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1 Introduction

In this paper, we are interested to investigate the delayed population model with survival
rate on isolated time scales given by

z(d(t)) T Om) (1~ =) |
u(t)

where v : T — (—00,0), r,k : T — (0,00) describe, respectively, the intrinsic growth rate
and the carrying capacity of the habitat, and d : T — T is the delay function such that
p*(t) < d(t) <t for some a € N. This model is equivalent to

22 (t) = y(t)x(t) + teT (1.1)

_z(d())

2(o(t)) = F()a(t) + 2(d()ePO0-"") | eT

where the function 7(t) = 14 u(t)y(t) belongs to (0,1). This is a generalization of the model
considered in [I8] for any isolated time scales. Clearly, in the particular case T = Z, our
model reaches the one found in [I§].

A quick look at the formulation of the model described by equation (1.1) may seem
different, since in its formulation appears the graininess function in the denominator of the
second term on the right-hand side of the equation. However, in [3], the authors show
that this formulation is necessary when we are dealing with quantum calculus (which is also
encompassed here), since depending on the formulation of the model and the assumptions,
one cannot even ensure the existence of w—periodic solutions without considering this term for
the quantum case (see [3] for details). But it is important to mention that our model reaches
the model for the case T = Z considered in the literature, showing that this formulation is
appropriate and unifies all the cases.

We point out that our model is valid for all isolated time scales, which includes many
important examples such as T = Z, T = N2 = {n?: n € No}, T = ¢"° = {¢" : n € Ny},
g > 1. This last one is known as quantum scale and has several applications in many fields of
physics such as cosmic strings and black holes, conformal quantum mechanics, nuclear and
high energy physics, fractional quantum Hall effect, and high-T,. superconductors. Thermo-
statistics of g-bosons and g-fermions can be established using basic numbers and employing
the quantum calculus. See, for instance, [1, 2, [7, [§, [0} 12} 13, [17] and the references therein.
On the other hand, it worths mentioning the importance of time scales to describe popu-
lation models, since it allows to consider a variety of scenery and many possibilities in the
behavior of different populations (see, for instance, [9]). Also, the population models for
quantum calculus play important role, bringing relevant applications (see [T}, 2 7, ]).

The formulation of this model for its analogue for T = Z without delays was investigated
by many authors. See [I4} [16, I5] for instance. In particular, in [I5], the authors investigated
the extreme stability of the following discrete logistic equation

z(t)
2t +1) = 2(t) O 5®), tez,. (1.2)



In [18], the author considered a version of the model with delays

ot + 1) = 4B (t) + (r(t)e 0T

teZy. (1.3)
The formulation considered here in this present paper generalizes and . We are
interested to investigate the asymptotic behavior of the solutions of on isolated time
scales, including global attractor, extremely stability, asymptotic periodicity and periodicity.

This paper is divided as follows. In the second section, we present some preliminary
results on theory of time scale and explain the delayed model that will be investigated. In
the third section, we investigate the stability of equation . The fourth section is devoted
to study the extremal stability of and to present some examples to illustrate our main
results. Finally, the goal of last section is to investigate the periodicity and asymptotically
periodicity of solutions of , and to present examples.

2 Preliminaries

In this section, our goal is to recall some basic definitions and results from time scale theory.
For more details, we refer [5] [6].

A time scale T is any closed and nonempty subset of R endowed with the topology
inherited from R.

Definition 2.1. The forward jump operator o : T — T is defined by o(t) = inf {s € T : s > t}
and the backward jump operator p : T — T by p(t) = sup{s€ T:s>t}, provided
inf () =sup T and sup () = inf T.

If o(t) > t, then ¢ is called right—scattered. Otherwise, t is called right—dense. Similarly,
if p < t, then ¢ is said to be left-scattered, while if p(t) = t, then t is called left-dense.
From now on, we only consider isolated time scales, i.e., all points are right—scattered
and all points are left—scattered.
Moreover we denote the composition g o...o g by ¢”. The same notation we use for the
—

n times
composition of operator p.
Definition 2.2. The graininess function p: T — [0,00) is defined by u(t) = o(t) — t.

The delta (or Hilger) derivative of f: T — R at a point ¢ € T", where

T — T\(p(supT),supT], if supT < oo
T if supT =00

is defined in the following way:



Definition 2.3 ([5]). The delta derivative of function f at a point t, denoted by f2(t), is the
number (provided it exists) with the property that given any ¢ > 0, there is a neighborhood
Uoft (ie,U=(t—0t+0)NT for some § > 0) such that

‘(f(U(t)) — f(s)) — fA(t)(U(t) - S)‘ <elo(t) —s| forall s e U.

