A GENERALIZATION OF CESARO POLYNOMIALS IN
SEVERAL VARIABLES

NEJLA OZMEN

ABSTRACT. Cesaro polynomials were introduced and investigated in 1978, and
then have been cited in several articles [1, 2]. In this sequel, by modifying Lin
at el. show how to generalize the Cesaro polynomials in one variables to present
two generating functions of the generalized Cesaro polynomials gff)(,\,x) [6].
Very recently, M. A. Malik introduced and investigated Cesaro polynomials in
two and three variables to give their generating functions [3]. Subsequently, N.
Ozmen investigated the generating functions for the g-analogue of generalized
Cesaro polynomials [7]. In this paper, new multivariate generalized Cesaro
polynomials will be obtained. Two new generating functions will be given and
some special properties of this polynomial will be examined.

1. INTRODUCTION

Special functions, with its various sub-branches, provide a very wide field of
study that arises not only in various fields of mathematics, but also in the solutions
of important problems in many disciplines such as physics, chemistry and biology.
This topic is effective enough to make sense of ambiguous questions, especially in
physical problems, thus encouraging many people to make notable improvements
in this area. As in other sciences, however, outstanding problems are discussed
in many disciplines and more general results are attempted. Function generation
theory is used in the analysis of discrete problems involving sequences of numbers
or sequences of functions and polynomials. This theory has useful applications in
many areas of study. In recent years, various interesting applications of various
methods of obtaining linear, bilinear, bilateral or mixed multilateral generation
functions of special functions (and polynomials) in one, two and more variables
have also been explored.

In 2011, Lin et. al. introduced the generalized Cesaro polynomials as follows [6]:

D\ @) = (Stn> 2 F [ Nyl (1.1)

—s—n;

Here, o F denotes the Gauss hypergeometric function. It is noted that the special
case A =1 of (1.1) reduces immediately to the second one of the generalized Cesaro
polynomials gff)(/\, x) in ggf)(a:) [10].

A further generalization of the familiar Kampé de Fériet hypergeometric function
in two variables, which is called the generalized Lauricella function, was introduced
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by Srivastava and Daoust [15]:
[(a) : 9(1)7...79(71)} : [(b(l)) : ¢(1)} :

A:BW;. .B™
FC:D(U;...;D(")

[(c) : 1/1(1),...,1/1(")} : {(d(l)) : 6(1)} ;

s [(b(”)) : qﬁ(")} ;
Z1y ey Rn
[(d(")) : 5(n)} :
[e’e) Zml 2Mn
= Q Lo
ml,..;nzo (ml, ’mn)mll mn' ’
where for convenience
A B B(™
. (1) (n)
H(a])m19§1>+»--+mn9§-") H (bJ )m1¢;1> H (b] )mngﬁ;")
Q(m mp) = =1 3=1 J=1
1, ) n) = "o DO “Dm .
) (1) (n)
11t T 11 Dm0 [T @ S
Jj=1 j=1 j=1

Here, the coefficients

09 (k=1,..,4; j=1,...,n) and ¢\ (k=1,..,BY; j=1,..n),

v (k=1,..,C; j=1,.,n) and 6 (k=1,..,D; j=1,..,n)

©)

are real constants and (bB(j)

) abridges the array of BU) parameters b,(cj ) (k =

1,..,BY; j =1,..,n) with similar commentarys for other sets of parameters [11].
As usual (9), denotes the Pochhammer symbol by

5 o DE+0) _ 1 (v=0;6 € C/{0})
()U-F((g){a(5+1)...(5+n—1) (v=mneN;s€C) ’

it being understood conventionally that (0)g :=

In recent years, many researchers have studied multilinear and multilateral gen-
erating functions for different type of polynomials. For example, in [12], Liu in-
troduced bilateral generating functions for Lagrange polynomials and Lauricella
functions. Similarly, in [13] the authors obtained bilateral generating functions for
Chan—Chyan—Srivastava polynomials and generalized Lauricella functions. In 2012,
they derived bilateral generating functions for Erkug—Srivastava polynomials and
generalized Lauricella functions (see [11]).We have very recently obtained bilateral
generating functions for generalized Cesaro polynomials and generalized Lauricella
functions (see [16]). Various generating functions can be found with the [4], [5],
[14] and [17] methods.

