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Abstract. This paper deals with localized waves in the (241)-dimensional Caudrey-Dodd-Gibbon-
Kotera-Sawada (CDGKS) equation in the incompressible fluid. Based on Hirota’s bilinear method,
N-soliton solutions related to CDGKS equation are constructed. For the case N = 5 and N = 6, the
exact expression of multiple localized wave solutions comprising lump solitons are obtained by using
the long wave limit method. A variety of interactions are illustrated analytically and graphically. The
influence of parameters on propagation is analyzed and summarized. The results and phenomena

obtained in this paper enrich the dynamic behavior of the evolution of nonlinear localized waves.
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1. Introduction

Generally, it has always been a vital task to solve soliton equation based on the soliton theory.
Except for numerical calculation and computer simulation, the mainstream research has been focused
on finding the exact solution of the soliton equation. Seeking the exact solution of soliton equation
possesses significant value from both theoretical and practical perspectives, which not only helps to
further understand the essential properties and algebraic structure of the soliton equation, but also can
explain related natural phenomenon reasonably. With the rapid development of soliton theory, many
systematic methods have been proved effective, such as the inverse scattering method [1,2], Riemann-
Hilbert problem [3], Darboux transformation [4], Bdcklund transformation [5], Hirota bilinear method
[6, 7], Wronskian technique [8], KP reductions [9], Painlevé analysis [10,11] and algebra-geometric
method [12] etc. Among these methods, Hirota bilinear method uses the bilinear derivative as a
tool and it is only related to the equation to be solved and independent on the spectral problem of the
equation or the Lax pair. As a result, Hirota bilinear method is featured as intuitive and straightforward,

which has become a common method to solve several multiple solition solutions of nonlinear evolution
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equations [13-19]. Many researchers have been working on various extensions and applications of
Hirota bilinear methods, which further develops and broadens this methods. For instance, by using
Hirota bilinear method, Ma et al. [20-22] studied lump solutions and interaction solutions to integrable
equations.

In this paper, we will focus on the following (241)-dimensional Caudrey-Dodd-Gibbon-Kotera-
Sawada (CDGKS) equation [23]:

36u, + us, + 15(utty,.), + 45u%u, — SUyyy — 15uu, — 15ux8X_1uy - 58x_1uyy =0, 1.1

where u = u(x, y, t) is a differentiable function with the scaled space variables x, y and time variable
t, and the operator 8;1 is the inverse operator of J,. When u, =0, Eq. (1.1) reduces to the (1+1)-
dimensional CDGKS equation. CDGKS equation was proposed by Konopelchenko and Dubrovsky [23],
which is a higher-order generalization of the celebrated Korteweg-de Vries equation. It is widely applied
in nonlinear sciences such as the conservative flow of Liouville equation, 2-dimentional gauge field
theory of quantum gravity and theory of conformal field etc. [24,25]. And it is one of the most
important integrable equations in soliton theory for describing a large range of nonlinear dispersive
physical phenomena.

Recently, CDGKS equation equation has attracted the attentions of many researchers, and delicate
works have been conducted to solve the equation. By applying Painlevé expansion method and extend-
ed homoclinic test approach, Wang and Xian [26] obtained the homoclinic breather-wave solutions,
periodic wave solutions and kink solitary wave solutions for Eq. (1.1). In [27], new non-traveling
wave solutions of (2+1)-dimensional CDGKS equation were derived by combining the Lie point group
method to proper nonlinear traveling wave method, and moreover, the localized structures were dis-
cussed. The other solutions to Eq. (1.1) including rational solutions and triangular periodic solutions,
quasi-periodic solutions and novel periodic solitary wave have been derived by tanh method, Darboux
transformation and Hirota bilinear method, respectively [28-33]. Results about (1+41)-dimensional
CDGKS equation can be found in Refs. [34, 35].