We say that a function f is delta (or Hilger) differentiable on T* provided f2(t) exists for
all t € T®. The function f : T® — R is then called the (delta) derivative of f on T*.

Throughout this paper, we assume that T is an isolated time scale such that

supT = oo, infT =t, and in%,u(t) > 0. (2.1)
€
By [5, Theorem 1.16], for any function f : T — R, its derivative is given by
flo(t)) = f(t)

fA() = for all t € T".

We consider the delayed population model of the form

A = z(d(t)) r(t)u(t)(l_Z(d(t»)
2B (t) = (t)z(t) + =55 e @) 1>t -

l’(to) = T,
with v : T — (—00,0), r,k: T — (0,00) and d : T — T such that
pt(t) < d(t) <t for some o € N. (2.3)

The functions r and k describe, respectively, the intrinsic growth rate and the carrying
capacity of the habitat. The delay is introduced to this model by the function d. From ,
it is clear that lim; ., d(t) = oc.

By solution of equation (2.2)) with initial value zy, we mean function z : T — R which
satisfies for t >ty and z(tg) = xo.

Our aim is to study the stabillity, existence of a global attractor and the extreme stability,
as well as periodicity and asymptotically periodicity of , according to the notion of
periodicity for isolated time scales given in [4] by Bohner et al.

Remark 2.4. Let us emphasize that solution of equation (2.2) depends on only one initial
value x(tp), since the delay function d can be expressed in terms of iterations of the backward
jump operator p.

Example 2.5. Suppose that the time scale T = {to,t1,1s,...} satisfies condition ({2.1)).
Consider a delay function of the form

2 . . .
' p*(t;) if i is even
d(t:) = { (1) it is odd.
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By equation (2.2), we obtain

r(to)u(to) 1_90(/72t(tg))
w(t) = (14 plto)y(te))x(te) + z(p*(to))e O( Rlto) )
z(tg)

= (14 plto)y(to))a(to) + (o)) (- 76E)

- 3
() (1- 742 )

w(ty) = (L4 p(t)y(t))z(ty) + z(p*(t))
= (14 plta)y (1)) + ko)’ @0 (- S)

and so on.

Remark 2.6. We can also consider the model of population of the form
_a(d(1)
v (1) = (t)a(t) + e O, 1 > (2.4)
x(to) = xo, x(t1) =21, ..., x(tg_1) = T5-1

i.e., with ( initial values, where § depends on the delay function d.

Throughout this paper, we consider the following general assumptions on equation ([2.2]):
(A1) There exist 7o and =, in (0,1) such that

inf (14 p(07(t) =0 and sup (1+p(®3(8)) =,

teT
(A2) There exist constants r;, k; in (0, 00) for ¢ = 0, 1, such that

inf r(t)u(t) =ro, supr(t)u(t) =ry, infk(t)=ko and supk(t) = k.
teT teT teT teT

In sequel, we introduce the following notation which will be important to our purposes:
(A3) Let the functions L and U be defined as follows
L(u) = ue % and Ulu) = ue™ " for w0
and the constants M and m be given by

MZU(%) :l:—;e”_l and m:L<1ﬁ4%).

(A4) For 0 > 1, we set a constant B as follows

oM ) rok;O)

Bzmin(L( —_
I—m

Y {rl
(A5) Let constant m be given by
~ . { r oko}
m =min{m, — p.
r1

It is not difficult to check that M is the maximum value of the function U and % is the
fixed point of the function L.



3 Result: Stability

In this section, our goal is to investigate the stability of (2.2]). We start by recalling some
important definitions.

Definition 3.1. A set S C R is said to be invariant relative to (2.2)) if for any positive value
x(to) such that x(ty) € S, the solution z of (2.2)) satisfies x(t) € S for all t > .

Definition 3.2. A set S C R is said to be a global attractor of if for any € > 0 and
positive value of z(¢y), there exists an element T'(¢,z(ty)) € T such that the solution z of
(2.2)) satisfies

gleig |z(t) — s] <e forall t>T(e, x(ty)).

