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Abstract: In this paper an SVEIR epidemic model with continuous age-
dependent vaccination, latent, infected and disease relapse is proposed. The
dynamical behavior including the calculation of basic reproduction number
Ry, the existence of steady states and their local and global stability, and
the uniform persistence are investigated. We derive that if Ry < 1 then the
disease-free steady state is globally asymptotically stable, and hence the disease
dies out, if Rg > 1 then the disease in the model is uniform persistence and
the endemic steady state also is globally asymptotically stable, and hence the
disease becomes endemic. The research shows the global dynamics of the model
are sharply determined by its basic reproduction number. Finally, numerical
examples support our main analytical results.
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1 Introduction

Since ancient times, the losses caused by the spread of infectious diseases are far greater
than the sum of all wars in history. Infectious diseases not only threaten human health and
lives, but also cause severe social decline and even the demise of the country. Therefore,

further research in infectious diseases area appears to be very critical and necessary.
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Mathematical modeling has been proven to be important in better understanding the
transmission dynamics of epidemic diseases and evaluating the effectiveness of various
control and prevention strategies (see [1-5]). For example, measles, tuberculosis, SARS,
HBV and HIV etc, will show the influence of age at some time of the disease, so the
age-structured disease infection has long been regarded as an important factor affecting
the spread of disease (see [6-10]).

By the last 20 years of the mid-20th century, the age-structured of the model has
been widely studied. In [11] proposed and analyzed an age-dependent infectious dis-
ease model, on this basis, especially in recent years, many authors considered the age-
structured model with higher dimensionality, such as [12] gave qualitative analysis of a
kind of age-structured SVEIR tuberculosis model; [13] considered a multi-group mod-
el with generalized nonlinear incidence and vaccination age; an age-dependent SVEIR
model with vaccination, latent, relapse and made corresponding numerical simulation
verification theoretical results has been studied in [14-16]; in [17], the authors proposed
an SVEIR epidemic model with ages of vaccination and latency. At the same time, many
studies considered infection age, Xu [18] studied an epidemiological model with age of
infection and disease relapse; [19] showed that a tuberculosis model with fast and slow
progression and age-dependent latency and infection etc; an SVEIR model with contin-
uous age-structure in the infectious class are considered in [20,21]; [22] paid attentions
to a multi-group SVEIR epidemiological model with the vaccination age and infection
age. In comparison, high-dimensional infectious disease model with age of infection is not
considered.

To understand the effect of vaccination age, latency age, infection age and relapse
age on global dynamics of the model, based on a lot of previous work, in this paper we
propose an age-dependent SVEIR model of partial differential equation. The existence,
uniqueness, boundedness, asymptotic smoothness and uniform persistence is proved by
reformulating it as the so called Volterra integral equations. By calculations, the ba-
sic reproduction number of the model was obtained, the local stability of a disease-free
steady state and an endemic steady state of the model is established by analyzing cor-
responding characteristic equations. By constructing suitable Lyapunov functionals and
using LaSalle’s invariance principle, it is verified that the global dynamics of the model is
completely determined by the basic reproduction number.

This work is organized as follows: In Section 2, we propose a novel age-dependent
SVEIR model with ages of vaccination, latency, infection and relapse. Some basic proper-
ties of the solutions, the existence of steady states and the basic reproduction number for
the model is analyzed in Section 3. In Section 4, we prove the local and global stability

of the disease-free steady state. In Section 5, we investigate uniform persistence of the



model. In Section 6, the stability of the endemic steady state is proved, respectively.

Finally, simulation and discussion are made in Section 7-8.

2 Model formulation

In this section, we will construct an SVEIR epidemic model with age-dependent vac-
cination, latent, infected and relapse. We assume that the total population N is divided
into five classes: the susceptible (5), vaccinated (V'), latent (F), infected (I) and recov-
ered (R), respectively. Let S(t) be the number of the susceptible at time ¢, v(t,a) be the
density of the vaccinated with age of vaccination a at time t, e(t,b) be the density of the
latent with age of latency b at time ¢, i(¢,c) be the density of the infected with age of
infection ¢ at time t and r(¢, h) be the density of the recovered with age of relapse h at
time ¢.

We assume positive constants A, u, &, 5 to be the birth rate, the per-capita natural
death, the vaccination rate of the susceptible individuals and the rate of transmission of
the disease. 0(c) is the disease induced death rate dependent on age ¢, we here take the
nonlinear rate 85 f(I). Assume that the newly vaccinated individuals enter the vaccinated
class at vaccination age zero, the vaccine-induced immunity wanes rate is dependent on age
of vaccination and given by wi(a). Then the total number of vaccinated individuals within
the vaccinated subclass at time ¢ is fo v(t,a)da. Thus the total number of losing immunity
which return to the susceptible class alive reads fo wi(a)v(t,a)da. Similarly, for the
density of the latent e(t,b) at time ¢ with latency age b , the density of the infected i(t, c)
at time ¢ with infection age ¢ and the density of the recovered r(t, h) at time ¢ with relapse
age h, the latency developing the infected class, the infection developing the recovered
class and the relapse into the infected class alive write [~ wa(b)e(t,b)db, [° ws(c)i(t, c)de
and [ wy(h)r(t, h)dh, respectively. Under these assumptions, our model is described by
the following diagram in Fig 1.
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Fig 1. Flow dlagram where I fo ws(c)i(t, c)de and Ywiv, Xwee, ngz Yw4r represent

IS wi(a)v(t, a)da, [i° wg Ye(t,b) bdb fo w3(c)i(t,c)de and [;° wa(h)r(t, h)dh.



From Fig 1, the model takes the following form:

(B _ At g5 - B0 + / " in(@)olt, a)da,
P 4 20D o) + 0,
00l0.D) | 0L () + el ), 1)
aig; 2 (%gc’c) = —(ws(e) + p+ 8(e))i(t, ©),

| 2D O os(h) + et ),

with the following initial conditions and boundary conditions
S(0) = Sp, v(0,a) =wvo(a), e(0,b) = eg(b), i(0,c) =ig(c), r(0,h) =ro(h),
U(tv 0) - fS(t), €(t7 0) = BS(t)f(I_(t)), (2)
i(t,0) = b b)db h h)dh 0) = ' de.
i(t,0) /0 wn(b)elt, b) +/0 wi(h)r(t, h)dh, r(t,0) /O ()it )de

= [ ws(e)i(t, c)de, Sy € Ry = [0,00) and vy(a), eo(b),i0(c), ro(h) € L, where
LY =L} (O, 00) denotes the space of all Lebesgue integrable functions ¢ : (0,00) — R,

where ]

It is biologically motivated that we always require the following assumptions.

(A1) Functions w;(l) € LY (i = 1,2,3,4,5) are positive and bounded with the upper
bound w; and Lipschitz continuous on R with Lipschitz constants M, .

(A,) Function f(I) is nonnegative and twice differentiable for all I € [0,00) with
f(I) =0 if and only if I =0, f/(I) >0 and f”(I) <0 for all I > 0.

Remark 1. [t is clear that for the bilinear incidence rate f(I) = I and the saturated

incidence rate f(I) = where a > 0 is a constant, assumption (As) is satisfied.

