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Abstract
This paper is devoted to study the discrete Sturm-Liouville problem
{ —A(p(k)Au(k — 1)) + q(k)u(k) = Am(k)u(k) + fi(k, u(k), X) + f2(k, u(k), A), k€ [1,T]z,
aou(0) + boAu(0) = 0, ayu(T) 4+ biAu(T) =0,

where X\ € R is a parameter, fi, fo» € C([1,T]z x R% R), f, is not differentiable at the origin and
infinity. Under some suitable assumptions on nonlinear terms, we prove the existence of unbounded
continua of positive and negative solutions of this problem which bifurcate from intervals of the line
of trivial solutions or from infinity, respectively.
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1. Introduction

Let 7" > 1 be an integer, let Z and R denote the sets of all integers and real numbers, respectively.
In this paper, we discuss the following second-order nonlinear discrete Strum-Liouville boundary
value problem

{ —A(p(k)Au(k — 1)) + q(k)u(k) = Am(k)u(k) + fi(k, u(k), A) + fo(k, u(k), A), k€ [1,T]z,

aou(0) — bpAu(0) =0, ayu(T + 1) + biAu(T) = 0,
(1)
where A € R is a parameter, ag, by, a1,b; € R satisfy agby > 0,a1b; > 0 with a3+ 03 # 0, a2 + b3 # 0;
p:[0,7]z — [0,00) with
p(k’o) > 0, kfo € [O,T]Z,

q:[1,T)7 — [0,00); Au(k) = u(k+1) —u(k) is the forward difference operator; the weight function
m : [1,T]z — R satisfies m(k) # 0 on [1,T]z and m changes its sign on [1,7]z, i.e., there exists a
proper subset P™ C [1,T]z such that

m(k) >0, ke P m(k) <0, kell,T)z\P".
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Let p* be the number of elements in P™ and let p~ be the number of elements in [1,7T]; \ PT.
Hence, p* + p~ = T. In addition, fi, f» € C([0,T + 1]z x R* R).

In the differential case, Sturm-Liouville problem with a positive weight function has been con-
sidered by several authors [4, 7, 6, 20] under the differential case. In 1977, Berestycki [4] discussed
the nonlinear Sturm-Liouville problem

—(pu') + qu = dau + F(t,u,u',\), t€(0,1),
aou(0) + bou/(0) = 0, (2)
cou(l) + dou/(1) =0,

where p € C([0, 1], (0, +00)),q € C([0,1]),a € C([0,1],(0,+00)) and aqg, by, co, dy are real numbers
such that |ag| +|bo| # 0, |co| +|do| # 0. A is a real parameter and the nonlinear term F has the form
F=f+g,f,ge€C([0,1] xR3) and f is not necessarily differentiable at the origin with respect to .
Using the result of Rabinowitz [17], the author obtained that there are two unbounded connected
branches of problem (2) with bifurcation from interval of the line of trivial solutions. In 2013, Ma
and Dai [12] generalized Berestycki’s result, they established the unilateral global bifurcation which
bifurcates from interval of the line of trivial solutions or from infinity of (2). Moreover, the authors
indicated the existence of nodal solutions for a class of half-linear eigenvalue problems. When the
weight function changes signs, the existence and multiplicity of nontrivial solutions for second-order
differential problems were studied in [1, 15, 16, 20].

In the difference case, when m(k) > 0, There are many authors have discussed the existence and
multiplicity of solutions for discrete Sturm-Liouville problems (1), can be seen in [10, 11, 14] and the
references therein. But up to now, for the case that m(k) changes its sign, to the author’s knowledge,
there is no paper concerned with the unilateral global bifurcation of (1). For the above reasons,
based on the spectral results of [13], this paper shall establish the global bifurcation results which
bifurcating from intervals of the trivial solutions axis or infinity for a class of discrete second-order
Sturm-Liouville problem, respectively.

It is the purpose of this paper to show that there are two distinct unbounded continua (C})*
of positive solution and (C})~ of negative solution, which emanate from the bifurcation interval
Iy x {0} (see Section 3) of the line of trivial solutions. In addition, there are two distinct un-
bounded continua (DY)* of positive solution and (DY)~ of negative solution, which emanate from
the bifurcation interval I7  x {co} (see Section 4).