Definition 3.3. Equation (2.2) is said to be extremely stable if for any two positive solutions

x and y of (2.2)), we have
Jim le(t) — (o) = 0.
Remark 3.4. If (2.1]) is fulfilled, any function x can be represented as a sequence {x(c™(to)) }nen,
so we can reformulate the above definitions as follows.
A set S C R is said to be invariant relative to (2.2) if for any positive value z(t)
belonging to S, the solution {z(c"(ty)) }nen of (2.2)) satisfies

x(c"(tg)) € S forall neN.

A set S C R is said to be a global attractor of (2.2)) if for any £ > 0 and positive value
of z(ty), there exists a natural number N(e,z(ty)) such that the solution {z(c"(¢)) }nen of
(2.2]) satisfies

miél |z(c"(tg)) — s| < e forall n> N(e,x(ty)).
s€

Equation ([2.2) is said to be extremely stable if for any two positive solutions {x(c" (o)) }nen

and {y(c™(to)) }nen of we have
lim |z(0" (t0)) — y(a" (to))] = 0.

n—o0

Lemma 3.5. Any solution x of (2.2) satisfies

1

2(0"(t) = T (1+ e @) 1))=)

3
I

+ YT (14 s On@©) |ate @2 ), 61
where
g(v,u) = we” OO (=55 (3.2)



Proof. Let us prove by induction. Since z is a solution of (2.2)), we have
z(o(t)) — x(t)
p(t)

It implies immediately that (3.1]) holds for n = 1.
Suppose now that (3.1)) holds for n. Let us show that it also happens for n + 1. Hence,

z(o"(t)) = x(0"(0(t)))

.CE(d(t)) er(t)u(t)(l—%) ‘

=1(02(0) + 775

# [T (14 e Onie @) ol ), «(dot o).

k=1  j=k+2

Using the definition of z(c(t)) given by the case n = 1 and replacing in the above equation,
we have

z(o™H(t) =

=

>~ x>~
: §||M:II
—_ —

x>

3 |

[e=]

+

ol
Il
o
<.
Il
o
+
—

getting the desired result. O]

From assumption (A1) and ({3.1)), it follows that positive value of z(¢y) implies solution
x of (2.2) takes positive values only.

By assumption (A2), we get

L(u) < g(v,u) < U(u) for v € [ty,00)r and u > 0. (3.3)
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In consequence,

gv,u) < M for v € [tg,00)r and u > 0. (3.4)
From ({3.1)) and (3.4)), due to assumption (A1), we have
n—1
z(0"(t)) < Afalto) + MY A
k=0
1 n
= yie(te) + M (3.5)
N
for any n € N. Note that for z(¢y) € (0, %] with 0 > 1, we get from ({3.5))
TOM M — M~AY
I—m I—m
(M -M)+ M
L—m
< oM — M+ M
L—m
oM
= . 3.6
L—m (3.6)
Using the notations from (A3)—(A4) and by properties of function L, we obtain
B oM
L(u) > B for ue[ , },
=% 1—m
where B is defined in (A4). By inequality (3.3)), we get
B M
> B f to, d [ , } 3.7
o0, > B for € fto.o0p and we [, P @
Assuming x(ty) > %, it follows by Lemma , inequality 1’ and assumption (A1), the
following inequality
n—1 n—1 n—1
z(a"(to)) = (H %) z(to) + (Z ( 11 %) g(Uk(to),x(d(Uk(to))))>
k=0 k=0 \j=k+1
n—1 B n—1
> [[wor——+> %8
k=0 RER—
B 1—7
= % +B ( 70)
L= 1=
B
= (3.8)
1=

for n € N. Hence, inequalities (3.6) and ({3.8]) allow us to formulate the following theorem.
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Theorem 3.6. If conditions (A1)-(A4) hold, then the set [%, %] is invariant relative

to (2.2) for positive values of x(ty), where 6 = 1 and B is given in (A4).

The next theorem brings the statement on a global attractor.

Theorem 3.7. Under assumptions (A1)—(A3) and (Ab), the set [lim, lﬁl} is a global
attractor of (2.2)) for positive values of x(ty).

Proof. Since 7y and ; belong to (0,1), for any € > 0 and positive value z(tj), there exists
an integer N (e, x (o)) > 0 such that

’yf‘)x(to) - <e and AJ|z(ty) — i ’ < e for any n > N(e, z(ty)).
L—m L=
It implies
n nM Moy
x(ty)| < e+ =&+ .
Hlett)] <+ 720 =4 208

Applying the above to (3.5]), we obtain

My M My

z(o™(t < e+ —
(o"(t0)) -y 1I—-—m 1-—-m

for any n > N(e, z(ty)).
L—m

In analogous way, we get

x(a"(ty)) > —

—¢ for n > N(e,z(ty)),

which concludes the proof. O

4 Result: Extreme stability

In this section, we are interested to investigate the extreme stability of equation (2.2)).

