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Abstract: In this paper, we present new results on deterministic sudden changes and stochastic
fluctuations effects on the dynamics of a two-predator one-prey model. We purpose to study the
dynamics of the model with some impacting factors as problem statement. The methodology
depends on investigating the seasonality and stochastic terms that which makes the predator- prey
interactions more realistic. A theoretical analysis is introduced for studying the effects of sudden
deterministic changes, using three different cases of sudden changes. We show that the system in a
good situation presents persistence dynamics only as a stable dynamical behavior. However, the
system in a bad situation leads to three main outcomes, as follows: first, constancy at the initial
conditions of the prey and predators; second, extinction of the whole system; and third, extinction of
both predators, resulting in the growth of the prey population until it reaches a peak carrying
capacity. We perform numerical simulations to study effects of stochastic fluctuations, which show
that, noise strength leads to an increase in the oscillations in the dynamical behavior and became
more complex, finally, leads to extinction when the strength of the noise is high. The random noises
transfer the dynamical behavior from the equilibrium case to the oscillation case, which describes

some unstable environments.
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1. Introduction

1.1. Preface

Theoretical ecology has motivated many mathematicians to discuss different ideas and models
from a purely mathematical standpoint [see 1-5]. Mathematical modeling is a useful tool to determine
how a process works and to predict what may follow [3]. Many problems taken into consideration in
mathematical ecology, seem simple, but are considered complicated problems due to the difficulty
of determining the underlying ecological principles [6]. Nonlinear differential equations are used to
mathematically describe predator-prey interactions. However, it is typically difficult to find a suitable
mathematical analysis, especially when using non-linear terms.

The Lotka- Volterra model, which is a system of non-linear coupled first order ordinary
differential equations, has been deemed the basic model for describing predator—prey interactions
[7,8]. Two-predator one-prey models have the form of three species interactions and, thus, these
systems are described by a system of three equations. Their dynamical behavior has been studied by
some researchers [9-11].

Seasonality is an important factor, which plays a vital role in describing the changes and
fluctuations in ecological systems with predator-prey interactions [12-18]. Additionally, there are
many ecological factors, such as hunting and climate, which have varied effects (positive and/or
negative) on the dynamical behaviors of the species. In the literature, a number of studies have
investigated the effect of seasonality on the dynamical behavior of predator-prey systems, but most
of these studies have focused on the search of chaotic cases in predator-prey systems [12-14, 16].
Several researchers [13, 15, 16] have used impulsive differential equations to describe steep changes,
where they studied the systems over a long period. However, we will use novel tool over describing
steep changes for a long time or as a new situation is introduced into the system, in this paper.

Deterministic models have been widely used to describe predator-prey interactions and their
dynamics. Deterministic models are useful, due to their ability to follow them through mathematical
analysis, and are an important mechanism for describing stable environments. However, random
fluctuations appear in unstable environments, so deterministic models are difficult to describe these
environments. In addition, the random noises are an important tool to conclude some unexpected
dynamical behaviors of predator prey interactions. Stochastic models play an important role for
describing more realistic dynamical modeling of ecosystems. May [19] introduced an important
contribution when he investigated Stochastic differential equations for describing the limits of niche
overlap in a randomly fluctuating environment. Recently, stochastic predator-prey models and their

dynamics have been studied by some researchers [20-24].



The study of the dynamical behavior of predator-prey interactions has been considered to be an
important subject in applied mathematics and mathematical ecology, due to its universal existence
and importance [25]. Stability is one of the main important dynamics of predator-prey systems, which
is typically the first property considered when studying dynamical behavior.

The persistence and extinction dynamics have also been discussed by many researchers [26-31],
due to their importance. The analytical definitions of persistence and extinction are: For a population
p(t),if p(0) > 0and 21}2 p(t) > 0, then p(t) persists, while If p(0) > 0 and tll_)rg p(t) =0, then p(t)
becomes extinct. The geometric meaning of persistence is defined that each trajectory of a system of
differential equations is bounded away from the coordinate axes, but the geometric meaning of

extinction is that the trajectory of the system of differential equations touches the coordinate axes.

The novelty of our work is on consideration of the deterministic and stochastic models taken in
such way, we are to get several results through our analysis. It should be noted that, we transfer the
non-autonomous model to autonomous model(s) by using a novel tool that approximates the model

to particular cases.

