Porous medium equation systems under non-local boundary
conditions with blow-up analysis

Lingling Zhang * Xin Wang,
Department of Mathematics, Taiyuan University of Technology,
030024, TaiYuan, Shanxi, China
State Key Laboratory of Explosion Science and Technology, Beijing Institute of Technology,
100081, Beijing, China

Abstract In this paper, we deal with the blow-up analysis of the following porous media equation system
with non-local boundary conditions

up = Au"™ + u*? / u™dz + k1 (t)a1(x) f1(v),
Q
ve = Av" + v? / v dx + k2 (t)az(z) f2(u) inQ x (0,t"),
Q
gu _ h (t)/ (u)dz 9 _ h (t)/ (v)dz ond x (0,t%)
B — le ) B = 2 Qg2 ) )
u(z,0) = uo(z) >0, v(z,0)=wvo(z) >0 TEN ,

where m,n > 1, aq,m1, a2,n2 are positive constants and Q@ € RN (N > 2) is a bounded convex domain
with smooth boundary 0€2. By constructing appropriate auxiliary functions and using differential inequality
techniques, we show that under certain conditions, the solution will blow-up in finite time. We also draw
the upper and lower bounds of blow-up time. In addition, an example is given to verify the obtained results.
Mathematics Subject Classification 35B44; 35K65.
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1 Introduction

At present, there are many articles to study the blow-up phenomenon of parabolic equation (see[1-4]). As
we know, the parabolic equation may have a global solution or blow up at finite time. In general, we can not get
the exact blow-up time when the blow-up occurs. Therefore, we have to study the upper and lower bounds of
blow-up time. In [5-15], we get many conclusions of blow-up time upper bound and lower bound. Among them,
there are many results about the blow-up phenomenon of systems (see[11-15]). As a kind of parabolic equation,
more and more scholars have studied the blow-up phenomenon of porous medium equations and systems in
recent years, and many results have been obtained in [11-19]. Inspired by their works, our interest is focused
on the following porous medium equation systems with nonlinear boundary conditions

up = Au™ 4+ u™ / uMdx + ki1 (t)aq () f1(v),
Q
vy = Av" + 02 / vPdx + ka(t)az(z) f2(u) inS x (0,t%), 1)
Q .
ou v .
W hl(t)/le(u)dac7 5 = hg(t)/ﬂgg(v)dx ond x (0,t*),
u(z,0) = up(x) >0, wv(z,0)=uve(z)>0 €N ,

where m,n > 1, ay,n1, a2, are positive constants and 2 C RV (N > 2) is a bounded convex domain with

smooth boundary 02. %7 % are the outward normal derivative on 92, t* is the blow time of (u,v) and Q is
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the closure of Q. Set R, = (0, +0c0). We assume that fi,f2,91 and go are nonnegative C(R, ) function, k; and
ko are positive C*(R) function,ay,ay are positive C1(2) function. ug and vy are nonnegative C*(R,.) function.

To complete our research on problem (1.1), we focus on the articles [19,20]. The following problems were
considered by [19]:

up = Au™ + k1 (t) f1(v), ve = Av™ + ka(t) fo(u)  inf2 x (0,t"),
% = g1(u), % = g2(v) ondf) x (0,t%), (1.2)
u(z,0) = up(x) >0, v(z,0) = vo(z) >0 r€EQ ,

where @ C RY(N > 2) is a bounded convex domain with smooth boundary 9. Authors prove that blow-
up occurs at time t* under certain hypothetical conditions. The upper bound of the blow-up time when
Q C R(NV > 2) and the lower bound when Q C R(N > 3) are also obtained.

[20] investigated the following problems with nonlinear boundary conditions:

up = Au + uPv? — |Vul?, v =Av+ 07w’ — |[Vo|* inQ x (0,t7),

ou ov

= - = * 1.3
5, = I, 5, = M) ondQ x (0,t%), (1.3)
u(z,0) =up(x) >0, v(z,0) = vo(z) >0 req ,

where 0 C RV (N > 1) is a bounded region with smooth boundary 92. By constructing an appropriate auxiliary
functions, and by means of PayneCWeinberger or Scotts method, they obtained a criterion to guarantee that
the solution exists globally or blows up at some finite time. Moreover, upper and lower bounds were derived
under appropriate measure in high-dimensional spaces.

Encouraged by the work mentioned above, we study the blow-up phenomenon of question (1.1) in this article.
We need to construct appropriate auxiliary functions and use differential inequality techniques to ensure that
blow-up occurs under appropriate hypothetical conditions and further obtain the upper and lower bounds of
blow-up time.

The structure of this paper is arranged as follows. In section 2, the upper bound of blow-up time is
determined. Section 3 is dedicated to obtaining the lower bound when blow-up does occur. In section 4, an
example is given to demonstrate our main results.