Lemma 4.1. Let the assumptions (A1)—(A3) and (Ab) hold. If x is a solution of (2.2)) such
that x(to) is a positive value and

m

— > 1, 4.1
k1(1 —0) (4.
then
. r(t),u(t)m(d(t)) r(t) (t)(l_z(d(t))) 7’0?71 riM
limsup |1 — et k() gmax{‘l——,‘ ——}.
Loup k(?) k(1= 70) ko(1 —m)

9



Proof. By Theorem for any given solution z of (2.2) and for every ¢ > 0, there exists
T =T(e,z(ty)) € T such that

m

—e<x(dt)) < +e for t=T. 4.2
e < ald) < T (12)
It implies the following estimates
r()pt)z(d(t)) ro( M
1 <1- —( - 5) 43
k(t) i\l —m (4.3)
. (Oult)adt) M
r(t)u(t)x r
1 S1- —( + s) 4.4
0 B \T—; 44
for t > T such that t € T. Since ¢ is arbitrary, we can write
limsup |1 — rt)u(t)a(d(®)) ) < max{‘l oo 11— _nM }
t—00 k(t) Ei(1 =) ko(1 — 1)
Now, it remains to show that
lim sup ¢ On -5 <1 (4.5)
t—o00

to conclude the proof. Observe that the left—hand side of inequality in formula (4.2]) combined
with (4.1]) implies that

x(d(t m € €
<k‘((t))) > T =) "k > 1_k_0 forany t > T.
In consequence,
e 4>
This ends the proof. O

Theorem 4.2. Let assumptions (A1)—(A3) and (A5) hold. If condition (4.1)) is satisfied

and \
1
1——‘ <1—m, 4.6
ko(l_’}/l) } 84! ( )

7’0777/
k1(1 =)
then equation (2.2) is extremely stable.

Proof. Let z and y be arbitrary positive solutions of (2.2)). Since z and y satisfy (2.2)) for
all t € T, we have by Lemma (3.5

Y

max{‘l—

n—1

20"(#) = [T (1+ e )" e))=)

k=0

10



3‘
—_
3‘
—

+ [ I (2w’ @)@ )] alo* (1), (e (1))

+1

>
Il
o

<
Il
>

and

i
L

B
Il
o

i
L

s [_H (1+ 1@ 1o (1) |9 (1), (" 1))

o
o

for any ¢t € T and n € N. In consequence, we have

* Z [ H <1 +M(Jj(t))'7(0j(t))>] {J;(d(ai(t)))eF(Ui(t)) (1—%’&2?)

) (o (1)) (1 y(d(s* (ﬂ)))
—y(d(o*(1)))e KoTte) } for all n € N,

where 7 = ru. Applying assumption (Al) and Mean Value Theorem to the above, we get
the following estimate

(" (1)) — y(o" ()| < ATl(t) —y(@) |+

(o (1)) (1 n(d(e* ‘(1))
e

+nyn i 1‘ (o'(t))n(d(a'(t))) k(o (1)) >’x(d(gi(t))) —y(d(a'(t))] (4.7

k(o'(t))
for all n € N, where n(d(c'(t))) is between z(d(c*(t))) and y(d(c'(t))) for i = 0,1,...,n— 1.
By condition (4.6)), there exists real number M; such that
’I“()’I,'FL T’lM
max d [1 — M| ——}<M <1—m. 48
{‘ kl(l —’70> k‘o(]. —’71) ! m ( )

Hence, by Lemma and by the definition of 7, there exists t, € T such that for ¢t > t5, we
have

(o (t))( 7“”))
e Mot )< My for all i € N. (4.9)

)1 _ (o' ()n(d(o" (1))
k(a*(t))

On the other hand, for any ¢ € T, due to Theorems [3.6] and [3.7] the sequence
{z(0™(t)) = y(o" () }nen

11




is bounded. Hence, there exists a > 0 such that

limsup |z(c"(t)) — y(a™(t))| = a. (4.10)

n—oo

In conclusion, for every € > 0, there exists t3 € T such that
|z(a"(t)) —y(o"(t))| <a+e forall neN and t3<teT. (4.11)

