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Uniqueness for multidimensional kernel determination
problems from a parabolic integro-differential equation
D.Q. Durdiev, Zh.Z. Nuriddinov

Abstract. We study two problems of determining the kernel of the integral terms
in a parabolic integro-differential equation. In the first problem the kernel depends on
time ¢ and = = (1, ..., x,,) spatial variables in the multidimensional integro-differential
equation of heat conduction. In the second problem the kernel it is determined from
one dimensional integro-differential heat equation with a time-variable coefficient of
thermal conductivity. In both cases it is supposed that the initial condition for this
equation depends on a parameter y = (y1, ..., y,) and the additional condition is given
with respect to a solution of direct problem on the hyperplanes x = y. It is shown that
if the unknown kernel has the form k(z,t) = 3. a;(2)bi(t), then it can be uniquely
determined.

Keywords: parabolic equation, Cauchy problem, integral equation, linearly
independence, uniqueness.

1.Introduction. Formulation of problem

Integro—differential equations play an important role in the mathematical modeling
of many fields: physical, biological phenomena, engineering sciences and others fields of
the natural sciences where it is necessary to take into account the effect of a prehistory
(or memory) of process. Constitutive relations in the linear non-homogeneous diffu-
sion and wave propagation processes with memory contain time - and space-dependent
memory kernel with convolution type integrals. Usually, they are obtained from expe-
riences. For many cases, in the practise these kernels are unknown functions and thus
the inverse problems are arose on determining of these functions from the observable
information about the solutions of the corresponding equations. Problems of identifi-
cation of memory kernels in parabolic and hyperbolic equations have been intensively
studied starting at the end of the last century [1]-[4].

Often, in cases of equations describing the propagation of electrodynamic and elas-
tic waves with integral convolution terms are reduced to one second-order hyperbolic
integro—differential equation. One- and multidimensional problems of recovering the
kernel of convolution integral in these equations were investigated in [5]-[24] (see, also
references therein). The numerical solutions for kernel determination problems from
integro—differential equations were considered in the works [25]-[27]. Inverse problems
to determine time- and space-dependent kernels in parabolic integro-differential equa-
tions with several additional conditions have been studied by many authors [28]-[33].
In these papers there were proved existence, uniqueness and stability theorems. In the
works [34]-[39] the authors discussed the linear inverse source and nonlinear inverse
coefficient problems for parabolic integro-differential equations. Here also has been
applied a numerical approach for solving such problems. It should be noted that nowa-
days there are few publications where the problems of determining multidimensional
memory would be studied.
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In the present paper we study inverse problems to determine a time and spatially
varying kernel k(z,t), = € R™ ¢t > 0 in a parabolic integro—differential equations
governing the heat flow in materials with memory.

Consider Cauchy problem for the n-dimensional parabolic integro—differential equa-
tion with a time-variable coefficient of thermal conductivity

ou !
- — C(t)AIU = k(l',t - T)U(x, Y, T)dTa
ot 0

r=(x1,....,0,) €ER", t € (0, T, (1.1)

u(z,y,0) = p(z,y), (1.2)

where ¢(t) is an enough smooth positive function, A, is Laplacian on the variables
= (x1,...,2n), ¥y = (Y1, .-, Yn) € R™ is a parameter of problem, T is a fixed positive
number.

In this paper we investigate the following problems:

Inverse problem 1: when ¢(t) = 1, find a kernel k(x,t) of the integral term in
(1.1) if a solution to the Cauchy problem (1.1) and (1.2) is known on = = y for all
yeR"and t € [0,7] :

u(y,y,t) =¥(y,t), ¥(y,0)=(y,y). (1.3)

Inverse problem 2: when n = 1, find a kernel k(z,t) of the integral term in
(1.1) if a solution to the Cauchy problem (1.1) and (1.2) is known and it is given by
(1.3).