In this paper, we aim to investigate a cosinusoidal function in a Holling type I two-predator one-
prey model, in order to study how sudden changes of the dynamics will effect on the dynamical
behavior of the model. Investigating the cosinusoidal function and stochastic terms make our
assumptions more realistic by concluding new cases of the model. We transfer the non-autonomous
model to autonomous model(s) by using a novel tool which approximates the model to particular

cases.

The paper is arranged as follows: we introduce in section 1, the preface and methodology of the
paper. In Section 2, we present the mathematical model of the two-predator one-prey system and the
seasonality function. In Section 3, we introduce forced deterministic models by sudden changes,
divided to two situations: bad and good. In Section 4, we present a mathematical analysis of the
deterministic sudden changes. In Section 5, we study the equilibrium points and conduct a stability
analysis of these situations. In Section 6, we introduce stochastic model of the two-predator one-prey
system. We introduce the numerical simulations in Section 7. In Section 8, we summarize our

conclusions.



1.2. The Methodology

I summarize the mechanism that followed in this paper through the following figure
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The methodology of arrays:

Array 1: Adding the stochastic term.
Array 2: Adding the seasonality function.
Array 3: Using the approximation method.
Array 4: Theoretical analysis.

Array 5: Numerical simulation.



2. Mathematical Model and Seasonality function

2.1. Mathematical Model

We use a non-dimensional system of Holling type I two-predator one-prey model [31] as follows:

dx x

E—x(l—;)—axy—ﬁxz,

d

d—)t/ = —uy + e;axy — e;ay’ — ¢1yz, (M
d

d—i = —wz + e, fxz — e, 2% — ¢,yz,

Subject to initial conditions
x(0)=xy>0,y(0)=y,>0,2(0)=2,>0.

The biological meaning of the variables and parameters is as follows:

X: prey density.

y: first predator density.

Z: second predator density.

k: carrying capacity of the system.

a and f: searching and capturing efficiency of predators y and z.

U and W: loss rates of predators y and z.

e; and e,: birth rate of predator for each prey consumed.

¢; and c,: interspecific competition between the predators.
The parameters and initial conditions of the model (1) are supposed to be positive values.

Theorem 1. All the solutions of system (1) which initiate in R for t > 0 are bounded.

Proof. According to the first equation of the system (1) we prove that it is bounded as follows:

dx x

— < — =

= x(1 k) (2)

ket+ke .. .
Tigetikes €18 integration constant.

The solution of the equation (2) is x(t) =

then 0 < tlim supx(t) <kVt > 0.

Then, we prove that x(t) + y(t) + z(t) < Q. Vvt = 0.
Let R(t) = x(t) + y(t) + z(¢).

The derivative of R with respect to t is

drR _ dx , dy , dz
dt  dt = dt = dt ®)



dR _
dt

= ((1 - %) —ay— ﬁz) x+ (—u+eax—eay—c,2)y + (—w+e,x — e,z — ¢, y)z.

(4)

Since all the parameters are positive and the solutions initiating continue in nonnegative quadrant in

R} and; we can suppose the following

Z—I; < ((1 - %)) x+ (—u+eax —eay)y+ (—w+e,fx —e,2)z.
We have that

mlix{x(l —%)} =%.

By substituting in (5) become as follows

Z—}: < E + (—u+eax —eay)y+ (—w+e,fx — e,82)z,
Z—I: < E + (—u+eax —eay)y+ (—w+e,fx —e,z)z + R(t) — R(t),

The equation (8) can be written as follows

Z—}: +R(t) < §+ x+ (—u+eax—eay+1)y+ (—w+e,fx — e,z + 1)z.

Since x(t) < k, then
Z—I; +R(t) < % +(—u+ea—eay+1)y+ (—w+e,fx —e,fz + 1)z.

But

—1+e ak?—2e; auk+u?

rr}leax{(—u +eak —ejay+ 1y} =
+

4eia

and

—1+e,Bk%—2e, fwk+w?
4e,B

r%ax{(—w+ezﬂk —e,fz+ 1)z} =
+
So (10) becomes:

Z—I;+R(t)SQ

where
1 —1+e ak?-2ejauk+u? | —1+e,Bk%—2e,fwk+w?
Q — _(Sk + 1 1 + 2;8 2;8 )
4 eia ey
Thus,

R(t) < Q + pe™", pis a constant of integration.