Furthermore, we assume that the following conditions:

(C1) sfi(k,s,\) <0 for all s #0;

(Cz) There exist fy, f° € (—00,0) with fo # f°, where

fo = liminf ik, s, A) A), f° = limsup ik, s, A)

|s|—=0F S |s|—0+ S

uniformly for k € [1,7]2,0 < |s| <1 and for all A € R;
(Cs) falk,s,A) = o(]s|), near s = 0, uniformly for k& € [1,T]7 and in every bounded interval of

A;
(C4) There exist fo, f* € (—00,0) with fo, # f°°, where
fuo = tming SN o g o iR )
fsh=+e 5 |s|]—+o00 S

uniformly for k € [1,7T)z,|s| > C for some positive constant C' large enough and for all A € R;



(Cs) fa(k,s,\) = o(|s]), near s = oo, uniformly for k € [1,T]; and in every bounded interval of
A

This paper is organized as follows: In Section 2, we state some notations and preliminary results.
Section 3 and Section 4 are devoted to study the bifurcation phenomena from the line of trivial
solution and from infinity for (1) which are not linearizable, respectively. The final section we study
the intertwining of the branch bifurcating from the trivial solution and from infinity, showing the
existence of positive and negative solutions for a class of second-order Sturm-Liouville boundary
value problem.

2. Some preliminaries

In this section, we introduce some lemmas and well-known results which will be used in the
subsequent section.

Lemma 2.1. ([13], Theorem 1) Suppose that m : [1,T]; — R satisfies m(k) # 0 on [1,T]z, and

there exists a proper subset P C [1,T]z such that m(k) > 0,k € PT and m(k) <0,k € [1,T]z\ P,

q(k) £ 0 on [1,T]7 or a2+ a3 # 0. Then the following indefinite weight linear eigenvalue problem
—Ap(k)Au(k — 1)) + q(k)u(k) = Am(k)u(k), k€ [1,T]z,

(3)
apu(0) — bpAu(0) =0, ayu(T + 1) + b1 Au(T) =0,

has T real ergenvalues

A< A

) o < <A <O <AY < <A
and all of which are simple. FEvery eigenfunction ¢} corresponding to eigenvalues \] has exactly
i — 1 simple zeros in [1,T],, where v € {+, —}.

Set X :={u:[0,7+ 1]z — R| aou(0) — bpAu(0) = 0, ayu(T + 1) + byAu(T) = 0}, where
u = (u(0),u(l), -+ ,u(T +1)) € R"™2 then X is a Banach space under the norm

= k).
ullx = _max fu(b)

Let Y :={u:[0,7+1]z — R}. Then Y is a Banach space under the norm [ju|ly = max |u(k)|.

k€0, T+1]z
We use the terminology of Rabinowitz [18]. Let us denote S;” = {u € X : u has exactly i — 1
simple zeros in [1,7]z and u > 0 near k = 0} and let S; = —S;" and S; = S;" US;. They

are disjoint and open in X. Furthermore, we use & to denote the closure in R x X of the set of
nontrivial solutions of (1). €= denote the subset of ¢ with u € Sf, and €, = €," U %,

In addition, we use the terminology of Rynne [20]. For any A € R, we say that a subset
€' C € meets (A, 0) (similarly, (A, 00)) if there is a sequence (\,,u,) € €'(n =1,2,---) such that
An = A J|un|lx — O (similarly, ||u,| — o0) as n — +o00. Furthermore, we will say that €' C €
meets (A, 0) throught R x S7 if the sequence (A,,u,) € €'(n = 1,2,---) can be chosen such that
u, € S7 for all n. If I C R is a bounded interval we say that €’ C € meets I x {0} (similarly,
I x {o0}) if €' meets (A, 0) (similarly, (A, 00)) for some A € I. Similarly, we can define ¢’ meets
I x {0} or I x {oo} through R x S7, where 0 = + or —.



Lemma 2.2. Let (Cy) and (C3) hold. If (\,u) is a solution of (1) and there exists ko € [1,T]z
such that one of the following cases holds:

(1) u(ko) = 0, Au(ko) = 0;

(ii) u(ko) = 0,u(ky — Du(ke + 1) > 0.
then u = 0.