T
14+al’
Remark 2. It is easy to see that model (1) generalizes some pre-existing age-dependent
SVEIR type epidemic models which are proposed and investigated in [13,14,16,17,22].

3 Basic properties

In this section we establish some basic properties of solutions for model (1). For the

convenience, we give some notations and expressions as follows:

eill) = wi(l) + (i = 1,2,3,4), pi(l) = e~ b= (5 = 1,2, 4), py

oo
N= [l
0

(C) — e Jo (e3(s)+6(s))ds

Y

~NH @A) Q] (j = 1,2,4), B5(\) = / - wy(c)e= Ot IS (o +3()ds) g
0



mi(l) = / wi(T)e” W Edr (1 =1,2.4), 7(\) = / w5(c)e*foc(’\+53( $)+8(s)ds .
: 0

6; = 6,(0) = /OOO wips(D)dl (i = 1,2,3,4), 73 = 75(0) = /Ooo ws(e)ps(e)de.

It follows from (A;) that for every i = 1,2,3,4, 0 < #; < 1 and 0 < p;(s) < 1 for all
s >0, m(l) > 0 for all 1 > 0, m(0) = 6, 6;(\) < 0;, LA < 0 and 75(\) < 73 for all A > 0.

Meanwhile

W) _ _eiipmuts) (1= 1,2,2), 22— _(ey() + 8(5)) (),

and

= m(Dei(l) —wil), i =1,2,4.

Furthermore, as the application of Volterra formulation (See [23]), solving v(t,a),
e(t,b), i(t,c) and r(t, h) from the second, third, fourth and fifth equations of model (1)

along the characteristic line ¢ — a = const, we can obtain

v(t —a,0)p1(a), t >a >0,

v(t,a) = . pi(a) a (3)
vo(a t)—pl(a 3y >t>0.
e(t —b,0)pa(b), t >b>0,

e(t,b) = pa2(D) (4)
eo(b—t)m, b>t>0.
i(t —c,0)ps(c), t >c>0,

i(te)=4¢ ps3(c) (5)
io(c— t)m, c>t>0.
r(t —h,0)ps(c), t > h >0,

T(t, h) - p4(c) (6)
ro(h —t)m, h>t>0.

The phase space X of model (1) is defined by X = R, x L1 x L} x L} x L%, equipped

with the norm for any (xy, z9, 3,24, 25) € X by

|](x1,x2,$3,;1:4,x5)\|x:x1+/ :zrg(a)da—i—/ xg(b)db+/ :E4(c)dc+/ x5(h)dh.
0 0 0 0

The initial conditions in model (1) can be rewritten as xg = (So, vo(), €o(+),i0(-), r0(+)) €

X. It is easy to see that v(0,0) = Uo(()) = &5, €(0,0) = 60( ) = BSof(I_O) i(0,0) =
= fooo wa(b)eg(b)db + [ wa(h)ro(h)dh and 7(0,0) = ro(0) = [;° ws(c)io(c)de, where
fo ws(c dc The standard existence, uniqueness, nonnegat1v1ty and continua-

blhty of solutlons for model (1) are valid (see [24]). Thus, we immediately obtain the



following lemma.

Lemma 1. For any point o € X, model (1) has a unique nonnegative solution ®(t,xy) =
(S(t),v(t,-),e(t,-),i(t,-),r(t,-)) € X defined on the mazimal existence interval [0, Ty

with Ty < 00 satisfying initial condition ®(0,xq) = xo.

Clearly, we have

1D (, x0)||x = S(¢) +/ v(t,a)da +/ e(t,b)db +/ i(t,c)dc—I—/ r(t, h)dh.
0 0 0 0
Define a set I as follows

T= {(S0(),e()i().r()) € X:
S+/Oov(a)daJr/Ooe(b)db+/ooi(c)dc+/oor(h)dhg é}.

0

We have the following result on the global existence, boundedness and invariance of solu-

tions for model (1).

Theorem 1. (i) For any initial point o € X, the solution ®(t, z¢) is defined for allt > 0
and 1s ultimately bounded. That is,

A
lim sup [ & (1, z0) | < =
t—o0 H

(13) TI is positively invariant for model (1). That is, ®(t,xo) € 11 for all t > 0 and
xo € 1I1I;

(1it) For any constant M > %, if xo € X satisfies ||xo||lx < M then for any t > 0
|P(t, z0)|lx < M and

v(t,0) < EM, e(t,0) < Bf(0)wsM?, i(t,0) < (0y + wy)M, r(t,0) < wsM.

Proof. For any initial point =g € X, from Lemma 1, model (1) has a unique nonnegative
solution @ (¢, zg) defined for ¢t € [0,T,,). Calculating the derivative of ||®(¢, x¢)]|x, we have

AR wllx — s — o+ 50 - s5OITO) + [ (s anda
_ / T er(@)o(t,a)da + £5 — / " et b)db + BS()FUE)

[e.9]

— [T+ st e+ [ ety

+ Oow4(h)r(t, h)dh — /00 eq(h)r(t, h)dh + /00 ws(c)i(t, c)de
A — pl| (2, zo)]|x-

IN



Then, we further have
[t alle < = — e (2 = faolle). ¢ € 0.7 (7)
fu Il

From this, we have that ®(¢,z¢) is bounded on [0,7,,). Hence, T, = oco. That is, the
solution ®(t,zo) can be extended to whole [0, c0).

It follows from (7) that limsup,_, . [|P (¢, zo)||x < % for any o € X. This gives ®(¢, xo)
is ultimately bounded for any x, € X.

When zq € I1, from (7) we directly get ®(t,zo) € II for all ¢ > 0. This shows that set
IT is a positive invariant set for model (1).

Furthermore, from (7) we also have if ||zo||x < A then [|®(t, zo)||x < A < M, and if

o < llzollx < M, then [|®(t, 20)[lx < & — (5 ||$o||X) <4-G- ||$o||X) < M.
Besides, we further have v(t, 0) = 55( ) < §M e(t 0) = 55( VF(L(t)) < BS()f(0)I(t)
< BF(0)wsM?, i(t,0) = [7 wa(b)e(t, b)db+ [~ wa(h)r(t, h)dh < (w2 +ws) M and r(t,0) =

> ws(e)i(t, ¢)de § ng. This completes the proof.
0

Remark 3. From Theorem 1 we can obtain that all nonnegative solutions of model (1)
generate a solution semiflow ®(t) : X — X by ®(t)xg = P(t, z0) fort >0 and xy € X.

Furthermore, to discuss the dynamical behavior of solutions for model (1) including
stability of steady states and persistence of positive solutions we further need to establish
the asymptotically smooth of solutions for model (1). Using the similar argument as in

[18] we can state and prove the following result.

Theorem 2. The semi-flow ®(t,zq) generated by model (1) is asymptotically smooth.
That is, for any initial point xo € X the solution trajectory ®(t,xo) has a compact closure
in X.

As a consequence of Theorems 1 and 2, we have the following corollary.
Corollary 1. The solution semi-flow ®(t) of model (1) has a compact and global attractor.

