Existence solutions of integral equation and initial value questions

for differential equation of fractional order *

Xiaoyan Shi Zhengzhi Lu

College of Statistics, Southwestern University of Finance and Economics, Chengdu611130, PR China
Department of Mathematics, Lanzhou City University, Lanzhou730070, PR China

Abstract: In this paper, using the method of upper and lower solutions and fixed point Theo-
rem, consider the existence result of the initial value problem for fractional differential equation
of Riemann-Liouville fractional derivative, obtained the existence results for maximal and min-
imal solutions.

Keywords: Fractional derivatives equations; Monotone iterative technique; Existence and u-

niqueness; Maximal and minimal solutions

1. Introduction

In recent years, the tools of fractional calculus have been available and applicable to various
fields of study, much attention has been paid to study fractional differential equation initial
value questions, such as hydromechanics, network traffic, soliton and chaos etc. Especially,
the differential equations involving Riemann-Liouville fractional differential equation of order
0 < a < 1 obtained many well-know result, see [2-6].

Many authors obtained their results under the assumption that f(¢,y) satisfy Lipschitz
condition about y. Monotone iterative method is a powerful tool for differential equation, such
as [2-3], and [6].

In this paper, we will use fixed point Theorems to study the existence and uniqueness of so-
lution of following initial value problem about Riemann-Liouville fractional differential operator
of order 0 < a < 1. Using the technique of upper and lower solutions and monotone iterative

method establish an existence result

{ Dou(t) = f(t,u(t), " Put)), 0<t < T, L)

tl_o‘u(t) lt=0= up,

there f € C([0,7] x R x R,R), 0 < a,f < 1 is real number, 0 < T < oo, D® is criterion

Riemann-Liouville fractional differential operator.
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2. Preliminaries

In this section, we recall the definition and some concepts on fractional integrals and deriva-

tives, and give some lemma which are useful in next section.

The Riemann-Liouville fractional integral of order « is defined as

1y (1) = F(la) / (t — )2 y(s)ds,

Riemann-Liouville derivative of order « is defined by
1L dy, (1 y(s)
DY(t) = —— (= | 2 g
VO = o) e /0 (¢ — s)a—nt1 ™

where n = [a] + 1.

When 0 < a < 1, the definition of Riemann-Liouville derivative turn into

appy— L d [T y(s)
D y(t)_F(l—a)dt/O TR

Obviously, D%y(t) = %Il_ay(t).
Let 0 < a < 1, the space L%(a,b) = {u € L'(a,b) : D% € L'(a,b)}. Here L'(a,b) is the

space of summable functions in a finite interval [a, b].

Theorem 2.1 ([1]) Let 0 < a < 1. Assume f(z) € C(RT) N L. (R"). Then for all (a,b) €
R* xR, f(z) € C(R")N L}, (RT), Cauchy question

{ Dy(z) = f(x),
y(a) = b,

has a unique solution in C(R*) N L} (RT) given by

loc

_ _L aa_ a—1 xail L a:x_ a—1
W) = 0= g [ =00 T+ s [0t wan @)

Theorem 2.2 ([1]) Assume 0 < a < 1. Let ¢ € R and let g(x) € L(a,b). If a(x) € L*(a,b)
or a(x) is bounded on [a, b], they the Cauchy type question

lim z
z—07t

(D) (z) = a(z)y(x) + g(x),
l_ay(ﬂf) =c,

has a unique solution y(z) in the space L*(a,b).

Lemma 2.1 ([1]) Let 0 < a <1 and let y(x) be a Lebesgue measurable function on [0, 7],
(1)if

lim #' ®y(x) =a, a € R

r—0t



then
I'y(04) = lim I'%y(z) = al'(a).

z—07F
(2)if
xl—i>%l+ I'“y(x)=b, be R
hold, and if there exists the limit lim x!~%y(x), then
z—07t
b
: 11—« _
xlg&x ylz) = I'a)

Lemma 2.2 ([1]) If f(z) € L1(a,b) and 0 < o < 1, then

_ fl—a(a) T—a a—1
I(a) (z —a)

19D f(z) = f(x)

holds almost everywhere on (a,b), where fi_o(x) = I'~%(z).