It is convenient to choose t3 such that t3 > to, since it implies condition (4.9)) also holds.
Combining inequalities (4.7)), (4.9) and (4.11)), we obtain for ¢ > ¢3 and for all n € N

oo (®) = u( O] < ATlalt) = (0] + T (o +2) (4.12)

Taking lim sup when n — 400 on both sides of the above inequality, we get

a < . _%Ml(a—i—e).
Since inequality is satisfied, we have
o< e
S1- = M
By the arbitrariness of €, we obtain that a = 0, obtaining the desired result. [

Remark 4.3. Notice that since T is an isolated time scale such that sup T = +o00, it is clear

that lim, ., 0™(t) = +o00. From this, we can infer by the properties of limsup that (4.10))
also holds for ¢ sufficiently large, obtaining (4.11]).

In sequel, we present some examples to illustrate the above results.

Example 4.4. Let

1 2314
T:{ : > {7_7_7_7_a1}}7
3n+k:neNyke 05555

where Ny is the set of nonnegative integers. Then ¢, = 0 and Igni%l u(t) = . Consider
S
equation (2.2) with d = p?,
—-04 if te 3n—i—1:n€No}
(1) = - 1234
-34 if te 3n+k3:n€N0,k€{0,5,5,5,5}},
0 0.425 if te 3n+1:n€N0}
r(t) =
0405 if te &H%uneNmke{agggg}}

12



and

" 10 if te 3n+1:n€N0}
t =
9+t—[f if te{3n+k:neNoke{01284}1L
Hence
Yo = 027 Y1 = 032, To = 08]., T = 085, ]{?0 = 9, k’l = 10
Calculating

M — U(k_0> = fren =l & 10.62602;
1-m
roho 7~ 8.57647;

we get . = min {m, ”7{’1“0 = m. By Theorem, interval [%, %] ~ [10.03697, 15.62651]
is a global attractor of (2.2)). Figure 1 shows behavior of two solutions z and y with positive

initial values z(ty) = 1 and y(to) = 20, respectively. The range of the global attractor is
illustrated by red dotted lines. Hence,

(= [
™ ™
© |
m B b
- CERIILEbRIELELIINNS
HREEAEEEACEEROEERE ©
Y
— M S_r |
. o
W - —
’
* E L
D _.
T T T T 1 T T T T 1
0 10 20 30 40 50 60 0 10 20 30 40 50 60
solution x with x(0)=1 solution y with y(0)=20

Figure 1: Example - the part of plot of two chosen solutions of ({2.2)) for n = 120 points

— 2~ 1.00370
k1(1 =)
and _ I
rom 1
max{’l—— ‘ - }z0.47584<0.68:1— .
kl(l - ’Yo) ko(l - ’71) n
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Therefore, conditions (4.1]) and (4.6)) are satisfied. Theorem[4.2]implies that (2.2)) is extremely
stable. In Figure 2, difference of two solutions x and y with initial conditions z(¢o) = 1 and

y(to) = 20 is shown, confirming that (2.2) is extremly stable.

0 - @ -
= —
o — :ﬁ-------
: o
I-II;J_ o — o L] e
M o
o |*
1 . ‘CI'_
g © _|
N B B B E— T T T T T
0 5 10 15 20 25 20 22 24 26 28

-y for n=60 points

Figure 2: Example [£.4] - difference of solutions z and y

Example 4.5. Let T = ¢V, where ¢ = 1.1, and consider equation ([2.2)) with

pA(t) ifte qznanN}

d(t) =
p(t) iftesgt:ne N},
@ tzqoff) ifteqg®t:ine N}
V() =
tzqoff) iftes¢® :nc N},
© —t&ﬁ) ifte{¢™t:ne N}
r(t) =
t(%ii) ifteig™:nc N},

and
k(t) = 14 + sin(tm).

Then constants introduced by assumption (A1)—(A2) are following

Yo = 0.25, v, = 0.35, 70 = 0.35, 7, = 0.45, ko = 13, k; = 15.

14



Hence
M =~ 20.21769, m =~ 14.74683 and m = 11.7.