Up to now, there are few results about different soliton interaction solutions of the (241)-dimensional
CDGKS equation, such as the interaction between line soliton and periodic soliton, the interaction be-
tween line soliton and lump soliton and the interaction between periodic soliton and lump soliton. By
using Hirota bilinear method, [36] investigated the interactions among different kinds of single solitary
wave, such as line-line, line-lump, lump-lump, etc. Due to the lump soliton is the periodically infinite
increment of periodic soliton, in other words, it is derived by taking the limit of periodic soliton. The
interactions among soliton solutions became more complicated with high order of the solution, which

will be discussed in detail in this paper.

2. N-soliton solution of (2+1)-dimensional CDGKS equation

Bilinear form of Eq. (1.1) has been obtained via the dependent variable transformation
u=2(Ing)yy, 2.1
which could be written as
(5D,(D3+D,)— D, (D +36D,))(g-g) =0. (2.2)
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Based on the Hirota’s bilinear theory, Eq. (2.2) has standard N-soliton solution in the form of [7,37]

gv= . exp

u=0,1 i

Min; + Z piu;In(A;;) (2.3)

N
i=1 1<i<j

where
3 2 6
_Sai b; +5b7 —a;
36611' ?

Ny =a;x + by +cit+ng, 6=

L _(ai —a;)® —5(a; —a;)*(b; — b;) +36(a; — a;)(¢; — ¢;) — 5(b; — b;)?
Y (a; +a;) — 5(a; + a;)*(b; + b;) +36(a; + a;)(c; +¢;) — 5(b; + b;)*’

with a;, b;,¢; and ng; (i = 1,2,...,N) any arbitrary constants, and Z,u:O,l summation total of taking
over all possible combinations of n;,n; =0,1(i,j = 1,2,3,...,N). Based on the work of [28,38], the
following theorem is proposed.

Theorem 1. Let by = qeag(k = 1,-+-N),a; = L€, exp(n?) = =1 (j =1,---2M), ¢, = qj,), (n =

*
2M+P+1°

stants, when ¢ — 0, the N-soliton solution u of Eq. (2.1) with (2.3) can reduce to the interaction
solutions of M-lump, P-breather and Q-line soliton, where N = 2M + 2P + Q, in which M,P,Q are

1,---M)('*" is conjugate), ayy4; = a (I =1,---P) and agpr4opsn (h=1,---Q) are real con-

nonnegative integers and express the numbers of lump, breather and line soliton, respectively.

3. The solutions comprising one lump soliton

3.1. The case of Theorem 1 with M =1,2P+Q =3

To construct interaction solutions comprising one lump soliton satisfying the condition, the param-

eters in Eq.(2.3) need to satisfy the following conditions

b;=a;q; (i=1,2,-+,5),a; = ly¢,a5 = l€,M91 = N, = IT,No3 = No4 = Nos = 0,

and take the long wave limit as € — 0 in five-soliton solution, then we have

(5)
g = (0102 +di2)l1 1% + 2(9192 +dyjo1 +dijor +dip+ dldej)eXp(nj)lllzgz
=3
(5)
+ Z djr[o102 + (daj + doi)e1 + (dyj + i)z + dig + (drj + di)(dyj + doy)]
3<j<k
5 (5) (5) (5)
-exp(n; + Nl lpe? + l_[ dix[e102+ Z(dszl +di500) +dip + Zdls Z das]
3<j<k s=3 s=3 s=3
(5)
-exp(> )l Lre? +0(e?),
s=3
(3.1)
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Figure 1: Three-dimensional plots and density plots of the interaction solution for Eq. (3.1) at different time

with parameters: ¢, =q;=—3-2i,¢3=-2,¢,=3,¢s=—J,a3=-%, a4, =}, a5 =-3.
with
5 : 6(q1 +92)
0i=x+qy+ gt (=1,2),dp=—""7, (3.2)
l l 36 (91 — 92)?
d 6a;(a} ~ 4~ 4)) (s=1,2, j=3,4,5) (3.3)
i— — s=1,4, ]=9,4, 5 .
Y af (g, +2g))a? + (g, — ;)2
i =2 3<s<j<s) (3.4)
L= — < .
S] Na —‘S J— 5

where

M = af —3aa; + (4a} — 2, — q;)a? - 3a;(a} — q; — q;)as + af — (g; +2q;)a? + (g, — ¢;)%,
N=a'+ 3afaj + (4a? —2q; — q]-)as2 + 3aj(a]2 —qs —qjla; + a;* — (g5 + 2qj)a]2 + (g5 — qj)z.