Proof. (i) From (1) we obtain that
p(ko — 1) Aulko — 1) — p(ko) Aulko) + q(ko)u(ko) = Am(ko)u(ko) + f1(Ko, u(ko), A) + fa(ko, u(ko), A),
Connecting u(ky) = 0, Au(kg) = 0 with the assumptions (C3) and (Cs), there is

p(ko — 1)Au(ky — 1) = 0.

Hence u(ky — 1) = 0. Step by step, we conclude that u = 0 for k < ko, k € [0,T + 1]z. Similarly,
by virtue of

p(ko)Au(k) — p(ko + 1)Au(ko + 1) = 0,
there is u(ko 4+ 2) = 0. Step by step, we conclude that u =0 for k > ko, k € [0,T + 1]2.

(i) Similar to the calculation in (i), we have
p(ko)u(ko + 1) + p(ko — L)u(ko — 1) =0,
we deduce that u(ky — 1) = u(ko + 1) = 0. It is obvious that u = 0. O

Define the operator L : X — Y by
Lu(k) = ~A(p(k)Au(k — 1)) + g(K)u(k), & € [1,T];.

It is well known that L is a self-adjoint operator.
For fixed A € R, we consider the following eigenvalue problem

—A(p(k)Au(k = 1)) + q(k)u(k) — Am(k)u(k) = pu(k), k€ [1,T]z
apu(0) — boAu(0) =0, aju(T + 1) + by Au(T) = 0.
(4) has T real eigenvalues
(A) < pa(A) <o+ < pr(A).
Moreover, every eigenfunction ;(k, A) corresponding to eigenvalues p;(A) has exactly ¢ — 1 simple

generalized zeros in [1,7]).
The principal eigenvalue p;(A) of (4) is the minimum of the Rayleigh quotient, that is,

T

p(k)| Au(k)* + i q(k)|u(k)|* = A i m(k)lu(k)|?
1 (\) = inf {k::() k=1 k=1

= u€e X
k;’u(k)‘z }



The eigenfunction ¢ (k, \) corresponding to eigenvalues p;(\) does not vanish on [1,7]z. Thus,
clearly, A is a principal eigenvalue of (3) if and only if u1(\) = 0. Applying the similar method
of Alyev [2], for fixed u € E, we may obtain that A — () is a concave function, p1(0) > 0.
Moreover, 11 (k, A{") = ¢{ (k) and ¢1(k, A7) = ¢y (k).

To prove the main results for (1), we need the following lemmas 2.3-2.5.

Lemma 2.3. For every v € {4, —}, there is

oy EmEIA0F .
“ IICLE

Proof. From (4), we have
Lwl(ka )‘> - )\m(k>¢l<k7 )‘) = Ml(A)wl(ka >‘)7 ke [LT]Z?

aoP1(0, A) — boAY1(0,A) = 0, a1y (T + 1, A) + by Ay (T, X) = 0.
Take the derivative of both sides with respect to A, one has

dL@/Jcllg\k, A m(k)dmé/;, N )dwlc(li, N

p1(A)

Multiplying (7) by ;(k,A) and summing from 1 to 7', by virtue of the self-adjointness of the

operator L, for every v € {+, —}, we conclude that

e d ¢v d L dmOD) 5~
() 3 e =3 + D S 2
k=1 k=1

Since p1(AY) = 0, this implies that

T T

. dp (A7) v

S mk o) + LD S ey = o

k=1 k=1
Therefore, (5) holds. O

Connecting (3) with (4), we consider the following problems
{ Lu(k) + h(k)u(k) = dm(k)u(k), kell,T]z,
aou(0) — bpAu(0) =0, ayu(T + 1) + by Au(T) = 0,

and

{ Lu(k) = Am(k)u(k) + h(F)u(k) = pu(k), k€ [1,T]z,

aou(0) — boAu(0) =0, ayu(T + 1) + bjAu(T) =0,
where h(k) > 0,k € [0,T + 1] .