By Theorem interval [%, 1£1] R [15.6, 31.10414} is a global attractor of (2.2)). We
check that

m
= 104> 1,
kl(l —70)
and B \
Tom (&1
max { |1 — —0 ) ——}:0.532<O.65:1— .
{‘ ]{31(1 —’)/0) k’()(l —’Yl) m

Thus assumptions of Theorem are satisfied. Hence equation (2.2) is extremely stable.
Figure 3 shows behavior of the solutions x and y with initial values z(ty) = 1 and y(t,) = 37
(for 120 points from the time scale). Difference of those solutions is illustrated in Figure 4.

o o _
= =T
|
(]
S
L e e
o _|
BM..'O (35
ST £
S o _|
[}
o |
-— - S [
.
H =
p— -
T T T T T T T T T T
0 20000 60000 0 20000 60000
solution x with x{0)=1 solution y with y(0)=37

Figure 3: Example - the part of plot of two chosen solutions of ({2.2)) for n = 120 points
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o
O | p—
[ ]
o - .
D —]
m —]
! T T T T T
0 20000 40000 60000 80000

Figure 4: Example - the plot of z — y for n = 120 points

5 Result: Periodicity

In this section, our goal is to investigate the existence of w—periodic solutions and asymp-
totically w—periodic solutions of ([3.1)), using the new concept of periodicity on isolated time
scales introduced in [4].

Let us start by recalling the idea of periodicity on isolated time scales introduced in [4].

Definition 5.1. A function f: T — R is called w—periodic if
vVAf =,
where v = o“.

Since condition (2.1]) is satisfied, T contains only isolated points and

VA1) = v(ot) —vt) o) —v(t) _ pd)
p(t) u(t) p(t)
(see []). Therefore, we can formulate the following equivalent condition of w—periodicity
which can be found in [4].

Lemma 5.2. A function f: T — R is w—periodic if and only if (uf)” = uf.

Remark 5.3. Observe that for T = Z we have u(t) = 1, v(t) = t + w and in this case,
w—periodicity condition given in Lemma [5.2] takes the known form

ft+w) = f(t) forall teZ.
When T = 2%, then one can check that function f is w—periodic if
29 f(29t) = f(t) for all t 2%,

reaching the w—periodicity for the quantum case. See [1], 2, [7, [§].
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Definition 5.4. A function f : T — R is said to be asymptotically w—periodic (or asymp-
totically w—periodic for t > t) if there exist two functions p,q : T — R such that

F(t) = p(t) +q(?),
where p(t) is w—periodic (or w—periodic for ¢ > t1) and ¢(¢t) — 0 as t — 0.

As in the previous section, assume m = min{m, %} The next result follows the same
way as the proof of Lemma [4.1] Therefore, we omit its proof here.

Lemma 5.5. Assume (A1)—(A3) are satisfied. If x: T — R is such that

sup |z (t)]
teT

[ m M
1—’70’1—’71

and

m

=)~ o

then for all t € T, the inequality

1_ T<t>ﬂ<t)x(d(t)) er(t)u(t)(lf 2(d(t))

) { riM
k@ /< max
k(t)

ko(1 — 1)

T()’f% ’
)

1- —
‘ 1{31(1—’)/0)

}

holds.

Lemma 5.6. Suppose conditions (A1)—(A3), (A5), and hold. If x : T — R is an
asymptotically w—periodic function, r,k : T — R are w—periodic functions and there exists
t1 € T such that for any w—periodic function p : T — R, pod is also w—periodic for all
t > ty, then g(t,z(d(t))) defined by is an asymptotically w—periodic function fort > t.

Proof. Since x is asymptotically w—periodic, it can be decomposed by
x(t) = p(t) + q(t),

where p is w—periodic and lim;_,, ¢(t) = 0. Applying Mean Value Theorem, we obtain the
following inequality

lg(t, z(d(t))) — g(t,p(d()))| = |g(t, z(d(t))) _p(d(t))er(t)u(t)(l—%n
< ’1 — % @r(t)u(t)(l—%)m(d(t)) —pld®))], (5.2)

where ¢ is between z(d(t)) and p(d(t)). By Lemma (.5 inequality (4.6) and asymptotic
w—periodicity of x, the right hand side of (5.2) tends to 0 if ¢ — co. On the other hand,
notice that

pv(B)p(d(p(n))e O N0
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(r()p(d(w(e)))e OO0 )

=p
— u(t)p(d(t))e" OO0
(d(t))
— u(p(d()e O O(-E)
for t > t; since by assumption there exists ¢t; € T such that p o d is w—periodic for t > ;.
(d(t)
Thus, by Lemma , the function p(d(t))eT(t)“( (1="5") is w—periodic for t > t;, proving
the lemma. 0

The proof of the next result follows the same way as the proof of the previous result.
Thus, we omit it here.

