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Abstract
This paper is concerned with sublinear perturbations of resonant linear polyharmonic
problems. We establish some a priori bounds and use these together with Leray-Schauder
continuation and bifurcation arguments to obtain extensions of some known results of Mawhin
and Schmitt on the multiplicity of solutions of nonlinear elliptic eigenvalue problems with
the parameter near resonance.
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1 Introduction

Let  be a bounded open subset of RY (N > 1) with smooth boundary 9. We study the
existence and multiplicity of solutions to the nonlinear polyharmonic problem

(=A)"u— (M +Nu+ f(z,u) =h x€Q,

m—1 (1.1))\
_ Qu o, z € o9,

where A; is principal eigenvalue of (—A)™ with Dirichlet boundary condition. Let 1 be the

u

corresponding eigenfunction of A\; with
P(z) >0 x€Q; / V2 (z)dr = 1.
Q

The case m = 1 has been extensively studied, see J. Mawhin, K. Schmitt [13, 14], R.
Chiappinelli, J. Mawhin, R. Nugari [1], Ma [12] and the references therein. The linear problem

associated with (1.1), reads

—Au— (M +Nu=h x €,
(1.2)
u=0 x € 01,

and the corresponding existence results are well known from the linear theory; namely, if A # 0,
then (1.2) has a unique solution for each given h (provided of course A\; + A does not touch other

eigenvalues) while for A = 0, a solution exists if, and only if

/ h(@)(w)dz = 0. (1.3)
Q
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A similar situation arises when introducing a sufficiently “small” nonlinearity f. Assume

|f(z,8)|<c (2,8) € QxR (1.4)
for some ¢ > 0, it is easy to see (e.g. by the Schauder fixed point theorem) that if X\ # 0, (1.1)y
again has a solution for each given h. If A = 0, a by now classical result due to Landesman and

Lazer [10] states that (1.1)y is solvable if h satisfies the condition

/Qf+(l‘)¢(fv)d$</Qh(f€)¢($)d9«“</Qf—(ﬂf)w(fv)dfﬂ, (1.5)

/Q I (@) (@)de < /Q By (x)de < /Q fo(@p(a)d, (15)
where

F5(@) = limsup f(z,5), fu(o) = limint £(z,5),
s—4oo §—+L00

and 1) is the eigenfunction corresponding to A;.

In [13], J. Mawhin, K. Schmitt used that f is subject to the growth restriction
|f(x,s)| <als|*+b z€Q, seR (1.6)

where 0 < o < 1 and a, b are positive constants. They considered the problem of multiplicity
of solutions to (1.1)) with m = 1 for A near 0. Using degree theory together with results on
bifurcation from infinity at the simple eigenvalue Aj, they showed that under condition (1.5),
(1.1)) with m = 1 has near A1, at least one solution for A > 0, and at least two solutions for
A < 0; a similar result holds under (1.5") if we “reverse the sides” of A with respect to 0. This
fact follows in [13] from a more general result which involves nonlinear perturbations of linear
operators having an isolated eigenvalue of odd multiplicity. Further applications to boundary-

value problems for ordinary differential equations can be found in J. Mawhin, K. Schmitt [14].

One crucial step in [13] consists in obtaining a priori bounds for the solutions of (1.1)y,
which are to be uniform in A for A on one side of 0. More precisely, one shows that if, e.g. (1.3)

holds, then there exist R > 0 and 4 > 0 so that
llu]] < R for all possible solutions of (1.1), with 0 < X <4,

where the norm of u is taken in a suitable function space. This first gives, by degree and
continuation arguments, the existence of one solution in Br = {u : |Ju|| < R} for all A near
0. Furthermore, it implies that the bifurcation branch of solutions of (1.1)) arising at A\; and
containing solutions of large norm has to lie (at least locally, i.e. “near (A1,00)”) in the region
A < 0, it is then easy to deduce the existence, for A < 0, of a second solution which lies outside

Br.



It is the purpose of this paper to study the existence and multiplicity of solutions of the
nonlinear polyharmonic problem (1.1)) with m > 1 under the Landesman-Lazer conditions
(1.5) or (1.5’) and the sublinear condition

lim
|s|—o0 S

= 0. (1.7)

Notice that (1.7) above is precisely the condition guaranteeing that bifurcation from infinity

occurs [17].

Remark 1.1. it is worth remarking that (1.7) is weaker that (1.6).
In fact. Let us consider
P(s):=sln(l+s) s€[0,00).