Inserting Egs. (3.1)-(3.4) into Eq. (2.1), the solution of Eq. (1.1) can be obtained.

(i) In the special case of P =0,Q = 3.
If taking
3 3 1

, 4
D=0 =3 20T A= s T T A T T A T 5= o,

the solution u given by Eq. (3.1) expresses the interaction among a lump soliton and three bell-shaped
line solitons. Fig. 1 presents the interaction behavior between three bell-shaped line solitons and a
lump soliton in Eq. (3.1) at different time. It can be observed that the lump spreads together with
the three bell-shaped line solitons. During the interaction process, we can find that the shape and
velocity of three bell-shaped line solitons and lump remain unchanged, which exhibit the characteristic
of "elastic collision".
(ii) In the special case of P =1,Q = 1.
If taking
.1 .1 1, 1 3
©=9%="3 —2i,q3=¢q, = TR lag=a4= 53Ty
4

J
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Figure 2: Three-dimensional plots and density plots of the interaction solution for Eq. (3.1) at different time
with parameters: q; =q; = —% —2i,q3=q; = —i - %i,q5 =l,a3=a,= —%,as =

ENT

in Eq. (3.1), Fig. 2 presents the interaction behavior between one lump, one breather and one bell-
shaped line soliton. The period of the breather is 207 along the y direction. It can be observed that the
lump spreads together with the breather and line soliton. During the interaction process, the shape and

velocity of the lump and line soliton remain unchanged, the period of the breather remain unchanged.

3.2. The case of Theorem 1 with M =1,2P+Q =4

To construct interaction solutions comprising one lump soliton satisfying the condition, the param-

eters in Eq.(2.3) need to satisfy the following conditions

b =a;q; (i=1,2,-+-,6),a; =lyg,a = ly&,M¢1 = N, = i7,Mo3 = No4 = Nos = Nos = 0,

and take the long wave limit as € — 0 in the function g in Eq.(2.3), then

(6)

g =(0102 +di2)l11he* + 2(9192 +dyjo1 +dijor +dip+ d1jd2j)eXP(7)j)1112€2
=3

(6)

+ Z djr[e102 + (dyj +dax)or + (dyj + dyx)os + dig + (dyj + dig)(dyj + dai)]
3<j<k

(6)
-exp(n; + nhlye® + Z djrdjsdis[0102 + (daj + dor + das) o1 + (dyj + dik
3<j<k<s
+dy5) 0o + dyp + (dyj + dyge + di)(dy; + dog + dog) exp(n; + i + 1)y L€
6 (6) (6) (6) (6)
+ || dileroz+ D (dao1+die2) +diz+ Y dis Y azlexp() n)llze® +0(e),

3<j<k s=3 s=3 5=3 s=3
(3.5)

where

S .
%qi t, (l = 1: 2): (36)

5

ei=x+qy+
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Figure 3: The interaction among one lump soliton and four line solitons with parameters: q; = q; = -1 —
2i,q3=—3,q4= _%,CIS =1,qs=%a=a,=1,a5=0a5= %-
6(q1 +9q2)

dyp = ———==, 3.7)
(g1 —q1)?

d;=— 00,(e; ~ 4 ~4) (s=1,2, j=3,4,5,6) 3.8)

T at = (g, +297)aF + (g — g5)? o T

M .