The main object of this paper is to study several properties of generalized Cesaro
polynomials in several variables. Various families of multilinear and multilateral
generating functions, their miscellaneous properties and also some special cases are
given. In addition, we derive a result giving certain families of bilateral generating
functions for generalized Cesaro polynomials in several variables and generalized
Lauricella functions.



2. GENERALIZED CESARO POLYNOMIALS IN SEVERAL VARIABLES AND THEIR
GENERATING FUNCTIONS

Definition 2.1. We define an extension of the generalized Cesaro polynomials
95 (A, ) in m variables by

n mM—rin—ri—r N—"ri—reg—...—Tm-—1

g’SLS)()‘lv"'7)‘m7$17"'7xM) = Z Z Z Z (5:”)
7‘1:0 7‘2:O 7‘3:0 ’r‘m:O

(=ms,, T, T (2.1)

X

(=s=n)om ﬁ (r)!
j=1
where m,n € N and
S = er_ (2.2)
j=1

It is noted that the special case m =1 of (2.1) reduces immediately to the second
one of the generalized Cesaro polynomials ggf)()\,x) in (1.1).

Now, we will present two generating functions for the multivariable Cesaro poly-

nomials g,(f)()\l, cres Ay Ty vey Ty )«

Theorem 2.1. The following generating function holds true:
D> 9O Ay 1, ezt = (1= 1) [J(1 = 2t) ™, (meN).  (2.3)
n=0 j=1

Proof. Let’s start by remembering a formal manipulation of the double series:

SN Alkin) =) A(k,n+ k). (2.4)
n=0 k=0 n=0 k=0
Let S show the first member of the (2.3) claim. If we substitute for the multivari-
able Cesaro polynomials from the definition (2.1) into the left hand-side of (2.3)
and we apply (2.4) to the resulting expression with k& = rq,...,7, consecutively,
then we have

—3
>
o
3
)
5

oS} o) oo (_ (TL + 6””))5,
_ s+ (n+0m) "=t T
S B lez:o"' Z Z ( (n + 5m) ) (—S — (n + 57”))5m

Tm=0n=0

If we use the identity

(-m—pp = (-1 R (o e )

to the first factor of the denominator of the last fraction, we get

T ), 11 ()"

) s+n [e’e) o0 Y L)
- s (res. g Ao,
L e I !
j=1

o0

_ Z(s+1)ngiwm 5 Dol @)

. 1! Tm!
n—0 r1=0 1! rom=0 m!



4 NEJLA OZMEN

where d,, is given by (2.2).
By applying the generalized binomial theorem

(1—2)" Z 7' (Jz| < 1)

to the last resulting equation, we attain our aim. (I

Remark 2.1. In the case of m = 1, Theorem 2.1 for the multivariable Cesaro
polynomials reduces to the generating function of the generalized Cesaro polynomials
given in [16].

Theorem 2.2. The following generating function for the multivariable Cesaro poly-
nomials holds true:

— (n+m\ (s .
Z( n ) fllm()‘la"'7)\k7x17~--71']€)t

n=0
k
s—m— s 1*t) l’k(lft)
A A = ) g (A g, T
( ) 1;[1( x]) Im IRRERAYVE 1-1’1{;7 ) 1_$k;t )
where |t| < min {|x1], ..., |2k} -