Lemma 2.3 ([1]) If @ > 0 and 8 > 0, then the equation
17 f(z) = 1P f ()

is satisfied at almost every point = € [a,b] for f(z) € LP[a,bl(p > 1). If o+ S > 1, then the
relation hold at any point of [a, b].

3. Main results

Let 0 < a <1, CY*(J,R) = {u € C((0,T],R) : t'=*u € C([0,T], R)}. It is obviously that
C1=%(J, R) is a Banach space. For u € C1=%(J, R), we define the norm

ul|1-a = max ' *u(¢)|.
Jullor-oamy = mas £ -lu(o)

Theorem 3.1. Let 0 < a < %, 0 < B < 1 satisfy 2a — 8 > 0. Assume f € C(J x R X R, R)

such that

(H1): exist nonnegative constants K, L satisfy
T°T ()

_ 1-5
_F(1+2a—6)[K+LT | <1,

and

‘f(tv xlvyl) - f(t>$2>y2)’ < K|$1 - 1’2‘ + L‘yl - y2’
(H2): f(¢,0,0) #0ont e (0,7], and

-«

0 <r:= sup (|ug| +

¢
a—1
t€[0,7) I'(a) /0 (t—s5)*""f(s,0,0)|ds) < oo.



holds, then initial value question (1.1) has a unique solution.

proof. Let 0 < o < %,O < B < 1, XA is a constant, A > ﬁ Define a bounded closed
subset S of C1=%(J, R) given by

S ={uecC"YJ,R): " u(t)] < Mo}
Define an operator A on S as follows

Au(t) = ugt® ! + F(la) /0 (t — )2 L f(s,u(s), ' Pu(s))ds, teJ (3.1)

Consider question u = Au, we have to show that operator A has a fixed point, In order to
use Banach fixed point Theorem, need to prove A is a contraction mapping. For any u € S,
since (H1), (H2) holds, we have

11—«

@

7 Au(t)] < Juo| + / (t =) f (s u(s), I'Pu(s))lds
0

/ (t = 5) 1 (s, u(s), *Pu(s)) — £(5,0,0)[1ds

o (K us)]| + mL—m / (s — 1) Blu(r)|drlds
/ (t—s)” s g + 1“([{)\% /Ds(s — 1) Pretdr)ds
Arol ()T _
<ro+ m[K+LT1 A

< (14 My)ro < Arg, t € J,

which yields that AS C S.
Nextly, we show that operator A is contraction operator.

For any w,v € S, using condition (H2), we get

t
[ Au = Avllcr-a(sr) < Flmaxtl_“/ (t— )27 f (s, uls), ' Pu(s)) = f(s,0(s), I'Pu(s)) ds
0

(o) 1Y
< mant = [ (6= K uls) o)
+P(1L_ﬁ) /Os(s — 1) Plu(r) - o(r)|dr]ds
< Faglu— o= | sy e
+1“(1L_5) AS(ST)_BTQ_IdT]dS
= F(la)llu — vl¢r-a max ' /Ot(t — el Kse! 4 F(lLfEf)ﬁ)Sa%



KT°T(a) LTt I'(a)
= TGa "Tar2a-5)

Since 0 < a < 3,0 < B8 < 1 and 2a — B > 0, we have I'(a) > I'(2a) > I'(1 + 2a — f3).

Combining the above argument, it is clearly that

Jllu = vllgr-eo.

| Au — Av||cri-a < v|lu — v||c1-a. (3.2)

Hence, A is a contraction operator. Apply the Banach fixed point Theorem, it is easy to see

that A has a unique fixed point in S. Thus, we complete this proof. [

Remark 1. When £ < a < 1,0 < 8 < 1, and the condition (H1), (H2) holds, by using

the similar method as in the proof of Theorem 3.1, question (1,1) have a unique solution too.

