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ABSTRACT. In this paper, we consider the following wave equation with
time-varying delay and acoustic boundary conditions

we(t) = Au(t) + s (z,1) + paue(z, t — 7(8)) + f(u) = hiz)
in a bounded domain. By virtue of Galerkin method, we prove the the ex-
istence and uniqueness of global solution under some general assumptions
for the above equation. And the existence of a compact global attractor is
proved.
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1. Introduction

In this paper, we consider the following wave equation with time-varying
delay and acoustic boundary conditions:
up (1) — Au(t) + prug(x, t) + poug(z,t — 7(1))
+f(u) =h(z), z€Q, t>0,
u=0, x€ly t>0,
Ou(t) + koe(t) + 0(t) = —ue(t), ze€ly, t>0,
%l — 6,(t), €Ty, t>0,
u(z,0) =uop(z), u(z,0)=ui(x), =z€Q,
0(x,0) = do(x), O(x,0)=01(x), xe€Tly,
ut(x,t) = fo(z,t), x=€Q, te[-7(0),0),
where (2 is a bounded domain of R"(n > 1) with smooth boundary I' = T'zUT';.

Here, I'y and T'; are closed and disjoint with meas(I'g) > 0, v represent the
outward normal to I' and k is a positive constant. Moreover, f and h are

(1.1)
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external forcing terms, 1, po are some constants, 7(t) represents the time
delay and wug, ui, dg, 61, fo are given functions belonging to some suitable
spaces.

The acoustic boundary conditions are introduced by Morse and Ingard [13]
and developed by Beale and Rosenerans [3]. In [3], the authors proved the
global existence and regularity of the linear problem. Some authors studied
the existence and decay of solutions for wave equations with acoustic boundary
conditions.

The time delay aries in many physical, chemical, biological and economical
phenomena. Because this phenomena depend not only on the present state
but also on the past history of the system in a more complicated way. The
differential equations with time delay effects becomes an active area of research
(see [6,9,15]).

In [8], Frigeri considered the semilinear damped wave equation with an
acoustic boundary condition:

ug +wur — Au+u+ f(u) =0 in Qx (0,00),
o +vo+9d=—-us on I x(0,00),
5,5:%‘1 on I'x (0,00),

where n is the exterior normal to I' and w, v are an interior and a surface
damping parameter, respectively. The author proved the existence of global
attractors for semilinear damped wave equations with an acoustic boundary
condition. Moreover, Ma and Souza [12] considered a non-autonomous wave
equation with acoustic boundary condition of the following form:

(wy — Au+wu+u+ flu)=h, z€Q, t>r
O +v0r +0=—u, zel, t>r,

0) =0hu, xz€l, t>71

u(z,7) =ul(z), w(z,7)=ul(z), z€Q,

§(z,7) =8%=x), &z, 7) =6 (), ze€T,

where  is a bounded domain of R? with regular boundary I' and w,v > 0
are damping coefficients. They also investigated the existence of a pullback
attractor and the upper semicontinuity of pullback attractors.

In [11], Liu et al. studied the existence, uniqueness and asymptotic behavior
of global solution of the following class of a wave equation with time delay:

u(z,t) — Au(z, t) + prug(z, t) + pou(x, t — 1)
+f(x,u) =h(z), z€Q, t>0,

u(xz,t) =0, xe€0Q, t>0,

u(0,2) = up(z), w(0,x) =ui(z), =€,

u(x,t —7) = folz,t—7), €, 0<t<T,
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where Q is a bounded domain of RV, N > 1, with a sufficiently smooth bound-
ary 02, f and h are external forcing terms, p; and ps are some constants,
7 > 0 represents the time delay, ug, u1, fo are given functions.

Recently, Feng [7] studied the long-time dynamics of a plate equation with
memory and time delay of the following form:

uge(w,t) + aA?u(z,t) — fioo g(t — s)A%u(z, s)ds + pyug(z,t)
+hour(z,t — 7(1)) + f(u) = h(z),

u(z,0) =uo(z), u(z,0)=ui(x), =z€Q,

u(x,t) = fo(z,t), x€Q, te[-7(0),0),

(u(2,0) =0, Au(z,t)=0 on 9QxR7,

where Q C R™ (n > 1) is a bounded domain with a sufficiently smooth bound-
ary 0. Moreover, Park [16] considered the following von Karman system:

uge + A%u + agug(z,t) + aqug(z,t — 1) = [u, F(u)] + g9, in QxR
A2F(u) = —[u,u] in Q xR,

u:%:O, F(u) = 81;(;‘) =0 on 0O xRT,

w(0) =ug, w(0)=wu; on €,

\Ut(.%’,t) = fO(:U’t) for (.I‘,t) € QX (_7-7 0)7

where ag,a; are real numbers, 7 > 0 is time delay, g € L?(Q) and fy €
L?(2 x (—7,0)). The author investigated the long-time dynamics of a von
Karman equation with time delay.