Proof. Replacing ¢ by ¢t + wu in (2.3), we get

e k
ngf)()\l,‘..,)\k,xl,...,xk)(t—%—u) =1-t—u)” H (1 — xjt — xju) ™™,

If we use the binomial expansion the left hand-side of the last relation, we have

n
Zg )\17...7)\k,x17...7xk) Z (;)tTL_T'LuT’L

= (1—t)=! (1 - 1“t>_s_

After some calculations, we get

Yy (" * m) 080 (0t oo A 1oy i)™

n=0m=0

= (1-1¢) Hl—xj AJi(lﬂs)*m
m=0

, 1—1 1-—t
ng(;‘;) )\1,...,)\k,xl< )7“.733;.3( ) u™.
x1t 1 —xit

From the coefficients of ™ on the both sides of the last equality, one can get the
desired result. (]



3. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this section, we give theorems which derive several substantially families of
bilinear and bilateral generating functions for the multivariable Cesaro polynomials
by using the similar method considered in [8], [9], [16], [17].

Lemma 3.1. We have the following summation formula for the multivariable
Cesaro polynomials:

9(81+52+1)(>‘1 + s Ak + Mg 1, "'amk)

n

Z Sl) (A eeey Aky 1, ...,xk)gl(:r")(ul, ey gy Ty weey T ) (3.1)
k=

Proof. If we take s = s1 +s2+ 1, A\; = A\; + p; in Theorem 2.1 and then we use the
relation

SN Alkn)=>"> A(k,n—k), (3.2)
n=0 k=0 n=0 k=0

we have

oo
Zg£LSI+S2+1) ()\1 + Ky -ees >\]€ + Py L1, "'7xk)tn
n=0

k
S el [ [t

k k
A ! St i V CEt Ui

00
= ZgngI)(Alv"w)\kvxlv--'v Z (o2) H’la"'auk’v$la"'amk)tk

k=0

= ZZg(Sl )\1,...,/\k,xl,...,xk)g,isz)(ul,...,Mk,xl,...,xk)t""'k
n=0 k=0

= ZZg(Sl (A1y ey Ay @14 oo, TG (2)(,u1,. oy Py Ty ey Tp )™ (3.3)
n=0k=0

Equating the coefficients of the same powers of ¢ in both sides of equation (3.3), we
are led to assertion (3.1). O

Theorem 3.2. For a non-vanishing function Q,(y1,...,yr ) of r complex variables
Y1y Yr (r €N) and forap #0, p, b € C, let

M @150 Q) = Y @k Qg (Y1, 90 )CF
k=0

and

g ()\17 ceey )\k,.’lﬁh s Tley Y, 7y7“7£)
[n/p]

- Icgis,)pk ()\17 ceey )\k,.’I}l, ,l’k) Qu+wk(yla 7y7‘)€k
k=0
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Then, we have

Z U (ALs ooy My Ty ooy T3 YLy ooy Y 75) "

) (3.4)
= (1= 0) 7 [T =) Ay (91, s yrim)-

j=1

Proof. For convenience, let S denote the first member of the assertion (3.4). Then,

oo [n/p]
S = Z Z akgff_)pk, (AL eoes My 1y ooy 1) Qg (Y15 ey Y )P
n=0 k=0

Replacing n by n + pk, we may write that

S = ZZakg,(f)()\1,...,/\k,ml,...,xk)QM_d,k(yl,...,yr)nkt"

n=0 k=0
o0
= Z gn /\17 ceey Moy Ty ooy T ) L Z arQputprk (Y1, ey y )"
k=0
k
= 17t H lixj (yla 7y7";77)
which completes the proof. O

Theorem 3.3. For a non-vanishing function Q,(y1,

ey Y ) Of 7 complex variables
Y1y Yr (r €N) and for a, #0, p € C, let

AHPQ[AM" >\k7x17"'7xk;y17"'7y7‘;t]
= Zangm_t,_qn /\17--~7/\k7$17--~;xk)ﬂu+pn(y17~-~7y7')tn7

and

[n/d]
m-+n
O i= 3 (0 2 )i )
k=0

Then, we have

ngﬂ ALy ooy N T1y ooy ) O pog (Y15 ooy Y 2)E" (3.5)

k
_ (1 _ t)—s—m—l H(l _ xjt)—)\j
j=1

z1(1 —1t) (1 —1) t
A, ALy ey A TYLy e Y 2(——)1 ) .
X u,p,q( 1y ooy Nk 1—$1t ) ) ].—.’Ekt s Y1, ayr”az(l_t)

