the IVP for the RIDE

(2)-

Remark 3. We note that if condition (H2) is satisfied then the sample path solution
of the IVP for the RIDE (2) exists for all t > Ty provided that the times between two
consecutive impulses t, are such that 220:1 tp = 0.



Definition 2. A stochastic process x(t; xo, z1, {Tx)} with an uncountable state space
R™ is said to be a solution of the IVP for the system of RIDE (2) if for any values
ty of the random wariable 7., k = 1,2,3,... and T}, = Zleti,k = 1,2,... the
corresponding function x(t; xo, x1, {T%}) is a sample path solution of the IVP for RIDE

(2).

Example 1. Case 1. (Differential equations without any type of impulses). Con-
sider the following IVP for the scalar DE

=0 for t>0,

z(0) =x9 #0, 2'(0)=0 )

where x is a given constant.

The solution of IVP (3) is x(t;x¢) = xo, t > 0.

Case 2. (impulsive differential equations with fized points of impulses). Consider
the following IVP for the scalar IDE (1)

2" =0 for t>0, t#T,,
2(Tp +0) = a2’ (T}, — 0), (T} +0)=0b2'(T, — 0) for k=1,2,..., (4)
z(0) =x9 #£0, 2'(0)=0

where a, b, xo are given constants, point {7}, are initially given.
The solution of IVP (4) is the piecewise continuous function

x(t; o) = xo(a+ b(t — Tk)) 1:[(& +b0(T; —T;—1)), te€ Tk, Tit1) (5)

i=1

The behavior of x(t;xy) depends significantly on the amplitudes a, b of the im-
pulses. It is obviously the behavior of the solution is totally changed because of the
presence of impulses (compare Case 1 and Case 2).

Case 3. (Differential equation with random points of impulses). Consider the
following special case of the IVP for RIDE (2)

2" =0 for & <t <&y, k=0,1,...,
(& +0) = az’ (& — 0), x(& +0) =b2'(&§ —0) for k=1,2,..., (6)
z(0) =x9 #0, 2'(0)=0

where xy € R, a,b are constants and the random variables &, are defined above.

Let for any £ = 1,2,... the point t; be an arbitrary value of the random variable
T and Tj = Zf:o ti, k=1,2,3...,1e. T} is a value of the random variable &.

Consider the IVP for the corresponding IDE (4). The solution of (4) is given by (5)
and it depends on both initial value zy and the moments of impulses T}, i.e. on the
initially chosen arbitrary values t; of the random variables 7, k = 1,2,.... The set
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of all solutions of the IVP (4) for any values ¢, of the random variables 7 generates
a stochastic process z(t; zo, {7x}) = a*xq for & <t < &pyq

k
2(t;xo, {m}) = wola+b(t — &) [[(a+bm), &G <t <&, k=0,1,..... (7)
i=1

]

3 Exponentially distributed moments of impulses

For any ¢t > 0 consider the events

Sp(t) ={w e Q: &w) <t < &i(w)},

where the random variables &, k= 1,2,... are defined as above.
In the case of exponentially distributed random variables 7., £k =1,2,... we will
use the following result:

Lemma 3.1. ([1]) Let condition (H3) be satisfied.
Then the probability that there will be exactly k impulses until time t, t > 0 s

given by P(Sk(t)) = %e*)‘t.

In our further research we will use the formula for the solution of the initial value
problem for a scalar linear first order differential equation with random moments of
impulses (see [1])

w = —mu, for & <t<é&,, k=0,1,...,
w4+ 0) = Cru(&y), for k=1,2,..., (8)
u(0) = uyp,

where ug € R, m >0 and Cy # 1, (k= 1,2,...) are real constants.

