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Abstract

In general, the basic reproduction number (Rg) cannot be explicitly calculated for HIV(Human Immunod-
eficiency Virus) infection model with age-structured in a infinite dimensional spaces. To find Ry, we need
to transform the HIV model into a finite-dimensional space. In this paper, we are absorbed in numerical
approximation of Rg, which is the non-negative dominant eigenvalues of the positive irreducible matrices
whose spectrum radius is defined as the next generation matrix. The linear operators generated by infected
population are discretized into ordinary differential equations in a finite n-dimensional space. Thus, the
abstract problem is transformed to find the positive dominant eigenvalues of the next generation matrix, we
obtain a threshold Ry . Based on the spectral approximation theory, we show that Rg,, — Ro as n — +o0.
Finally, by virtue of a numerical simulation, we demonstrate the results of the theorem.
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1. Introduction

As far as we know, HIV is a malignant infectious disease with a very high fatality rate, which brings
great harm to human life and health. When the body infected with HIV, the body’s immune cells could be
destroyed and the human immune system can be reduced, causing the infected person to gradually lose the
ability to resist various diseases and eventually lead to death. Generally, HIV can be transmitted through
two fundamental modes, the direct cell-to-cell transmission[1-4] and the classical virus-to-cell infection[5-7].
During both infection modes, the virus-to-cell transmission can occur from infected cells to healthy cells, for
the cell-to-cell transmission, HIV infection be considered as uninfected cells are only infected by the movement
of viruses. To analyze the pathogenesis of HIV infection, some people considered the HIV infection model

with both virus-to-cell and cell-to-cell transmission[8-10], and using Ro to understand threshold dynamics
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of HIV infection model. In[8], on the basics of the basic reproduction number, Yang completed the global
stability analysis of the model. In [9], Wang et al. proved the local stability of HIV infection model. In[10],
Wang showed that the model has a threshold dynamics.

It is worth noting that the article mentioned above are based on the analysis of ordinary differential
equation (ODE) model. In fact, the HIV infection model is also related to age, at the same time, the age
structure makes the biological manifestation of HIV-1 infection more real[11]. Therefore, it is necessary
to study HIV infection model with age structure. The literature [12] explored the effects of two infection
patterns on virus generation and transmission by establishing a hybrid model of age-structure. In [13],
Shen et al. investigated that the basic reproduction number is sensitive to some parameters and the effect
of parameters on infected individuals. In [14], by constructing proper Lyapunov function, the dynamic
properties of age structure model are established. The results show that the global asymptotic stability
depends on the size of the basic reproduction number. Although they gave the expression form of the Ry,
which is the non-negative dominant eigenvalues of the positive irreducible matrices whose spectrum radius
is defined as the next generation matrix. On account of the partial differential equation contains the age
structure and the integral terms, for example[14], Ro = ks [ p(a)o(a)da/dc, so that it is difficult to give
the numerical solution of Ry. Therefore, it is more important to approximate the basic reproduction number
by numerical methods.

In[15, 16], The author investigated the numerical approximation of the basic reproduction number for
SIRS (Susceptible-Infective-Recovered-Susceptible) models. However, there are few studies on the calculation
of the basic reproduction number of the HIV model. Therefore, in order to better understand the numerical
solution of basic reproductive number. In this paper, our main goal is to give the numerical approximation of
the basic reproduction number for an age-structured HIV infection model with both virus-to-cell and cell-to-
cell transmissions, we use the backward Euler method to discretize the HIV model into a finite dimensional
space, so that we can find the non-negative dominant eigenvalues of the positive irreducible matrices whose
spectrum radius is defined as the next generation matrix. Subsequently, based on spectral approximation
theory[17], we provide the next generation operator under relatively weak conditions and obtain the numerical
solution of Ry.

The structure of the article is as follows, next, we consider HIV transmission models of the age structure
in virus-to-cell and cell-to-cell in Section 2, by the spectral radius of a linear operator, we obtain Ry. In
Section 3, we apply the spectral approximation theory to present the convergence theorem of the basic
reproduction ratio. While, we give an assumption to prove that the generation operator is compact. In
Section 4, numerical simulation is given to prove the theoretical results. In Section 5 concluding remarks are

given .