Among the works which are close to the inverse problems 1 and 2 we note [31]-[33].
In [31] there was proven the uniqueness theorem for solution of kernel determination
problem for one-dimensional heat conduction equation. The papers [32], [33] deal with
the inverse problems of determining the kernel depending on a time variable ¢ and
(n — 1)-dimensional spatial variable 2/ = (z1,...,2,-1). While the main part of the
considered integro-differential equation is n-dimensional heat conduction operator and
the integral term has a convolution type form with respect to unknown functions: the
solutions of direct and inverse problems. It should be here noted that the kernel k(¢, x)
n (1.1) depends on all variables like, and the solution w(z,t) of the direct problem
(1.1) and (1.2).

Let B™(Q) be the class of m times continuously differentiable with respect to all
variables and bounded together with all derivatives up to the order of m in the domain
Q functions. When m = 0, B° (Q) =: B(Q) and this is usual space of continuous and
bounded functions.

In this paper we assume that the function k(x,t) with derivatives k,.,, 4,j =
1,2,...,n, k; belongs to B(Dr), Dy = {(z,t):2€R",0<t<T} for any fixed
T > 0, and the function p(x,y) is in B* (R x R").

Besides, let the function k(z,t) have the separable form, i.e. it can be expressed as
the sum of a finite number N of terms, each of which is the product of a function of x
only and a function of ¢ only:
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N
k(z,t) =Y al@)bi(t), ai(z) € B*(R"), bi(t) € C'(R), (1.4)
i=0
where C! (R) is the class of continuously differentiable in R functions. The functions
a;(x) can be assumed to be linearly independent, otherwise the number of terms in
relation (1.4) can be reduced.

2. Inverse problem 1

The main result of this section is the following uniqueness theorem for the inverse
problem 1:

Theorem 2.1. Suppose that the all assumptions about function p(x,y) in Section 1
are fulfilled. Besides, the function {(y,t) together with derivatives \y, Yy and yy,,,, i =
1,...,n belong to the class B (Dr) for any fixed T > 0 and

inf
yER"

Y(y,t) [= p(t) > po >0, (2.1)

where po is a known numbers, then any function k(z,t) having the form (1.4) is
uniquely determined by the information (1.83) in domain Dr,

2.1. Auxiliary problem

In this paper we are not dwell on issues related to the existence theorem of the
inverse problem 1. We note only natural necessary conditions which must satisfy the
function ¢ (y,t). They are the second equalities of (1.3), (2.3) and

Ay, 0) = Pu(y,0) = AAyo(y, y) + 2> Appay, — k(y,0)0(y, y),

=1

which follows from the equalities (2.8) and (2.9).
First of all we write the problem (1.1)-(1.3) with respect to the functions u,, k. It
follows from (1.1)-(1.3) the problem for these functions:

(ug)y — Aguy = k(z,t)p(x,y) +/O k(z, T)u(z,y, t — 7)dr, (2.2)
u(z,y,0) = Ayp(z,y), (2.3)
ut(ya Y, t) = ¢t(y7 t)a ¢t(y> 0) = Az@(y7 y)v Yy € ]Rn (24)

Here, the initial condition (2.3) was obtained from equality (1.1) by setting ¢ = 0.
Further introduce the notations

Wi = Uy, ©=1,2,...,n, v=_2d1w,w+ divyw.

Here and below, a variable in index of operators div, grad indicates that they apply in
this variable.



4 D.K. Durdiev, Zh.Z.Nuriddinov

Differentiating (2.2) and (2.3) with respect to y;, we get the Cauchy problem for
the determining of functions w;(z,y,t)