2 An upper bound for blow-up time

In this section, an upper bound for the blow-up time is gained by considering the problem (1.1) .We assume
that k1 (t) and ko(t) satisfy

nf{k1(t),ka(t)} =k > 1, sup{ki(t),ke(t)} =K >0, (2.1)
We also make the following assumptions:

inf{ai(x),as(x)} = B, (2.2)

fi1(s) > as?,  fa(s) > bsP, (2.3)

where k, K, 3, a, b, p, q are positive constants and
p>m,q>n. (2.4)

bBK(p—1) afK(q—1)
2(m—1) 7 2(n—1)

And \qis the first eigenvalue of the following fixed membrane problem and wsis the corresponding eigenfunction

min{ > A (2.5)

(2.6)

Aw+dw=0w>0 1inQ,
w=20 on 09,



with

/ widr = 1. (2.7)
Q

We define the following auxiliary function and positive constants

B(t) = ¢(t) + (t) (2.8)

where
qb(t)z/gw%udm, w(t)z/gwfvdx. (2.9)

p—m qg—n
ey (2.10)

Cy = max{

n—1

q:1}' (2.11)

1
5 aﬁk — 2)\1

Cy = min{bBk — 2\, ——
p—1

Theorem 2.1. Let (u,v) be a nonnegative classical solution of problem of (1.1).We suppose that (2.1) —
(2.7) hold. In addition, we also assume that the initial data satisfies

—20\,C1 B(0) + 21710, BY(0) — 02?(3)?‘% > 0. (2.12)

Then when p > q, (u,v) blows up at some finite time t < t* in the measure B(t) and

o /+oo dr
BO) —2\ChT + 2179071 — Co 20 (2)75
Proof. Applying the condition (2.2)-(2.4) and (2.7), we have

B(t) = /wautdx+/ﬂwfvtda:

= /wa(Aum—i—uo‘l/Qumdac—kIgl(t)al(fn)fl(v))dx%—/Q

/W%Aumdm—i—/wfual/u’“dx—i—kl(t)/w%al(x)fl(v)dx

Q Q Q Q

—|—/w%Av"dw—i—/wfva?/v"2dx+k2(t)/wfag(x)fg(u)dx
Q Q Q Q

/umAw%dx—i—/wfual/u’“dx—i—aﬁk/w%quac
Q Q Q Q
—l—/v"Aw%dw—i—/w%v‘“/v”zdx—l—bﬁk/w%updx
Q Q Q Q
= /umV~(Vw%)dx+/wfu°”/umdaz—i—aﬂk/w%qusc
Q Q Q Q

—I—/U”V~(Vw%)dx+/wfva2/U"de%—bﬁk/wfupdx
Q Q Q Q

= /2w1umAw1da§+/ 2um|Vw1|2dx—|—/wfu°‘1/u"ldm—&—aﬁk/w%qux
Q Q Q Q Q

—|—/ 2w11)”Aw1dac—|—/ 2U”|Vw1|2da:+/wfv°‘2/v""’dm—i—bﬁk/w%u”dm
Q Q Q Q Q

Wi (Av™ 4+ v*2 / vPdx + ko(t)as(x) fo(u))dx
Q

v

> —2/ Alwfumdx—kaﬁk/ wqudx—Q/ Alwfv”dx—kbﬁk/ wiuPdz. (2.13)
Q Q Q Q

Using the Holder inequality and the Young inequality, we have

p—m m—1 — -1
/w%umd:c < (/ wfudx)ﬁ(/ wiuPdz)»=1 < p—m / wiudr + L/ wiuPdx (2.14)
Q Q 0 p—1 Jg p—1 Jg




and

—n n—1 —-n n —
/ wivdx < (/ w%vdw)?zj(/ whide) it < L0 [ 2pap + D72 [ u2ytdy
Q Q Q q—1Jg q—1Jg

Inserting (2.14) and (2.15) into (2.13), we get

/ — -1
B((t) > —2)\1p mn / wiudr + (bﬁk — 2)\1L) / wiuPdx
1 0 b= 1 Q

qg—n 2 n—1 2
—2X d k— 2\ 9d
1q71/§2w1v x—l—(aﬁ 1q71)/ﬂwlv T

> —oMCLB(E) + (bﬁk — 2

m

-1 2 p B n—1 2 ¢
p_1>/9w1u dx—l—(aﬁk‘ 2)\1q_1)/§2w1v dx

Where C is given in (2.10) Applying the Holder inequality and (2.7), we obtain

/ wiudr < (/ wfupdx)%(/ w%dm)%l = (/ wiuPdx)®,

Q Q Q Q

/w%vdm < (/ w%qux)%(/ w%dm)%l = (/ wqudx)%.
Q Q Q Q

(/ wiudz)? S/w%u”dw,

Q Q

(/ wivdzr)? S/w%qum.
Q Q

We insert (2.19) and (2.20) into (2.16) to get

S =

and

From which we have

B (t) > —-2MC1B(t)+ (bﬂk — 2)\17;__11)(/9 wiudz)? + (aﬁk — 2)\17;: i)(/ﬂ wivdx)?
> 9\ O1B(t) + Gy (¢p(t) + ¢q(t)>.

Where Cj is defined in (2.11). Next, we prove it in two cases.
Firstly, when p = ¢, according the basic inequality

A+ ds > 27 G+ 2) e > 0,0 1,
we can obtain
B'(t) > =2\ C1 B(t) + 2'"PC, BP(t).
We integrate (2.23) from 0 to ¢ and get
2P Cy 2Py

Blfp(t) < e(p71)2/\101t(B17p(0) O + YWe
1“1 1v1

= (t).