For u € LP, we define the norm |ul[, = (f0T|u(t)\pdt)%, 1 <p < oo In (1.1), assume
f(z,y,2) = g(z), g is a function about I'Au(t). Then we consider Cauchy question

(3.3)

{ Du(t) = g(I*Pu(t)), 0 <t < T,
tl—a

u(t) |t=o0= wo,

Theorem 3.2. Let 0 < o, 8 < 1. Assume g € C(R) N LP(R), there p € (1,1) is a constant.
Then the Cauchy question (3.3) has a unique solution.

proof. Let 0 < a < 1, define a set B as follows
B ={u€t'"C(J,R) : t'u(t) — ug(t — 01)},

It is obvious that B is a Banach space.
Define the operator 7 on B by

(Tu)(t) = upt® ! + F(loz)/o (t —s)2 Lg(I*Pu(s))ds, teJ, (3.4)

by the boundedness of fractional integration operator I¢, for each u € B, as t — 0T, we have

-«

7 (Tu)(t) = uo + o) /0 (t — ) Lg(I'Pu(s))ds — ug,

which yields that 7B C B.

Then we consider question v = Tu. In order to use Schauder’s fixed point Theorem, we must
prove T is a continuous and compact operator.

For given € > 0, any up,ug € B,n =1,2,... with u, — up(n — 00). Let ¢ is a constant such

that %%—ézl—%a, we have

[(Tun) () = (Tuo) ()| < P(la)/o (t =) Hg(I'" Pup) — g(I'~Pug)|ds



L ! s a—1|q s % ! 1fﬁu o 175’1}, Pds %
< g 1= i [ o) - o))
1 1

Tl+a—pB
= pyra =g il sup fun(t) — uo(®)

~—
Q=

< (

as n — oo. Which implies that 7 is continuous for ¢ € J.

Secondly, we prove that operator T is equicontinuous on J.

Let t1,to € J, t; < ta. Consider the function f(z) = (t; — )1 — (to — 2)* 1, 2 € [0,#4],
for any 1 < p < oo, exist constant C; such that [|f||r < C1||f|lz1. Co = (q(?ll)ﬂ)%, M =
(fOT \g(Ilfﬂu(s))]pds)% are constants. For given £ > 0, we take

el(la+1) ]é}
(C1+ C2) +2%ug|” ~

d = min{T, [M
Then, when |t; — ta] < J, for each u € B, we have
1 t1 3 3 to o 3
(T = (Tta)] < s /0 (fy — )2 g(I'" Pu(s))ds — /0 (2 — )2 g(I'"Pu(s))ds|

+uol[#57 — 157

‘ -

<

t1
_ s a—1 _ — s a—1 l—ﬁu s 3
i R AR CER A O

=

1 [t _ _ _ _
iy L 29 o (el + ol 571

L " —8)h— (tg — 5)7! s% " 1-B.,(s psi
< g =97 = = sy ([ o Pule s

0

+2%uol[t1 — to
C1 o o o T 1 ) i
S OZF(OZ) [(tQ _tl) - (tQ - 1)]( 0 |g(I ’LL(S))| ds)p
C aa-n+1 [T - T )
+72(t2—t1) a (/ lg(I'"Pu(s))[Pds)? + 2% |uo| |ty — to
I(a) i
M C;
——[— + Collta — t1]|* +2¢ t] — to|®
< Tlayla T Collte =1l + 2% uolltr - 2],
g(a—1)+1

because ¢ > 1, § > 0, then §“ > <« . Consequently, we obtain that

[(Tu)(t1) — (Tu)(t2)| < e. (3.5)

We see that the operator 7 : B — B is equicontinuous on J, by Arzela-Ascoli’s Theorem, T
is a compact operator. Schauder’s fixed point theorem guarantees operator 7 has a fixed point.

Hence Cauchy question (3.3) has a unique solution. This proof is completed. O



The following is an existence of solution of the Cauchy question for fractional differential

equation use the monotone iterative method, we must introduce the upper and lower solution.

Definition 3.1. A function u* € C'~%(J, R) is called a upper solution of Cauchy problem
(1.1), if it satisfies

{ Dour(t) > f(t,u*(t), 1" Pur(t), 0 <t < T, 36)

= (1) 4=0> uo.