. 2 _t
limsup R(t) < gl_)rglo Q + pe

t—oo

ThenR(t) < Q. =m

©)

(6)

?)
8)

©)

(10)

(11)

(12)

(13)

(14)



2.2. Seasonality function

Cosinusoidal and sinusoidal functions [12, 14, 15] are used for describing the effects of

seasonality on the dynamical behavior of the model (1). The cosinusoidal function is:
C(t) = 14 ecos(ut), (15)
where the parameter € indicates the seasonality degree (or strength seasonal degree) and the

parameter p represents the angular frequency of the fluctuations caused by impacts.

3. Forced Deterministic Models by Sudden Changes

Events that happen unexpectedly (i.e., as the result of some environmental factors) on predator-
prey interactions are called sudden changes. We apply the approximation method to describe
suchchanges, in order to simplify the mathematical analysis of the model and make it biologically
sensible. The approximation method has been applied for analyzing SIR models by some researchers
[32, 33]. However, Alebraheem [20] has applied this technique to transfer a non-autonomous model
containing seasonality terms to autonomous model(s) by approximating the model to particular
cases, in order to study the dynamical behavior of predator-prey systems.

We apply the approximation method by taking the smallest and biggest values of the seasonality
degree €, where 0 <€< 1. Hence, we approximate the cosinusoidal function (Eq. 15) by the two
following situations:

0 Bad situation
C(t) =P(t) = (16)
2 Good situation

We interpret the 'bad' and 'good' situations as indicating surrounding circumstances are bad or
good, respectively.

We investigate the cosinusoidal function (Eq. 15) in the system (2) through three different cases,
as follows.

If sudden changes are forced for the whole system, we have:

dx x
== (x (1 - E) —axy — Bxz)P(t),
d
- = (~uy + e;axy — e;ay® — ¢;yz)P(0), (17)
% = (—wz + eyfxz — e, fS(t)z% — c,yz) P(t),
If sudden changes are forced for the prey species through the growth rate of the prey, we have:
dx x
== P(t)x (1 — E) —axy — fxz,
dy _ 2
— = ~uy tejaxy —ejay® —c1yz, (18)



az
— = —wz+efxz— e,Bz% — c,yz,

If sudden changes are forced for both predator' species through the birth rate of predator for

each prey consumed, we have:

%zx(l—%)—axy—ﬁxz,
% = —uy + e, P(t)axy — e;ay? — ¢1yz, (19)
d

¥ - —wz + e;P()xz — e,BS(DZ% — &3z,

4. Mathematical Analysis of Deterministic Sudden Changes

In this section, we analyze the sudden changes effects on the system (2) mathematically, so we
substitute the values of P(t) (Eq. 16) through three cases (i.e., systems (17), (18) and (19)) as follows:
The first case: If sudden changes have an effect on the whole system.

The bad situation: When we use P(t) = 0, the system (17) becomes as follows

dx

i 0, (20.a)
dy

P 0, (20.b)
dz

prie 0. (20.0)

The solutions of the equations (20.a), (20.b) and (20.c) are as follows:
tlim x(t) = x,, tlim y(t) =y, and tlim z(t) = z,.

We conclude from the system (20), the system will set at the initial conditions.

The good situation: when we use P(t)=2, the system (17) becomes as follows

d

d_’; =2x (1 — %) — 2axy — 2fxz,

% = —2uy + 2ejaxy — 2e;ay* — 2c,yz, (21)
% = —2wz + 2e,Bxz — 2e,z* — 2¢,yz.

The second case: If sudden changes have an effect on the prey species through the growth rate of the

prey.
The bad situation: When we use P(t) = 0, the system (18) becomes as follows

dx

e (0 —axy — fxz), (22.a)
d

d—)t/ = (—uy + e;axy — e;ay? — ¢;yz), (22.b)
dz _ 2

== (—wz + ey, fxz — e, fz° — c,y7), (22.0)



The solution of the equation (22.a) become as follows:

Because y > 0 and z > 0, so we can reduce the equation (22.a) to become
dx _
dt
x(t) = e %, thengim x(t) = 0.

—ax

Since y and z follow x, then
tlim y(t) = 0 and tlim z(t) = 0.