Proof. From Theorems 1 and 2, we obtain that any solution ®(¢,z¢) of model (1) is
ultimately bounded and has a compact closure in X, which shows the solution semiflow
®(t) is point dissipative. By Theorem 6.5 in [25], we can get the ®(¢) is compact for any
t > 0. By Theorem 2.6 in [26], we know that ®(¢) has a compact and global attractor in
X. This completes the proof.

Using the next generation operator method which is established in [27], by calculation

we can obtain the basic reproduction number of model (1) as follows
= 559}“(0)927’3 + 9394.
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A (1 __&(1-6q)
ut€(1—61) — p+E(1—01)

of susceptible people remaining after Vaccmatlon at the beginning of infectious diseases,

In Ry, we easily see that S° = ) indicates the total number
[ represents the probability for susceptible person contacts infected person and becomes
latent person, 6 indicates the overall conversion rate of latent with different latency age
eventually becoming infected, 75 represents the survival period of the infected with differ-
ent infection age, 6, indicates the overall recurrence rate of the recovered with different
relapse age. Therefore, Ry indicates in the initial stage of infectious disease, the sum
of the number of infected with different infection age who are susceptible to infection
get sick and eventually become infected during their survival period and the number of
the recovered with different relapse age. This shows that Ry happens to be the basic
reproduction number of model (1).

Now, we are concerned with the the existence of feasible steady states of model (1)
with the boundary conditions.

Clearly, model (1) always has a disease-free steady state Py = (S°,1%(a), 0,0, 0), where
v%(a) = £S%p1(a). If model (1) has an endemic steady state P* = (S*,v*(a), e*(b),i*(c),
r*(h)), then it must satisfy the following system:

/

A=%u+®9+ﬁSTUU—AWMWWW®M,

dv*(a) )
W —e1(a)v*(a),
dedéb = —ey(b)e(b),
di*(c «
%)=+%@+&mum N
dr*(h .
o —ea(h)r(h),

where I* = [ ws(c)i*(c)de. We obtain from system (8) that

vi(a) = v*(0)pi(a), €*(b) = e*(0)pa(b), i*(c) = i*(0)ps(c), r*(h) =r"(0)pa(h).  (9)

It follows from the first equation of system (8) that

- A
S S =) T BT (10)




From (8) and (9), we obtain

i*(0) =e*(0) /O " wa(B)pa ()b + 7(0) /0 " () pa(h)dh

:f%O)(ﬂS*fgﬁngm-+93&Q.

We have i*(0) # 0 in the endemic steady state. In fact, if i*(0) = 0, then i*(c) = 0.
Moreover, I* = 0 and r*(0) = 0. Therefore, e*(b) = 0 and r*(h) = 0. This leads to a

contradiction with the definition of endemic steady state. Thus, we further obtain that

I* satisfies the equation

N(I*) £ P IL)Oums f<]]* )0u7s 030, — 1 = 0.

Obviously, if Rg > 1 (< 1) then N(07) = limp_,o+ N(I*) =Ro—1>0 (< 0) . We also

have

T Bf(]_*> AOy3
N(I") =——= — + 050, — 1
) == et =) 1o T
<A072T3+9394—1%927'3—1 as [* — 4o0.

I*
Furthermore, it follows from (Aj,) that N(I*) also is decreasing for I* > 0. Therefore
N(I*) = 0 has a unique positive solution I* if and only if Ry > 1. Furthermore, from

(9) and (10), and choose i*(0) = I;—;, then model (1) has a unique endemic steady state
P* = (5*,v*(a),e*(b),i*(c),r*(h)) when Ry > 1.

4 Stability of disease-free steady state
In this section, we study the stability of disease-free steady state of model (1) with
the boundary conditions.

Theorem 3. The disease-free steady state Py is locally asymptotically stable if Rg < 1,
and unstable if Rg > 1.

Proof. Linearizing model (1) at the steady state Py yields

(O 9l - 58770 [ wnmit et [ anonaa
(2 4+ Y aatt, ) = —=i(ayrat,a),

4 (% n %)xg(t, b) = —es(b)s(t, b), (11)
(% ; %)M(t, &) = ~(eale) + 8(e))a(t, o),

\ (5 + %)115(15, h) = _54(h)$5(t7 h):




with the following boundary conditions

o0

xo(t,0) = Ex1(t), 23(t,0) = ﬂSOf'(O)/O ws(c)zy(t, c)de,

x4(t,0) = /000 wa(b)zs(t,b)db + /000 wy(h)zs(t, h)dh,

x5(t,0) = /000 ws(c)xy(t, c)de.

Let 71 (t) = 20eM, z9(t,a) = 29(a)e™, z3(t,b) = 23(b)e™, z4(t, c) = 29(c)e and z5(t, h) =

z3(h)eM be the solutions of system (11), where z9, 25(a), 23(b), 2%(c) and 22(h) are

eigenfunctions and not complete zeroes, and A is eigenvalue. Then

A0 = — (1 )2 — BS°F(0) / " ws(@)ad(e)de + / " n(a)r(a)da,

x5 (a) + dx;c(la) = —&1(a)ry(a), 25(0) = &xf,
(o) + S = —ea0)a8(0), a3(0) = 55°7'0) [ wn(eladloie
2a9(6) + P — ey 0) 1 (00

29(0) = /OOO wo (b)Y (b)db + /OOO wy(R)x2(h)dh,

ad(h) + L2 — i (h)a80), ad(0) = [ wn(eladlore

From the first equation of (15) we obtain

29(c) = 29(0)e™ JoAto(s)+eals)ds,

From (14), (16) and (17), we further conclude

[e.9]

0) = RO 5501(0) [T unepadlolae

0
—e~ f(f(/\Jrez(s))dsBSOf/(O)x2(0> / w5(C>67 foc(/\Jré(s)Jrss(s))dsdc’
0

and

2§ (h) =e™ Ji Orestands / wa(e)al(c)de

0

o foh(>\—|-54(s))dsx91 (O) /OO ws(c)e_ fOc()\+6(s)+63(s))dst.
0

Substituting (18) and (19) into the second equation of (15), we can finally obtain
23(0) = BS"f(0)23(0)62(A)73(A) + 23(0)05(A)ba(N).

10
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Therefore, when z9(c) # 0 we obtain that \ satisfies the equation as follows
Fi(\) £ BSY£/(0)02(A\)73(N) + 03(N\)04(N) — 1 = 0.

When z(c) = 0, then it follows from (15) that [~ ws(b)23(b)db+ [;° wa(h)z(h)dh =
0, by assumption (A;), we can get 23(b) = 0 and z2(h) = 0. Hence, we have 2! # 0
or 29(a) # 0. Since 29(a) = £x0e~ Jo A+21(Dds it must be 29 # 0. From (12) we further

obtain -
M) = —(p+ &)a] + Eaf / wi(a)e Jo OterloDdsqq,
0

Therefore, we obtain that A satisfies the equation
Fy(N) X+ pu+E&—€0,(N\) =0.

Thus, we finally obtain that the characteristic equation of model (1) at the steady state
By is

F(X) - Fi(A)F2(A) = 0. (20)
It is easy to obtain that Fy(0) = 3S°f/(0)0y73+030,—1 = Ro—1 and limy_, 1o F1(\) = —1.
Clearly, if Rg > 1, then equation F;(A) = 0 has a positive root. Therefore, the steady
state F, is unstable.