And a function u, € C'=%(J, R) is called a lower solution of Cauchy problem (1.1), if it

satisfies

{ Dou, (t) < f(t,us(t), 1" Pu,(t), 0 <t <T, 57)

=%, (1) Ji=0< uo.

(H3): A function a(t) € L*(J, R), and if a(t) < 0, there exist a nondecreasing function @(t) €
L'=B(J, R) such that —a(t) < a(t) and

3(T+1—-a) t —6—
—_— t— 1. .
T5AT2(a) tg%gt}r}}/o (t—s) Pa(s)ds < (3.8)

Lemma 3.1. Assume that u*,w, € C17%(J, R) are locally Hélder continuous and satisfy the
non-strict inequalities (3.6) and (3.7), f € C(J x R x R, R). Suppose further that

[t z,y1) — f(t 22, 92) < a(t)(xe — 21), (3.9)

and a(t) € LY(J, R) satisfy condition (H3). Then u*(0) > w,(0) implies that u(t) > w(t).
Lemma 3.2. Let 0 < o, 3 < 1 and a(t) satisfy (H3), if w € C'=([0, T]) satisfies the problem
(3.10)
Then w(t) > 0 for t € (0,T].

Proof. If the assertion is false, similar to the proof of Lemma 2.1 in [2], we assume w(t) <
0,t € (0,T], because t!~%w(t) |=o> 0 and w € C1~*([0,T]), so exist interval [to,t1] C (0,7
such that w(t) < 0,t € (to,t1] and w(tp) = 0; assume that ¢, € (to,?;1] is the first minimal point
of w(t) on (to,t1]. Therefore, there will be

w(t,) < 0. (3.11)
Firstly, let a(t) > 0,t € (0,7T]. From (3.10), we have
D%w(t) >0, t € (to, ]

hence
D%w(ty) > 0,



Apply the definition of Riemann-Liouville fractional derivative, we can obtain that

1

mw(t*)taa > D%w(ty) > 0.

Thus
w(ty) > 0.

It contradicts relation (3.11), so we obtain the result when a(t) > 0.
Secondly, if a(t) < 0, nondecreasing function @(t) € L(J, R) such that —a(t) < a(t), by
the monotone of Riemann-Liouville fractional integral operator I¢ and I'=?, use the fractional

integral operator I* to the both sides of (3.10), we have
w(t) = [t w(t) =]t = —I*[a(t)w(t)], t € (0, T,

because t'~%w(t) |[4=o> 0 and by the assertion of t,, we can obtain that

Thus
w(t,) + I[a(t)w(t)] w(t*)+r(1a)/0*(t* — )2 La(s)w(s)ds
—L - a)tyw — ) La(s)w(s)|ds
o | @t + (= ) a(s)u(s)a
207

Note that w € C1=([0,T7), so at least exist a set By C [0,t], u(E1) > € > 0 such that
L(a)t,w(ty) + (t. — 5)* ta(s)w(s) > 0, s € Ey,
there u is Lebesgue measure. And so
D(a)t,w(ty) + (t. — )2 La(t)w(t,) > 0, t € Ey,
by assuming that w(t.) < 0, we have
L(a)t, + (t. —t)* ta(t) < 0,

using the condition (H3)
a(t) > D(a)t.(t, — )17,
because a@(s) is nondecreasing function, so a(t) < a(t).

Taking into account that ¢ < t, when ¢t € Eq, we have

a(ty) > T(a)ty(t, — )

te — 1

> T(a)t,—
(@)t 1w



te — 1
n(Er) +1-a
Since t < t,t € Ej, we can select a function o(t),0 < o(t) < 1,t € E; such that ¢t = o(t)ts,

> T(a)t, , te Fy.

therefore, the above inequality can be written as

(1—o(t)t

——————, t€ Ej. A2
AR 12

a(ts) >TI'(a)