The good situation: When we use P(t) = 2, the system (18) becomes as follows

d

d—’:= 2x(1—%)—axy—,8xz,

w__ _ 2 _

. = Tuy tejaxy —ejaxy” —¢yz, (23)

% = —wz + eyfxz — e,5S(t)z% — ¢,y

The third case: If sudden changes have an effect on both predator' species through the birth rate of
predator for each prey consumed.

The bad situation: when we use P(t) = 0, the system (19) becomes as follows

d

d—f =x (1 — z) —axy — fxz, (24.2)
% =-uy+0-0-cyz (24.b)
% =-wz+0-0-cyyz (24.0)

For the equations (24.b) and (24.c), we remove the terms —c;yz and —c,yz because they are

negative terms and to simplify the mathematical analysis, so we have

d

d—jt/ =—-uy —1yz = —uy (25)
dz

T Wz Cyz = —wz (26)

The solution of equation (25) is

—-ut

y(t) = yoe
Then the solution leads to
fmy® =0

The solution of the equation (26) is
z(t) = zge W

The solution of this equation leads to
iz =0

Since}im y(t) = 0and }im z(t) = 0, then the equation (24.a) becomes as follows

o)



The solution of the equation (24.a) is

ket+kc
X(t) = —1Fettke/

where c is integration constant, then tlim x(t) = k.

The good situation: when we use P(t)=2, the system (19) becomes as follows

dx X
E=x(1—;)—axy_ﬁx2/

% = —uy + 2e;axy — 2e;ay? — ¢1yz,
% = —wz + 2e,8xz — 2e,82% — ¢, Vz,

5. Equilibrium Points and Stability Analysis

(28)

One of the main dynamical behaviors is stability. We find the positive equilibrium points to

study the stability. To check the local stability, we compute the variational matrices corresponding to

each equilibrium point and using the Routh-Hurwitz criterion for studying the stability. To check the

global stability, by construction Dulac function and Lyapunov function and using them to prove the

global stability. We summarize the results of the equilibrium points of good situations when the

sudden changes are forced through three cases in the following table:

Table 1. Description of the equilibrium points, positive equilibrium points conditions, and

stability condition(s) to each case for good situation.

c1ca+keyeqaf+keie,af—e e affi—kejeya2f—keg e af?’

The equilibrium points positive The Dynamical
equilibrium behavior
points
conditions
The first case
E, = (0,0,0) No conditions Saddle point
E; = (k,0,0) No conditions Globally stable
k(ute ejak —u
E, = (x,y,0) = (e (ak ; :3)’9 ;Zk e erak >u Globally stable
1 1 *1 1
k(w+e e, Pk —w
E3 — (x’ 0, Z) — ( ( 2)’ , Zzﬁ ) eZBk >w GlObauy stable
ek +e,” etk + e,
E4 — (x’y’ Z) =( kcica—kwceia+kep fu—keyafw—kuezaff—kejezafs elak >u Globally stable

10




aw + ke,apw —keyc, f — e, fu — keyf%u + ke eaff
—c16; —keye af — kejeyaff + ejeaff + kejeya?f + keje,af?

c,u — kejac, — e;aw — ke, a’w + ke,afu + ke e,aff
—c1¢, — keyeqaff — keye,af + eqe,aff + keje,a? + keje,af?

e,k >w

The second case

Ey =(0,0,0) No conditions Saddle point
E; = (k,0,0) No conditions Globally stable
k(u+2e;) Z2e,ak—2u ejak >u Globally stable
E, = (x,y,0) = : 0 Y
2= (0,0 (elak + 2e, e’k + 2e, )
k(w + 2e 2e,fk — 2w
Es=(x02) = ( ( 2)' ’ 2B e:fk >w Globally stable
wk + 2e, e,f%k + 2e,f8
_ _ 2cick—wegak+cy Buk—kegafw—kue,af—2kej e, aff e.ak >u 1 11 1
Ey=(xy,2) _(chcz+czelaﬁk+c1e2aﬁk—Zelezaﬁ—kelezazﬁ—kelezaﬁz’ ! Globa y stable
2c,w + keafw — 2Kke, ¢, B — 2e,u — ke, f2u + 2ke e aff
—2¢i¢, — keye af — keyeyaff + 2eje,af + keje,a2f + keje,af? epk > w
2c,u — 2kejac, — 2e;aw — ke aw + ke,afu + 2ke e aff
—ci¢; — Kezeaf — Kejepaf + eqeqaf + keje,a?f + keje,af?
The third case
Ey =(0,0,0) No conditions Saddle point
E; = (k,0,0) No conditions Globally stable
E, = (x,y,0) = ( f(u+2e,) 2eak—u 2ejak > u Globally stable
z Y 2e,ak + 2e,’ 2e;a’k + 2e,a’
E; = (x,0,2) = (k(w + 2€2) 2e,fk —w 2e;,Bk >w Globally stable
3 Y 2e,0k +2e,’ ' 2e,8%k + 2e,f
_ _ c1ck—weiak+cy fuk—2ke; afw—2Kkue,aff—4keeaf e.ak >u 1 1 1
Ey=(x.y,2) _(clcz+2c2e1aﬁk+2clezaﬁk—4elezaﬁ—4keleza2/3—4ke1e2a[32' ! Globa y stable
aw + 2ke;afw + 2ke,c, B + 2e,5u + 2ke, f2u — 2ke e, af8
—ci¢; — 2kcye af — 2kc e, aff + deje,aff + dkeje,a?B + dkeje,aff epk > w