Proof. By using Theorem 2.2 and similar method in proof of Theorem 3.2, we arrive
at the desired result. (]
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Theorem 3.4. For non-vanishing function Q,(y1,...,yr) of r complex variables
Y1, Yr (r €N) and forap #0, u, € C, let

Anm (>‘1 + Hs - Ak + Hps L1y o5 Ths Y1, 7y77Z)

[n/p]
1)
= Z a gn81;r,f2+ (AL Loy ooy A+ gy 1y oy T) Qo (Y1 ...,yr)zk

Then, for p € N, we have

n [k/p]
Z Z alg(SI) )\13"'a>\k7mla"'a )g](:QI))l(/Lh 7y’k,1'17"',mk)ﬂl“rwl(yh"'7yr)zl
k=0 [=0

= AT gy ey A g 1 e TR YL s Y 2). (3.6)

Proof. Applying the well-known equality

(k/p

8
~
=H
i

)

SN Ak =D Ak+pll)
k=0 1=0 1=0 k=0
and then using Lemma 3.1, we get
n [k/p]
Z Z alg( 1) )‘13 ceey Akw’Ela "'azk)g]isfl))l(/l’h coes Mgy L1 --~,1‘kz)Qu+1/)l(y17 "'7y7")zl
k=0 1=0
[n/p] n—pl
= Z Z algn >\1a "'a)‘kamlv s Tl ) (o 2)(/“(’17' '7,U'k7$17"'7xk7)9/i+wl(y17"'7y7‘)zl
1=0 k=0
[n/p] n—pl
= Z a (Z gﬁlsi?g,pl(/\h~--7)\k—,$17~-~7$ )g(SZ)(,ul,. oy P 1,4 ...,xk)> Qi (Y1, )2
1=0
[n/p]

1)
= Z a gn51;S2+ )‘ + M1, 7Ak + M L1, "'axk)QpA-wl(yh "'7y’r)zl

- An)p ()\1 + /’[’17 “eey )‘k + ,uk;axh s Ty Y1y ooy Yry Z)

which completes the proof. O

Notice that, when the multivariable function Q4 yx(y1, ..., yr), r € Nis expressed
as an appropriate product of several simpler functions of one or more variables, then
each suitable choice of the coefficients ay (k € Np) in Theorems 3.1, 3.2 and 3.3
can be shown to yield various families of multilinear and multilateral generating
functions for the multivariable Cesaro polynomials defined by (2.1).

4. THE MULTIVARIABLE CESARO POLYNOMIALS AND THE GENERALIZED
LAURICELLA FUNCTIONS

Now, for a suitable bounded non-vanishing multiple sequence {Q(my, ..., ms)}mh_
(real or complex) parameters, a function ¢,,(u1;us,...,us) of s (real or complex)
variables uq, ..., us is defined by [11]

..,msENg
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d’n(ul; Uz, -'~7US)

= i i Mﬂ(f(ml,...7ms),m2,...,ms) Y Us
((

mi1=0 ma,..., ms=0

B D
Here for convenience ((b))m,¢ = H(bj)muﬁj and ((d))m,s = H(dj)mléj-

j=1 j=1

Theorem 4.1. The following bilateral generating function relationship applies:

Zg )\1,...,)\k,ml,...,xk)qﬁn(ul;uQ,...,ur)t”

k
= (1-¢)~ Hl—x]

o0

3 ((0)) (ks 4. 4 ki +mr)

bt —o (@)t kit
xQ(f(k1+...+kk+m1),m2,...,m7«) (Al)k1"'(Ak)k‘k(S+1)7n1

uULT ULT upt "

(e @b (B5) 7w e

kl' kk' ml' mg'mr'