Apply fractional integral I'=% to the both sides of (3.12), we obtain

(-t
w(E)+1—a
- (o)) - — $) Ps2%ds
a (W(Ey) +1—a)T'(1—p) /0 (ts ) d
(1-o®))D(@)I(3) 5 4
(W(E) +1—a)'(4-5) *
(1—0(t) () 54
3(uE) +1—a)l(1—-p5) *

(1—0o(t)l'(a) .
“3(u(F)+1—a)(1 - Q)M(El)d A

=5a(t,) > 1'r(a)

that is . ( (1) (o)
* 1—0(t))'(«
t, — ) Pa(s)ds > E)35.
| = s Patsyas > S B,
by inequality (3.8), we can obtain that
(1= o)) 5 _ D2(a)T%F
—— (K ——— t € Ej. 3.13
w(Er) +1—a (1) STirl-a '™ (3.13)
Consider the inequality about x
(T+1-a)(1—-0()z>P —T(a)T* Pz — (1 - a)T(a)T?F <0, (3.14)

since 2 < 3 — 8 < 3, it is obviously that inequality (3.14) has no positive solution, thus when
w(E1) > € > 0, inequality (3.13) is false. It is a contradiction, we complete this proof. [

Remark 2. In Lemma 3.3, a(t) € L*(J, R) and satisfy condition (H3), in case a(t) < 0,t € J,

assume there exists a constant M such that —a(t) < M, ¢ € J. Then, the inequality (3.8) become
M < A=ATI2 ()

3(T+1—-a)
Theorem 3.3. Assume that u*, u, € C1~%(J, R) are upper and lower solutions of Cauchy ques-
tion (1,1), and satisfy u* > wu., t17%* () |t=0> 1 us(t) |t=o . In addition, f € C(J x Rx R, R)
satisfy Lemma 3.1 and condition (H3).

Then Cauchy question (1,1) has a maximal solution and a minimal solution.



Proof. Let Q = {z € C'"*(J,R) : u, < z < u*}. For any = € Q, consider the boundary

value problems

{ Deu(t) = f(t,a(t), I'x(t) — a(®)[u(t) — 2(t)], t € (0,71, (3.15)

tl_o‘u(t) |t:0: ug,

By Theorem 2.2 and condition (H3), for every z, boundary value problem (3,15) exists a unique
solution.

Define operator N by

Nu(t) = upt* ! + 1“(104) /0 (t — 8)* 1 Fu(s)ds,

where F is defined by Fu(s) = f(s,z(s), ' Px(s)) —a(s)[u(s) —x(s)], s € J, obviously operator
N is continuous in view of continuity of F. Then the solution initial value problem (3.15) is a
fixed point of operator N.

Define the operator B : Q — C1~%(J, R) by

Bxr =u, x € Q.

B is a continuous operator. In fact, operator B is equicontinuous on .J.

We will use operator B to construct the sequences {u,},{v,}. Firstly, we prove B is a
monotone operator in Q, let u (t), uz(t) € C1=%(J, R),u1(t) < ua(t). Suppose that u; = Bz, (i =
1,2), set = u3 — ug. Then

D% = D%y — D%us
= f(t,x1, I Pxy) — a(t)[ug — z1] — f(t, 22, 1" Pao) + a(t)[ug — x2]
< a(t)[w2 — 1] — a(t)[ur — @1] + a(t)[uz — 22

= —a(t)p,

and t'=u(t)|4=o = 0.
This conclusion and Lemma 3.2 implies that Bz < Bxs,t € J, so B is monotone operator.
Secondly, we prove u, < Bu, and u* > Bu*, set Bu, = w1, u; is s unique solution of question

(3.15) with = = uy, put v = uy — uy. Then
D% = D%, — D%uy
<t T Pu) = [£(t e, T us) — at) (ur — us))
— —alty.

and 17 (uy (t) — ui(t))|t=0 < 0.
This shows that v(t) < 0,¢t € J, which implies that u, < Bu,. One can show similarly,
u* > Bu*. Hence operator B: Q — Q.