cou — 2kejac, — 2e;aw — 2ke;a’w + 2ke,afu + 4ke e, aff

—ci¢; — 2kce af — 2keie,aff + deje,aff + 4keje,a? B + 4keje,aff

We present only the proof of the first case and, in the same manner, the proofs of the second and

third cases will be followed, so the proofs of second and third cases will be omitted.

Theorem 2. (i) The trivial equilibrium point Ey = (0,0, 0) is a saddle point.

(ii) The peak equilibrium point E; = (k,0,0)is locally asymptotically stable in x-direction, but it is locally

asymptotically stable in y — z plane if it holds the conditions (29) and (30).

Proof. (i) We compute the variational matrix of Eis given as follows

2 0 0
M;={0 —-2u 0
0 0 —2w

11




Through the variational matrix M;, we see that the eigenvalues of y-direction and z-direction is
negative, but the eigenvalue of x-direction is positive, this explains that the manifold is unstable along
x-direction, but stable along y-direction and along z-direction. Then, the trivial equilibrium point E,

is saddle point.

(ii) The variational matrix of E; is given as follows
—2 —2ka —2kB
M, = ( 0 —2u+2eak 0 )
0 0 —2w + 2e,fk
Through the variational matrix M,, we notice that the equilibrium point E; is locally
asymptotically stable, if the following conditions are satisfied:
u>eak (29)

w > e,fk (30)

Theorem 3. The peak equilibrium point E; = (k, 0, 0)is globally asymptotically stable under the following

conditions:
u > 4e,a’k (31)
w > 4e,[%k (32)

Proof. Consider the following Lyapunov function about Ej;

Z

V; = (x —k—KIn() + 5~

2eqa  2e3f

(33)

V, is a continuously differentiable real valued function defined on R3. Therefore, we have

dav; X dx 1 dy 1 dz
2 (1 _ _) =4 B A T
dt x” dt 2eqja dt 2e,f dt

(34)

av (x=Kk)

d—tl =B, xTx [1 - % —2ay — ZBZ] + ﬁ [—u + 2e;ax — 2e;ay — ¢,z] + ﬁ [—w + 2e,8x — 2e,Bz —

2] (35)

avi 1. 2 o o _ _ (Zezﬁcl+231acz) _ (u—4ela2k) _
et (x —k)* —y*—2z°—2axy — 2fxz — e 2l v B
w—4e2ﬁ2k)

( 268 )% (36)

If the conditions (31) and (32) are satisfied, then we obtain that % < 0 for any point in R3.

Theorem 4. (i) The equilibrium point E, is globally asymptotically stable in the interior of the positive
quadrant of x — y plane.
(ii) The equilibrium point E; is globally asymptotically stable in the interior of the positive quadrant

of x — z plane.

We prove part (i) and, in the same manner, part (ii) can be proved.

12



Proof. Let G(x,y) = ﬁ ¢ 1s a Dulac function. It is continuously differentiable in the positive quadrant

of the x — y plane A = {{(x,y)|x > 0,y > 0}.
Ny (x,y) = 2x(1 =) = 2axy,

Ny(x,y) = —2uy + 2e,axy — 2e;ay?.

d(GNy) | d(GNy) _ -2 2ea

Thus, A(GNy,GN,) = ox oy vk x

We find that A(GN,, GN;) < 0 for all x > 0 and y > 0 in the positive quadrant of the x — y plane. By

using Bendixson-Dulac criterion, there is no periodic solution in the interior of the positive quadrant

of the x — y plane. E, is globally asymptotically stable in the interior of the positive quadrant of the

x — y plane.