We now claim that when Ry < 1, the steady state Fp is locally asymptotically stable.
Otherwise, assume that A\; = ay + ib; with a; > 0 is a root of F/(A\;) = 0. Since

185° (0)02(A1)T3( A1) + O3(A1)0a(A1)]
’6‘90 )/OO w2<b)€_()\1+u)b—f0bwz(s)dsdb/Oo w5<c)€ (Ar+p)e—[5(6(s)+ws(s )dst’

0
n ’ / ()~ rHe=J5 () s (o)ds g

/oo w4(h)€_(kl+“)h_foh “’4(5)d5dh’
0
SBSOJC ( )/ w2(b)€7(a1+“)b*fob wz(s)dsdb/ U.)5(C>€ (a1+p)e— [ (8(s)+ws(s)) deC
0 0
+ /OO wg(c)e (ar+p)e— 5 (ws(s (S))dsdc /’00 w4(h)€—(a1+u)h—f0h w4(s)dsdh
0 0

:Bsof/(0)92(a1)73(&1) + 05(a1)04(ar)
SﬁSOfI(O)QQTg + 9394 = RO < 1,

and
|)\1 4 E— 5‘91(/\1)| > |)\1 + 1+ §| _ ‘5/ wl(a)e—(xﬁu)a—foawl(s)dsda

2a1+u+€—5/ wy (a)e (e Sl > 4 g - £01(ar) > 0.
0

11



This shows that F(A1) # 0 and Fy(A;) # 0, which leads to a contradiction. Therefore,
Ro < 1 implies all roots of equation (20) has negative real parts. Accordingly, disease-free

steady state Py is locally asymptotically stable. This completes the proof.
Theorem 4. The disease-free steady state Py is globally asymptotically stable if Ry < 1.

Pmﬁfmammux):u LthM) 9@0@»04):%(”%@G@%Qm

= [ ma(b)e(t, b)db, U(t) = [° F(c)i(t, ¢)dc and U, (t) = [ ma(h)r(t, h)dh.

Deﬁne a Lyapunov functlon as follows

Lo(t) = Uy(t) + Uy(t) + Uu(t) + Us(t) + Uy (t).

By p4 & = 5 (A + [;7 wi(a)v(a)da), calculating the derivative of U,(t) along with any

solution of model (1) is given as

WO~ _pac(2) - 006 (5) + 115" — 0,571 o
00 0 21
—1—92/0 wy(a)v’(a) [Z(Ot(’cil)) — % — SSU%(;;;) + 1}d :
From d”jéa) = —¢1(a)v’(a), and then
%G(i}(ot(’;))) - (Z(Ot(;)) B 1) (v(tl, a) avgc; . * El(a))’

we further obtain

dw@k:—%lm(y-“WO>PM“w+&WW@ﬂﬂ@
t

dt v(t,a) da
- 0 9 U( ,CL)
= — 0 v (a)=—G P d
é e Vg - .
__%“@G&M@N +0:65°G ()
_@A W@&@G&ggw
Since 4 ( dmab) — 7, (b)ey(b) — wo(b) and m5(0) = b5, we have
d%f)__Kf”ﬂ@%;f%b_AwmkaMdum% -
z—m@k@wr+ﬂﬁﬂ55—é wr(B)e(t, b)db.



Since dﬂ;—,gh) = m4(h)eg(h) —wy(h) and m4(0) = 04, we have
d%(’f) . / ()2 g, / ma(h)e(R)r(t, h)dh
t 0 or 0

7 N N (24)
— (bt h)) o, /0 ws(€)i(t, ¢)de — /O wa(h)r(t, h)dh.

Furthermore, calculating the derivative of U;(t) is given as

d(ilit(t) - /Ooo F(&)(e3(c) + 8(¢))ilt, )de — /OOO F(c) aigfc,C) de

—— [ P + st ade - Pt + [ Fleitt.ene
= — F(c)i(t, C)‘ZO + /OOO[F’(C) — (e5(c) + 8(c))F()]i(t, c)de.

Choose .
Fle) = / [ﬁSOfI(O)ngg,(u) + wg(u)94] o= J (Es(s)+0(s)ds g,

c

A direct calculation shows that
F'(¢) = =BS°f'(0)baws(c) — ws(c)fs + (es5(s) + 6(s)) F(c),

F(0) :/ (BS°f(0)05ws (1) + ws(w)by)e™ Jo 3+ gy, — 580 £7(0)0yrs + 050, = Ry,
0
and lim, . F'(c) = 0. Therefore, we further have

d%;t) = — F(c)i(t, c) :O + /O N [ — BS°£(0)faws(c) — w3(0)64]i(t7 c)de

:Ro[ /O " wn(b)e(t, bydb + /0 ), h)dh] (25)

— BS°f(0)0 ws(c)i(t, c)dc — 0, /000 ws(c)i(t, c)de.

0

It follows from (21)-(25) that

dL;;t>:_92AG<;>_92AG< )~ a<”%”>\ <;

—Wg(b)e(t,b)‘ — ma(h)r(t, h) ‘ —Qg,u/
0

+(Ro—1)[/Ooow2(b)e(t,b)db+/o wa(h)r(t, h)d ]
4 GoBf(1)S° — ,81"(0)IS° + 6531,

\_/
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where

¥ = /000 wi(a)v’(a) [Z)(Ot(,;)) B % B S;Zéi;(;) + 1] da — /000 wl(a)vo(a)g<1;(0t(,§))>da.

Since f(I) < f/(0)I for all I > 0, v%(a) = £S%1(a),

¥ :/Ooowl(a)vo(a) [lnz;(ot—(’;)) - % - 5:;2(()—?03) + Q}da

S /000 wﬂa)v%a)G(%?;))da — 91§SOG<%>,
and
0,6 (5)(€5° ~ A~ 0,65%) = —utu0( 5 ) <0,
we can finally get
dLOft(t) < 62A<%0> - GQUO(G)G(Z?(’&)) = m®et.h)| = mr(em)|
— Oop /OOO vo(a)GC;(ot(’;)))da 4 (Ro—1) [/OOO wa(b)e(t, b)db (27)

+ /000 wy(h)r(t, h)dh] —/LHQG(%> - /OOO wl(a)vo(@)G<5:;Z§—E:)L)>da.

Therefore, 28 < 0 if Ry < 1, and %L = 0 implies that S = S° and v(t,a) = v*(a).
From model (1), it follows that e(t,b) = 0, i(¢t,c) = 0 and r(¢t,h) = 0. By the LaSalle
invariance principle (See [28]), Py is globally asymptotically stable. This completes the

proof.

5 Uniform persistence

In this section, we establish the uniform persistence of the semi-flow ®(¢, z,) generated
by model (1) when Ry > 1.
Denote X = LY x LY x L1,

~

7= {(e(-),i(-),r(-))T exX: /Oooe(b)db >0, /Oooi(c)dc >0, /OOO r(h)dh > o},

02 =X\Z,Z =R, x L} x Z and 9Z = X\Z.