dg; = N’ (B3<s<j<e6), 3.9

where
M = Clj - 3(13(1]- + (461'12 - 2qs - qj)asz - :-)’aj(a]2 —qs — qj)as + a? - (qs + 2qj)a]2' + (qs - qj)z:
N =al+3dq; + (4a]2 —2q, —qj)a’ + 3aj(a]3 —q;—q;)a; + a;.1 —(q, + 2q]-)a12- +(gs —q)*

Inserting Egs. (3.5)-(3.9) into Eq. (2.1), the solution of Eq. (1.1) can be obtained.
(i) In the special case of P =0,Q = 4.
If taking
3 3

ql:q;:_1_2i:q3:_E)q4:_2’q5:1,q6:g)a3:a4:1:a5:a6:Z}

the solutions u given by Eq. (3.5) express the elastic interaction between one lump and four bell-shaped
solitons at different time as shown in Fig. 3.

(ii) In the special case of P =1,Q = 2.

In Eq. (3.5), if taking

\ ‘ .4 3 3 1
qG1=9,=—-1+2i,q3=q, = T3bds = 7546 = 5543 = A4 T 5,05 = A6 = 1,

the solution of Eq. (1.1) corresponds to the interaction behavior among one lump, one breather and
two bell-shaped line solitons, as shown in Fig. 4.

(iii) In the special case of P =2,Q = 0.

If taking

1 1 1 1

—1 = *:———— = = — = = —
Sl;CIS 9 7 21;03 ay 8’a5 Qe 5’

the solutions u given by Eq. (3.5) express the elastic interaction between one lump and two breather

G1=qy=-1-3i,g3=q,=-1-

solitons at different time as shown in Fig. 5.
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Figure 4: Three-dimensional plots and density plots of the interaction solution for Eq. (3.5) at different time
with parameters: q; =q; =—1+2i,q3=q, = —%i,q5 = —%,q6 = %,a3 =q,= %,as =as=1.

(a) t=80

Figure 5: The interaction among one lump soliton and two breather solitons with parameters: ¢q; = q; =

. % 4 . ook __ 1 1. _ _1 — —1
—1-3i,q3=q,=-1-3i,qs =qg=—5—31,a3 =43 = ¢,a5 = A = ;.
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4. The solutions comprising two lump solitons

4.1. The case of Theorem 1 with M =2,P =0,Q=1

To construct interaction solutions comprising two lump solitons satisfying the condition, the param-

eters in Eq.(2.3) need to satisfy the following conditions

b; = a;q;,a; = l;ie (i=1,2,3,4), bs = asqs, No1 = Ny = Noz = N4 = i7,Mgs =0,

and take the long wave limit as € — 0 in five-soliton solution, we can obtain

4 4 4)
= (ﬂ e+ Do di [ Jec+ D) diydsdlilalsle + {]_[ o)
1<s<j k#s,j 1<j#k,
1<s<k
(4) 4 (4) (4)
+Zdj51_[Qk+ Z Qij(dSSdm5+asm)+ Z Qj[(dksdmw
j=1 k#j Jj<k, j#k<s<5,
s<m#jk m#j#ks,
m<w=<5
4 4 4
+]_[dn5] + Y dya+ Y dsdsdin + | [ distexp(ns)
n#j s<k, s<m, i=1
1<j;£s k<n#s,m
x1yl5l4e* + 0(e°), 4.1)
where
Oi x+qu+%qlt (i=1,2,3,4), (4.2)
6(qs +q;)
dj=——2= (1<s<j<4), (4.3)
(qs - qj)
and
6as(a? —q, —qs)
dsS = - 5( > qs qs (S = 132’ 3, 4) (44)

ag — (q; + 2¢s)a2 + (q; — g5)?

Inserting Egs. (4.1)-(4.4) into Eq. (2.1), the solution of Eq. (1.1) can be obtained.
If taking

*

L . _ 2 3
= = —=—141, = = — —1, = —=,d5 = —,

q1 q2 3 qs3 q4 ds 5 5 4

the solutions u given by Eq. (4.1) express the elastic interaction between two lump solitons and one

bell-shaped line soliton at different time as shown in Fig. 6. With the evolution of time, the two lump

solitons move along the positive x-axis, and the line soliton moves along the negative x-axis. After

elastic collision, the two lump solitons pass through the line soltion, and switch their positions.