It’s easy to see from (2.12) that ®(7T") =0 and ®(¢) < 0,t > T with
1 172>\101B17T’(0)

I'=———+——+In 21-PCy
(p — 1)2)\101

Hence, solution (u,v) must blow up in measure B(t) at some time ¢t* and

1 172/\10151*1’(0) /+00 dr

F<T=—— ] v = .
- (p—1)2\C " ’ B) —2MC1T +217PCoTP

Secondly, when p > g, Applying the Young inequality, we can get
pP—q

#0= (Eo0)} (B1) 7 <o+ 200

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)



that is

p apy _ P49/ P\
PP (t) > ¢(t) ’ (q) : (2.28)

Inserting (2.28) into (2.21), we can get the following through (2.22)

B(t) > —2MOuB() +Cof07(t) — P (0)T + ()
> oM CLB(t) + Co2 9 BY(t) — CJ%(S)# = W(B(t)). (2.29)

We note that hypothesis (2.12) implies

U(B(t)) = —20C1 B(t) + 0221 ~1B4(t) — .2 —4(2ya% > 0, t > 0. (2.30)
P g

Actually, if (2.30) does not hold, we order

t1 = main{t > 0|¥(B(t)) < 0}, (2.31)
from which we can get
U(B(t) >0, 0<t<t. (2.32)
Available from (2.29) and (2.32)
B'(t)>0, 0<t<t. (2.33)

We can easily verify that when 0 < B(t) < 2(%)%1, the value of U(B(t)) is negative; when B(t) =
2(%%1%1, U(B(t)) achieve minimum negative value; in addition, ¥(B(t)) about B(t) is increasing when

B(t) > 2(%)4%1 Therefore, we can deduce from (2.12)
U (B(t1)) > ¥ (B(0)) > 0, (2.34)

This is contradictory to (2.31), so (2.30) holds. From (2.29), we conclude that (u,v) blows up at some finite
time t* in the measure B(t) and

B dr
- / - (2.35)
BO) —2MCiT + Cora21=0 — Gy (B)7r

Taking the limit ¢ — ¢t* in (2.35), we obtain

+oo d
< / T . (2.36)

B(0) —2\Chi7 + Cori21-a — Cgpp%q(g)ﬁ

3 An lower bound for blow-up time

In order to get a lower bound for blow-up time t* with Q C R3, we make the following assumption. We
suppose that nonnegative functions h, a, f and ¢ satisfy

sup{hi(t),h2(t)} = H, t > 0, (3.1)
sup{ai(z),az(x)} = Bo, (3.2)

fl(s) < asq, fQ(S) < bspa b, q > 17 (33)
91(s) < 57, ga(s) < 57, (3.4)

where H, 3y, a,b,p, q, c1,co are some positive constants with

mtatm o mtartn

c1 > C
1 2 ] 2 )



Then we define the following auxiliary function

A(t) = Ax(t) + Aa(t),
with

AqL(t) = / u'de, As(t) = / v"dx,

Q Q

where r is positive constant and
max{2(p — 1),2(q¢ — 1),6¢1 — 6,6c2 — 6} < 7. (3.6)

In order to complete our proof, we need to take advantage of what is mentioned in [5].

2N

Wh2(Q) — L¥-2(Q), N >3, (3.7)

(/Qwﬁ”a)w SC’S(/Qdeer/QWdex);, (3.8)

where w € W12(Q) and Cj is constant depending on N and (2. In the case we discussed this time, N = 3. Our
main result is the following Theorem 3.1.

that is

Theorem 3.1. Let (u,v) be a nonnegative classical solution of problem (1.1). Suppose that (3.1)-(3.6) hold
and u becomes unbounded in the measure A(t) at some finite time t*. Then t* is bounded below by

> g
> / — (3.9)
A(0) o(7)

where

rdeidm—2 rfp—1 r(2¢1 —m—ny—aj)+(r+2¢; —m—1)(n1+a; —1) rdcotn—2

LP(T) = Hyv— 7 + Hyt— = -+ Hst r(2c; —m—1) + Hyr u

r(2cg—n—mnp—ag)+(r+2cp—n—1)(ngt+ag—1) 2(r+cy+m—3)

+H57— r(2cg —m—1) + HGT ~

(r+12cy —3m—9)(r+2cy —m—1)(n3+oy —1)+4r(r43cy —3)(2¢cg —m—mn3 —aj) 2(r4+n4co—3)
+H77— 4r(r+3cq1—3)(2c;—m—1)=3r(r+2cy—m—1)(n1+ay—1) + Hng

r+4p—3m—1 r4+4g—3n—1
+HgT T + HyoT T
(r+12co0 —3n—9)(r+2cg—n—1)(no+ag—1)+4r(r+3co—3)(2cg—n—ng—ag)
+H117 4r(r+3cy—3)(2cg—n—1)—3r(r+2cg—n—1)(ng+oag—1) + 07 (310)

with Hy,i=1,--- ,11,L;,j=1,--- ,6 and €1,62,C to be defined in (3.11)-(3.28):
rmHN  _ r—m—ci+2