Motivated and inspired by the works mentioned above results, we prove the
existence of a compact global attractor of the wave equation with time-varying
delay and acoustic boundary conditions (1.1) under suitable assumptions. To
the best of our knowledge, the long time behavior of a wave equation with time-
varying delay and acoustic boundary conditions has not yet been considered.
It is presently our concern.

The plan of this paper is as follows. In section2, we present some notations
and assumptions needed for our work. Moreover, we recall the preliminaries
facts which are used throughout this work. In section 3, we get the main
results. The proof of main theorem is given in section 4.

2. Preliminaries

In this section, we present some notations and assumptions that we shall
use in order to prove our results.

Let H'(Q) be the real sobolev space of first order, || - || be a L?-norm and
(,-) be the scalar product in L*(Q), i.e., (u,v) = [qu(x,t)v(z,t)dz. Also, we
mean by || - || the L¢(2) norm for 1 < ¢ < co. We denote by V' the closure
in HY(Q) of {u € C'(Q) :u =0 on Ty}. Since I'y has nonempty interior
and ) is a regular domain, V = {u € H(Q) : yo(u) =0 on Tg} is a closed
subspace of H'(Q), where o : H'(Q) — H%(I’) (see [1]). We define in V' the
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inner product and norm by

Ou Ov 2_” ou |?
(u,v) Z/G:p@ dr, ||U|—;/Q‘a

which are equivalent to the usual inner product and the norm in H'(().
The poincare inequality holds on V, i.e., there exists a constant ¢, > 0 such
that for u € V,

lu@®)]; < e|[Vu@®)|? 2<p<Dp, (2.1)
where
2n=2 ifp >3
__ )= itn=3, -
P {—l—oo ifn=1,2 (22)

The trace map ~q is a continuous function. Then there exists a constant ¢, > 0
such that

Io(u()IE, < &lVu@)?, YueV. (2.3)

Now we define the phase space H = H'(Q) x L?(2) x L?(T'1) x L?(I'1) equipped
with the norm

[Cu(t), ue(t), 6(8), 83, = IVu® + Nue(OI + 160172,
+ 1161172 r, -

Let us state assumptions on the external forcing terms f(u(t)), h(x).
(H1) Concerning the forcing term f € C(R), we assume that

f(@,0) =0, |f(u) = f)] < ep(T+ |ul” + o) |u—v], Vu,veR, (24)

where ¢y > 0 and

2
O<p§f2 if n>3 or p>0 if n=1,2. (2.5)
In addition, we assume that there exist constants ¢y > 0 and § € [0, 5 3o-) such
that
Flu(t)) > —guz(t) —c; and f(u(t))u(t) — flu(t) > —gu%) —¢;, VueR,
(2.6)
where f(u i
(H2) Wlth respect to h( ), we assume that
h e L*(Q). (2.7)

(H3) With respect to the delay 7(t), we assume that there exist two positive
constants 79 and 7 such that

0<7m<7(t)<m, Vt>0, (2.8)
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and further
r(t) € W2(0,T), 7(t)<d<1, VT,t>0. (2.9)
The existence of solutions for problem (1.1) can be proved by the Fadeo-
Galerkin method (see [11,12,14]).

Theorem 2.1. Assume that (2.1)-(2.9) hold. Then given initial data
(ug, u1, 00,01, fo) € H x L*(Q, (—7(0),0)), problem (1.1) has a unique weak
solution z(t) = (u(t),us(t),d(t), d:(t)) satisfying

z(t) € C((0,00),H). (2.10)
In addition, if 2°(t) = (u’(t), ui(t), ' (t), 8i(t)), i = 1,2, are two weak solutions
of (1.1), then for any 7' > 0
121 (1) = 221 < €T Iz — 25113,
where Cj is a constant depending on the initial data.