Obviously, we have for any p > 1,

sln(1l + s) i 111(1+S)+1%_5

hm — = 11In
§—00 sP §—00 psp—l
. In(1+s . =
— lim (71) lim Lﬁl
§—00 psp_ s—>oopsp_
1
= lim Its =0

s=oop(p — 1)sP=2

Let ¢ = 1/p. Let gs : [0,00) — [0,00) be the inverse function of 1. Then g, is increasing in
[0,00) and

lim 9-(x) =0
z—oo x4
for any ¢ € (0,1).
Therefore, g. satisfies (1.7), but g, does not satisfy (1.6) for any ¢ € (0, 1). O

2 Preliminaries
2.1 Principal eigenvalue

The biharmonic eigenvalue problem with Dirichlet boundary conditions is the following:

A2p=\p inQ,
2.1
Y= 9¢ =0 on 09. (21)
ov

The famous conjecture for this problem was as follows; by now it has numerous counterexamples.

Conjecture 1 (Szego, 1950) If Q2 is a nice domain (convex), then the first eigenfunction for
(2.1) is of fized sign.

Szegd conjecture proved to be wrong, see Duffin and others ([3, 4, 11, 2] and [18]). Coffman in
[2] proved that the first eigenfunction on a square changes sign. Sign changing first eigenfunctions

are also found in [16].



For the domains
Ac={(z,y) eR?:Z <a® 44> <1} with0<e<1.

For these domains, Coffman-Duffin-Shaffer proved the following somehow surprising statement.
Lemma 2.1. ([5, Theorem 3.9.]) Let = A, for some € € (0,1) and consider problem (2.1).
There exists ¢g > 0 such that the following holds.

1. If € < €y, then the first eigenvalue has multiplicity two. There exist two independent
eigenfunctions for this first eigenvalue with diametral nodal lines.

2. If € = ¢g, then the first eigenvalue has multiplicity three. There exists a positive eigen-
function for this eigenvalue and there are two independent eigenfunctions with diametral nodal
lines.

3. If € > €p, then the first eigenvalue has multiplicity one and the corresponding eigenfunction

is of fixed sign.

In the following, we consider the eigenvalue problem

(—A)"u = Aa(z)u in Q,
(2.2)
D%ulpq =0 for o <m —1,
where a € C(£2, (0,00)). The first eigenvalue of (2.2) is defined as
A3 ul|?
w, for m even,
weHE (OO0} |[azu|?,
A= - (2.3)
: VA" |2,
min ———, for modd,
weHF M0} ||azul?,

where H{"(€2) is the closure of C2°(€2) with respect to the normal || - ||jym,z2. We will show that

if Q0 is good enough, then A; is simple and its corresponding eigenfunction is of one-sign.

Lemma 2.2. There exists ¢p > 0 such that if the following holds:
(i) Q= B, or
(ii)  C R? is a bounded domain of class C?™(£)) which is e-close in C?™ sense to B for
any € € (0, €.
Then
(1) the first eigenvalue A; of (2.2) is simple;
(2) the corresponding eigenfunction v is of one sign;
3) (~1)"PL >0 xe€on.
Proof. (1) can be deduced from [7].
(2) From [6] and [8], there exists ¢y > 0, such that if Q of class C?™ which is e-close in

C?*ma gense to B for any € € (0,¢], then the Green function G(z,y) of (—A)™ for Dirichlet

problem in € is positive, and subsequently,
(=A)"u=f in Q,

D%lpq =0 for o <m —1,



is sign-preserving, that is,

f20 = u>0.

Applying this and the standard Krein-Rutman type argument, we may get (1) and (2). (3) is
an immediate consequence of F. Gazzola, H.-Ch. Grunau, G. Sweers [8, Theorem 3.2], [6] and
[7]. O

Remark 2.3. If Q = B, then Lemma 2.2 reduces to Gazzola, Grunau and Sweers [5, Theorem
3.7].

Remark 2.4. The similar result for Lemma 2.2 with N = 1 and m = 2 has been investigated
by Ma et al. [15].