Lemma 2. If Ry > 1, then there is a constant € > 0 such that for any initial value
xo € X with eg(-) Z 0, ig(+) Z 0 and ro(-) # 0, the solution ®(t,xzq) of model (1) satisfies
liInsupt%oo ||(I)(t,[L‘0) - POHX > €.

Proof. Firstly, from Ry > 1, we can choose an enough small constant 5 > 0 such that

14



B(S° — &0)(f'(0) — &9)bars + O30, > 1. Moreover, by limy g ﬂlﬁ = f'(0), there exists a
constant 0 > 0 with 0 < gy such that @ > f'(0) — o for all 0 < I < 6. That is,
f(I) > (f(0) —ep)] for all 0 < T < 4.

Assume that the conclusion is not true, there exists a g € X with eg(-) Z 0, ig(-) Z0
and 7o(-) # 0 such that limsup, . ||[®(¢,z0) — Pollx < 6. Then, from the initial and
boundary conditions (2) and formulas (4)-(6) we can obtain that e(t,-) > 0, i(¢,-) > 0

and r(t,-) > 0 for all ¢ > 0, and there exists an enough large T such that for any t > T,
0<§—5<aﬂ<§+&oguw:/‘%@ma¢k<a
0

Therefore, by the comparison principle of age-dependent partial differential equations (See

[29]), we can obtain
e(t,b) > &(t,b), i(t,c) >i(t,c), r(t,h) > F(t,h), (28)
for all ¢ > T, where (é(t,b),i(t,c), 7(t, h)) is the solution of the following linear comparison

system
((06(t,b)  0é(t,b)

= _52(b)é<t7 b)v

ot ob
algi = (%gé D = —(ele) + 301,
87‘(({;5; h) n arét},lh) ),

S (29)
é@m:ﬁwmf@wmyfwl ws ()i, c)de,

i(t,0) = / h wo(b)é(t, b)db + / h wy(h)7(t, h)dh,
\ﬂmbzﬁmmwmumm

with the initial conditions &(T,b) = e(T,b), i(T,¢) = i(T,c) and #(T, h) = r(T, h). Assume
that system (29) has the solution as follows

&(t,b) = &1 ()’ i(t,c) = i1 ()T F(t, h) = Fy(h)e T,

where the functions é (b), 1(c) and (k) are eigenfunctions and not complete zeroes,

and A is eigenvalue. Substituting this form of solution into system (29), we obtain the

15



following linear eigenvalue problem:

(dei(b) _

o = A teb)a(),
di -
ZliC) = —(A+es(c) +d(c))u(c),
A7y (h N
) (a0,
s i (30)
4(0) = B(S° 2 (1(0) —20) | (el
0
i1(0) = / wo(b)éy (b)db + / wy(h)71(h)dh,
0 0
71(0) = / W) (e)de.
\ 0
It follows from the first, second and third equations of problem (30) that
81(b) = &y (0)e TR, G (o) =y (0)e S resI N, (31)
» 31
F1(h) = 1 (0)e o AtealeDds,

Then, from (31) and the last three equations of problem (30)

i1(0) = /OO wa(b)ér(0)e” Jo Otea(9))ds g, + /OO wa(h)7(0)e” Jo Otea(s))ds g,
=05(\)é1(0) + 04(N\)71(0)
0, (\B(S° — £)(F(0) — ) /0 ws(e)ir(¢)de + a(N) /0 (Vs (0)de

=B(S° — &) (f'(0) — €)02(N)73(A)i1(0) + 05(X)0a(N)i1 (0).

o0

We also can obtain 7;(0) # 0. Thus, we finally obtain the characteristic equation of system
(30) as follows

F3(A\) £ B(S° — £0)(f'(0) — £0)02(A)T3(A) + O5(A)04(X) = 1. (32)

Clearly, we have F3(0) = B(S° — &9)(f'(0) — €9)f273 + 0364 > 1 and limy_,,, F3(\) = 0.
Thus, equation (32) has at least one positive root Ag. This implies that system (29) has

the solution as follows
é(t,b) _ él(b)6>\o(t—T)7 %(t,c) _ 21( ) Ao (t— T (t h) _ fl(h)e/\o(t_T).

For this solution, from (31), as long as (€1(0),41(0),71(0)) # 0, then [;°é(t,b)db +
[ i(t,e)de + [°#(t, h)dh is unbounded on t € [T,00). From (28), we further obtain
that [~ e(t,b)db+ [;7i(t, c)de+ [;° r(t, h)dh is also unbounded for on ¢ € [T',00). This
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leads to a contradiction with the boundedness of ®(t,x¢). This completes the proof.

Theorem 5. If Ry > 1, then there exists a constant 1 such that for any initial value
xo € X with eg(-) Z 0, ig(+) Z 0 and ro(-) #Z 0, the solution ®(t,xy) of model (1) satisfies

liminf S(t) > &, liminf ||v(¢, )| > 1, liminf ||e(t, )| > e,
t—ro0 t—o0

t—o00

hggf Hl(t, ')HLl 2 €1, hggf H?"(t, ‘)HLI Z £1.

Proof. From Theorem 1, there exists a constant M > 0 such that for any solution
(S(t),v(t,-),e(t,-),i(t,-),r(t,-)), there is a ty > 0 such that [~ i(t,c)de < M for all ¢ > 0

and t > t;. Thus, from the first equation of model (1) we have

O s A (ut S~ BSTO)@M, 1> 1y,

Consider following comparison system

dv

= A= (u+ v — Bl Oz M, t2 to

It has the position solution v* = which is globally asymptotically stable.

By the comparison principle we can obtain liminf, ,., S(¢) > v*. This shows that S(¢) in
model (1) is uniformly persistent.

For any initial value (So,vo(+),eo(:),%0(+),%0(-)) € Z with eo(-) #Z 0, io(-) Z 0 and
ro(-) # 0. From the formulas (4)-(6), we have [~ e(t,b)db > 0, [~i(t,c)de > 0 and
fooo r(t,h)dh > 0 for all ¢ > 0. Therefore, set Z is the positive invariant set of semi-flow

®(t) of model (1). Define the set
M, = {a:o — (S0, v0("), e0(+),io(+), 70(+)) € X : D(t, z0) € OZ for all > o}.