H, = [0l — (3.11)
£o
-1 3 r—
A CCIGR B T (3.12)
r+p—1 2 po
3 . 3(r42ci—m—-1)(ny+aj—1) (m1+og —1)[(r—6c1+6)(r+2c3 —m—1)+2(c1 +m—2)]
H3 — T(i) 2(r+3c1 —3)(2c; —m—1) |Q‘ 2r(r+3c1 —3)(2c] —m—1) , (3'13)
Po
HN r—n—c
H = g, (3.14)
£o
3 . 3(rt+2ep—n—1)(ngtas—1) (n2+ag—1)[(r—6cg+6)(r4+2cg—n—1)+2(cog+n—2)] 1 1
H5 — r(i) 2(r+3cy—3)(2cg —m—1) |Q| 2r(r+3cy —3)(2cg —m—1) , H6:§L151 , (315)
£o
4(r4+3c1 —3)2c1 —m—1)—3(r+2ct —m-—1 a; — 1
g, = Artsa-3)2a ) = 3(r +2c1 Jmton—1) (3.16)

4(r+3c1 —3)(2¢1 —m —1)

3(r+2ci—m—1)(n;+aj—1)

XE;(T+2617mfl)(n1+a171)74(r+3cl73)(2c17m71) , (317)
1 _ 1 _ 1 _
Hg = §L3€2 17 Hg = ZL461 37 H10 = ZL5€2 3, (318)



4(r+3c3—3)2ca—n—1)—=3(r+2c2c—n—1)(n2+az—1)

H = L 3.19
1 4(r4+3c2 —3)(2co —n—1) 6 (3.19)
3(r42cg—n—1)(ng+ag—1)
XEQS(T+202771—1)(172#»04271)—4(7~+302—3)(2027n71) ) (3.20)
Hd - 2 rTr—m-—c
[, = rmidr+m=2) g, mncai (3.21)
Po
Ly = 2ot D F e —8) om0 ) et e e )
3po
Hd -2 rn—cp
L3 _ rm (T+n )|Q|4 - 2‘*37 (3.22)
Po
a(r—1)+bp (r+p—1)(po+d)\3 ., 2r-sptsmsr
L, = g TP rﬁ( ) Q= 3.23
= KO, o o (323)
aqg+b(r—1) (r+p—1)(po+d)\3 . zr—dptsni1
L, = KM yg 00 ( ) Q= 3.24
s = KT, o 9 (3.24)
Ly = T(Q(po4—d)g"+—302——3))ag;i§;igﬁégjf35m|Q‘um+a2—num_ifﬁiigtﬁﬁzjgffg1H4rw2+n—m17Ci25)
Po
drm(r —1)(r +3c¢1 —3)(2c1 —m — 1) (3.26)
g1 = , .
! 2(r+3c1 —3)(2c1 —m—1)L1 +3(r+2c; —m—1)(m + a1 — 1)(La + Ly)
drn(r —1)(r +3c2 — 3)(2ca —n — 1) (3.27)
gg = , .
? 2(r 4 3c2 — 3)(2¢2 —n — 1) L3 + 3(r + 2c5 —n — 1) (12 + oy — 1)(Lg + Ls)
C = rfoak—L—1 0. (3.28)

r+p—1

|| is the volume of Q, po = nalglna: v, and d = max |x.
Proof. By the assumptions (3.1)-(3.4) and the divergence theorem, we obtain

At = /Qrur_lutdac—&—/ﬂrvr_lvtda:

< r/ u" T Au™ 4y / u™dz + k1 (t)ay (z) f1(v)]dz + r/ VT AU 4 022 / vPdx + ka(t)az(z) fo(u)]dx
Q Q Q Q
< —r/ V! -Vumdx—l—r/ ur_laLdS—i—r/ uT+a1_1dx/ u”ldm—i—r/ u" "k (t)ay (z) f1(v)de
Q 99 v Q Q Q
fr/ Vol VU"d:E+T/ vrflaLdSJrr/ vrﬂ"zfldaj/ U"deJrr/ V" ko (H)ag (2) fo (u)da
Q 0 v Q Q Q
0
< —rm(r— 1)/ w73 |\ Vul2de + rm wtm22gg 4 r/ utmter=lgg 4 rﬁoaK/ u" " vlde
Q Fol9) v Q Q
—rn(r — 1)/ V"3 Vo 2 dr + rn/ vr+n_2@d5 + r/ prtmetee=lgy 4 TBObK/ o™ uPdx
Q o0 v Q Q
< —rm(r—l)/ u" T3 V|2 dr + rmH uT+m_2dS/ ucld;v+r/ u el
Q o9 Q Q

—i—rb’oaK/ u" " tvldr — rn(r — 1)/ VT3 V)2 de + rnH v"+”_2dS/ v2dx
Q Q a0 Q

—i—r/vr+’72+a2_1dsc+rﬁobK/vT_lupda:
Q Q

= —rm(r—1)J1 +rmHJy +rJs +rBoaKJy —rn(r — 1)Q1 + rnHQ2 + Qs + rBobK Q4.