Remark 2.1. The uniqueness of problem (1.1) defines the operator S(¢) :
H — 'H such that

S(t)(uO,ul,(So,(51) = (u(t),ut(t),é(t),ét(t)), Vvt > 0,

where (u(t), u(t),0(t),d¢(t)) is the weak solution corresponding to initial data
(up, u1,00,01) € H. It turns out that S(t) satisfies the semigroup properties
S(0) = I and S(t + s) = S(t)S(s). Moreover, the continuous dependence
on the initial data in H and the condition (2.10) imply that S(t) is strongly
continuous on H. Then the long-time dynamic of problem (1.1) can be studied
by the continuous dynamical system (H, S(¢)).

The energy functional to problem (1.1) is defined by

1 1 1 1
B(t) = Slu@)I? + S IVu@I + 515022 + 5160 22t

Then we can get the following lemma concerning the energy functional E(t).

Lemma 2.1. For a weak solution (u(t),u(t),d(t),d:(t)) € H, the energy
functional E(t) satisfies that there exists a a constant 3y > 0 such that

() = Bo(lue®)> + [Va(®) 2 + 180 B2y + 180 3a) — K. (211)

where K = c¢f|Q] + % and p > 0.
Proof. To prove (2.11), we define



6 J. Y. Park and J. U. Jeong

where K = c¢f|Q| + $||h||2 and p > 0 is a constant. By using (2.6) and

Young’s inequality, we obtain

| Fat)is = =22 [Tu)| - el
Q

and for any p > 0

P 1
- /Q h(@)u(t)de > =7 [|Vu(®)]* - alth?-

Then we get
~ 1 feo p 2 1 2 1 2 1 2
B> (5 55 = 5 IV + Gl + 5160 e, + 5160,

Noticing § € [0, i), taking p > 0 so small, we derive

E(t) = Bo(lue)|” + Vu®)1* + 16:0) 72,y + 16O F2r,) — K-
The proof is complete.
3. Long-time dynamics

First we recall some fundamentals of the theory of infinite dimensional dy-
namical systems. They can be found in, for instant, Bain and Vishik [2],
Chueshov and Lasiecka [4,5], Hale [10].

A compact set A C H is a global attractor for a dynamical system (H, S(t))
if it is fully invariant and uniformly attracting, that is, S(¢).A = A for allt > 0
and for every bounded subset B C 'H,

Tim disty(S(t) B, A) = 0,

where disty is the Housdorff semidistance in H.
A bounded set B C H is an absorbing set for S(¢) if any bounded set B C 'H,
there exists tp > 0 satisfying

S(t)B C B, Vt>tg,

which characterizes S(t) as a dissipative semigroup.
A semigroup S(t) is asymptotically smooth in H if for any bounded posi-
tively invariant set B C H, there exists a compact set K C B such that

, ligl distx(S(t)B, K) = 0.

The following theorem is well-known result (see [2,5,10]).

Theorem 3.1. A dissipative dynamical system (H,S(¢)) has a compact
global attractor if and only if it is asymptotically smooth.

We present here a more recent method by Chueshov and Lasiecka [5] to
verify the asymptotic smoothness property.



Long time behavior of a wave equation 7

Theorem 3.2. Suppose that for any positively bounded invariant set B C
H and for any € > 0, there exists T' = T'(¢, B) such that

|S(t)x — S(T)ylln < e+ ¢r(x,y), Y,y € B,
where ¢ : B x B — R satisfies

lim inf lim inf ¢7(2p, 2m) = 0 (3.1)

n—oo m—0o0
for any sequence {z,}nen in B. Then S(t) is asymptotically smooth in H.

When a suitable smallness condition on the time-delay feedback is satisfied
(i.e., 0 < |p2| < p1), our main result in this paper is the following.

Theorem 3.3. Assume that the hypotheses of Theorem 2.1 and 0 < |uz| <
V1 —dpuy hold. Then the dynamical system (H,S(t)) corresponding to the
system (1.1) possesses a compact global attractor A.

4. Proof of the main result

In order to prove Theorem 3.3, we will apply the abstract results presented
in Section 3. The first step is to show that the dynamical system (H,S(t))
is dissipative. The second step is to verify that it is asymptotically smooth.
Then the existence of a compact global attractor is guaranteed by Theorem
3.1.