Lemma 2.4. Let fi;(\) is the smallest eigenvalue of problem (9), then
ho < fn(A) = m(A) < 1°, (10)

where hg = min _ h(k), h° = max h(k).
k€0, T+1]z kel0,T+1]z

Proof. By virtue of the minimax property of eigenvalues, we have

Zp( AuBE + 3 gk ulk)f? - Z m(k)|u(k)* + Zh( u(k)f?
() = 1nf{ =1 - ueX}.
2 [u(k)

Combining h(k) > 0 with the definition of (), we obtain that hy < j;(A) — p1(X) < h°. The

proof of this lemma is complete. n

Lemma 2.5. If j\f and 5\1’ are positive and negative principal eigenvalues of (8), respectively. We

have the following conclusions:

ho 30 loy (R)I* hO 37 ot (k)[?
A+ = <A <Af+—= : (11)
k;m(kﬂﬁ(k)lz IEM(MW(@I?
and . .
WX ey ()PP ho Y- l¢1 (F)°
A+ e N : (12)
kZ:?l (k)|¢q (k)| k; (k)¢q (K)|

Proof. We only prove (11) holds. In the plane rectangular coordinate system, we introduce the

following points

. o din (N . . .
POLO. @Ot SOR M0 Ry ad TG ()

We notice that |PQ| = A} — A, where | PQ| is the distance between the points P and Q. Obviously,
QS| < |QT.

Furthermore, we can see that

QS
tan ZQPS

|PQ| = = Q5]

2 —

Since |QT| = —u1 (A7), and hy < —puy(AF) < B, We can obtain easily the desired conclusions. [



3. Bifurcation from the line of trivial solutions

In this section, we assume that the hypotheses (C1)-(Cs) hold throughout, and (Cy4)-(Cs) do
not, we shall study the unilateral global bifurcation phenomena of problem (1) which bifurcates
from the line of trivial solution. In order to obtain the main result, the Dancer-type unilateral
bifurcation theorem plays a key role.

In order to get the bifurcation of solutions of problem (1), we introduce the following approximate
problem

13
aou(0) — boAu(0) =0, ayu(T + 1) + b Au(T) = 0.
The following lemma will be needed in our further consideration.
7 3 161 ()2 fo 3 167k
Lemma 3.1. For every v € {+,—}, let dj, = w—=——,d5, = —=——, and let I, =
ijlm(/’€)|¢>7{(/’€)|2 1;:21 m(k)|$7 (k)|

N —dif g, X —d3gl. I = (AT —dgo. AT —dig). Lete, =0, 0<e, <1. If there exists a sequence
{( A, u,)} CR X SY such that (A, u,) is a nontrivial solution of (13) corresponding to € = ¢, and
(Ansup) = (A,0) in R x X. Then X € I7,;, where 0 = + and —.

Proof. Without loss of generality, let ||u,||x <1 and p,, = So p,, satisfies

o T
Lpn(k) = Awm(k)pn(k) + fin(k) + fon(k), k€ [LT]z,

(14)
aopn(0) — boAp,(0) =0, a1p, (T + 1) + b1 Ap,(T) = 0,

where f1,(k) = J1(kyun (k) [un (K) |7 M)  fon(k) = Fa(kun(k)An)

lun|lx llunllx

Setting fo(k,u(k),A) = max |fa(k,s,\)| for any k € [1,T]z. According to (Cs), f2 is nonde-

0<|s|<u
creasing with respect to u and

o Ttk u(i), )

T Tl 15)

uniformly for k£ € [1,T]7 and in every bounded interval of A\. By (15), it is easy to check that
‘f2(k7 u(k)a )‘)’ < ?Q(ka u(k)a )‘> < ?2(k7 HuHX7 )‘)

lwallx = e 7wl

-0, u—0 (16)

uniformly for k € [1,7]7 and in every bounded interval of A\. Obviously, in view of (Csg), there is

J1(kyun () |un (B)1*™ An) un (K)|un (k)|
[fralk)l = { un (k) |un (k)[en llunllx
S _fOHUn“X (17>

— —fo, n— 400

for any k € [1,T]z. Connecting (14), (16) with (17), by the Arzela-Ascoli theorem, we may assume
that p, — p and ||p||x = 1. Therefore, p lies in the closure of S7.



Let us prove that in fact p € S7. If p ¢ S7, then p € 9S7. Hence p has at least one double zero
in [1,7]7. We assume that there exists kg € [1,7]z such that either p, (ko) — 0, Ap, (ko) — 0 or
pn(ko) = 0, pn(ko — 1)pn(ko + 1) > 0 as n — +oo. By Lemma 2.2, we can see that p, = 0, which
contradicts ||p||x = 1. Hence p € S7.