Where
J = /ur+m*3|Vu|2dx,
Q
Jy = / ur+m*2d5/ucldz,
o0 Q
J3 —_ /ur+ﬂ1+a1*1dl,7
Q

(3.30)
(3.31)

(3.32)

(3.29)



Jy = / u" " tolde, (3.33)
Q
Q1 = /vr+”*3|V1}|2dm, (3.34)
Q
Q. = / ur+"_2dS/vc2dx, (3.35)
a0 Q
Qs = / ortmtesldg, (3.36)
Q
Qs = / V" tuPd. (3.37)
Q
Firstly, according to Lemma A.2 in [21] we deal with Js.
. N X d -2 .
/ w248 < / wrm=2gy 4 Artm=2) / w3 |Vl dz. (3.38)
o9 pPo Jo Po Q

Using the Holder inequality we can obtain

'r+'m 2 r+m—2
/ w2y < ( / o da) AT (3.39)
Q Q
/ur+m*3\Vu|dw < (/ ur+m*3|Vu|2dx)%(/ w3 )3
Q Q Q
< ([ v
Q
1 r+m-—3
= JEA] T (b (3.40)
o1 r—cy 71
/ucldx < (/ udx) T |Q T = A7 (b) (3.41)
Q Q

where 0 < TH7=2 < 1,0 < & < 1 due to (3.5),(3.6). By bringing all these inequalities into (3.31), we can get

o2 Sl wa] el TR AT e A
_ \Q|MA1T+H¢(7§) + ‘le AT |0 (3.42)
Similar to the processing method, we deal with Q5, we can get
Q< ST AT )4 RS h T gy (3.43)

Po

where 0 < @ < 1,0 < 2 <1 due to (3.5),(3.6). Next, we deal with J3. Due to the Holder inequality , we
can get

Jy = /ur+n1+a1—1dx
Q
2cy —m— —a
< (/ r42c1 —m— 1dx);’§1+“#b 11412“1*7”21*11@)_ (3.44)
Q
/ur+2cl—m—1dx S (/ uT+301_3d$) r;§c1m3 : |Q‘:+-§:i i (3.45)
Q Q

where 0 < % <1,0< % < 1. According to the Lemma in [21] and the Holder inequality , we
can get

, , 1 d ,
/ur+301*3dx < {—/ w333 gy 4 — (14 =) (r + 3¢ —3)/ w3331y dr} 3. (3.46)
Q 2po 3 Po Q



e —Ge 2(r+3cy —3) r—6c
[uieaae < ([ wan B0 TR SR R g
Q Q

[udtrsetvide < ([ wrtmupdn ([ ot )
Q Q Q
1 I8 c1—3m—
— T / W ) (3.48)
Q
/uwdx < (/ urdl') 7‘+12c13;3m79|Q|27‘712c3lr+3m+9
0 Q
r+12¢) —3m—9 r—12cy+3m
— Al 3r (t)|Q‘W’ (349)

where 7( +3c1—-3)>10< w <1,and 0 < ”12013# < 1. The following results can be obtained
by substituting (3.45)- (3.49) into (3.44) and applying the basic inequality (a + b)™ < 2"(a™ + b™)

2cp —momy oy 2(r43cy —3) . 5c +6 1 d 1 r+l2c;-3m-—9
2¢cp—m—1 37 1 2 67
J3 < A { A ()| —i—g(l—i—%)(r—i—:}cl —3)J2 A, (t)
2r—12cy +3m+9 3(T+2C1—"1—1)(771+C‘<1—1) (c1+m—2)(n1+og—1)
|Q|7} 2(r+3c1 —3)(2cy —m—1) |Q‘(1‘+3c1—3)(2c1—m—1)
3(r+2cy—m—1 +aq—1 —1)[(r—6c146)(r4+2c] —m—1)42(c;+m—2 r(2c; —m—nj —ay)+(r+2c; —m—1)(ny+aj—1)
< ( 3 (2(r+C31c1—3)(giT_mil) : ‘Q| L )[(4r(:-¢1-3c1)(—3)(2011_m_1)) - )]Al r(2cp —m—1) (t)
T po
3(r+2¢;—m—1)(n1+a;—1)
_ — P (n1+a1—1)[2r(c; +m—2)+(2r—12c; +3m+9) (r+2c; —m—1)]
+<2(p0 + d)(/r + 301 3)) 2(r+3e1=3)(2e1 —m—1) |Q| = ! 14r(7‘+3C1—3)(2c11—m—1) !
3P0
3(r4+2ci—m—1)(nj+aj—1) (r4+12¢1—3m—9)(r+2¢1—m—1)(n1+aj—1)+4r(r+3c; —3)(2c;—m—n1—ay)
XJl 4(r+3cy1 —3)(2¢;—m—1) Al 4r(r+3cy1 —3)(2¢; —m—1) (t) (350)

Using the similar method to deal with Q3, we can get

24:22—717712;042 2(r+3co —3) r—6co+6 1 d 1 r412¢c9—3n—9
co—n— 3 —_— 2 671
Qs < A {fA @[ +§(1+;)(T+302_3)Q1 Ay (t)
2r—12c¢9+3n+9 3(r+2L27n 1) (notoo— (L2+" 2)(nat+as—1)
|Q|+} 2(r+3cy—3)(2cy —n— 1) |Q (43¢5 —3)(2ca—n—1)
3  3(r+2ca—n—1)(natag—1) (n2+ag—1D)[(r—6cy+6)(r+2cg—n—1)+2(cg+n—2)] T(262*"*W*a2)(;(Tt%_z;)n*l)(nﬁagfl)
g (7) 2(r+3cy —3)(2cg—n—1) |Q| 2r(r+3c3—3)(2cg —n—1) A2 r(2cg—n (t)
Po
3(r42cog—n—1)(ng+ag—1)
— T 1 —2. (no4+ag—1)[4r(cg+n—2)+(2r—12c94+3n+9)(r+2cg—n—1)]
+(2(p0 + d) (7" + 362 3)) 2(r+3e2=3)(2c2—n—1) |Q‘ 2 2 247~(7~+3c2*3)(2c227n—1) 2
3po
3(r+2cog—n—1)(nag+ag—1)  (r+12cg—3n—9)(r+2co—n—1)(no+ag—1)+4r(r+3cg—3)(2cg—n—n9—as)
r+3co — co—n— Ir(r+3cy —3)(2cg—n—1
x(Q, THEIEE D Y (r+8ea=3)(2ez=n=T) (t). (3.51)

