Expansion of a compressible non-barotropic fluid in vacuum
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Abstract: In this paper, we consider a region occupied by viscous or inviscid com-
pressible magnetohydrodynamic fluids, and surrounded by vacuum. It is shown that the
fluid region will expand at least linearly in time as soon as there are no singularities. The
expanding rate is proportional to initial total energy and is inversely proportional to initial
mass. The result indicates an interesting fact that the expansion of the viscous monatomic
fluids seems similar to the inviscid fluids.
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1 Introduction

The motions of electrically conducting fluids (e.g. plasmas) surrounded by vacuum in
multi-dimensional space can be modeled by the free boundary problem of the full magne-
tohydrodynamic system (MHD):

pt +div(pu) =0 in Q(t), (1.1a)
(pu); +div(pu®@ u) + VP = div(67 (u)) + curlH x H in Q(t), (1.1b)
col(p9); + div(pud)] + Pdiva = 67 (u) : Vu + div(6xV) + v|curlH*  in Q(¢), (1.1c)
H; — curl(u x H) = —curl(vcurlH), divH =0 in Q(¢), (1.1d)
p=0 H -n=0, (5310; =0, (6T (u)— Pl;— %]HFId)n:O onI'(t), (1.1le)
V(I'(t)) =u-n on I'(t), (1.1f)
(p,u,6,H)(x,0) = (po, ug, 6o, Ho) () in 2(0) = Q. (1.1g)

Here z € R%(d > 2) is the spatial coordinate, ¢t > 0 is time. The unknowns are the fluid
density p, velocity u, absolute temperature ¢, magnetic field H, and the free boundary
I'(t), which represents the fluid-vacuum interface. €(t) is the occupied domain by the
fluids. V(I'(t)) denotes the normal velocity of I'(t) and n is the outward unit normal vector
on I'(t). T (u) is the shear stress tensor with the form

T (u) = w(Vu+ Vu') 4+ A(divu) I,

with I; being the d x d identity matrix, and Vu' being the transpose of the matrix Vu.
The functions u = u(f) and A = A() are the viscosity coefficients satisfying the following
constraints

pw>0, 2u+dix>0.
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k = k(0) > 0 is the coefficient of heat conductivity, and v = v(H) > 0 is the coefficient of
magnetic diffusion. The pressure P is given by the following equation of state

P = Cv(’)/ - 1)P9, (1'2)

where ¢, > 0 is the specific heat at constant volume, and v > 1 is the ratio of specific heat.
The constant ¢ is assumed to be 0 or 1. If § = 0, we ignore the effects of the viscosity
and the heat conductivity, which implies that the fluids are inviscid; if 6 = 1, then we are
considering the viscous fluids.

Free boundary problems in fluid mechanics have important physical background and it
attracts many research interests. However, the study for the MHD system seems far from
being complete. For the compressible MHD equations, Chen and Wang [1] investigated a
free boundary problem for nonlinear magnetohydrodynamics with large initial data. Qin
and Yao [13] proved the existence and uniqueness of the global classical solutions for the
planar magnetohydrodynamic equations with radiation. When the initial density connects
to vacuum smoothly, Ou and Shi [12] proved the global existence and showed that the
expanding rate of the free interface was not faster than (1 + ¢). For the incompressible
MHD flows, we refer readers to [3, 4, 15].

In this paper, we consider the expanding rate of the monatomic fluids in vacuum. The
kinetic theory indicates that the monatomic fluids satisfy the following relations

2 d+ 2
At Zu=0 _ 0= 1.3
at ’ " d ’ (1.3)

which implies that the viscous fluids are affected only by the shear viscosity, but not the
bulk viscosity. In fact, the relations hold true in practice for most fluids and gases (see

[2, 8]

2 Main results

Before we state the main results, we need to introduce some physical quantities. Denote
by m(t), z(t) and u(t) the mass, centroid and average velocity of the fluid region respectively,
that is,

2(E) = ede B = e
o= /Q(t) plr ) = m(t) /Q(t) prdz ) m(t) /Q(t)p e 21)

(1) = /Q e ma(t) = /Q P B0) () (2.2)

ms(t) = /Q(t) plr — z(t)|*dx;  E(t) = /Q(t) (p <|u—;‘1(t)|2 + cU9> + ‘H2|2> dz. (2.3)

The classical solutions to the free boundary problem (1.1) are defined as follows.

Definition 2.1. For T >0, (p,u,0,H,T'(t)) is called a classical solution to (1.1) if

(p,0) € COD7) N C (D7), u € C (D7), H € C' (D7) N CAD7), 5 = 0;
p e COD7)NCYDr), (w,0,H) € C' (D7) N C2(Dr), 6 =1,

and T'(t) is reqular, where ®p = {(x,t) : x € Q(t),t € (0,T)} is the space-time region.



Next, we state the result of this paper.

Theorem 2.2. Let (p,u,0, H,T'(t)) be a classical solution to the free boundary problem
(1.1). Suppose that m(0) > 0 and £(0) > 0, then it holds that

E(0)t% + 2ma(0)t + m3(0) >
m(0)

diamQ)(t) > (2.4)

for any t € [0,T). Here diamS)(t) denotes the diameter of the fluid region ().