Theorem 5. The persistence equilibrium point E = (£,9,2) of the system (21) is globally

asymptotically stable.

Proof. We use Lyapunov function to prove the global stability of positive equilibrium point E as

follows:
V=B(x~%-2I@) +B,(y ~9 ~9InE) + B3z~ 2 — 2In(3))
The equation (37) can be expressed as follows:
V = Bih,(x,X%) + Byh,(y,y) + B3hs(z,2)
where hy(x,X) =x — X — fln(g)
h,(9.9) =y =y —yIn¢)
hy(z,2) =z—2Z— z-ln(g)

System (21) can be written as:

dx_
= =5(.3.2)

d
~=yli(%,y,2)

dz
Py =zL,(x,y,2)

where
X
Jx,y,2z) =2 — ZE_ 2ay — 2Pz

Li(x,y,z) = —2u+ 2e;ax — 2e;ay — 2¢,2
L,(x,y,z) = —2w + 2e,8x — 2e,8z — 2¢,y
Let

. _ohg, 4 A
R =220 =1-1

We compute the derivative of V along the trajectories of system (21).

13
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av ’ .\ d ’ N d ’ . d
E = Blh’l (x, X)d_: + Bzhz (y,y)d_i] + B3h3 (Z’Z)d_i (42)

which is
av X dx y\ dy Z, dz
== +B0A-)+B(0-)7 (43)
av - -y -z
&= B 2 a0y, D + B 2L (63, 2] + B 2 2(Ls (x,7,2)] (44)

The equation (44) can be expressed as follows:

(x—x)

(z-2)

x[](x!YlZ) _](3?,_')_7,5)] + BZ (y_y)y[Ll(xfy!Z) - Ll()?,}_/,z_)] + BS

:B1 5

Z[LZ(x:ylZ) -

L,(x,y,2)] (45)

whereJ(x,y,2) =0, L;(x,¥,2) = 0 and L,(X,¥,2) = 0, so we have
L =By (x-%) [[z —2%—2ay —2pz] - [2- 22 - 2a9 - 2,82“” + B,(y — P[[~2u + 2e,ax —

2eay—2c,z] — [-2u + 2e;aX — 2eqay—2¢,Z]] + Bs(z — 2)[[—2w+2e,8x — 2e,87 — 2¢,y] —
[—2w+2e,8% — 2e,82 — 2¢,9]] (46)

Rearrange the terms of equation (46):

T =2 (x - D)[-2(x —2) - 2aly —9) - 2f(z — D] + B,(y — P[2esa(x — £) — 2e,a(y — 7) —

2¢1(z — 2)] + B3(z — 2)[2e,8(x — %) — 2e,8(z — 2) — 2¢c,(y — )
(47)
=220 - )% - 2a(x - D) — 9) — 26(x = Dz — D] + B[2e,a(y = 9)(x - %) -

2e;a(y = 9)% — 2c,(y = 9)(z — D)) + Bs[2e,8(z — 2)(x — %) — 2e,4(z — 2)* — 2¢c,(z — 2)(y — )] (48)

By selecting B, = 1, B, = el, and B, = ei, so
1 2

= D =20 -9 =220 - -2 -2~ ~22E-DO -] @9

dt e

. av . . . . -
We find that - is negative under no conditions (i.e. no restrictions on parameters).

From the theorem (5), we notice that the persistence dynamical behaviors of the system (21) is globally

stable.
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6. Stochastic Model

In this section, we give numerical simulation to the stochastic version of our model. This
consideration is due to the prevalence of randomness in almost all wild animal life, which makes the
use of stochastic differential equations more realistic and efficient to describe some predictions of

dynamical behaviors, see Figures 2-4.