2. Model and basic reproduction number

Based on the work of Xu et al.[22], here, we add the effect of age after infection. In view of this, we

consider the following HIV transmission models of the age structure in virus-to-cell and cell-to-cell.

ou (;% D, 0U(§Zv Y Cu@U(a,t) — BiU (@ W (D) — Ulat /0 " Bla, WVt o)ds,
R (%) / B0,V (E<)ds — p(a)V (a, ), W)
dw(t) [

o= /O l(a)V(a,t)da — cW (t),

with boundary condition
U,t)=s, V(0,t)=pU0,t)W(t), t>0 (2)
and initial condition

Hy = (U(:,0), V(,0), W(0)) = (Uo (), vo("), Wo) € F, ®)

In (1), U(a,t) and V(a,t) represent the concentration of uninfected cells and infected cells of age a at time
t, respectively. W(t) represents the concentration of infectious virus at time t. where F = Ll(O,aT) X
LY(0,a) x RT, LY(0,a4) is the set of all integrable functions on (0, a4),and R* = [0, 00). Other parameters

are explained in Table 1.

Table 1: Definitions of all parameters

Parameters Description

S replacement rate of healthy cells

u(a) natural death rate of uninfected cells with age a

51 transmission rate from infected cells to infected cells

B(a,s) the age-dependent infection rate of productively infected cells

a; maximum age

w(a) per capita mortality rate of infected cells with age

l(a) age-dependent viral production rate of infected cell
c the clearance rate of virions

Clearly, system (1) always exists an infection-free steady state E(se™Jo “(5)95 0 0). We substitute
Ula,t) = se” J§'u(9)ds into the second equation of (1), then we define two linear operators on the space
X = Ll(O,aT).

Av(a) = fdiay(a) — u(a)v(a)

. @)
Fula) = se= 510 [ s(a.uic)as,
0



Dom(A) has the following definition
. . d
Dom(A) :={v € X :v is absolutely continuous on [0, as], Tal € X}.
a

Using operators A and F, we obtained the following abstract form of the second equation of system (1)

d

SV = AV(D) + FV(D), V(0) = V. (5)

By the method of variation of constant, we calculated that

~ A 'w(a) ::/ e~ S rmdny,(Sde v e X,
0

where A~! is the inverse of A. Thus, The next generation operator K is defined as follows(see [18, 19])

a

a <
Ki(a) = F(—A) " w(a) = se= I w(s)ds / "Ba,¢) / e I MOy () dpde.
0 0

Based on the definition in [20], R is defined as r(K), where r(K) is the spectral radius of the operator K.

3. Main result

Since the form of r(K) is abstract, we can not calculate Ry explicitly. To avoid misunderstanding, we
let Aa = ai/n, am = mAa, Brj = B(am,a;j), um = u(ay,) and fmy, = p(am),m,j =1,2,- -, n, Hence, we

discretize the following equation

d

here V(t) and Vj denote n—column vectors, A,, and F,, are n—square matrices with the following form

1

—p — A 0 0
1 1
. iy — e 0
A, = A A ’
.

0 Aa Hn Aa nxn
se~wla)Bapg Ng  semma)Bag  Ag ... semw@)Bag  Ag
se~uwla)hag, Ag  gemwla2)Bag Ag ... gemulaz)Bag, Ag

F, =
se~wlan)dag  Aq  gemwlan)Bdag Ag ... geulan)Bag Ag

Next, we define the next generation matrix K, := F,(—A,)"" and Ry, := r(K,). While, we noticed that
r(K,) > 0 with algebraic multiplicity 1 [21](Perron-Frobenius theorem). P, : X — X,, and 7, : X,, —» X



are two bounded linear operators given as follows

1 Am41
(Pnt)m = L v(a)da, m=1,2,--- ,n—1, velX,

n—1 (7)
(jnw)(a) = Z ka(a,n,a"L+1](a')a 1/) = (1/11’1?2’ e 7’(/)n)T S X’ru

m=1

where m is the mth entry of a vector, ¢ is the transpose of matrix ¢, and X(am,am1](@) is the indicator
function which implies that