Remark 2.3. In [10], the magnetic field H need to be 0 on I'(t), however, in this paper, it
is relazed to “H-n =0 on I'(t)”.

Remark 2.4. When we consider the viscous monatomic fluids without eletro-magnetic
effect, System (1.1) can be reduced to the following free boundary problem for compressible
Navier-Stokes system:

pt + div(pu) =0 in Q(t), (2.5a)
(pu); + div(pu ® u) + VP = div(T (u)) in (1), (2.5b)
co[(p8): + div(pud)] + Pdiva = T (u) : Vu + div(kVE) in (1), (2.5¢)
p=0, gfl =0, (T(u)—Ply)n =0 on T'(t), (2.5d)
V(I'(t))=u-n on I'(t), (2.5e)
(p,u,0)(x,0) = (po,up,600)(x)  in Q0) = Q. (2.5f)

A direct application of Theorem 2.2 to System (2.5) indicates that the diameter of the fluid
region satisfies
E(0)2 + 2ms(0) + m3(0)] 2

m(0) ’

diamQ(t) > {

where E(t) = fQ(t) p (% + CU9> dr. Liu and Yuan [7] showed the local existence and
uniquess of strong solutions to the free boundary problem of the full compressibe Navier-
Stokes equations in three dimensional space. Liu [0] studied the stability of the expanding
configurations of radiation gaseous stars. It should be noted that this paper was motivated by
Sideris [1/], where he had proved a similar result for Euler system in multi-dimensional s-
pace. Later, Hadzi¢ and Jang [5] constructed global solutions to three dimensional isentropic
compressible Euler equations without any symmetry assumptions on the initial data. In one
dimensional case, Luo, Xin and Yang [9] proved that the expanding rate of the free interface

1
is (14t)~ for compressible isentropic Navier-Stokes system, while Luo and Zeng [10] showed

1
that the expanding rate was (1 + )7+ for compressible Euler system with damping.

3 Proof of the main results

First, let us introduce the Transport Formula, which will be frequently used in this
section.



Lemma 3.1 (Transport Formula [11]). Let Q C R? be an open, bounded domain with a
smooth boundary, and define Q(t) = {X(a,t) : o € Q} with X being a given particle-
trajectory mapping of a smooth velocity field w. Then for any smooth function F(x,t), we
have

A Faw= [ (B + divy(Fu)}de.

dt Jog) (1)

In particular, for any smooth function f(x,t), it holds that

d Df
— fdr = / ——dz,

D
where p satisfies (1.1a) and Di 2 O +u -V is the material derivative.

Lemma 3.2. Suppose the conditions in Theorem 2.2 hold. Then for any t € [0,T), we have

m(t) = m(0); (3.1)

a(t) = u(0); (32)

z(t) = z(0) + u(0)¢; (3.3)
my(t) = 2ma(t); (3.4)

sup |z — z(t)| < diamS(t) (3.5)

Proof: Equation (3.1) follows immediately from the transport formula. This together with
(2.1),(2.2),(1.1b) and the boundary condition (1.le) leads to

=m0
_ mi()) /Q .7 %‘;dx
_ miO) /Q o [FTP+ VO (w) + (curlE x B jdz
_ mio)/m) (6T(u) Pl +H@H- |H2|21d> ‘ndS

=0,

which gives (3.2), where we used the fact that curlH x H =div H® H) — V (@)
Using (2.1) and (3.1), one obtains

R Dz, __1 ude = ™M@ _ -
T = m(0) /Q(t) ? i m(0) /Q(t) pud m(t) ®)

which together with (3.3) yields (3.3).
Next, the equation (3.4) is a directly consequence of the following identity

D _ _ —
Sl = 3(0)F) = 2(0 - 5(t)) - (u - (1),



Finally, we turn to prove (3.5). For any y € Q(t), we have

1 / 1 diam$(¢) .
Yy— — rdx S/ py—avdazg/ pdx = diamf)(¢).
m(0) Jo P m(0) Jaw | | m(0)  Jow Q

Now taking the supremum over all y € Q(t) gives (3.5). O

ly —z(t)] =

Lemma 3.3. Suppose that the conditions in Theorem 2.2 hold. Then for anyt € [0,T), we

have
E(0)t? + 2my(0)t + m3(0) < m3(t) < 2£(0)t* + 2mo(0)t + ms3(0); (3.6)

Proof: We claim that
E(t)=¢&(0), t€[0,T). (3.7)

In fact, using (3.2), one can rewrite (1.1b) as
Olp(u —u)] +divijpu ® (u —u)] + VP = div(67 (u)) + curlH x H. (3.8)

Multiplying (3.8) by u — u, multiplying (1.1d) by H, and adding them to (1.1c), one finds
that

2
Oy <pE + ’I_;> + div(puFE) = div((u x H) x H) + div(vH X curlH) (3.9)
+ div(6kVE) + div[(6T (u) — PI;)(u —u)] — (curlH x H) - u,
where F = u—uaf® + ¢,0.