8
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Figure 6: The interactions among two lump solitons and a line soliton at different time with parameters:
1 . 1 . 2 3
G =q=—3;—"2,g3=q,=—;—1,¢s=3%,a5= 7.

4.2. The case of Theorem 1 with M =2,2P +Q =2
To construct interaction solutions comprising two lump solitons satisfying the condition, the param-

eters in Eq.(2.3) need to satisfy the following conditions

b =a;qi(i=1,2,--+,6),a; = le(k =1,2,3,4), M1 = Ny = Nos = Ng4 = I 7, Mos = Nos = 0,

and take the long wave limit as € — 0 in six-soliton solution, we can obtain

4 (4) 4 (4) 6) 4
g=( Jos+ D ds [ Jex+ D dydimdhilalslae® + D 4] Je;
j=1 1<s<j k#s,j s<j#m, w=5 j=1
s<k<m
(4) 4 (4) (4)
+Zdjwl_[Qk+ Z Qij(dswdmw +dsm)+ Z Qj[(dksdmw
=1 KA i<k, j#k<s,
s<m#j,k m#j#k#s
4 4 4 4
+] [duwl+ D dydin+ D dudmudin + ][ [duwtexp(n,,)
n#j s<j#m, s<m, n=1
s<k<m k<n#s,m
4 (4) 4 4
xIylylsl,e% + dse{l_[ oj+ ) (djs+dje) l—[ Ok + Z ejorl(dss
j=1 j=1 k#j j<k,
s<m#j,k
(4) 4
+dy6)(dpns + dne) + dyn] + Y 0 [dis(dns + ding) + | [(dus + dre)]
j#k<s, n#j
m#j#k#s
(4) 4 4
+ D dydent D (s +dig)(dms + de)din + | [(dus + dug)}
s<j#m, s<m, n=1
s<k<m k<nzs,m
x exp(ns + ne)l1 lplslse® +0(e°), (4.5)
where
5 9 .
Qi =X+qy +7oq;t (i=1,2,3,4), (4.6)

9
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Figure 7: The interaction among two lump solitons and two line solitons with parameters: q; = ¢, = -1 —
2,q5=q;=—%—-3i,¢s=—2,qs=2,a5=ag=—2 .
6(gs +9;)
dyj= gy (1Ss5<i<4) (4.7)
(g5 —q;)
and

6aj(ajz_qs _qj) .
- 4 2 2 (S = 122) 32 4) ] = SJ 6)’ (4'8)
aj — (g5 +2q;)a; +(¢; — q;)

dsj =

deg = (4.9)
%7 N )
where

M =a? —3adag + (4a? — 2q5 — q¢)aZ — 3ag(aZ — g5 — qe)as + ag — (g5 + 2q¢)az + (g5 — g)*,
N = a3 +3adag + (4aZ — 2q5 — gg)az + 3ag(aZ — g5 — g¢)as + ag — (gs + 2q¢)aZ + (g5 — g¢)*-

Inserting Egs. (4.5)-(4.9) into Eq. (2.1), the solution of Eq. (1.1) can be obtained.

(i) In the special case of P =0,Q = 2.

If taking

1 1 2 2 6

= = — —_— 1 = = —_-— — 1 = —— = — . Ac =dr = ——
q1 q2 »q3 q4 4 »qs 3>q6 39 5 6 5;
the solutions u given by Eq. (4.5) express the elastic interaction between two lump and two bell-shaped
line solitons at different time as shown in Fig. 7.

(ii) In the special case of P =1,Q = 0.

If taking

* . ¥ . " . 1
q1=q2=—3—31,q3=q4=—1—21,q5=q6=—1—l,a5=a6=—z,

the solutions u given by Eq. (4.5) express the elastic interaction between two lump solitons and one

breather soliton, the period of the breather is 8t along the y direction, as shown in Fig. 8.