Let (A, uc) be a solution of the following problem

Lu(k) + he(k,u(k))u(k) = dm(k)u(k) + folk,u(k),N), ke [1,T)z,

(18)
aou(0) — bopAu(0) =0, ayu(T + 1) + by Au(T) = 0,
where
_AEMEMOEN ) 2,
he(k, u(k)) = (19)
0, u(k) = 0.
By virtue of (C;) and (Csz), we obtain
he(k, us(k)) =20 and = f* < he(k,us(k)) < —fo. (20)
We know that the eigenvalue problem
Lu.(k) + he(k, uc)u.(k) = Am(k)u-(k), ke [1,T]z,
(21)

agz(0) — bpAus(0) =0, agu(T + 1) + byAu(T) =0

has two principal eigenvalues 5\;“ and 5\;. Since u. does not vanish in [1,7]z. Applying the Lemma

2.5 to (21), it follows that A¥ lies in I, and A lies in I1y, where

I =[N —dig A —dsg],  Iig=[\ —dyo Ay —dig), (22)
and
a v 2 a v 2
foki_)l |97 (F)] fokZ_Zl 91 (k)]
d’Llj,U = T — ) dg,O = T — .
];m(k)|¢§’(k)|2 ];m(/f)|¢i’(k)|2

Now let us prove that A € I{,,v € {+,—}. Without loss of generality, we only prove that
A € I}f. Suppose on the contrary that A & I, Denote 7 = dist{\, I;y}. Since A, — A, then there
exists n, € N such that for all n > n., one has |\, —A| < 7. Therefore, dist{), I ()} > % for n > n..
We note that (\,, p,) is a solution to the nonlinear problem (14) for ¢ = ¢,. Since (5\;, 0) €

R x S} is the bifurcation point of problem (14), thus for every sufficiently large n > n,, we can find



~

an arbitrarily small /7 > 0 such that [ < 7 and \, € (\] — [} AT + 1), where 5\; is the positive

no \en

principal eigenvalue of the eigenvalue problem
Lpa(k) + hell, pu(k))pu(k) = Am(k)pu(k), k€ [1,T]2,

aopn(0) — boApn(0) =0, a1pp(T + 1) + b1 Ap,(T) =0

for e = ¢,,. Consequently,

T =+ T

M € () , -).
( En 2 En 2)

By virtue of (22), we have A* € [A\f — d{,, A — dj,]. Hence dist{), I} < I, which contradicts

dist{\, Iffo} > 5. The proof of this lemma is complete. ]

Based on the analysis above, we have the following interval bifurcation result for the problem

(1).

Theorem 3.2. For every v € {+, —}, there exist continua (C})" and (C})~, where (C})" containing
1Y s x {0} is unbounded and (C7)* C (Rx.S7) J(I7,x{0}), (CY)~ containing I}, x {0} is unbounded
and (C7)~ C (Rx S7) Uy x {0}).

Proof. Without loss of generality, we only prove the case of (C{)~. Let (C})~ be the component of
¢) U(I{, x {0}) containing I7, x {0}. We divide the proof into the following two steps.

First we show that (C{)~ C (R x S7) U (I}, x {0}). For every (A, u) € (C{)~, there exist two
situations: (i) u € S7; (i) u € 957

If (i) holds, it is clear that (A\,u) € R x Sy . If (ii) holds, then u has at least one double zero in
[1,T]z. In view of Lemma 2.2, it follows that u = 0. Hence, there exists a sequence {(\,,u,)} C
R x Sy such that (\,,u,) is a solution of (13) corresponding to ¢ = 0, and (A,,u,) — (A,0)
in R x S;. Lemma 3.1 implies that A € I7,. So (C7)~ N (R x {0}) C I{, x {0}. Therefore,
(CY)~ € (R x ST)U I}y x {0}). Similarly, (C})* C (R x S) U (I}, x {0}).

We next to prove that (C})~ is unbounded.

Assume for contradiction that (C{)~ is bounded. We know that (C})~ is compact in R x E.
Following [4], we can find a neighborhood & of (C})~ such that 90 N (C})~ = (). Consider the
problem (13) for € > 0. By virtue of Theorem 1.3 in [17], there exists an unbounded continuum

CY . of solutions of (13), which bifurcates from (A1, 0), and

Cv.C (R x S U{(\,0)}).
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Moreover, there are two continua (C}_)™ and (Cy_)~, consisting of the bifurcation branch C7_.
Furthermore, (C}_)" and (Cy_)~ are both unbounded.