(Wi>t - Az<wi) =

t
= k(l'vt)(pyz(x7y) +/ k(I7T)wi(xay7t - T)dTv S Rna te (Oa T]a (25)
0

wi(z,y,0) = Ay, (x,y), i=1,2,..,n. (2.6)
Applying by differential operators 2% and a% to equation (2.5) alternately and

summing the results with respect to ¢ from ¢+ = 1 to ¢ = n, taking into account the
above introduced notation, we obtain the equation for function v(z,y,t)

v — Agv =

n t
= k({lﬁ,t) [2wazyl +Ay90 (Z,y)+/0 U(l‘,T)U(ZL}y,t—T)dT-F
i=1

t
+2grad,k(z,t) - grad,o(x,y) + 2/ grad.k(z, 1) - w(z,y,t —7)dr, (2.7)
0

where a - b means the scalar product of vectors a and b. From (2.6) in this way, we get
the initial condition

v(z,y,0) = 22Ax¢xiyi($ay) +Asz90($vy)' (2.8)

=1

It follows from (2.4) the relations

0
wi(?/? Y, t) = P ut(ya Y, t) = (utxi + Utyi) <y7 Y, t) - 77btyi (y7 t),

62
Wiy, (ya Y, t) = a_ygut(y7 Y, t) =

= (Utpyz; + 2Utay, + utyiyi) (y,y:t) = Vtyiy, (y,t), i=12,..,n.

=1

divyw(y, Y, t) = (Amut + 2 Z Utmiyi + Ay“t) (% Y, t) = Aywt(yv t)

In view of the last equalities and (2.2), we note that the condition (1.3) in the term of
function v can be written in the form

v(y,y,t) = Ayi(y, t) — u(y, t) + k(y, t)e(y, y) + /0 k(y, 7))y, t — 7)dr. (2.9)

Note that at the found from (2.5) and (2.6) w;, i = 1,2, ..., n, the function v can be
determined from the problem (2.7) and (2.8).
We present two lemmata, which will be needed in future use.
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Lemma 2.1. For a solution p(z,t) of problem

t
pr — Dgp = / h(z,)p(x,t — 1)dr + f(x,t), plico = A(z), z€R"t>0 (2.10)
0
in the domain Dy takes place the estimate

t
Ip(z, )] < BeT Mt / F(r)eTIlet=mgy (2.11)
0

where

Il = max sup [h(e, 0], @ := sup \@)], () = sup | (. 1)|.
S

z€eR™ z€R™

For proof of this lemma, we note that the solution of Cauchy problem (2.10)
satisfies the integral equation

1 —lz— 5\2
pot) = G [T e

—le—g2 —|z—g|

S T

X /T h(&, 7 — a)p(&, a)dadédr.
0

Using the standard method for estimating integrals, we have

2

t

Ut) < d+ /OtF(T)dTJr ||h||TT/0 U(r)dr,

where U(t) := sup,epn [p(2,t)]. From here, based on Gronwall’s inequality follows
(2.10).
Lemma 2.2. [40]. Let k(x,t) has the form (1.4) and K(t) := sup |k(z,t)|. Then
z€R™

there exists a constant Ko (generally speaking, different for each function k) so that
the inequality
Ky, (2,8)] < KoK (1), i =1,...,n (2.12)

1s true.

The proof of this lemma is based on the assumption that the system of functions
a;, i = 1,2,..., N can be considered linearly independent in R"™ (otherwise, one can
rearrange the terms in (1.4), leaving only a linearly independent system of functions
a;). In fact, then there is 5 > 0 so that

sup Zjvzl cja; (x)‘ > 3, if Z;VZI |c;| = 1. In view of this, we have
zeR?

sup |k(z,t)] = sup
rER™ TER™

Z|l \>5Z\bz

=1

N
> (@)
Zl 1 |bl

Jj=1




6 D.K. Durdiev, Zh.Z.Nuriddinov

At the same time, it follows from (1.4)

ko, (2,1)] < max sup |4, (2 \Z]b

1<j<N

Matching the last two inequalities, we find

k(. 0)] < Ko sup [k(z, 0)] < KoK (1),

zeR™

where 1
Ko =5 15 oup e (9]

2.2. Proof of main result

For proof of the main result, we suppose that there are two solutions k; and ko
of problem (1.1)-(1.3) and denote the corresponding to these functions solutions of
Cauchy problem (1.1), (1.2) by u; and us, respectively. Introduce functions w™® =

(w%l), ...,wfll)>, w? = (wf), ...wq(f)> , U1, Vg, similarly to functions w = (wyq,...,wy), v.