1

’ ac (am7a7>7.+1]7
X(am;anz+l](a) =
0, a¢ (am,amt1]-

From Section 4.1 in [23], we know that for all n € N, ||P,|| < 1 and ||J,|| < 1. We denote || - || x,, is the norm
in X,,, and

WHXn = Aaz W}m‘v 7/}: (7/}151;[}2"" ’qun)T 6Xn~ (8)

m=1

Next, we apply the spectral approximation theory to present the convergence theorem of the basic

reproduction number.

Theorem 3.1. Assuming that K is compact, if for any v € X, liIJ1r1 | Tk Py — Kv||x = 0, then
n—-+oo

Ron — Ro as n — 400, preserving algebraic multiplicity 1.

Proof. First, on the basis of [24] (Theorem 3) and [25] (Krein-Rutman theorem), we obtain K is strictly
positive and irreducible. Meanwhile, there is 7(K) > 0. By a simple calculation, the inverse matrix of —A,,

is shown as follows

1

1t A 0 0
1
Aa 1 0

(—A,) ) = (u1+ﬁ)'(uz+ﬁ) M2+.A1a . ’ (9)
(ﬁ)nfl (ﬁ)n72 o 1
| O I § N (T ) pntas |
then we have
n —g(al)AaBA m —gAaB
_ se a se
IKatbllx, = 1Fu(=An)"Wllx, < Ao 3 —————> [l < at———II¥llx,
m=1 — j=1 —

here the upper bound of 3 is defined as /3. the lower bounds of u and j are u and 14, respectively . They are

both finite positive. O
In addition, we give a following assumption to make that I is compact.

Assumption 3.2.

A
lim / |m(a+g)B(a+g,5) —m(a)B(a,s)|da =0 wuniformly for ¢ €R, (10)
0

g—0

here ™3 is defined by 7°(a)B(a,s) =0 for any a,v € (—o0,0) U (4, 00).



Where

m(a) = e Jo M for g e R
The above assumption implies that the operator X keep the compactness [[19] Assumption 4.4]. In order to
prove J,K,, P, converges to K point by point, we provide the following lemma.

Lemma 3.3. For allv € X, EIE | Tk Py — Kv||x = 0.

Proof. For any v € X, we obtain

| T Kn Py — Kv|| x
= | T Fn (= An) " Puv — F(=A) ' x
NI Fu(=An) ' Puv = TuFuPu(=A) " wllx + | TnFuPu(—=A)"'v — F(=A) "'y x
NIl Fallll(=An) " Prr = Pr(=A) vl x,, + | TnFnPu(—=A) v = F(=A) "'y x
< apse Y| (=Ap) T Por = Pu(=A) " lx, + [T FuPa(=A) "'y — F(=A)"v|x. (11)
Since || J,|| < 1, and for any n € N, ||F,|| < a;se %A, Next we estimate the first item in the right-hand of
(11), then
1(=A) " P = (= A) " Povllx, =[1(=A2) " Pu(=A)(=A)"'v = (=An) " (=A0)Pa(=4) " V||x,
< (=A) THHPa(=A)(=A) " v = (—A)Pa(=A) 'y x,
< at|[Pu(=A)d — (= An)Prd||x,,
where ¥ := (—A)~!v € D(A), and for any @ = (11,2, ,¥n) " € Xy,

NEYYSS uf =Yyl < Aa ZlAazlel = ayl||
m=1 — m= J=

1 Aa j=1

I(=4n) "]

Xno

we obtain

| (_An)_lpny - (—A)_lan”Xn

1 Am 1 Am—1
n 1 am d v Y(a)da — i fa -, Y(a)da o [0
< B a _ m m _ Hm
atAa m§:1 ‘ . /aml (daﬁ(a) + ,u(a)ﬁ(a))da - - / Y¥(a)da

where ag = a_; = 0. By the mean value theorem, we have

b
Am—1

1(=A40) " Pav = (=A4) " Puv|x,

<180 " | 0) + b0 )D0) ~ R (D(Em) =~ D)) — o)

<0180 3 (| m) — 0G|+ [0 ) — womp(en))
m=1

<a? [w(ﬁ’, 2Aa) + w(p, Aa)w (0, Aa)],



where w(f,7) denotes the modulus of continuity. We know that w(f,r) is defined by supy,_.<, | f(y) — f(2)|
with the following property

w(f,r)—0, as r—0.