2.2 A priori bounds

Let X = C(Q) with its usual norm || - ||. We first shall establish some boundedness criteria
for solutions of (1.1).
Let L be the closed Fredholm operator

Lu=(—A)"u—M\u wue D(L), (2.4)
where
D(L) = {u € W?™P(Q) N W"P(Q) : u satisfies boundary conditions in (1.1)y}.
Then 0 is an isolated and simple eigenvalue of L and

/Qz(a:)d)(x)da: =0 VzeR(L),

where R(L) and N (L) are the range and kernel (null space) of L, respectively.
Let P: X — X be a continuous linear projection onto N(L). We observe that

Lp: D(L) N N(P) — R(L)

defined by
Lp = Llpr)nn(p)

is an invertible linear operator with continuous inverse, L;l. Let @ : X — X is a linear
projection with N(Q) = R(L). Let

Let h € X be such that for each y € N(L), |ly|| = 1, each sequence {t,} with ¢, — oo,
each sequence {y,} C N(L), ||lyn|| = 1 with ¥, = y as n — oo and each bounded sequence
{z,} € N(P) one has

(R, y) > T inf (F(Layn + tap(tn)2n), y) (2.5)



or

(h,y) < limsup(F (tnyn + tnp(tn)zn), y) (2.6)

n—o0

where p : [0,00) — [0,00) is a decreasing function, such that

P <) >0 Jmpts) =0, )
[f(x,s) =max{f(z,t): 0<t<s} se&l0,00). (2.8)

Lemma 2.5. Let ¢y be as in Lemma 2.2. Let 2 = B, or N = 2 and () is a bounded domain of
class C2"™(€)) which is e-close in C?™ sense to B for any € € (0, ¢g]. Assume that (2.5) holds,
then there exist Ry > 0 and Jp > 0 such that any solution u of (1.1), satisfies

[|ull < Ro (2.9)

as long as
1

2| L3

(2.10)

Proof. Let u be a solution of (1.1)) and write
u=sp+w, speN(L), weN(P).

Then
/(—AS¢+f(fv7sw+w)—h)¢dw=0 (2.11)
Q

and
Lw—- w+ (I —-Q)f(x,s¢+w)=(I—-Q)h. (2.12)

Since L — A : D(L) N N(P) — R(Q) is invertible for || < &g, we have, if |[sy|| # 0

lwll < [[(L = ADTHT = Q)(f (-, a + w) = h)|
< 2L = QIIf(-, s+ w) — hl|
< 2/[LE I = QI (. sl + [awl[) — Al
< 2L = QI (p(llswll + llwl]) (sl + [[wl]]) + [I2]])
< 2IZBM 1T = QI (ollsw 1) (Iswol] + [wl]) + [IR]])

|w] 1 wll ' 1IA]]
< 2[ILp [ = QI (p([ls¥[]) (1 + )+ )- (2.13)
[E r lsyll” sl
Obviously, this implies ol
w
=0, (2.14)
s=o0 [|sp]|

and there exist two constants C1, Cy € (0,00), such that

lwll < Crp(llslDllsl|  as long as [|sy[[ > Ca. (2.15)



If we now assume that the conclusion of the lemma is false, we obtain a sequence {\,},

0 <\, <60, \p — 0T, and a sequence of corresponding solutions {u,} of (1.1), such that
HUTLH — o0, Up, = Sp + W

It follows from the calculations leading to (2.15) that necessarily ||s,|| > C2 and we may hence

assume that

l[wa|| < Crp(|[sn|)[sn¥]]-
Letting s, = tnyn, tn = ||sn¥l|, yn = szi%, Wy, = p(ty)tnzn, we have from (2.15) that

||zall < Cs.

By passing to a subsequence, we may assume that y, — y € N(L), ||y|| = 1. Hence from (2.11)

we obtain
/(—)\ntnyny)da: + / F(tnyn + tnp(tn)zn) ydx = / hydz
Q Q Q

and since

/%Mm:/wm+/@wwwm>o
Q Q Q

/ hyda < / Fltn + tap(tn)zn) yde
Q Q

for n large, we get

and
/ hydz < lim inf / [ (@, tnyn + tnp(tn)zn)yde.
Q Q

n—oo

contradicting (2.5). O
Using a similar argument we may establish the next lemma.

Lemma 2.6. Let ¢y be as in Lemma 2.2. Let 2 = B, or N = 2 and () is a bounded domain of
class €22 () which is e-close in C?™ sense to B for any € € (0, ¢g]. Assume that (2.6) holds,
then there exist Ry > 0 and dyp > 0 such that any solution u of (1.1), satisfies

[lulloo < Ro

as long as

—8o < A <0.

By the same method used in J. Mawhin and K. Schmitt [13], with obvious changes, we may
get the following results.
Lemma 2.7. Let ¢y be as in Lemma 2.2. Let 2 = B, or N = 2 and () is a bounded domain of
class C2"™2 () which is e-close in C?™ sense to B for any € € (0, ¢p]. Assume that (2.5) holds,
then there exists 1 > Ry such that for 0 < A < dg and R > R7, one has

deg(L — M + F — h, B(R),0) = deg(L — 6oI, B(R),0) = +1,



where B(R) = {u € X : ||[u|]| < R}, and “deg” denotes Leray-Schauder degree when A\ # 0 and
coincidence degree when A = 0 (see [9]). Therefore (1.1)) has a solution in B(R) for 0 < X < dy.