10
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(&) =60 (©) t=60

Figure 8: The elastic interaction between two lump solitons and one periodic soliton at different time by
choosing parameters as: q; =q; =—-3-3i,q3=¢q, =—-1-2i,qs=q; =—1—i,a5 =ag = —‘1—1.

5. The interactions solutions among three lumps

In the special case of Theorem 1 with M = 3, P + Q = 0, we obtain the interaction solution among
three lumps. About the pure lumps solution, there have the following result [6]:

Corollary 1. In (2.3), setting N = 2M, b, = qear(k = 1,---N),a; = lje, exp(n]) =-1(G =
L+ 2M), qn =gy (
interaction solutions of M-lump [39,40]. The expression can be obtained by (2.1) with

n=1,---M), when € — 0, the N-soliton solution of Eq. (1.1) can reduce to the

(2M) 2M (2M)
- [lo3 Yo [Tert 5 37 st T ert
s,Jj 17531 s,j,k,m l#s,j,k,m
(ZM) 2M
MIZM [T e+ (5.1)
s,j,k,m p;és,j,r,l,---,w,n

where o, and d,; meet following requirements,

Qi —x+qy+% , (s=1,2,---,2M), (5.2)
and
dy=—2" U0 (1 <s<j<am, (5.3)
(g5 —q;)

where j,s are positive integers, m is arbitrary complex constant. When M = 3, the solution of Eq.(1.1)
corresponds to interaction among three lump solitons.

In the followings, the large time asymptotic behaviors of the three lumps solution are analyzed.
Fixing the modulus of a phase function, e.g. ~91|2 = constant, considering the limit of t — o0,
02,05, 03,05 =0(t) and p,05 = O(t?), p30; = O(t?), function g has the following asymptotic states

g”)91|2{92|2|93)2+d14|92{2|93|2' (5.4

Considering the properties of bilinear transformation of CDGKS equation, the function g in Eq. (5.4)

can be farther equivalent to

g~ |Q1|2 +dyy. (5.5)
11
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(@ =120 () =0 () =120
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Figure 9: The elastic interaction among three lump solitons at different time by choosing parameters as:

G =q;=-1-2i,g3=q;=—;—3i,qs=q; =~ — £i.

If {QZ|2 = constant or |Q3|2 = constant, similar conclusion to Eq. (5.5) can be obtained. Thus, in the
limit of t — =00, the three lumps solution tends to become three single lump with different velocity
and their phase function are p; = x +q;y + %q%t,gz =x+qgy+ %q%t,@ =Xx+q3y + %q%t,
respectively. According to expression of phase function, each single lump has no phase shift, in other
word, there is no phase shift for these three lumps during collision process.

In Eq. (5.1), if taking

. . ., 1 ., 2 6,
q1=q2=—1—21,q3=q4=—2—31,q5=q6=—§—gl,

we can obtain the elastic interactions among three lump solitons at different time as shown in Fig. 9. It
can be observed that the three lumps form a triangle structure before the collision. When t = 0, these
three lumps merge into single one. After the collision, the three lumps separate from each other and
maintain a triangle structure. The interaction among the lumps is elastic, indicating that these three

lumps remain their shapes, amplitudes and velocity both before and after the interactions.

6. Conclusions

In this paper, we have studied the exact expression of multiple localized wave solutions compris-
ing lump solitons and interaction structures from five-soliton and six-soliton solutions of the CDGKS
equation via Hirota bilinear method. Some mathematical features to obtain localized waves and their
interactions from the five- and six-soliton solutions were illustrated. By choosing appropriate parame-
ters and using long wave limit method on the five-soliton and six-soliton solutions, some novel results
and interaction phenomena have been found including the elastic interactions among one lump and
three bell-shaped solitons (see Fig. 1), one lump and one periodic breather and one bell-shaped soliton
(see Fig. 2), one lump and four bell-shaped solitons (see Fig. 3), one lump and one periodic breather
and two bell-shaped solitons (see Fig. 4), one lump and two periodic breathers (see Fig. 5), two lumps
and one bell-shaped soliton (see Fig. 6), two lumps and two bell-shaped solitons (see Fig. 7), two
lumps and one periodic breather (see Fig. 8), and three lumps (see Figs. 9). The relevant interaction
evolution processes and dynamic characteristics are presented and analyzed. The results presented in

this paper might be helpful for understanding some physical phenomena of the propagation of nonlin-