Hence, ||(=A,) " 'P,v — (—A)" P,v|x, — 0 holds. Then we consider the second term of (11) as follows

1T FaPu(=A) " v = F(=A) " 'v|x = | TuFuPud — FO||x

Am+41

’ isn‘mﬁm]‘ /:J ¥(s)ds — /OaT sm(a)B(a,s)d(s)ds|da

onBns = (a) (3, 6)|[9(5) | deda

<sapw(m, Aa)w (B, Aa)|[d]|x — 0 as n — 4o,

where w(m, Aa) = 0(Aa — 0) and w(B, Aa) — 0(Aa — 0), respectively. Hence,
|TnFnPr(—A)"'v — F(=A)'v||x — 0.
Combine the above discussion, we have hIE | TnlCr Py — Kv||x = 0. O
n—-+0oo

As a result, from Assumption 3.2 and Lemma 3.3, we know that Theorem 3.1 holds. Namely, Ro ., — Ro

as n converges to +o00, preserving algebraic multiplicity 1[26].

4. Numerical simulations

To further illustrute the results of the theorem, we present a numerical simulation. At the moment, the
values of these parameters in system (1) are as follows a4 = 100, s = 10°,u(a) = 0.2(1 + %), Bla,s) =
kJ(a—¢), here k=0.0003 and J(x) = 0.6(—22 +100%) x 1075+ 0.001 ([15])is a normalized distance function.
u(a) = 0.03 4 0.32(a — 52).Thus, we can easily verify that assumption 3.2 hold.

|m(a+g)B(a+g,s) —m(a)B(a,q)]

< 0.6k x 107%| — m(a+g)(a+ g — <)%+ m(a)(a — )2 4 100%(7(a + g) — 7(a))| + 0.001k|7(a + g) — 7(a)]

< 0.6k x 107%|(=m(a+ g) + 7(a))(a —<)? — w(a+ g)2g(a — <) — g*m(a + g)| + 0.0007k|7(a + g) — m(a)]

< (0.6k x 1075w? + 0.007k)|7(a + g) — w(a)| + (2wg + g*)T — 0 as h — 0 uniformly for ceR,

Define the 7 is the upper bound of 7. By calculating we get Ro 1000 ~ 2.647322605581397 =: R* as a
threshold value for Rg. In Figure 1, we give the images of Rg,,, and error (R* — Ry ), respectively. From
figure 1(a), we see that Rg , increases as n increases . We note that diseases persist and eventually become
endemic. From figure 1(b), we see that the error (R* — Ro,,) — 0 as n increase. In table 2, we give the

numerical value of Ry, and we can see Ry, converges to Ry as n — +o0.
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Figure 1: (a) Graphic of the threshold Ry, ; (b) the error R* — Rg 5, in regard to the reference value R* = 2.647322605581397

Table 2: Numerical value of Rg .

n Ro.n

10 0.039168237289443
50 0.797849417727710
100 2.463366617482032
500 2.642085560275887
1000 2.647322605581397
R* 2.647322605581397

5. Concluding remarks

Here, we consider HIV transmission models of the age structure. Generally, Ry cannot be explicity
calculated for an age-structured HIV infection model in an infinite dimensional space. Hence, we discretized
the equation (6) into a finite space. Subsequently, we apply the spectral approximation theory to present the
convergence theorem of the basic reproduction ratio. In addition, we proved that K is compact. Finally, to
verify the results of the theorem, we present a numerical simulation. In figure 1 and table 2, we see that R,,
increases as n increases, and the error (R* — R ) — 0 as n increase. For such problems, proof of pointwise

convergence in Lemma 3.3 is still more challenging in future research.
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