Corollary 5.7. Suppose r,k : T — R are w—periodic functions and for any w-periodic
function p : T — R, pod is also an w—periodic function. If x : T — R is an w—periodic
function, then g(t,z(d(t))) is also an w—periodic function.

Lemma 5.8. Assume (Al) holds. If z : T — R is an asymptotically w—periodic function
and v : T — R is an w—periodic function, then function puyx is an asymptotically w—periodic
function.

Proof. Since z is an asymptotically w—periodic function, it can be decomposed by
z(t) = p(t) + q(t),

where p is w—periodic and tlim q(t) = 0, which implies
—00

pyT = pyp + pg.

By (A1), py is a bounded function, which implies that there exists tlim w(t)y(t)q(t) = 0.
— 00

Thus, it remains to show that function uyp is w—periodic. By Lemma [5.2, we obtain that
(uy)” = py and (up)” = pp. It implies the following equality

(ppyp)” = (uy)" (up)” = pyp-
Applying Lemma [5.2] again, we get the desired result. O
In the same manner, we can prove the following result.

Corollary 5.9. Suppose (Al) holds. If v : T — R is an asymptotically w—periodic for
t >t and v: T — R is an w—periodic function, then pyx is an asymptotically w—periodic
function fort > t;.

To guarantee the existence of an asymptotically w—periodic solution of (2.2)), we apply
the Krasnoselskii Fixed Point Theorem.
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Theorem 5.10 ([I1]). Let B be a Banach space, let 2 be a bounded, convex and closed subset
of B and let F,G be maps of Q) into B such that

(i) Fz+ Gy € Q for any z,y € Q,
(1) F is a contraction,
(11i) G is completely continuous.
Then operator F' + G has a fized point in ).
Theorem 5.11. Let conditions (A1)—-(A3), (Ab), and hold. If ~,r and k are

w—pertodic functions and there exists t1 € T such that for any w—periodic function p : T —
R, pod is also w—periodic for t > t, then there exists t* € T such that equation ({2.2))
has a unique w—periodic (for t > t1) solution x and all other solutions are asymptotically
w—periodic.

Proof. Let B(T) denote a Banach space of the form

B(T) := {z = {x(t)}iz1, : sup |2(1)] < oo}

teT

equipped with the norm defined by ||z| = sup,ep [2(¢)]. It is not difficult to show that the
set
B(T)up := {zx € B(T) : x is asymptotically w-periodic for ¢t > ¢;}

with the supremum norm defined above is also a Banach space. Let us introduce the following

subset of B(T)gy

m M
Qup =2€B(M)yp: —— <zl < —— .
pim € By s 7 el < 2

Observe that €2, is a bounded, convex and closed subset in B(T),,. Let us define two
operators F, G : (2, — B(T),, in the following way

07 lft:to
FDO = G sl o)) + o). o)), 15 1

where function g is given by (3.2), and

(Ga:)(t):{ x(t) ift=t,

By (A1), for any z,y € €, and for ¢ > t;, we get

(Fz)(t) + (Gy)(t) = (1 +ulp)v(pt)))x(p(t)) + g(p(t), z(d(p(t))))




M
= (5.3)
L=m

and

(Fo)(t) + (Gy)(0) > qog =+ = = (54)

Clearly, (5.3) and (5.4) also remain valid for ¢ = to. In consequence,

m
< ||[Fz+ Gyl < :
L= I—m

By Lemma [5.6] and Corollary .9, we obtain that function Fz + Gy is asymptotically
w—periodic for ¢t > t1, hence Fz + Gy € Qg
The next step is to show that F'is a contraction. Taking any z,y € ,,, we have

((Fz)(t) = (Fy)(O)] < 1+ pulp®)y(p(@)]|x(p(t)) = y(p(t))]
Hg(p(t), z(d(p()))) = g(p(t), y(d(p())))]

By condition (A1) and Mean Value Theorem, for any ¢ € T, we get

p()n(p(t))€(d(p(1)))
k(p(t))

where £(d(p(t))) is between x(d(p(t))) and y(d(p(t))). By condition (4.6)), we can choose an
g9 > 0 such that

(e (1) lz—yl,

(Pr)(6) — (Fy) ()] < lla g +[1 -2

_rom ‘ __nM
kl(l—’Yo) ’ ko(l—’h)

Finally, by the arbitrariness of £y, condition (4.6) and Lemma lead to estimate

max{‘l—

}gl—’}/l—é‘o.