Lemma 3.2. (/1]). Let the condition (H3) be fulfilled and there exists a positive
constants C' such that 35 T1e, |Cy| =
Then the solution of the IVP for the linear RIDE (8) is

(t U,Q,{Tk} = ’LLO<HO> i=1 mne—m(t &) fO?" fk» <t< 51@-&-17 k= 1,2,... (9)

and the expected value of the solution satisfies the inequality

oo k
ot )\ktk o
B(juts uo {n}))) < Juole e ST (I6) 5 < luolCe™. (10)

k=0 i=1



4 Main result

In this paper we will use the class A(J, A) of Lyapunov functions V (¢, x,y) : J x A x
A — R, , which are continuous differentiable on J x A x A and locally Lipschitzian
with respect to its second and third arguments, where J C R, and A ¢ R", 0 € A.

Definition 3. Let p > 0. Then the trivial solution (xo = 0) of the RIDE (2) is
said to be p-moment generalized exponentially stable if for any xq, 1 € R™ there exist
constants a, pr > 0 and an increasing function m : Ry — Ry such that

Ell|lz(t; xo, 21, {7) DIIF] < a m(max{]|zol], [|z1][}) e, for all t >0,
where x(t; xo, x1, {T)} is the solution of the IVP for the RIDE (2).

Remark 4. In the case m(u) = u the p-moment generalized exponential stability is
reduced to the known in the literature p-moment exponential stability.

Remark 5. We note that the two-moment exponential stability for stochastic equa-
tions 1s known as exponential stability in mean square.

In this section we will use Lyapunov functions to obtain sufficient conditions for
the p-moment exponential stability of the trivial solution of the nonlinear impulsive
random system impulses occurring at random moments (2).

Theorem 4.1. Let the following conditions be satisfied:

1. Conditions (H1), (H2), (H3) hold.

2. The function V € A(Ry,R") and

(1) there exist positive constants a,p > 0 and an increasing function m : Ry — R,
such that

al|(z, Y|P < V(t, z,y) <m(]|(z,9)][")

for t e Ry, z,y € R" where [[(2,y)|| = max{]|z]], |[y[]}.
(it) there exists a constant K > 0 such that:

0 .0 .0
i=1 " i=1 7

fort e Ry, 2z, y € R" where z = (z1,29,...,2n), Y = (Y1, Y2, - - -, Yn)-
(i)  for any k = 1,2,... there exist constants Cy, > 0, k = 1,2,..., such that
S TT, G = C < oo and

V(tvjk(z)7‘]k(y)) SOkV(t,Z,y) fOT’ tZO, ZayeRn'

Then the trivial solution of the RIDE (2) is p-moment generalized exponentially
stable, 1.e. the inequality
C
E(|lz(t; 2o, 21, {Ti) } ") < —m

holds, where x(t; xo,x1,{7k)} is a solution of the IVP for the RIDE (2).

(I, z1)[[M)e™™, =0
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Proof: Let (zg,21) € Ry xR” be an arbitrary initial value and the stochastic process
x,(t) = x(t; xo,x1,{7%)} be a solution of the IVP for the RIDE (2).

Let t; be arbitrary values of the random variables 7., £ = 1,2,... and T} =
Ty + Zle ti,k =1,2,.... Consider the sample path solution x(t) = x(t; zo, x1, {1k })
of IVP (2), i.e. a solution of (1). Substitute y = 2/, z = z in (1) and obtain the
following system of impulsive differential equation

(1) = y(t)

y = f(t,z(t),yt)) for te (Ty,Tps1], k=0,1,2,...,

2(T, +0) = I1(2(T, — 0)), y(Tx +0) = Jp(y(T —0)) for k=1,2,...,
2(0) =z, y(0) =x.