Inspired by [14], the modified energy functional corresponding to the prob-
lem (1.1) is given by

1 1 1 1
B(t) = Slu @) + S IVa@I + 51500, + 516013,

S ¢ 200 $\dwds Flu ) .
+2/t_T(t)/Q 2(, 5)dad +/Q(f( (1)) - h(z)u(t))dz, (4.1)

where £ > 0 will be determined later and the constant ¢ > 0, as below, has
been introduced in [14]:

|12
v1—d
To prove our result, we obtain the following lemmas.

Lemma 4.1. Let (u(t),u(t),d(t), 6¢(t)) be the weak solution of (1.1). Then
the energy functional defined by (4.1) satisfies

B0 < (o -+ § P + (P50 - 2D ute - ro) P

1
o< —
T1

log

I d 2 2eom
0'£ t —o(t—s
B / / e "I (x, 5)dxds — k|8(t) |22,
t—7(t) JQ

<0. (4.2)
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Proof. Differentiating (4.1) and using (1.1), we obtain

B (t) = —pu Jus()|? — oo /Q wn(tyue(t — (1))dz +
ey / W (t — (1)1 — 7'(8))de

/ / 7= y2(x, s)dxds
t—7(t)

— El6:()172r, -
By using (2.8) and (2.9)

B0 <~ - 2 [ w0yt — 7(6))da + uate)?

Q
— 5(1—d)e‘”1/uf(t—7' dx — / / o(t=5)y2(x, s)dxds
2 Q t—7(

Rl - (4.3)
It follows from Young’s inequality that

||
_M2/Qut(t)ut(t—7(t))dx< o=

S o)l

, we get

7(t))dx.
(4.4)

H2 |:u2| V1 / t _

Thus from (4.3) and (4.4), we deduce that

E'(t) < (2# — 1+ 5) Hut(t)Hz + {W

_ 8o - )}Hut(t—T DI = "5/ / o= 2(3. 5)dads
2 t—(t)
— K16 172 r, -

Notice that e°™ — 17 as o — 07. Using the continuity of set of real numbers,
we can choose o > 0 so small that there exists a positive constant £ > 0 such
that

7™ | o
< §< . 4.5
It follows from (4.5) that
|2 3
LS <o, 4.6
oVl —d H1 5 (4.6)

and

luelVI—d ge—mu —d) <0. (4.7)

2
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Therefore
E'(t) <.

The proof is complete.

Now, we define a Lyapunov functional
Ee(t) = E(t) +e¢(t), >0,

where

o(t) = /Q u(tyu(t)de + | (B (EI + / u(t)8(t)dr.

I
Then, first we prove there exists g > 0 such that

%E()——K<E() gE(t) %K Ve € [0, &),

where K = cf|Q| + = HhH2 and p > 0.
Indeed, from (2. 1) We deduce

Cx 1
/ w()3(t)dr < SIVult) |2 + 11803,
I

and using (2.11) and(4.9), we can write

Il < (1 + cll(ult), ue(t), 6(2), 8:(1)) |
< (1+e)fy (B() + K).

Then, taking 9 = 300(1 + ¢«) !, we obtain

eollo(®)] < S(E(H) + K)

l\.')\r—t

for e < g9 and (4.10) follows.
Next, we shall estimate ¢'(t) as

850*

010 < B0~ " TP + (5 + aue ) )P

3 k2
(16(:* + 3+ SO,

(4.10)

t
—1—4\/;2]26*/ uf(t—T(t))dx—&—f/ /eU(St)uf(x,s)dxds
Q 2 )ity Ja

+C, V>0,

(4.11)
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where C'y = c¢|€|. For this purpose, using (4.9) and (1.1), we have
P (t) = / ul(t)dx + / u(t)uy(t)de + [ 67(t)dT
Q Q N}
+ / ()0 (t)dl + / ug ()0 (t)dl + / u(t)d,(t)dT
Fl Fl

'y

_ / W2(t)dr + / {Aua) — pun(t) — poun(t — 7(8)) — f(u(t))
Q Q
S2(t)dT + /

1N

+ h(a:)}u(t)d:n + {—k:cit(t) —8(t) — ut(t)}é(t)dl“

1N

+ /F w(®OOIr + /F w(t)S¢(t)dD

— 2 au(t)lu — U 2dx
_/Qut(t)da:+/rl o utnar = [ vua

— / J(Eu(t)dz — 1o /Q un(t — (1)) u(t)de

/f da:+/ h(x)u(t)de + [ 67 (t)dl
Iy
—k | 6@)o@t)dl — [ &%(¢ )dF+/ u(t)d,(t)dl, Wt > 0.
Fl 1—‘1 Fl