It follows from (2.3), (3.9), (1.1a) and the boundary condition (1.1e) that

2 H 2
Et) = / p de +/ O <|H|> dz +/ u(u(ac,t) -n)dS
@ Dt Q) 2 r@ 2

H[*
= patE—Fpu'VE—Fat — | dz
Q) 2

= / div((u x H) x H) + div(vH X curlH) + div(§xV6)
Q)
+ div[(6T (u) — PI;)(u —u)] — (curlH x H) - udz
= / [(ux H) x H+ vH x curlH + 6kV0] - ndS
I(t)

+ /F(t) [(u — )" (6T (u) — PIgn—1u' (H ®H - ‘I_I2|21d> n] ds

=0,

which implies that the claim holds. Here we used the fact that the matrix 7 (u) is symmetric.



By (2.2), (1.1b), (1.1e) and (3.7), we obtain that

w0 = [ . [p<u 0 2w a0) 4 ple— (D) (- )| e
= / plu—al? + p(du+u-Vu) - (z — Z(t))dzx
Q)

= /Q(t) plu —a|?> + [div(6T (u)) — VP + (curlH x H)] - (x — Z(t))dz

H 2
= / <p|u —a|? + 2¢,p0 + ’> dz,
) 2

=2
=£(0) +/ <p|u al + cva) dz, (3.10)
Q) 2
H 2
= 2£(0) —/ HE e, (3.11)
Qe 2

where we used the fact that
tr(7T(u)) = (2u + dX)divu = 0.

Therefore, (3.6) follows immediately from (3.10), (3.11) and (3.4). O

Thanks to Lemma 3.2 and Lemma 3.3, we are now in a position to prove Theorem 2.2.
Proof of Theorem 2.2: It follows from (2.3) and (3.5) that

= — z(t)|%dz iam 2 rT=m iam 2,
ms(t) = /Q Pl (0 < (am(0) /Q i = m(0) diam(1)

This together with (3.6) immediately gives the result. O

Acknowledgements

The research was partially supported by Fundamental Research Funds for the Central
Universities (Grants No.191gpy237).

References

[1] G.-Q. Chen, D. Wang, Global solutions of nonlinear magnetohydrodynamics with
large initial data. J. Differ. Equ. 182(2002), 344-376.

[2] J.F. Gerbeau, C.L. Bris, T. Lelievre, Mathematical methods for the magnetohydro-
dynamics of liquid metals. Oxford University Press, 2006.

[3] X. Gu, Y. Wang, On the construction of solutions to the free-surface incompressible
ideal magnetohydrodynamic equations. J. Math. Pures Appl. (9) 128 (2019), 1-41.

[4] C. Hao, T. Luo, A priori estimates for free boundary problem of incompressible invis-
cid magnetohydrodynamic flows, Arch. Ration. Mech. Anal. 212(3) (2014) 805-847.



[5]
[6]

7]

8]
[9]

[10]

[11]

[12]

[13]

[14]

M. Hadzi¢, J. Jang, Expanding large global solutions of the equations of compressible
fluid mechanics. Invent. math. 214(2018), 1205-1266.

X. Liu, On the expanding configurations of viscous radiation gaseous stars: thermo-
dynamic model. J. Differential Equations 268 (2020), no. 6, 2717-2751.

X. Liu, Y. Yuan, Local existence and uniquess of strong solutions to the free boundary
problem of the full compressibe Navier-Stokes equations in three dimensions. STAM
J. Math. Anal. 51(2019), 748-789.

P.L. Lions, Mathematical topics in fluid mechanics. Vol. 1. Incompressible models.
New York: The Clarendon Press, Oxford University Press, 1998.

T. Luo, Z. Xin, T. Yang, Interface behavior of compressible Navier-Stokes equations
with vacuum. STAM J. Math. Anal. 31(2000), 1175-1191.

T. Luo, H. Zeng, Global existence of smooth solutions and convergence to baren-
blatt solutions for the physical vacuum free boundary problem of compressible Euler
equations with damping. Commun. Pure Appl. Math. 69(2016), 1354-1396.

A.J. Majda, A.L. Bertozzi, Vorticity and incompressible flow. Cambridge University
Press, 2002.

Y. Ou, P. Shi, Global classical solutions to the free boundary problem of planar full
magnetohydrodynamic equations with large initial data. Discrete Contin. Dyn. Syst.
Ser. B 22(2017), 537-567.

X. Qin, Z.-A. Yao, Global solutions to planar magnetohydrodynamic equations with
radiation and large initial data. Nonlinearity 26(2013), 591-619.

T.C. Sideris, Spreading of the free boundary of an ideal fluid in a vacuum. J. Differ.
Equ. 257(2014) 1-14.

V. Solonnikov, Free boundary problems of magnetohydrodynamics in multi-connected
domains. Interfaces Free Bound. 14 (2012), 569-602.

R. Yu, Some studies on viscous compressible fluids, Ph.D. Thesis, The Chinese Uni-
versity of Hong Kong, 2015.



	Introduction
	Main results
	Proof of the main results