Let w(xg) be the omega limit set of ®(t,x¢) and the set M; = {Fy}. Since ®(t, Fy) = By
for all ¢ > 0, we have My C U, cpr, w(0)-
Next, we prove (J, cp, w(zo) C M;. For any zo € Ma, since ®(t,x9) € 0Z for all
t >0, we have [“e(t,b)db = 0 or [;°i(t,c)de = 0 or [[°r(t,h)dh = 0 for all t > 0.
If [e(t,b)db = 0 for all t > 0, then we have e(t,b) = Oforallb > 0and t > 0.
Combining with e(t,0) = B8S(¢)f(I(t)) and the uniform persistence of S(t), we derive
that f(I(t)) = 0 for all t > 0 which implies that I(t) = [~ ws(c)i(t,¢)de = 0 for all ¢ > 0.
Then we further have i(t,c) = 0 for all ¢ > 0 and t > 0. Frorn assumption (Aj) and
= [ wa(be(t, b)db + [° wa(h)r(t, h)dh, we further obtain r(t,h) = 0 for all £ > 0
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and h > 0. Furthermore, model (1) degrades into the following subsystem

%it) = A —(p+8S(t)+ /OOO wi(a)o(t, a)da,
ov(t,a) N ou(t,a)

ot da

(33)

= —(wi(a) + p)o(t, ),

It is clear from (33) that lim; ., S(t) = S° and limy_o v(t,a) = v°(a). This shows
w(xo) = {Po}. Similarly, if [~ i(t,c)dc =0 or [[°r(t,h)dh = 0, we also can obtain that
e(t,b) =0, i(t,c) =0 and r(t,h) =0 for all t > 0, b > 0, ¢ > 0 and h > 0, respectively,
and model (1) also degrades into subsystem (33). Consequently, lim; .., S(t) = S° and
limy o0 v(t, @) = v°(a). This shows w(xg) = Fy, and hence J,, 5y, w(x0) C M. Thus, we
finally obtain | J w(zo) = M.

From (U, cpr, w(zo) = Mi, we know that all solutions on boundary 9Z of model (1)

xoEMy

tend to Fy when t — oco. From Lemma 2, we also know that Fj is an isolated invariant
set in X, and W*(Fy) NZ = (), where W*(P,) is the stable set of P.

Furthermore, from the above arguments, we can easily observe that no subset of M;
forms a cycle in 0Z. By Corollary 1 and the theory of persistence for dynamical systems
in [30,31], it follows that the semi-flow ®(¢) of model (1) is uniformly persistent. This

completes the proof.

6 Stability of endemic steady state

Based on the above discussions, we now investigate the local stability and the global
stability of endemic steady state for model (1). Firstly, we give a result on the local

stability of endemic steady state P*.
Theorem 6. The endemic steady state P* is locally asymptotically stable if Ry > 1.

Proof. Linearizing model (1) at the steady state P* yields

' dﬁf” = —(p+ &+ B () — BS"F(T7) /Ooo wa(c)aa(t, c)de
N /0 " (@) (t, a)da,
<% + %>x3(t, b) = —ea(b)as(t,b),
<% + a_ac)x4<t, ¢) = —(es(c) + 8(e))aa(t, ),
\ <§ + %>x5(t, h) = —eq(h)as(t, h),
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with the following boundary conditions

1o(t,0) = Ex1(t), w3(t,0) = Bf(I*)x1(t) + BS*f/(I*) /000 ws(€)xy(t, c)de,

x4(t,0) = /000 wa(b)zs(t, b)db + /000 wa(h)xs(t, h)dh, z5(t,0) = /000 ws(b)z4(t, c)de.

Let 71 (t) = 20eM, 29(t,a) = 29(a)eM, z3(t,b) = 23(b)eM, z4(t, c) = 29(c)e and z5(t, h) =
22(h)eM be the solutions of system (34), where z9, 25(a), 23(b), 2%(c) and 22(h) are
eigenfunctions and not complete zeroes, and A is eigenvalue. We obtain the following

linear eigenvalue problem:

Aoy = —(u+ &+ BF(I)a — BS™f(I) /OOO ws(c)zi(c)de + /OOO wi(a)zy(a)da,  (35)

0
() + 2 @)ata), 29(0) = et (36)
0 0o
o) + S8 = ey, #800) = 5508 + 55 T) [ ntletcnte, (a1)
0
0
2a(e) + P8 — (e + s(eade)
#9(0) = / o (B)2(B)lb + / wi(R)2d(R)dh,
ag(h) + L2 = —cigagn), 40) = [ enleiaticiae (39)
dh ;
It follows from (36)-(39) that
£3(a) = a9(0)els CHer s 8(p) = 4(0)e Jo rezDds, (40)
Z‘Q(C) _ .1'2(0)67 foc()\Jrss(s)Jr&(s))ds’ x(5)<h) _ x(g))(())ef foh(/\+€4(s))ds. (41)
Then from (35) we deduce that
o _ SBS P [ wpleade)de )

A pEFBFI) = 0N

Furthermore, combining (40)-(42) and (36)-(39) we can obtain x5(0) # 0 and

29(0) :/000 wo (b)x3(b)db + /000 wy(h)z2(h)dh

:/ WZ(b)xg(O)efg(/\+€2(s))dsdb—|—/ w4(h>xg(0)€*foh()\+s4(s))dsdh
0 0

~a0 [0+ 55 1) [ an(Eadera] + 00 [ wnleladicrae
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SBIIBS ) [ s e [
0 [ e g e AT [ et

+ 04(/\) / W3(C)l’2(0)6_ fOC(A+€3(S)+5(s))dsdc
0

_BSFINA+ p+§ =601 (N)
A p+E4BfU*) —E01(N)

Thus, the characteristic equation of model (1) at the steady state P* is calculated as

02(A)73(A)x(0) + O5(X)04(N)z3(0).

follows

At p+E—=80(N)
At p+ &+ Bf(IF) = §01(N)

Now, we claim that all roots of equation (43) have negative real parts. Otherwise,
equation (43) has a root Ay = ay + iby with ay > 0. We have

Fy(X) £ BS*[(IM)0(NT3(A) +05(A\)0a(A\) = 1. (43)

BS* f/(I*)|ag 4 by + p + & — £01(N2)]
|ag + iy + pu+ &+ BF(I*) — €01 (N2)]|

X ‘ / W5( — Jo (e3(s)+az+iba+4(s)) dsdc/ w2 fg(€2(5)+a2+ibz)dsdb‘
0

[Fa(X2)] <

+ ‘ / w3 f() (e3(8)+az+iba+d(s )dsdc /OO w4 fo e4(8)+az+ibz) dsdh‘
0
<BS* ( *)/ w5( ) — Ji (e3(s)+6( s))dsdc/ w2 fo €2 s)dsdb
0 0
+ / w3(c)67 foc(ss(s)+6(s))dsdc/ w4(h)e* fo ea(s dsdh
0 0

:ﬁS*f (I*>927'3 + 9394 < 5S*f(j )027'3 + 6394 =1.

which leads to a contradiction. Therefore, if Ry > 1, the endemic steady state P* is
locally asymptotically stable. This completes the proof.
In order to guarantee the Lyapunov functional in proving the global stability of P* to
be well-defined, we introduce the following assumption.
(As) fooo o= J3 e (s)ds ln vo(a)da < +oo0, fooo e~ ) e2(s)ds In eo(b)db < 400,
[ e o (e I 4o (c)de < +oo, [iTe” Jo'ea(®)ds 1y po (R)dh < +00.