We also denote
k=ky—ky, & =w® —0w®, @:wgl)—wi(?), i=1,..,n, v

Then for w;, v, from the equations (2.5)-(2.8) we find
¢
G = A3 = [ (e, )@t - Ty
0

+E(x,t)goyi(x,y) +/0 k(x, T)w; (2 )(:1: y,t — 7)dr, (3.1)

Filieo =0, i=1,..,n, (3.2)

¢
vy — N\, U = / ky(z, 7)o(x,y, t — 7)dT+
0

+ 2grad$E(x, t) - gradyp(z,y)+

—&-%(z, t) [2 Z Paiyi + Dyp(2,Y)

i=1
tN t .
+/ k(x, m)ve(z,y,t )dT—i—Q/ grad,k(x,T) - w? )(x y,t —1)dT+
0 0
t
—|—2/ grad.ky(z, ) - w(x,y,t — 7)dT, (3.3)
0

5|t:0 - O (34)
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It follows from (2.9) the equality

Famy = Ky ol ) + / Ry, Ty, t — 7). (3.5)

The equations (3.1)-(3.5) present the homogenous system of equations with respect
to unknown functions w;, i = 1,...,n, v and k. Tt is required to proof that this system
has only trivial solution in the domain Dr. To show this fact we need the estimates of
functions w, i = 1,...,n, v through k.

In what follows we use the following notations for norms of the known functions
depending on different variables:

|z1] == sup |21(z, y)|-for functions depending on (z,y);
(z,y)eR?n
|z2llr :== sup |z2(x,t)|-for functions depending on (x,t);
($,t)€DT
23| == sup |23(z, y, t)|-for functions depending on (x,y,t) and notations

(z,y)€R2™,t(0,T)
for norms of the unknown functions

~\T .__ ~ ~nT o ~
91" = max max. Lo iz, y, O, (o] T W o [0(z,y,1)] .

Using lemma 2.2 for @; from (3.1) and (3.2), we obtain the estimate

t
G0l < [ [Hsoyi

t
+T||wi2||T)/ K(r)elklrt=ngr i =1, .. n. (3.6)
0

K(r) + ||lwi " / f((oz)da} eTlktllz (=) g <
0

< (H‘Pyi

Similarly, from (3.3) and (3.4) we have the estimate for v:

t
+ ||Aysorl] / R (r)etlalre=n) g7 1
0

v < .
[o(z,y, 1) < {% max [z,

t
+2/ sup
0 xz€R™

t T
+ / / sup
0 JOo (z,y)eR2n

+2grad.k(x,a) - w(x,y, 7 — a)da‘eTHleT(t_T)dT, (3.7)

gradx,l;(x,t) |gradygp(x7y)|‘ Tl (t=7) gy

k(z, 0)vs(z,y, 7 — a)do + 2grad,k(z, o) - 0@ (2, y, 7 — a)da+

In accordance with the assumption of theorem, since functions £y, ky, are repre-
sentable in the form (1.4), then k is also representable in this form. In view of lemma
2.2, for function k(z,t) the inequality (2.12) holds. Therefore for the function k is valid
the inequality with constant Ky :

ky, < KooK ().
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Taking into account this inequality for & and (3.6) for function & we rewrite the estimate
(3.7) as follows

t~
Bz, 5. D) < N (T,n, Ko, Koo) / F(r)dr, (3.8)
0

where

N(T,n, Ko, Koo) = |81 + 20 10 gl + Tlleal]” + 2712+

2 2
+2n Ky max lloy: || + 2n K <lr£1%>;;l oy || + T”W2HT)T2> ollFtllrT i|erl||TT '

From the equality (3,5), in view of (2.1) and (3.8), we have

~ 1
K(t) < —
Ho

t/\/
<iW@m%KM+M/KWMMFmeMWWN
0

T o t€[0,T] ycRn

It follows from this inequality that k = 0, i.e. ki(z,t) = kao(x,t) for (z,t) € Dy,
and the theorem is proven.