where 2(r+3c; —3) > 1,0 < W <1,and 0 < W < 1. According to the Holder inequality and
the Young inequality, we deal Jy, it can be obtalned

/ur—lqul. < (/ ur-i-q—ldx)%(/ vr-&-q—ldx)%
Q Q Q

< L/W—ldHL/mq—m
- or+q-1Jg r+q—1Jq

< (e e ) ¢ g ((f et an g
T—I—q—]. Q 7"+q—1 Q
-1 -1 _
< r (7’+q /ur+pfldx+u‘9|>
r+qg—1\r+p—-1Jq r+p—1
-1 —
L (ZEUEL [ gy 2o
r+qg—1\r+p—1Jq r+p—1
- -1
- P74 gy T /u”P*ld:HL/v”P*ldx. (3.52)
r+p—1 r+p—1Jq r+p—1Jq



We can get the following results

: 3 1 d .
/u’+p—1dm < {—/u%(’”ﬂ’_l)da@—i—f(r—l—p—l)(l—i-—)/u%(7+p_1)_1|Vu|dm}%. (3.53)
Q Q 3 Po Jao

2po
2/, 1)—1 1 r+4p—3m—1 %
/u3(7+”_ 7 Vulde < Jf(/u 3 dw) . (3.54)
Q Q
r+dp—3m—1 rtdp—dm—1 r—4p+3m+1
/u+4p33 de < A, T (@)QF (3.55)
Q
2(r4+p—1) r—2p
/ud(’ﬂ’ Vde < A, » (8)|Q] 5 (3.56)
Q

where 2(r+p—1)>1,0< M <1,0< M < 1 due to (3.5),(3.6). By applying the basic inequality

(a4b)? <v2(a? +b?), we can get

_ 1,3 r— ﬁ +p—1 +d). s r— m
[ummar < JStapal @ ¢ va R Mt D)y g

3p0
r+4p—3m—1 3

xA, T (H)JE. (3.57)

Similarly, to the [, v"*?~!dz, we have

2

1 d
/wz’*ld;p < {7/ 3 T+p71)d:r+f(r+pfl)(l+—)/v%(r+p71)71|Vv|dx}%. (3.58)
o 200 3 pPo” Ja

( /Q Ui”“p?”’ldx) . (3.59)

= ol
rol=

/ Z(rtp-1)— UWolde < Q
Q

/U7.+4p33n71d$ S A% )|Q 2r— 4p+3n+1- (360)
Q
2(r+p—1) r—2p
/ oty < A, 7 (1)]9) Liels (3.61)
Q

r+4p—3n—1

where 0 < o <1,0< % < 1 due to (3.5),(3.6).

X 1.3 ez rip=l -1 d
[ < st g - vt D)

3po
2r—4p+3n41  rHdp—3n—1

X[QF T AT ()Q) (3.62)

Bring these results into J; and we can get

P—q r—1 1,3 r—2pt2  TEp-l r—1 (r+p—"1)(po+d)\ 3
J. — Q)+ — Q7= A, " + \/5( )
ro= r—|—p—1| | r4p— 12(,0) it ! r4p—1 3p0
2p— 4p+3m+1 r4+dp—3m—1 3 q 1 3 r—2opt2  rtp—1
x|Q AT O+ ——— Q=2 A, 7 (t
<10 00t L e
4 p = Dot A E sy st s
+ v2( )T (e, 3.63
— — 9 T 0 (3.63)

Similar to the treatment of Jy, we can get some results.

/vrflupdx < (/ v””*ldz)rigil(/ VP ) T
Q Q Q

-1
i /errp*lder S /urﬂo*ld:c. (3.64)
r+p—1Jq r+p—1Jq
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The following results can be obtained by substituting (3.57) and (3.62) into (3.64)

3
2

r—1 1,3 gt rtp=1 r—1 (r4+p—1)(po + d)
L N 5 )
r+p—12(p) it Az ()+r+p—1\f 3p0

27— 4p+d‘n+1 r4dp—3n—1 3 P 1 3 r— 2p+2 rtp—1
x| A, QR + —— Q Tt
|6 T el + s AT )
+p—1 +d)\ 5 — m r+4p—3m—1 3
r+£—1*/§((r . 3p2)(p0 ))ZIQIW& T (1) T4 (3.65)