The standard Ito stochastic differential equation is written as follows [24]:
dx(t) = F(t,x(®))dt + G(t,x(£))dW (t), x(to) = xo
where the first term represents the drift coefficient and the second term represents the random noise
in environment, which is sometimes called Gaussian white noise.
We use a stochastic term in the deterministic model (2) as in the reference [24], so we have the

following model:

Z_’t‘zx(1—%)—axy—ﬁxz+alxdW1,

2= —uy+eaxy—eay*—cyz+o

2 = —uy + eyaxy — eyay? — c1yz + o,ydW,, (50)
dz

— = —Wz +e;fxz — e;fz* — c;yz + 03zdW;,
where o0y, i = 1,2,3 represent the strength of noise, and dW;, i = 1,2,3 is a standard Wiener or
Brownian motion processes.

We have theoretically proven that the dynamical behavior of deterministic sudden changes is
globally stable. In this section, we present the effects stochastic fluctuations on the dynamical
behavior. The MATHEMATICA program was used to perform the numerical simulations. The
values of parameters were selected to fulfil the positive values of a non-trivial equilibrium point,
called co-existence point (i.e., to satisfy the conditions 29 and 30) in deterministic models. In addition,
the values of g; = 0 were set as in [24], to represent three levels of noise strength; that is, low, medium
and high noise strengths. The parameters and initial conditions values were taken as follows:

k=20, a=108=14 e = 0.6, e, = 0.65 ¢, = 0.07, c, = 0.04, u = 0.45, w = 0.6, x(0) = 0.6,

y(0) = 0.3, z(0) = 0.25
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Figure 1. Time series of system (50) without noise (¢ = 0.0).
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Figure 2. Time series of system (50) with low noise strength (¢ = 0.05).
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Figure 3. Time series of system (50) with strength medium noise strength (¢ = 0.5).
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Figure 4. Time series of system (50) with strength high noise strength (¢ = 1.4).

Figure 1 represents the dynamical behavior of the model (50) without noise (i.e., ¢ = 0), which
gives the deterministic model. In figure 1, the dynamical behavior of the species was stable co-
existence, which corresponds with the theoretical analysis of the deterministic model. Figure 2
represents the dynamical behavior of the model (50) when the strength of the noise was low. Figure
2 shows that the dynamical behavior of the species was co-existence with smooth oscillations.
However, with an increase in the strength of noise, such as the medium-noise situation shown in
Figure 3, the dynamical behavior of the species was co-existence with sharp oscillations, which may
lead to extinction. Figure 4 represents the dynamical behavior of the model (50) when the noise

strength was high. The dynamical behavior of the species became more complex and they tended to
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extinction. The random noises transfer the dynamical behavior from the equilibrium case to the
oscillation case, which describes some unstable environments.

We conclude that increasing the noise strength led to an increase of oscillation in the dynamical
behavior, which can be interpreted biologically as increasing the probability of extinction,
representing the worst-case scenario of dynamical behavior. This result corresponds with the
numerical simulations. These results correspond well with the results of reference [24] with the
difference being the mathematical model used, whereas increasing the noise strength led to an
increase in oscillations in the dynamical behavior, finally leading to extinction when the noise

strength was high.

7. Conclusion

We investigated the seasonality effects in a Holling type I two-predator one-prey model, which
can more realistically describe the species of interaction more realistic. We transferred the non-
autonomous models to autonomous models by approximating the model to particular cases
representing sudden changes. We classified the situations to bad and good situations, according to
the surrounding circumstances. We introduced a mathematical analysis of sudden changes and
discussed the equilibrium points and stability. We made the following conclusions:

For the bad situations, we obtained the following outcomes:

e If sudden fluctuations have an effect on the whole system, then the system will remain at the
initial conditions.

e If sudden fluctuations have an effect on the prey species, then both predators species and the
prey species will go extinct.

e If sudden fluctuations have an effect on both predator’ species, then the prey species will reach
carrying capacity, while both of the predator' species will go extinct.

e  The equilibrium points of each case were obtained and found to be stable.
For the good situations, we obtained the following outcomes:

e The one-prey two-predators system interacted through three different systems (21, 23, and 28)
which represented the three cases.

e We obtained five positive equilibrium points, in each case.

e We proved that the general dynamical behavior is globally stable, except for the trivial
equilibrium point (which was a saddle point).

® The dynamical behavior in the case of a good situations presented the persistence dynamic is
only a stable dynamical behavior.
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Through numerical simulations, we presented effects of stochastic fluctuations on interactions,
which showed that noise strength led to an increase in the oscillations in dynamical behavior and

became more complex, finally leading to extinction when the noise strength was high.
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