X

Proof. By using the relation in the statement of Theorem 2.2, we get

Zg (M) ey My 1y ey T ) By, (U5 Uy ey wy )™
n=0

_ N0 P N N G D Y ()P
2 Ao 2D ),

m1=0ma,...,m,=0

u™t o wt
xQ (f(may ... my), ma, ... my) ] m—r't
o0
- Z ((Z))))Zl(zﬂ(f(mh ST )y T2y ey T )
mi,...,mp=0 1
ma o my k
X (—uqt)™ 752! WTLT' (1— t)_s_ml—l H(l —ajt) Aj

d) m18 m1! mg'



Using the definition (2.1), it is easily observed that

Z g£5)(A17 (23} )‘kaxla "'7$’€)¢n(u1;u2’ ...,’U,T)t"

k
= (1-1%)" 1;[ 1—ajt)™ Z m&)(f(ml,...,mr),mg,...,mr)

mi,...,m=0

m1 mi—ky mi—ki—ke mi—ki—ka—..

e S e (e

m
k1=0 ks—=0  k3=0 kr=0 1

(=M1 kg .. ke ﬁ (Aj)k;

k k;
% j=1 H l’j(]. - t) :
k . 1-— .’lﬁjt
(=5 = m1)k,+..+k, [ (Kj) =1
j=1

whence the result. O

By appropriately choosing the multiple sequence Q(my, ..., m,.) in Theorem 4.1,
we obtain several results including, for example, the following bilateral generating
functions:

Example 4.1. By letting

Q (f(m17 RS m7')7m27 ey mr)

A B® B
2) (r)
H(ay)m 00+ ym, 00" 11@; 2¢§2> 115 )mr¢>§.">
_ J=1 j=1 ' j=1
- E D@ D)
(r)
[, WD+ 1@ m25§2’ (57,1, 5
Jj=1

Jj=1 Jj=1
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in Theorem 4.1,we obtain the following bilateral generating function:

ngls)(/\l, ceey Ny Ty wevy T )
n=0

o) e
A:B+1;,B®;. ;B [(a) AMER } 2o [(0) 2 0f
XFE:D;D@);...;D(T)

[(c) : ¢(1>,...,¢<’">] : [(d) : 4]
(B2 6 s [00) 6 )
tn
ULy eeey Up

(@) 6@ s [(@) 6

—.

= Q-0 Ja -z

j=1

o [(e) : W, @®tI] N 1]y [Ae s 1)y [s+1:1],
XFA+B:1;'”;1;B 5.3 B
E+D:0;...;0;D(2);...;D()

{(f):f(l)w-vf(km}: PV _
[(6®): 6@ [(07) 2 6]
ulxlt

( ( UL TRt ) ut " "
[(d@): 6P . [(d™):6D) Cat—17 " -1\t 1) 2o

Here, the coefficients are given by

SO B (1<j<4) =l @ (1<j<E)
j bi—a (A<j<A+B) * 7 di_y (E<j<E+D) "’
o\ (1<j<A 1<s<k+1)
@ _ ) 6V (1<i<A k+l<s<k+r)

7 bis  (A<j<A+B 1<s<k+1)

0 (A<j<A+B; k+1<s<k+r)

e (1<j<E;1<s<k+1)

£ = oY (1<j<E k+1<s<k+r)

/ Si—m (E<j<E+D; 1<s<k+1)
0 (E<j<E+D; k+1<s<k+r)

Example 4.2. If we set

(a)ml+...+mr (b2)mz ---(br)mr

Q(f(ma,...,mp),ma,...,m;) = (€1)my (¢ )m,

and

p=6=0 (thatis, ¢y =..=dp=20, =..=06p=0)
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in Theorem 4.1, the following bilateral generating function holds true:

Zg (A1y ooy Ay 1, ...,xk)FX) [@, =1y bay ey bps €1y ey Crj UL oy Uy | £

[(@):1,..,1]: A1)k 1;[s+1:1];