Lemma 2.8. Let ¢y be as in Lemma 2.2. Let = B, or N = 2 and 2 is a bounded domain of
class C2"™2()) which is e-close in C?™ sense to B for any € € (0, ¢g]. Assume that (2.6) holds,
then there exists 1 > Ry such that for —dg < A <0 and R > R, one has

deg(L — M + F — h,B(R),0) = deg(L + éol, B(R),0) = +£1.
Therefore (1.1)) has a solution in B(R) for —dy < A < 0.

Lemma 2.9. Let ¢y be as in Lemma 2.2. Let 2 = B, or N = 2 and () is a bounded domain of
class C?™(()) which is e-close in C?™ sense to B for any € € (0, eg]. Assume that (2.5) holds,
then there exists d; > 0 such that for —d; < A <0, one has

deg(L — A\ + F — h, B(R),0) = deg(L — doI, B(R),0) = £1.
Therefore (1.1)) has a solution in B(R) for —d; < X < dp.

Lemma 2.10. Let ¢y be as in Lemma 2.2. Let = B, or N = 2 and () is a bounded domain of
class C?™(()) which is e-close in C?™< sense to B for any € € (0, ¢g]. Assume that (2.6) holds,

then there exists d; > 0 such that for 0 < A < 41, one has
deg(L — X + F — h, B(R),0) = deg(L — doI, B(R),0) = £1.
Therefore (1.1), has a solution in B(R) for —dp < A < d;.

Remark 2.11. Using “Whyburn’s lemma” (see [19]), one can in fact deduce that (1.1) has a
continuum C' = {(\, uy)} of solutions with ||uy|| < R; and |A| < ;1 for §; sufficiently small.

Remark 2.12. Since F' is L-completely continuous and satisfies (2.7) and since A = 0 is an
eigenvalue of odd multiplicity, it follows from bifurcation results of [17] that A = 0 is a bifurcation
point from infinity for (1.1)y, i.e., there exists a continuum Co, C R x X of solutions of (1.1)y,
bifurcating from infinity at A = 0, i.e., there exists o9 > 0 such that for all o € (0, 0], there

exists a subcontinuum C, C Co
1
Co C{(\u)eC: |\ <o, ||lul| > E} =:U,.

and C, connects (0,00) to OU,.

3 The main results

Theorem 3.1. Let ¢y be as in Lemma 2.2. Let = B, or N = 2 and 2 is a bounded domain
of class C*™(Q) which is e-close in C?™ sense to B for any ¢ € (0, €.

Assume that (2.5) and (1.8) hold. Then there exist A_ < 0 < A; such that (1.1), has



(1) at least one solution if A € [0, A\4];
(2) at least two solutions if A € [A_,0).
Assume that (2.6) and (1.8) hold. Then there exist A < 0 < A4 such that (1.1), has
(3) at least one solution if A € [A_,0];
(4) at least two solutions if A € (0, A].

Proof. It follows from lemmas 2.7 and 2.9 that there exist —d; < 0 < A4 such that (1.1)) has
at least one solution in B(R;) for A € [—d1,A+); on the other hand, Remark 2.12 shows that
there exists a continuum C,, of solutions of (1.1) bifurcating from infinity at A = 0. Hence the

subcontinua C, of Remark 2.12 (see Lemma 2.7) must satisfy
1
Cor C{(Muw): ||lu|| > =, —0 < A <0},
o

and hence, if %, we obtain a second solution u, with ||u|| > R;. Hence letting A_ := max{—4j, —R%},
we obtain (1) and (2). The remaining part is proved using lemmas 2.8 and 2.10 and Remark
2.12. 0

Corollary 3.2. Let ¢y be as in Lemma 2.2. Let 2 = B, or N =2 and 2 is a bounded domain
of class C?™(Q2) which is e-close in C?™ sense to B for any ¢ € (0, ¢g].
Assume that (1.5) and (1.8) hold. Then there exist A\_ < 0 < Ay such that (1.1)) has
(1) at least one solution if X € [0, A\4];
(2) at least two solutions if A € [A_,0).
Assume that (1.5) and (1.8) hold. Then there exist A < 0 < Ay such that (1.1), has
(3) at least one solution if A € [A_,0];
(4) at least two solutions if A € (0, A4].

Proof. Taking y =y, = £ in (2.5) and (2.6), it is easy to check that (1.5) implies (2.5), and
(1.5") implies (2.6). O
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