Inserting E(t) in (4. 1) and using (2.6), it becomes

ﬁc* 3 1
< [T+ 5 @I = S 100) 3,
e+ S [ Oy, s)duds
2 t L2(F1) 2 t—T(t) O t 3
— / w(tyu(t)de — pa / wi(t — (t))u(t)da
Q Q

— k| S,(0)5(t)dr + 2/ w(t)8,(t)dl + Cy, VE>0.  (4.12)
T N}

¢'(t) < —E(t) -

Using Young’s inequalities, we obtain

—[Ll/ﬂ u(t)u(t)de < / |Vu(t)| dﬂs—|—4,ulc*/ g (t)|2dz, (4.13)

_MQ/Qut(t—T( )u(t)dz < 16/ |Vu(t 2dx—|—4|u220*/gut(t—r(t)zd:z |
4.14

1 k?
—k g 6(t)0¢(t)dl’ < §H5(t)||%2(r1) + §||5t(t)|\%2(r1) (4.15)
1
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and

Q/n w(t)S,(#)dT < 116/Q Fu(t) Pdo + 166 6,(8) 220, (4.16)
Combining with (4.12)-(4.16), we get

00 < B0~ "= P + (5 + e ) (0P

3k
+ (1005 + 5 IO + huaPe. [ a3t r(0)da
t
—1—5/ /eU(St)uf(a:,s)dde—i-Cf, vt > 0.
2 t—1(t) JQ

The proof is complete.

Furthermore, from (4.2), (4.8) and (4.11), we derive

EL(t) < —eE(t) — {m _ el g - s@ + 4u%c*> }Hut(t)H2

2v/1—d
Ik
B (5(216;161) \M2|\/7 ~ de|piy |2C*>/ut(t_7(t))d:v

—2(c—¢ / / ~0t=9)y2(z, s)dads
t—7(t

3 k2
_{k (16c*+2+ )}||5t()1@2(r1)+ecf, Vt>0. (4.17)

Here, using (4.6), (4.7) and choosing € > 0 sufficiently small such that
3
BRI IO B

f1-d) |ulvi—d
2

- 45‘:“’2|20* > 07

o—e>0,

k—5<160*+2—|—k;) > 0.
Since 8 < %, (4.17) becomes
E.(t) < —eE(t) + £C}.
Using (4.10), we have

, 2 K
E.(t) < —gEg(t) + 5<3 + Cf>, Vit > 0,
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lIR112
Cxp

e K
E.(t) < E.(0)e 5t + 3(@ + 3>.

where K = c¢f|Q] + , p > 0 and by using Gronwall’s inequality,

Using again (4.10) and taking d; = %—E, we obtain
E(t) < 3E(0) + K)e ' +3C; + 2K, vt > 0.
In view of (2.11), we conclude that
1
(0. ().000) 3101, < 5 { BEO) + e+ 6 .
where d; = 3(Cy + K). This shows that any closed ball B = B(0,r) with r =

1/% is a bounded absorbing set of (H,S(t)). The existence of a bounded ab-

sorbing set implies that for initial data lying in bounded sets B C H, the solu-

tions of problem (1.1) are globally bounded. More precisely, let (u(t), u(t),d(t), 5:(t))
be a solution of (1.1) with initial data (ug, u1, dg, d1) in a bounded set B. Then

one has

[(u(t), ue(t), 6(), 6¢(t)) [ < C, ¥t 20,
where Cp > 0 is a constant depending on B.

Lemma 4.2. Under the hypotheses of Theorem 3.3, given a bounded set
B CH, let 2'(t) = (u'(t),ui (), 6'(t), 60 (1)), 22(t) = (u?(t), ui (t),8°(¢), 67 (1))
be two weak solutions of problem (1.1) such that z'(0) = (u},ul, s}, 1) and
22(0) = (u,u?,82,0%) are in B. Then we have

t
I () = 2*() |3 < Cpe ™" + CB/ e 1w (s) (13041 ds, (4.18)
0
where w = u! — u?, ¥ > 0 is a small positive constant and Cp is a constant

depending on a bounded set B.