10



Let up = us,vg = u*. We define the sequences {u,}, {v,} on J by
Uy = Bup_1, v, =Bv,_1, n=1,2,---.
Combining the above argument, we can obtain

Up=tUg <tup < - <up, <v <<y <vyg=ut. (3.16)

— — Yn

We see that the sequence {u,} is monotone nondecreasing and is bounded sequences on
J, the sequence {v,} is monotone nonincreasing and is bounded sequence on J. In fact, the

monotone of operator B implies that B exist, and B~': C'7%(J,R) — Q by
z=B"lu

As a result
[2]loe = 1B ulloo < 1B |[[[ul|so-

Consequently, B is a monotone bounded operator. Furthermore, since u € Q, I'Pu € [—¢, ],

there ¢ = % max{||u.||, |[u*]|}, thus exists a positive constant N such that

max | Fu(s)] < N.

seJ
Then we prove equicontinuity of operator B on J. For given € > 0, take

el(a+1)

9, = min{T, [m]a}

Let t1,to € J, t; < to. For each & € Q, when [t; — 2| < &y, we see that

oM "2 .
|Bx(t1) — Bx(t2)| < ]/ (t1 — s)o‘_l]:u(s)ds - / (ta — s)a_lfu(s)d.S] + |uol|t; t_ tgfl|
L(a) Jo 0

N /tl —1 a—1 a—1 -1
< — t1— ) —(tyg —s)" ]ds| + |uollt; —t&
r(a)’ ; [( (t2—s)  ]ds| + [uollt; 5 |
N | [t

a—1
+— (ta —s) ds]
F(Ck) t1
2N
< —— |t — to|® 2%t; — tol|®
_F(a+1)|1 2|* 4 |up|2%[t1 — to
2(N +T'(a+ 1)|uol)
t1 — ta]® < e.
T(a+1) [t = 2] <&

Hence, operator B is equicontinuous on J.
Therefore, sequences {uy}, {vn} exists subsequences {uy, },{vy,} uniformly converge on J,
assume up,, — A\(k — 00), vp, = Kk(k — 00), A < k. It is easy to show that A, k are solutions of

initial value questions (1.1), by (3.15), we have

{ DOA(t) = f(t, A1), I'"PA1) — al®)[A(t) = A@)], t € (0,77,
tlfak(t) ‘t:OZ uo,

11



and
{ DkR(t) = f(t, k() I'"Pr(t)) — a(t)[w(t) — (1)), t € (0,7,

tl_al-i(t) |t:O: ug,

Then we prove ), & is minimal solution and maximal solution of (1.1). Let § € C'~%(J, R)
is any solution of question (1.1) such that u, < 6 < u*, 0 < t < T, we have to prove that
A<0 <k 0<t<T. In fact, by (3.15), (3.16), we know that at least exist a k such that
ur <60 <w, 0<t<T, set p=upin— 0. Then

Dp(t) = D%upqn(t) — DO(t)

— [ et (0, TP 1 (8)) = alt) (i) = upsn1 (8))] = F(1,0(0), I 6(1))
< a(t)(0(t) — tpesn1(8)) — alt) (wsn(t) = upsn1 (1))
— —a(t)p(d).

and t1 7 (upn(t) — 0(t))]4=0 = 0.

Which implies that ugy, < 6, 0 <t < T, this prove by induction for all n. Taking limit as
n — 0o, we conclude that A < 6. Similarly, we can prove that 8 < x, 0 <t <T. Combining the
above argument, we can obtain A < 6 <k, 0 <t <T. The proof is completed. [J

Corollary 3.1. In Theorem 3.3, if a(t) € C([0,T7],[0,00)) such that

f(t7x17y1) - f(t>1’27?/2) S (l(t)|$2 - l‘l‘,

u*, u, € C1=2([0,T]) are upper and lower solutions of initial value question (1.1), then A = 6 = x

is a unique solution of (1.1).

Proof. Assume 0 < k, then Kk — 6 = s > 0, we consider D%s,
D%s = f(ta K, Il_ﬁ’k‘:) - f(t7 07]1_/80) < a’(t”’% - 0‘7

and t!7%s(t)|;—o = 0. This implies by Lemma 3.2 that s < 0 on [0,T]. Thus A\ = 0 = & is the

unique solution of (1.1).
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