Lemma 3. If assumption (As) holds, then
> t a) t,b)
v d < to0, ) db < 400,
0
/ dc<+oo / ))dh<+oo
0

Proof. Let (S(t),v(t,a),e(t, b),i(t,c),r(t,h)) be any positive solution of model (1). It
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follows from (3) that

/Ooo o) Y g

v*(a)
L ES(t = ap(a) © L tola = )
= v*(a)ln da v*(a)ln da
/0 (@) v*(a) i /t (@) v*(a) (44)
=" — o e)dsie 1 St — g Inv*
[ € S(t — a) — Inv*(0)]da
v* = Jg er(s)ds lnv a— s)ds — Inv* da.
w00 [ e oa—1) + / (0)

Letting a — t = u, then from (Aj) one has

/ o i ers dslnv(a_t)da—/ I3 1 gy (u)du < oo,
t 0

Hence, it follows from (44) that f a)ln th(Z)) da < +o00. In a similar way one can show

that [~ e - *( )In ’Z(tj))dc < +o00 and [;7r*(h)In T(th ydh < +oo0.
This completes the proof

Theorem 7. Assume that (As) holds. Then the endemic steady state P* is globally
asymptotically stable if Ro > 1.

Proof. Define a Lyapunov function

L*<t) = Us(t) + Uv(t) + Ue(t) + Uz(t) + Ur(t)a

where
UL(t) = 925*(;(%), U,(t) = 6, /0 h v*(a)G(Z(fg;‘)))da,
0= [ me 6 (S v = [ Reire6()d
and

> . r(t,h)
UL (1) = /0 m(h)r (WG (= 3 ).
From (Aj) and Lemma 3, all integrals involved in L*(¢) are finite. Therefore, L*(t) is
defined for any positive solution (S(t),v(t,a),e(t,b),i(t,c),r(t,h)) of model (1).
By p+¢& = g(A = BS*f(I*) + [, wi(a)v*(a)da), the derivative of Us(t) along with

the solutions of model (1) is given as

dUs
dt

_— QQA[G(S*> +G(= S |+ 0:88 () - 0285 1(I) - 6285 1(1)

S S
vit,a) S St a) 1] da.

> (45)
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Calculating the derivative of U,(t) along the solution of model (1), we have

dczv :—Qg/ooov*(a)(l;(f—(’;))—g (Ua (t,a) ) )da,

_ 90 . f3) — [ v(ta)
leere vq(t,a) = $-v(t,a). Noticing that G(U (a)> ( 1)( (a ) and
d”d—c(f) = —¢1(a)v*(a), using the integral by parts and the fact G(Z(t(g)) G(—*), we can
obtain
du, < .0 rvu(ta)
7 = 92/0 v (a)£G<v*(a) )da "
_ ‘ v(t,a) a2 > ' v(t, a)
= — Oy (a)G( o () )’ + 6,68 (S > — 02/0 e1(a)v (a)G( o (@) )da.
Noticing that de;sb) = —&y(b)e*(b) and d”jb(b) = my(b)ea(b) — wa(b), calculating the
derivative of U, (t), we obtain
dU. e(t,b)\|>® - Sf(I)
— * £ -
ar ~ e <b>G(e*(b) )|+ eaps s )G(S*f(l*)) )
> ’ e(t, )
_/O wa(b)e (b)G(e*(b) )b
Noticing that ¢ (h) = —g4(h)r*(h) and dﬂc‘l*hh) = my(h)es(h) — wy(h), calculating the
derivative of U,(t), we obtain
du, o r(t,0)
= = —m(h)r (h)G( T )] +94/0 w3 ()i (c)ch( _0 )
A, (18)

Since %G(Z%g) = (Z(*(C)) — 1)( (( C)) + (e3(c) + 5(0))), where i.(t,c) = Zi(t,c),

calculating the derivative of U;(t), we obtain

dUdit(t) _ /OOO Fi(c) (1 _ Z(*t(,%) [(53(0) ()it )+ E%g&c,c)]dc
)dc

_ /0 N Fl(c)i*(c)%G<ii(*tECC))
_ Fl(c)i*(0)0<% ‘:O
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Choosing

Fl(C) _/ [65 f( )92(,05< )+w3< )94] — [ (e3(s)+8(s) dsdu
a direct calculation shows that lim, ., Fi(c) =0,

f()

Fi(c) = —BS5" Oaws(¢) — ws(c)ba + (e3(c) +0(c)) Fi(c),

and

Fl(O) = / [BS f( )62W5( ) +W3(U)04:| €_f0u(€3(s)+5(s))dsdu = BS*][([—[* )027'3 + 9394 =1.
0

Hence, we further have

S :i*(O)G(ii(*t(’(%)) - [ st U gn(c) + waetr] (@6 (1D Yae

_ /O mw2(b)e(t,b)db+ /O Oow4(h)r(t, h)dh — /0 Oowz(b)e*(b)db
_ /OOO wy(h)r*(h)dh — [/OOO wa(b)e* (b)db

# [Tt yan] ) — a5 (7

*(0)
f(I )7 - 04 /Ooo ws(e)i(t, c)de + 0, /000 ws(c)i*(c)de

+/0 [65 f(_*)92w5< )+ W3(0)94] i*(c)In ll(*t(’c? de.

(49)

+ 6,857

From (45)-(49), we finally obtain that

= — 0,AG 5 — 6v*(a)G U(Ot’&) Oo—wg(b)e*(b)G e(*t,b) >
S v%(a) e*(b)

dL*(t)
dt

where




- HQAG(SS ) + 0,85 F(I*) — 028S f(I) — 0235 f(I*

")
+0285* f(I) + 6,55" f(I")G ( Sfﬁfi)) +9255*G<s£>
)7

S*f(I
I*) [ ' I
By :9255*¥ i ws(c)i*(c) ln% + 6,85 f<

Bs =6, /OOO ws(c)i*(c) In ZZ(*t(’CC)) de — 6, /000 ws(c)i(t, c)de

—|—94/000w3(c)i*(c)dc+94/000w3( )i*(c)de G( (t(00)>>.

[ 0268 f( )7

By calculating we can further obtain that
_ > u(t, a) S
Bl = egu/o v (a)G ( ))da 0,0,6S* G(S )

*(a
A <SS >

B [T - [ w6 (e g
—/Ooowg(b)e*(b) [1— 2(2 ))Et( ;}db ) " (W) () [1 (zhf;)(t( ;}dh
/ 2(b)e"(b tb t(g db— | walh G :(h)zzt(0;>dh’
—0,85" f(T [S 1 1+J{(( )) + ( )} +92G(S§) (€57 — A)
«%BSJ”I)G(m)Jer (§)< BF(IT)S +E5° — M),
B, = — 0,35" f(II) " (o) c)G( ey,
/ 3(c)i*(c) [7;( ((;))) Z;t( C)) <( j) (t(gﬂdc |
— —94/0 i*(c)G (z EC i : 8 >d + 04 Omwg(c)z*(c)[jfz’cﬁz;(gi —1|de
+ 0, /0 N wg(c>¢*(c)[7;(*t(’(§))) Z(t(c))]dc

TR it, c)r*(0)
:—94/0 ws(c)i*(c)G i*(c)r(t,0)>dc'
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By calculating, we also can obtain

92557(1*)@(]{((;))) + eza(%) (BF(I*)S* +€S* — A) — 919255*(;(%)
o o) ()
From Appendix in [32] it follows that
9255*f(1*)G<}f(([i))> 6,55° f(f*) Oow5(c)i*(c)G<iZ_(*t(’cc))>dc
_ 9255*@ /OOO ws(C)i*(c) [G(f(%))) - G(Zi(*t(’cc))ﬂdc <0

Therefore, we finally derive

T 2o () e @o ()| - minewo (S|
—7r4(h)r*(h)G< (t(fg))) 02G<§*> — by /Ooo v*(a)G(Z(*t’(g)da
- 92/0 wi(a G( ) /OOO w(b)e*(b)G(%)db (50)

_/Ooom( < E
_g4/000w3(0)i*( )G< (( ))(t )

Obviously, we have that dL (t) < 0, and 4 = 0 implies that S = S*, v(t,a) = v*(a),
e(t,b) = e*(b), i(t,c) = i*(c ) and r(t,h) = (h) By the LaSalle invariance principle, the
steady state P* is globally asymptotically stable. This completes the proof.