The couple of functions (z(t),y(t)), t > 0, with z(¢t) = =z(t), y(t) = 2'(t) is a

solution of (11).
Let v(t) =V (¢, 2(t),y(t)) for t > 0. Then

V(t) = SV =0, 9(0) + V=00, y(0)()

. a%‘/“’ 2(t), y()) F(t, 2(1), y(1))

< —KV(t,2(t),y(t) = —Kv(t), t # T

For any k =1,2,... we get v(Tp, +0) = V(T + 0, 2(T}, + 0),y(Tx + 0)) = V(T +
0. L ((10), J (9(T1)) < CuV (T 2(T1).y(Th)) = Cuo(T3).
t

Thus, function v(t) satisfies the linear impulsive differential inequalities with fixed
points of impulses

v/( )< —=Kw(t) for t>0,t#Ty, k=1,2,...,
v(0 ) (O,xo,xl).
The function v(t) is a sample path solution of the corresponding to (8) with
uy = V(0, x9, z1) whose solution is the generated stochastic process v, (t) with state

space R". According to Lemma 3.2 the expected value of the corresponding stochastic
process satisfies

E(UT(t)> < V(0,29,21)Ce™ X, t>0.

Thus, applying condition 2(i) we obtain for the solution x,(t) of IVP (1)

E(lJz-(1)[[") = 2E(G|I$T(t)!|p) < %E(all(zf(t%%(t))l!p)
1

E(V (¢, 2,(1)) = —E(v:(t)) (13)

<

IS

Q

C
< EV(O,xo,xl)e_Kt < Em(||(x0,x1)||p)e_Kt, t>0.



Inequality (13) proves the p-moment generalized exponential stability of zero so-
lution with o = % and = K.
[

Corollary 1. Let the conditions of Theorem 4.1 be satisfied with m(u) = bu, b > a
and replacing 2(ii) by:
(1*)  there exists a constant L > 0 such that:

0 "0 "0
- A — A < _ p
V(6 + 2 Vst g Vst ) < <GP

for te Ry, z,yeR"
Then the trivial solution of the RIDE (2) is p-moment generalized exponentially
stable.

Proof: In this case the inequality (12) will be true with replacing K by £ and thus,

B(lla-(0]) = - Elalle-(0)]) < ~Bal|(-(0) - (1) )
< SB(V(t,.(1) = B (v (1) (14)
C

il i

< = V(0,20,21)e” 7" < —||(zg, 1) [Pe ™

— t>0.
a a

O

Remark 6. Note conditions 2(i) and 2(ii) guarantee the exponential stability of the
corresponding to (1) ODE. Therefore, if additionally the condition (H3) and 2(iii) are
satisfied, the presence of random impulses in the equation does not change on average
the stability of the solution.

5 Applications

We will illustrate the obtained sufficient conditions on some particular examples with
impulses at random times.

First, we will consider the application of a Lyapunov function which does not
depend on the time variable . Because we would like to emphasize on the influence
of random impulses on the behavior of the solutions and in connection with better
graphical illustrations we will consider a scalar nonlinear second order differential
equation with random impulses.

Example 1. Consider the scalar equation

2"(t) = —2'(t) — x(t) for & <t <&y1, E=0,1,...,
z(& +0) = —0.52(&,), /(& +0) = —052"(&) for k=1,2,...,  (15)
z(0) =z, 2'(0) = 1.



x(t)

051

----- Xo=-1, x4=3

----- Xo=1, X1=2
Xo=1.5, x4=-3 )

14
-05

Figure 1. Graphs of the solutions of Figure 2. Graph of a particular sample
ODE with various initial values. path solution of (15) with
t1 =2ty =5, t3 = 10.

—0.5y.
) = —2'(t) — x(t), x(0) = A,

= —y—zand I(y) = —0.5y, Ji(y) =
x//(t

Then f(t7 Z7y) -
Note that the ordinary differential equation

2'(0) = B has an explicit solution

(3Acm{05V§ﬂ—FV§ASHKQ5V§ﬂ—%2V§BSHNO5V§Q)

1
) = =05t
x(t) 3¢
and it is stable (see Figure 1 for various initial data: zog = —1,21 =3, 1o = 1,27 = 2
and zg = 1.5,21 = —3.)
Consider the function V(t,z,y) = y*> + 22 + zy. The following inequalities

V(t,z,y) = 0.5(x +y)* + 0.52% + 0.5y > 0.5(z* + 3?)