Qs <

We substitute (3.42),(3.43),(3.50),(3.51),(3.63) and (3.65) into (3.29). We can get

r(2¢1—m—n1—aj)+(r+2¢; —m—1)(n3+ay—1)

r+c1t+m—2 r+m+cy —3
Aty < —rm(r—1)Ji+HA 7~ )+ L1J1 Al T () + HsA, rEemmel (t)
(r412¢; —3m—9)(r+2c; —m—1)(n] +a1 —1)+4r(r+3c; —3)(2c{ —m—n1 —aq) 3(r42c1—m—1)(n1+a1—1)
—|—L2A1 Ir(r43c1—3)(2e] —m—1) (t)Jl I(r¥3c1—3)(2¢] —m—1)
tp—1 r+4p—3m—1 3 r4+4p—3n—1 3
FHy AT () + LadAy (t)Jf +Ls4;, 7 (DQf —rn(r — 1)@
rdcotn—2 r4ntey— r(2cg—n—mg—ag)+(r+2cg—n—1)(na+ag—1)
TH Ay 7 () + LsAy 7 ( )Q1 + Hs A, Ty (t)
(r+12co0 —3n—9)(r+2cg—n—1)(ng+ag—1)44r(r+3cg—3)(2cg—n—ng—ag) 3(r+2cog—n—1)(ng+ag—1)
+L6A2 4r(r+3cg—3)(2cg—n—1) (t)Ql 4(r+3cg—3)(2cg—n—1) + C (3.66)

with Hy — Hs,L; — Lg are defined in (3.11)-(3.15) and (3.21)-(3.25). The Young inequality implies

T2 T1

AT () J[? < T2€1J1+(1—T2)€1T2 lAll_TQ (1), (3.67)
AF(HQT < 7'252@1-1—(1—72)522 1A1 = (1), (3.68)

where 0 < 73 < 1 and €1,62 are given in (3.26) and (3.27). We can deduce

r+mte] —3 1 2(rtmtey —3)
LlAl T (t)Jl < 2L181J1 + HGA T (t) (369)

LoAL (1) J3(1(ti“§c;l"';)(1§£j£t;’i5” - 3(r4+2c; —m—1)(n +ay — 1)
R - 4(r +3c1 —3)(2¢;1 —m —1)

(r+12¢] —3m—9)(r4+2¢1 —m—1)(n1+a1 —1)+4r(r+3c1 —3)(2¢; —m—n1 —ay)

€1L2J1

+H7A1 4(r+3c1—3)(2c1 —m—1)=3(r+2c1 —m—1)(n1+a1—1) (t)(370)
r+n+co—3 1 2(r+n+cg—3)
LsA, tQ: < §L3€2Q1 + HgA, r (t). (3.71)
r+4p—3m—1 3 3 r4+4p—3m—1
L4A1 ar (t)Jf < ZL451J1 + HgAl " (t), (372)
r4+4p—3n—1 3 3 r4+4p—3n—1
LsAy, ™ (QF < SLsexQu+Hupdy, (1), (3.73)

4

. 8(rizeg n_Lnptoap_1) 3(r4+2c—n—1)(n2+as—1)
Le At (+ A(r+3c3—3)(2c9—n—1) < I
6A5(1)Q, S T A 43m 320 —n-1) 2 6Q1

(r412c¢9 —3n—9)(r+2cog—n—1)(ng+ag—1)+4r(r+3cog—3)(2cg —n—mg—asg)

+H11A2 4(r+3cg—3)(2cg—n—1)—3(r+2cg—n—1)(ng+ag—1) (t).(3,74)

Whore 0 < Monpnteh < 1, g < st < 1 and HyHiy e dofned by (315)

r+12c1 —3m—9)(r+2c; —m—1 a14rr3<:32¢:m (e}
(319)andl (rhize, frtle 4r(r+)3(:’11+3)1(201)+m (1T — 1= 1)
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r+12¢c5—3n—9)(r+2c n—1 “+a 1)+4r(r+3ca—3)(2co—n— «a . . .
= { 2= J(r+2cy 4T(TJZ(37£‘; 3)2(203 n(l) 2=3)(2ea=n=me—a2) - By guhstituting (3.69)-(3.74) into (3.66),

we can get the following results

rdeptm—2 T+p r(2e;—m—nj—ay)+(r+2c; —m—1)(ny3+a; —1) rdcotn—2
At) < HA T () +HATT (1) + HsA ey (t)+HAy 7 (1)
r(2cg—n—mo—ag)+(r+2co—n—1)(n2tas—1) 2(r4eci+m—3)
+Hs A, ey () +HeA, 7~ (D)
(r+12cy —3m—9)(r+2cy —m—1)(n3+oy —1)+4r(r+3cy —3)(2c; —m—mn3 —aj) 2(r+n4cog—3)
—|—H7A1 Ir(r+3c1—-8)(2c1 —m—1)—8r(r+2¢; —m—-1)(n1 +o1 —1) ( ) + HgA%(t)

r4+4p—3m—1 r+4g—3n—1
+HoAy 7 () +Hidy, T (D)

(r+12co—3n—9)(r+2cg—n—1)(ng+ag—1)+4r(r+3co—3)(2cg—n—ng—ayg)