[Fz—Fy| < (1 =)z -yl forallt €T,

which means that F' is a contraction.
To be able to use the Krasnoselskii Fixed Point Theorem, it remains to verify that G is
completely continuous. It is evident that G€,, is a bounded subset in R and this implies

that it is relatively compact. Thus, G is completely continuous.
Theorem implies the existence of z € €),, such that

z(t) = (FZ)(t) + (GZ)(t) for all t € T.
It can be equivalently rewritten as

#o(t) = (14 ()1 (D))F(E) + g(t, F(d(1)) for t > to. (5.5)
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This means that ¥ is an asymptotically w—periodic (for ¢ > t;) solution of (2.2). Thus,
has the following decomposition

z(t) = p(t) + q(), (5.6)

where p(t) is w—periodic for ¢t > ¢; and lim ¢(¢) = 0. Combining (5.5)) and (/5.6]), we obtain
t—o0

(14 p@)y(0)2(t) + g(t, 2(d(1)) = pla(t)) + q(a(t))

which implies

(L + p(@)y@) () +q(t)) + g(t, 2(d(t))) — g(t. p(d(?))) + g(t. p(d(t))) = p(o(t)) + q(o(t)).
We claim that
plo(t)) = (1 + p(t)y(t))p(t) + g(¢, p(d(1))) (5.7)
and
q(o(t)) = (L4 pu(®)y(t))q(t) + g(t, 2(d(t))) — g(t, p(d(2)))-

Firstly, notice that (1 + p(t)v(¢))p(t) + g(t,p(d(t))) is w-periodic. Indeed, by Lemma [5.2]
we get for t > t;

(n(O[(1 + u(t)y())p(t) + g(t, p(d(t)))])”
= (u®)p(8)” + ()7 ()" (u()p(1))” + (u(t)g(t, p(d(2))))"
= p)p(t) + p)y(Op®)p(t) + pt)g(t, pld(t)))

= u(t) (1 + y(@)p()p(t) + u(t)g(t, pld(t))),
since g(t,p(d(t))) is w—periodic, by Corollary 5.7 On the other hand, proceeding the same
way as in (5.2]) we obtain by applying Mean Value Theorem

lg(t, Z(d(1)) — g(t, Bd®)] = |g(t, <<t>>> Bld(t))er OHO0-5G)|

< Jr-- )Z()t) R ECORECONE

where ¢ is between z(d(t)) an p(d(t)). Hence, we get

Jlim g (2, 7(d())) — 9(t, p(d(1)))] = 0

p(d(t)) )
k(t)

and also, it implies that
lim (14 u(t)7 (D)) + g8, (D) — (¢, (1)) = 0.

since q(t) — 0 as t — oo and 1 + p7 is bounded. Therefore, by the uniqueness of decom-
position, the claim follows. By the equality (5.7]), we obtain p is an w—periodic (for ¢ > t;)

solution of (12.2]).
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To prove the uniqueness, assume ¥ is another w—periodic (for ¢ > ¢;) solution of ({2.2]),
then by Theorem [4.2] we have

lim () — §(6)] = 0.
—00
This clearly forces p(t) = y(t) for t > t;.
Finally, let = be an arbitrary solution of (2.2)), then applying again Theorem , we have
lim |z(t) — Z(t)| = 0.

t—o00

It implies that
z(t) = p(t) + q(t),
with lim ¢(t) = 0, hence z is an asymptotically w—periodic solution of 1D proving the
1tt—>oo B
result.

Let us illustrate the above result returning to the equation considered in Example [4.4

Example 5.12. Let
1234
T:{ k Nak {7_7_7_7_71}}7
3n+k:neNykeq0 PR

where Ny is the set of nonnegative integers. Consider equation (2.2) with d = p° and
functions v, r, k defined as in Example [4.4

It is easy to check that functions v, r and k are 6—periodic, since for all ¢ € T we
have p(t) = u(o%(t)). This property of graininess function implies that for any 6—periodic
function p holds p = p(c®). In consequence, the composition of any 6—periodic function p
with the delay function d, i.e., p o d is 6—periodic for t > o°(tg). Since all assumptions of
Theorem [5.11] are satisfied equation admits unique w—periodic (for t > o°(ty)) solution
and all other solutions are asymptotically w—periodic (see Figure 5).

In general, assuming d = p’, we have that if p is 6—periodic function, then p o d is
6—periodic for ¢ > o7 (t).
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