[(01):w(1),...7w(k+T)]:— S - :

[b2:1]; .y [br o 13
( uix1t ) ( UL TEt ) uit
[ea: 1) o fer:1]sy ‘aqt—17""" gt —17\t =1 > U2y wees Ur

Here FX) is the Lauricella function and the coefficients 1/1(’7) are given by

w(n)_ 1 (1§77§k’—|—1)
10 k+l<n<k+r

Example 4.3. By letting

(a)m1+---+m7~ (b2)m2 -~-(br)m7~
(O ———

Q(f(ma,...,mp),ma,...;my) =

and
o=6=0,

in Theorem 4.1,we obtain the following bilateral generating function:

Z 9y /\1, ey ks L1 ...,xk)Fg) [a,—n,bay .y by g, oy up ]t

k
= (1-1t) IIl—wt X FE (0 Ay o Ay s 4 1, bay o b

ui Tt ) ( U1 Tt ) uit
S eens A — ) ,ue, . up .
ait— 1 apt— 17\t —1) 2

Here Fg) is the Lauricella function.

(

5. MISCELLANEOUS PROPERTIES

In this section, we give a theorem which derive an integral representation for
the multivariable Cesaro polynomials defined by (2.1) and then we obtain some
recurrence relations for these polynomials.

Theorem 5.1. The multivariable Cesaro polynomials have the following integral
notation:

1 o0 o0
) (Aqy ooy Ay 1o 7)) = / / (-4
9n ( 1500y ALy L1, axk) F(S+1) ()\1
0
X(m—l—u1m1+ +ukxk) msui‘l_1...u2’“71dmdu1...duk,

n!
where Re (s +1) >0, Re(\;) >0,i=1,..., k.
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Proof. If we use the identity

—

1 oo
e v ldt (Re(v) > 0)
(v)o/

on the right hand-side of the generating function (2.3), we have

Zg Al,...,)\k,xl,...,xk)t”

n=0

k
= (1—t)=* H(l —at) N
_ / /e (mtui+...+uk)
I(s+ 1I(A1)...T(Ak)
Xe(m+u1w1+m+uwk)t s ’\1 ’“ 1dmdU1 duy,
_ / / —(m4u1+...Fug)
I'(s+ 1)I( (k)
« Z (m +u2; ;' + upzy)” t"miu Tt dmduy ... duy,.
n=0 '

From the coefficients of t” on the both sides of the last equality, one can get the
desired result. (]

We now discuss some miscellaneous recurrence relations for the multivariable
Cesaro polynomials. By differentiating each member of the generating function
relation (2.3) with respect to z; (j = 1,...,k) and using (3.2), we arrive at the
following (differential) recurrence relation for the multivariable Cesaro polynomials:

0

0
8$jgn ()\1’-" )\kamlv" xk)_xja gn 1()\1,...,)\k,l'1,...,$]€)

(5.1)
)\Jgn 1()\17...7)\k,x1,...,xk), (n>1).

Furthermore, using the similar idea, one can obtain another recurrence relation as
follows:

8 s = n—k—1 (S)
8$J ( )(Al,...,Ak,xl,...,xk) = )\j ];){L’J ()\1, )\k,asl,...,xk).

If we compare this equality and (5.1), we obtain

Z m?ikilg]ES)()\l,...,)\k7$1,-u, ) Z :I/.n k= 1 )()\17"~7)\k7x17"'7mk)

=g (A1, ...,)\k,xl, oy Th).

Besides, by differentiating each member of the generating function relation (2.3)
with respect to ¢, we have the following recurrence relation for the multivariable
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saro polynomials:

n

(n+1)97(1‘1)1(>‘17"'a)‘kaxla"'axk): Z [(s+1)g£Ls—)m(>‘17"'a)‘kaxla"'vxk)

m=0
k
+ Z ij;'n+lgv(157)m()‘lv (A )\kvxlv 7xk) 5 (] = ]., ceny k)
j=1
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