12



The High Order Interaction Solutions of CDGKS Equation

Table 1: The localized wave interaction structures of N-soliton solution

M-lump Interaction structures Parameters
of localized waves
M:1,P:0,Q:3 bi:aiqi (lzl, 5) al—llg az—lzg a3 51,
one lump + three LSs a; =0,,a5 =03,q; = q2 =, +if;1,q93 =0,q4 =T,
qs=ﬁ3,n01=né§2=iﬂ,8~0
M=1,P=1,Q=1. bj=a;q; (i=1,---,5), a; = l&,a, = l5¢,
one lump + one PB a3 =a,=04,a5 = 05,41 =q, = Ay +1f3;,
+ one LS g3 =q, = a3+ 1B3,q5 = T4, Mo1 =Ny = (7,6 >0
bj=aq; (i=1,---,6), a; =&, a, = l,¢,
M=1,P=0,Q=4. q1=q, =T, +iv1,q3 = K1,q4 = Ky,
one lump + four LSs gs = K3,qg = K4,0d3 = Ay = G1,d5 = dg = Gy,
M=1 7701="732.=i7'f,€—>0
bi=a;q; (i=1,---,6), a1 =li¢, ay = ¢,
M:1,P=1,Q=2. a3:a4=g3,a5:a6=g4,
one lump + one PB Q1 =q5 =Ty +1Vy,q3 = q, = T3 +iV3,q5 = Ks,
+two LSs Qe =K, Mo1 = Mgy = 17,6 =0
bi = a;q; (l = 1: ’6); a = 118, a, = 128;
M=1,P=2,Q=0. a3 = a4 = Gs5,d5 = dg = G6,91 = G
one lump + two PBs =T4+1V4,q3 =, = Ts +1Vs,qs = qp = T + 1V,
No1 = Ngy = i7,€ =0
M:Z}P:O’Q:] b4:a4qi’a4:l4g (lzl e 4) b5=a5q51
two lumps + one LS q, = q2 =a,+ifs,q3=q; =as+ifs,qs =Us,
= 86,M01 —"702 Nosz = 7104—”5 e—0
bi =qq; (i=1,---,6),a, =€, a, = L,¢,
M=2,P=0,Q=2. as =le,a,=148,a5 = ag = ¢,
M=o two lumps+ two LSs Q1 =qy = w1 +1i3,q3 = q, = Wy +ily,qs = K7,46 =
Kg, No1 = 7702 Tos = 7704 — ”T e—0
b;=a;q; (i=1,---,6), a; =l;&,a, = l5¢,
M=2,P=1,Q=0. as =lse,a, = 148,05 = ag = ¢g,
two lumps + one PB Q1 = qy = w3 t1il3,q3 = q, = W4 +ily,qs = qg =
ws t+its, Noy = Mgy = Moz = Ngy = 7, € >0
b;=a;q;,a; = lig,(i=1,--+,6),q, =
M=3 M:3,P:O,Q:O. :C()6+il/6,q3:q2:0)7+il/7,q5:quws"l‘ibs,
three lumps No1 = noz Nos = n04 Nos = n06 =in,e—0

Note: LS=Line soliton, PB= Periodic breather. Here, 6, a;, 8;,1;, Ts, Vs, K1, G1, @5 U

(Szl,"‘,6,j:1,"'

’5;121’“"

8), are nonzero real constants.
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ear localized waves.
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