Proof. The proof is also divided into three parts.
First, we denote w(t) = u!(t) — v?(t) and ((t) = §'(t) — 6%(t). Then
(w(t),((t)) is a solution of

wie(t) — Aw(t) + prwe(t) + powe(t = 7(t)) = f(ul(t)) - f(u?(t), z€DQt>0,

(4.19)
Ctt(t) + kCt(t) + g(t) = —wt(t), T € Fl, t> 07 (420)
ow(t
85) =(G(t), xely, t>0, (4.21)
with initial conditions
w(0) = uy —ud, wi(0)=ul —u?, zc€Q, (4.22)

C(0) =035 — 83, ¢i(0) =01 — 67, xely. (4.23)
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We define energy functional of problem (4.19)-(4.23) by

1 1 1 1
G(t) = S @I + 51V 2 + S1G0 2aw, + 51Oy

t
+§/t (t)/ge”(s_t)w?(az, s)dxds. (4.24)

Then, differentiating G(¢) and using (4.19)-(4.21), we obtain

G'(t) = —pllwr(®)]? — e /Q wilt - 7(8)wi(t)dz
T /Q (£ () = (0 u(t)dr — K0 ) + 5 D
— ge_”(t) /Qw?(t —7(t)(1 = 7'(t))dx — /t y / —o(t=s) wt x, s)dxds

< (el §) o+ { palvi=2 5; D it - ro)?
__kng(onigaﬁ)—»iftl‘ @)/geaaﬁufgas)dxds
i /Q<f<u1<t>> — F? (1) wi(t)da. (4.25)

Next, we define the perturbed energy
G (t) = G(t) + (1), (4.26)

where € > 0 will be fixed and

¢@:LMWMMW%me@ﬂ+/w@WM1 (4.27)

It

Note that [1(t)| < 2(1 4 ¢,)G(t). It follows that

abTETat (4.28)
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In what follows, we show the estimate of ¢’(¢). By differentiating the function
P(t) in (4.27) and using (4.19)-(4.20), we have

/!wt 2dx—i—/ (t)wy(t)dx + IG())%d0 + [ C(t)Cu(t)dD
I Iy
i / wi(t)C(t)dT + /F w(t)G(£)dT
~ [ fwPas+ [ w >{ w(t) — pwn(t) — prywn(t — (1))
—Ju £ 1(t)[dl — t
Rt (0) — FER () }d +/r1 G(t) Par /F <<t>{k< (0
on wt<t>}dr - (BT + / ol (0ar
= w 2 T — w 2 X
—/Qr (0% /Q\v (t)[2d
— /Q wi(t)yw(t)dz — oo /Q wi(t — 7(t))w(t)da
+ /Q (f<u1<t>> - f<u2<t>>>w<t>dx i [ ot
2 2
— N IC(1)] dF+/F1 |Ce(2)] dI‘—I—Q/Flw(t)Ct(t)dI‘. (4.29)
Using (4.24) and (4.29), we get
W) = =60+ 5 [ JnlPde = S IVe@F — [ wibuds
— Wt — T w X Ul — u2 w X
pa [ wntt =@z + [ (£60) = F©))ult)a
1 2 3 2
—i [ g~ [ ewpar+ S [ awpar

£ [ o(s—t), 2
+2/1"1w(t)<t(t)dr+2/15—7-(15)/96 wy (z, s)dzds. (4.30)

From Holder’s and Young’s inequality, we deduce

]—m [ wi®uoas

]—M JREGOTOrE

1
< g\le(if)H2 + 2piesJwe (1)1, (4.31)

1
< SIVIP +2aPe [ wh(e—rie)ds,
(4.32)

/ w(t)@(t)dr\sinvmn?mm / GOPT,  (4.33)
Iy I
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and
kZ 2 2
- i cOaar < T apa s [copa. @
Thus, from (4.30)-(4.34), we arrive at
#(0) < -6 + (5 +2e. ) I + 2haPe. | wh(e = (0)ds
Q
1 9 3 k2
+ [ (o) = s+ (5 + 2+ 5 )I60 e,
§ ! o(s—t),,2
+ 2/t_T(t)/Qe wy (z, s)dzds. (4.35)

Consequently, from (4.25), (4.26) and (4.35), we get

610 <~ — {m - 52— £ (S e ) o
. (5(1 — d) o ‘:UJ2| vV1—d B 26|M2|26*> / th(t _ T(t))d:t?
Q