V(t,x,y) < 1.52% + 1.5y

and
hold, i.e. condition 2(i) is satisfied with p =1, a = 0.5 and m(u) = 1.5u.
Then we get
8Wt )+avu W+ ==Vt 2,y f(tzy) =22y + 97 + (2 + 29) f (L, 2,y)
= 2 — 2 — z z,y) =2z 2 z
at Y Y y az ) Y y y ay Y 7 y Y Y y y y y Y ) y
=22+ — (2 +2)(y+2) =2zy +y* — 2y — 22 — 2* — 22y
= —zY — 22 - y2 = _V(taz7y)7
(16)

i.e. condition 2 (ii) is satisfied with K = 1.
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Figure 3. Graph of a particular sample

path solution of (15) with
t1 =5, ty =4, t3 = 6.

x(t)

1.0
----- 1st
05 \
1 2nd
\\
\ 3rd
AY
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. A =S ¢
2 /‘\ 6 8 10
\\
~
4
/
/
0.5
1.0+

Figure 5. Graphs of some particular
sample path solutions of (15) on [0, 10].

10

10
ond — 3rd
//\ ‘ ‘ -
Figure 4. Graph of a particular sample
path solution of (15) with
t1 =3,t9=3,t3=2,t4 =6.
x(t)

-0.002 -

Figure 6. Graphs of some particular
sample path solutions of (15) on [10,20].



Also,

V(t, Ix(2), Jk(y))
= (=0.9y)* + (—0.92)* + (—0.92)(—0.9y) (17)
= 0.81y* + 0.812* + 0.811zy = 0.81V (L, 2, %)

with Y72 Hle 0.25 = t—a57 = C < 00, i.e. condition 2(iii) is satisfied.
According to Theorem 4.1 the zero solution of (15) is mean square generalized

stable with m(u) = v’ = %, uw=K =1,1ie. the
El|x(t; zo, 1, {m) D] < 4||(w0, 21)|[Pe”", forallt >0 (18)

holds.

We would like to note that the inequality (18) is about the expected value (mean)
of the norm of the stochastic process which is a solution of (15) and for a sample path
solution the inequality (18) could not be satisfied but on average it is true.

To illustrate the behavior of the zero solution of (15) with impulses occurring at
random times, we consider several sample path solutions. We fix the initial values
as ro = 1,7 = 3 and choose different values of each random variable t,, k = 1,2, ...,
and graph the sample path solutions on the interval [0, 20] (see Figures 5 and Figure
6 combining the 3 particular sample path solutions) in the following way:

- values of random variables 7y, 7o, 73, respectively, t; = 2,15 = 5,t3 = 10, i.e.
impulses at the points 77 = 2,7, = 7,73 = 17 (see Figure 2);

- values of random variables 7,7, 73, respectively, t; = 5,t, = 4,t3 = 6, i.e.
impulses at the points Ty = 5, T, = 9, T3 = 15 (see Figure 3);

- values of random variables 71, 79, 73, respectively, t; = 3,t, = 3,13 = 2,t4 = 6,
i.e. impulses at the points T} = 3, T, = 6,73 = 8, T, = 14(see Figure 4).

Note all solutions coincide until the first point of impulse, i.e. the first particular
value of the random variable 7y (see Figure 5).

From Figures 2-6 it could be seen the particular sample path solutions approach
ZETO.

O

Now we will consider the application of a Lyapunov function depending on the
time variable ¢ on a system of nonlinear second order differential equations with
random impulses.

Example 2. Consider the system of two second order differential equations with
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impulses at random time:

' (t)
2(e7t+1)
/ /
wy(t) = —aa (t)zy (D)5 (t) — e+ 1) (19)
(& +0) = ax1 (&), (& +0) =bxi (&) for k=1,2,...,
T2(& +0) = cxa(&),  25(§ +0) = dahy(&§) for k=1,2,...,
21(0) = xo1, 27(0) =211 22(0) = 22, 25(0) = x12.
where a,b,c,d € (—1,1).
Then fi(t, 21, 22,y1,%2) = —222y1 — g2y and fa(f, 21, 22,91, 42) = —211y2 —
Consider V (¢, z1, 22, y1,22) = (e7F+ 1) (ez%y% + ez§y§>. Applying that e > 22 we
get