QN}|x=y _/0 E(yﬁ)@/ﬁt(y,t - T)dT <

3. Inverse problem 2

The main result of this section is the following theorem of uniqueness for inverse
problem 2.

Theorem 3.1. Assume that c¢(t) € C[0,T] 0 < ¢y < c(t) <y <1 and ¢(z,y) €
B*(R?). Moreover, let the function (y,t), together with the derivatives vy, ¥u, Vi,
belongs to the class B(Dr) for any finite T > 0, ¢(0)(Paayy(Ys V) + 20022y (Y, y)) —

kW, 00y, 1) = iy (1, 0) — 50u(y, 0) + S ¢(y, 0) and

inf x,y)| > By >0,
oinf . Loz 9)l 2 fo

where ¢;, i = 1,2, By are known number. Then, the function k(x,t) representable in
the form (1.4) is uniquely determined in the domain D(T).

Proof. In order to prove the theorem by differentiating the original equation (1.1)
and condition (1.2), we obtain additional relations for auxiliary functions w, := ¢:

t
Uy — ()0 = /k:(x,t — 1) x,y, 7)dT, (4.1)
0

Vimo = py (2, y). (4.2)

From (4.1)-(4.2), we get new problem by entering v, := 9(1):

t
9 — ()9 = ¢ ()0, + /k:(x, )0 (2, y,t — 7)dr + k(z, t)0, (2, y) (4.3)
0
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IV, _y = c(0)¢uay (2, y), (4.4)

where
t

/ k(z,t — )0z, y, 7)dr.

Besides, entering with (4.3), (4.4) the new function w := 200 4 9" we obtain the
following problem:

wi — c(t)wge = (Inc(t)) w + k(z, 1) (202 (@, ¥) + @uy(x,y)) + 2k (2, )0y (@, y)+

t t

—l—/k(x,T) (x,y,t —T1)dr — (lnc(t))’/k’(x,t—T)w(x,y,T)dT—
—(Ine(t)) / ky(x, t — )0 (x,y, 7)dT + /kx(m, t — )9 (z,y, 7)dr

W],y = €(0) [Paayy(, Y) + 2Puray (. )]

For the function w, differentiating (1.3) first with respect to ¢ and then twice with
respect to y, we obtain the following conditions

(u:r::rt + 2ua:yt + uyyt) ‘xzy = wtyy (y7 t)?

w‘x:y = Yy (y, 1) —

c(t) c(t)

The further proof of Theorem 3.1 is completely analogous to the proof of Theorem
2.1. In this case, it is necessary to use the formula

1 1
+——k(y, t)o(y,y) —/ky,t—fwty, T)dT
0

o(t)
pat) = [ 006G - so0nic + [ o5

x/F@ﬁ*@»G@—aew—fma

which provides the solution of the following Cauchy problem for the heat equation with
time-variable coefficient of thermal conductivity:

Pt — C(t)pxw = F(l‘,t), T € R,t > O,
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p(z,0) = p(z), z € R.

t
In (4.8) 6(t) = [ ¢(7)d7 and 07*(t) is the inverse function to 6(t); G(x — & 0(t) — 1) =

0
—|z—¢|2

ST T &= () § = (G bann), dE = dEdGy, faf? = at
.22

For unknown functions ¥ and ¢ in (4.5) the integral equations are derived from
Cauchy problems (4.1), (4.2) and (4.3), (4.4), respectively. Carrying out similar esti-
mates as in Section 2.2 completes the proof of Theorem 3.1.

1 Conclusion

In this article, we proved the uniqueness theorems for the definition of the convolution
kernel in a parabolic integro-differential equation describing thermal processes with
memory. In contrast to the results obtained in [30], [32], [33], here the kernel depends
on all variables x and ¢. The study of the existence of solutions to inverse problems 1
and 2 is difficult and remains an open question.
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