+H11A 4r(r+3cg—3)(2cg—n—1)—3r(r+2co—n—1)(ng+ag—1) (t) + C
" — (2¢1 —m—mny —oy)+(r+2cy —m—1)(n3 +oy—1) r "
< H AT ) H AT () 4 HeA UG T g g AR g
r(2eg—n—mg—ag)+(r+2cg—n—1)(ngt+ag—1) 2(r4c1+m—3)
+H;A rep—n-1) )+ HeA™ = ()
(r412cy —=3m—9)(r+2cy —m—1)(n+oy —1)+4r(r+3cy —3)(2c; —m—n3 —oy) 2(r4ntcg—3)
_|_H7A Ar(r+3c1—3)(2¢1 —m—1)—3r(r+2¢; —m—1)(n; +a; —1) (t) + HgAiT (t)
r+4p—3m r+4g—3n—1
FHo AT () + Hyg AT (1)
(r+12co—3n—9)(r+2cg—n—1)(no+ag—1)44r(r+3co—3)(2cg—n—ng—ayg)
+H11A 4r(r+3cg—3)(2cg—n—1)—3r(r+2co—n—1)(ng+ag—1) (t) + C (3.75)
By integrating (3.75) from 0 to t, we can get
Al g
T
P> / dr (3.76)
A(0) o(7)

where (1) is given in (3.10). We pass the limits as ¢t — t*, hence, we get
+o00 1
"> / . (3.77)
A(0) o(7)
The proof is complete. O

4 Applications

In this chapter, to verify Theorem 2.1 - 3.1, we give an example.
Let (u,v) be a nonnegative classical solution of the following equation:

up = Au’ + uz/ wddr 4 (5 — e (8 + |z}, v = Avi + 1)2/ vidr 4+ (5 — e (8 + |z[H)u®  inQ x (0,t%),
Q Q

% = 67587?8 (2—e?) /Q u’dz, gz = 121(;5’(3 ) /Q vidz ond§) x (0,t%),
u(z,0) = i—ki|ac\2>0 v(z,0) = i—ki|ac|2>0 req
’ 200 200 - ’ 200 200 -
where Q = {x = (21,72, 23)|2? + 22 + 22 < 1}.
Then

Ei(t) = ko(t) =5 — et ay(x) = as(x) = 8+ |z, fi(v) =03, folu) =
67888 11413

hi(t) = 57”(2 —e*), ha(t) = W(?) — &) gi(u) =u®, ga(v) =0
u(z,0) =v(z,0) = i—&——| 12, —§ n—é o =ag =19 =2 =3
R 500 T 200 MmEy Ty mT@EREs e
Conclusion of theorem 2.1
From (2.6) and (2.7), we choose A\; = 7% and w; = b\l/gﬁl Then

B(t)z/wfudx—k/wfvda:,

Q Q
sin || 1
B(0 /wudex—i—/wvadm:Q/( ) ——i—— 2)dx ~ 0.0128.
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Choosing k =4, K =5, =8,a=1,b=1,¢ =3 and p = 2. It is easily to check that (2.1)-(2.7) and (2.12)
hold. Applying Theorem 2.1, we know that (u,v) blows up at a finite time ¢ < ¢* in the measure ®(¢). And

t* _ /+00 dT
B(0) —2M\CiT 4 2179Cy19 — 02%(§)ﬁ

/+°° dr
0.0128 —2m2T + 1(32 — w2)73 + (32 — 72)(2)

-~ 0.0623, (4.1)

which is an upper bound for the blow-up time.

Conclusion of theorem 3.1

Next, we obtain the lower bound of blow-up from theorem 3.1. Selecting H = 675@750 =9a=10b=
1, =3,p =2,c1 =4,c2 = 3,N = 3,7 = 20 and they satisfy (3.1)-(3.5) and (3.6). In this case, we get
po=1,d= 17|Q| = 4?777

A(t):/urdx+/v’“dx:/umd:c+/v2oda:. (4.2)
Q Q Q Q

By (3.11)-(3.28), we obtain H; = 1.2 x 105, H, = 9121.86, H; = 60.44, Hy = 1.15 x 105, Hy = 82.62, Hg =
3.68 x 1010, H; = 737.568, Hs = 1.89 x 1019, Hy = 1.88 x 106, H;y = 3.64 x 105, Hy; = 3.37 x 107,C =
179.52, 1 = 0.00012, e2 = 0.00021

A(0) = / u(z,0)"dx +/ v(z,0)"dr ~ 8.16 x 10740, (4.3)
Q Q
and
o(r) = 1.2x10°7% +9121.867%5 + 60.44755 + 1.15 x 109750 + 82.62750
13.68 x 101077 + 737.586713613 1+ 1.89 x 10107 % + 1.88 x 10'675 + 3.64 x 10157 %0
+3.37 x 107713167 — 179.52. (4.4)

We can get from Hélder inequality and young inequality

B(t) = /w%udm—l—/w%vdw
Q Q

A
/
S~
&
[l

©
QU
8
N—
N
S~
<
no
(=}
QU
8
N—
g
_|_
/
S~
&
[l
©lo
QU
8
N—
s
N
S~
<
[
(=}
=
8
N—
g

19 40
10 Jq 20

Obviously, by Theorem 2.1, we know that (u,v) must blow up in measure B(t). Hence (u,v) is unbounded in
the measure A(t). Using Theorem 3.1, we get a lower bound for the blow-up time

y /Oo dr
[
A(0) o(7)

= 247 x 107, (4.5)

It follows from (4.1)-(4.5) that
2.47 x 1071 < t* < 0.0623
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