§>
o)
0

)

Remark 4. It can be easily found that the main research techniques and methods proposed

and used in [12,14-16,19,21] are improved and developed in this paper.

Remark 5. Comparing the main results obtained in [13,14,16,17,22], we see that the
same sharp threshold criteria for the local and global stability of disease-free and endemic

steady state and the uniform persistence are established in this paper.

7 Numerical examples

In this section, we carry out two numerical examples to testify Theorems 4 and 7. First-
ly, following [14,33-34], we can derive the vaccine-induced wanes rate, the age-dependent

removal rate, the age-dependent infection rate and the age-dependent relapse rate are
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wi(a) =1x1077+4.902x 10 %a+1.18 x 107062 +2 x 107243, wy(b) = 1 x 1074 44.167 x
1070+6.9x 107202 4+1.6 x 1071902, ws(c) = 0.24+9.804 x 1073c+2.35 x 1042 +4 x 1075¢3,
wi(h) = 7 x 1076 4+ 2.917 x 10~%h + 4.9 x 10742 + 1.1 x 10~"'h? and ws(c) = 1. The
disease induced death rate is §(c) = 6.8627 + 0.3364c + 8.1 x 1073¢* + 1 x 107*c%.
By calculating, we obtain #; =~ 0.3004, 6, =~ 0.6729, 03 ~ 0.029, 6, =~ 0.452 and
73 &~ 0.1441. The initial values are given by Sy = 350, vo(a) = 0.02exp{—0.4a} +
0.7(sin(0.01a))?, eo(b) = 0.02exp{—0.1b} + 0.7(sin(0.05b))?, ig(c) = 0.02exp{—0.1c} +
0.7(sin(0.03¢))? and ro(h) = 0.02 exp{—0.5h} +0.7(sin(0.055k))?. Furthermore, we choose
the parameters in model (1) as follows: A = 1, 8 = 0.06, x = 0.0012 and f(I) = %;oi'
Let (S(t),v(t,a),e(t,b),i(t,c),r(t,h)) be the solution of model (1) with the initial value
(50, vo0(a), e0(b), i0(c), o (h)).

Example 1. Take ¢ = 0.08, we have Ry = 0.1149 < 1, by Theorem 4 the disease-
free steady state Py = (SY,v%(a),0,0,0) is globally asymptotically stable, where S° ~
14, v%(a) ~ 1.12p,(a). Fig 2 shows that over time, the number of people in each converge

to the disease-free steady state.

Fig 2. The solution (S(t),v(t,a),e(t,b),i(t,c),r(t,h)) converge to the disease-free steady
state Py as t — oo.

Example 2. Take £ = 0.004, we have Rg = 1.4682 > 1, by Theorem 7 the endemic
steady state P* = (S*,v*(a),e*(b),i*(c),r*(h)) is globally asymptotically stable, where
S* ~ 232, v*(a) = 0.928p;(a), €*(b) ~ 0.072p2(b), i*(c) ~ 0.049p5(c), r*(h) ~ 0.001p4(h).
Fig 3 shows that over time, the number of people in each converge to the endemic steady

state.
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Fig 3. The solution (S(t),v(t,a),e(t,b),i(t,c),r(t,h)) converge to the endemic steady
state P* as t — oo.

8 Conclusions

In this paper, we investigated an SVEIR type epidemic model with continuous age-
dependent vaccination, latent, infected, recovered and disease relapse. Through the re-
search, we find that the global dynamics of the model is fully determined by the basic
reproduction number. That is, when the basic reproduction number is less than unity,
the disease-free steady state is globally asymptotically stable, i.e., the disease died out;
and when the basic reproduction number is greater than unity, the disease in the model
in accordance with age-distribution is uniform persistence and the endemic steady state is
globally asymptotically stable, i.e., the disease becomes endemic. Furthermore, we offered
the numerical examples to illustrate the theoretical results established in this paper.

From the expression of the basic reproduction number Rg and the main results in this
article, we see that age-dependent vaccination, latent, infected, recovered and recurrence
have an impact on the global dynamics of infectious diseases. It is not difficult to see
that these effects are reflected among the parameters (1 — 6,), 6; (i = 1,2,3,4) and 73,
respectively.

Consider multiple class ages is a prominent feature of our model, and the part of inves-
tigate uniform persistence is the novel result of our paper. Of course, other factors, such
as a general nonlinear incidence, saturation therapy of disease, diseases infection during
latency period (such as AIDS, tuberculosis, hepatitis B, see [35]), diseases infection during
vaccination period (because the protection rate of vaccines is usually less than 100% and
individual differences in vaccinators, see [36]), multi-group SVEIR age-dependent model

(decompose the heterogeneous population into several subgroups on the basis of modes
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of transmission, contact patterns, or geographic distribution, so that effects of both the
intra-group and inter-group infection are considered, see [22]) and age-structured epidemic
model with environmental virus infectious (such as SARS, AIDS, Ebola and COVID-19,
see [37]) should be integrated into the model to make it more realistic. Consider the above
factors and establish more accurate model, we leave this for future research.

In general, we can take a general nonlinear incidence, such as f(S,I) (for example,
ﬁl‘ and Beddington-DeAngelis incidence %,
w2 are positive constants, see [38]). For the variable I(¢), in model (1) we have taken

standard incidence where w; and

= fo ws(c)i(t,c)de which is linear for z(t c). However, in general case, we can
con81der the nonhnear expression I (t fo (c,i(t, c))de, where g(c, i) is assumed to be
nonnegative and continuously dlfferentlable. Particularly, we can choose g¢(c,i(t,c)) =
% Meanwhile, we can using a continuously differentiable saturation treatment
function describes the effect of delaying treatment when medical conditions are limited
and the number of infected people increases (see [39]). That extend the model (1) to the

following form

' if A= (u+8)S—Bf(S,T)+ /OOO wi(a)v(t, a)da,
811((;]; a) . 805261) — —(wi(a) + p)u(t, a),
66(01;, b, 8e<atb, Y (onb) + p)elt. D),
(%gft, °) 5@‘55;0) = —(n+0(c))i(t,c) — W?)(C)Hi(i—}g,c)’
argé h) arg;bm = —(wa(h) + p)r(t, h),

I= /OOO gle, i(t, ¢))de.

\

For this model whether we also can establish the similar conclusions as in this paper for
model (1) still is an interesting open problem. We will leave these subjects for future

research.
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