'Ijll(t) = —.Tg(t).fé(t).fll(t) - for gk <t< €k+17 k= 07 17 sy

for £k<t<€k+1: kZO,l,...,

V(t, 21, 20,91, 22) > max{2?, i} + max{z3,y5} > max{z> + 23,9° + y3}
and
V(t, 21, 22,41, 22) < 20558 (2 4 y2) < 2eA B ityE < ge2max{i+avitui}

i.e. condition 2(i) is satisfied with m(u) = v/2¢** and p = 2.
About the derivative we get

ov. ov. oV oV
ot " 9nt 052 oy

ot (eig 4 o)

- 42 42 52 42
+2(e”" + 1)<31€ Tysyr + 22€2YTys + y1e f1(t, 2,Y) + yae folt, z,y)>

oV
(ta 21,22, Y1, y2) + a_f(ta 21,22, Y1, 92)
Y2

(20)

= —e ! (eyd 4 eBy}) — ety — ey,
i.e. condition 2(ii) is satisfied with K = 1
Also, V(t, In(2), Ju(y) = (e +1) (e E g3 ) < (1) (eFyd+etyd),
i.e. condition 2(iii) is satisfied with C' = 1.

According to Theorem 4.1 the zero solution of (19) is mean square generalized
stable, i.e.

E(Hﬂi(t, Xo, L1, {Tk)}Hp) < 262max{x%ﬁ»acgz,x%ﬁ»xfz}e—t’ t> 0.

To illustrate the behavior of the zero solution of (19) with impulses occurring at
random times, we consider several sample path solutions. We fix the initial values as
Tor = 3,211 = —1,2092 = —1, 212 = 0.01 and choose different values of each random
variable tx, k = 1,2, ..., and graph the sample path solutions on the interval [0, 30]
(see Figures 7 and Figure 8) in the following way:
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x(t)
3

= x,(), T,=3, T,6, T,=12
———— (), T4, T,=8, T,=16
x,(t), T,=5, T,=10, T=15
"" i ceeeeee x,(1), T 26, T,=12, T,=18, T,=24

Figure 7. Graphs of first component
x1(t) of some particular sample path
solutions of (19) on [0, 30].

00T x,(t)

———— x,(), T,=3, T,=6, T,=12
———— (), T,=4, T,=8, T,=16
— x,1), T,=5,T,=10, T,=15

——————— - x(t), T,=6, T,=12, T,=18, T =24

Figure 8. Graphs of the second
component xa(t) of some particular
sample path solutions of (19) on [0, 30].

- values of random variables 7y, 7, 73, respectively, t; = 3,t5 = 3,t3 = 6, i.e.
impulses at points 77 = 3,7, = 6,75 = 12;

- values of random variables 7,7, 73, respectively, t; = 4,t, = 4,t3 = 8, i.e.
impulses at points 177 = 4,7y, = 8,73 = 16;

- values of random variables 7y, 7, 73, respectively, t; = 5,t5 = 5,t3 = 5, i.e.
impulses at 77 = 5,75, = 10,73 = 15.

- values of random variables 71, 79, 73, 74, respectively, t; = 6,1ty = 6,13 = 6,14, = 6,
i.e. impulses at T} = 6,7, = 12,7173 = 18,1, = 24.

From Figures 7 and 8 it could be seen the particular sample path solutions ap-
proach zero.

O

6 Conclusions

The main goal of the paper is to set up in appropriate way a second order nonlinear
differential equation with impulses occurring at random times. The time between
two consecutive impulses is exponentially distributed. The p-moment generalized
exponential stability of the zero solution of the studied system is defined and some
sufficient conditions are obtained. In this way a mathematical apparatus for more
adequate modeling of some real World phenomena is given. For the set up problem
some other properties different than stability could be also studied. In this study
results from Theory of Differential Equations and Probability Theory have to be
combined.
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