260'7'1

3 k:2
. {k _5(2 Lo+ )}HQ( sy
5 t
Lo / / e 70w (z, 5)drds
2 t—r(t) JQ

+ [ (' 0) = o)) wilt)da
Q
+5/ (f(ul(t)) — f(uQ(t)))w(t)d:E. (4.36)
0
Furthermore, since 2(p o T 2(p T+ 2 = 1, from the Holder’s and Young’s

inequality, (2.4) and (2.5), there exists a constant Cp (it may be different
from line to line) such that

] [ (o) - 1)) w0
<ep [HIOP + 1 OF o) lw0)]ds

p
< s (1007 1t OBy + 19200 ) B )]

< Ollw(®)llap) lwe (D]

9
< §Hwt(t)\|2 + Cpllwt)l31)- (4.37)
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Since L2P+H1)(Q) < L?(Q), similar to (4.37), we deduce

[ 060 - s ) w0 < Colu® By @39
Combining with (4.36)-(4.38), we obtain
Gult) < ~6(0) — {pn - 52l = £ — e+ 2yt (o)
- (S5 - = e ) [ e r(o)as

3 5 k
. {k —e(3+ 2+ D) Hawlag,
e / / =902 (a2, s)dads + Cpllw(t) |30
t—7(t)

At this point, using (4.6), (4.7) and choosing ¢ sufficiently small such that

|2 § 2
— 22 > (24 24%¢,) > 0,
M T 2 ST
£(1—d) 2|1 —d 2
g 5 — 2¢e|pe|“cx >0,

k—g<2+25*+i) >0,
and
o—e>0,
then we have
GL(t) < —eG(t) + Cplw(®) |5y VE>0, Ve>0. (4.39)
Using (4.28) and (4.39), we have
GL(t) < —%Ge(t) + Cpllw®)|3gen, VEZ0, Ve>o0.

By using of Gronwall’s inequality, we deduce

t
G.(t) < G-(0)e 5t + Cp /0 ™5 [u(s) |13 1) ds-

Then, taking v = k and using again (4.28) to replace G¢(t) by G(t), we get

t
G(t) < 3G(0)e™ " + QCB/O e Jw(s) ][50 ds-

By the definition (4.24), we obtain (4.18).

Lemma 4.3. Under the hypotheses of Theorem 3.3, the dynamical system
(H, S(t)) corresponding to problem (1.1) is asymptotically smooth.
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Proof. We apply Theorem 3.2. Let B be a bounded positively invariant
subset of H with respect to S(t). For initial data 2§, 23 in set B, we write

S(t)z = (u' (1), us(1), 8'(t), 6 (1)), i=1,2.

Given € > 0, we choose T sufficiently large such that Cge T < ¢, where Cp
is given in Lemma 4.2. We claim that there exists a constant Cpr > 0 such
that

IS(T)z5 = S(T)=5lln < €+ dr(20, ), V20,7 € B, (4.40)

where

4

T
or(zd,22) < OBT( I u2<s>uﬁczs) (4.41)

for some constant 9 > 0.
Indeed, applying Gagliardo-Nirenberg inequality we get
[ul (#) = u* () llagpi1) < Coll Vul (1) = V()% Ju' () = w? (@)

with § = §(1 — Iﬁ) Then we cam rewrite (4.18) as

T 3
121 (t) = 22 ()17, < Cpe™ " + C </O (IVul(s)ll + |!Vu2(8)|!)49d8>

(| ks - 21 as)

for t < T. Since u!,u? € Li* (0,00), we get that there exists Cpr > 0 such
that

121(T) = 2(T) e < Cpe 3" + Cr ( /0

which implies that (4.40) and (4.41) hold.

It remains to show that ¢ satisfies (3.1).

Indeed, given a sequence of initial data (z{) in B, we denote S(t)(z{) =
(u™(t), u(t), 6" (t), 67 (t)) € HY(Q)x L2(Q)x L?(I'1) x L3(T'1), T > 0, then from
the compact embedding of H}(2) — L?(2), the Aubin’s lemma implies that
there exists a subsequence (u"*) that converges strongly in C([0,T], L%(9)).
Therefore we see that

1

T 1
(1) - u2<t>||4<1-0>ds) ,

T

lim lim |u"™ (s) — u™(s)||’ds = 0,
k—ool—oo Jq

which shows (3.1) holds. The asymptotically smoothness property of (H, S(t))
follows Theorem 3.2.
Proof of Theorem 3.3.

Lemma 4.3 imply that (H, S(t)) is an asymptotically smooth dissipative dy-
namical system. Then the existence of a compact global attractor to problem
(1.1) follows from Theorem 3.1.
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