Hence, for any ¢ > 0, there exists (\;,u.) € (C{_)"N9IO. In view of the fact that & is bounded
in R x E. Thus, taking a sequence &, — 0,n — oo such that (A\.,,u.,) = (A, u), where (A, u) is a
solution of (1). Therefore, u lies in the closure of S} .

If u € 95y, it is easy to see from Lemma 2.2 that u = 0. By Lemma 3.1, we know that A € I7,,
which is impossible, since &' is a neighborhood of I7, x {0}. If u € Sy, then (A\,u) € 906 NE~.
Thus 00 N €~ # (), which contradicts the assumption that (CY)~ is bounded.

Consequently, (C{)* and (C})~ are both unbounded in R x X. O

Lemma 3.3. If f, =0 and (\,u) € R x Sy is a solution of problem (1). Then X € Iy or X € I,.
Proof. We suppose that (A\,u) € R x Sy, then

Lu(k) + h(k,u(k))u(k) = dm(k)u(k), k€ l[1,T]z,

(23)
aou(0) — bpAu(0) =0, ayu(T + 1) + bjAu(T) = 0,
where
_fl(k’lﬁ](:;?),k)’ U(k) 7& Oa
h(k, u(k)) =
0, u(k) = 0.

By virtue of (C;) and (Csz), we can see that
h(k,u(k)) 20 and = [* < bk, u(k)) < —fo.

Thus A is a principal eigenvalue of (23). Applying the Lemma 2.5 to (23), it can be easily seen that
Aelfyorhelp, O

Theorem 3.4. If fo = 0, then for every v € {+,—} and 0 € {+,—}, the continuum (C})°
containing I7 o x {0} is unbounded and (C7)” C (I7, x S7) U7 x {0}).

Proof. Combining the facts of Lemma 3.3 with the proof of Theorem 3.2, the conclusions of the
theorem hold. O

Remark 3.5. Note that we can only construct the connected components of positive and negative
solutions, but cannot construct connected components of other nodal solutions. The main reason is
that when m changes sign, we cannot find a suitable interval of A such that there exist sign-changing

solutions for (1) under the hypotheses (Cy), (Cz) and (Cs).
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4. Bifurcation from infinity

This section is mainly motivated by the Theorem 1.6 of [19], we shall study the unilateral global
interval bifurcation phenomena of problem (1) which bifurcates from infinity. In this section, we
assume that the hypotheses (Cy), (C4)-(Cs) hold throughout, and (Cs)-(Cs) do not. Let Z to
denote the set of nontrivial solutions of (1) under assumptions (C4) and (Cs). Our second main
result is the following theorem.

1 3 160 foo S 161
Theorem 4.1. For every v € {+,—}, let dj , = w—"~——,d5, = w"———, and let
kzlm(k)|¢7f(k)|2 kglm(k)lﬁ(k)lQ

Ifoo = N = dfo, A — df) I = N — dyo, AT — di). Then for every o = + and —, there
exists a component (DY) of 2 U (I} ,, x {o0}), containing Iy , x {oo}. Moreover, if A C R is an
interval such that AN IY = IY  and M is a neighborhood of I} . x {oo} whose projection on R
lies in A and whose projection on E is bounded away from 0, then either

1°. (DY) — M is bounded in R x E and (D})” — M meets R = {(\,0)|A € R} or

2°. (DY) — M is unbounded.
Furthermore, if 2° occurs and (D})? — M has a bounded projection on R, then (D})? — M meets
I¥ o x {oo} for some j # 1, where I = [\] —dj o, \] —d2 ), Lo = [N\ —d o, A —dj ], and

djl-oo, d?oo,dg-’oo,d?oo are some constants.

Proof. If (\,u) € Z and |lul|x #0. Let w = —

2
llull%

, dividing (1) by |lu|%, we obtain

Lw(k) = Am(k)w(k) + LA 4 LEMEIN - e [1, 7],

([ull% [[ull%

(24)
aow(0) — bpAw(0) =0, aw(T + 1) + biAw(T) = 0.
Define )
~ kug(fl(lﬁWv)‘)a w#()?
fi(k,w(k),\) =
L 0, w =0,
and )
~ ||W||§(f2(k?, ||wu|)|§(7>‘)7 w 7é 0’
f2(k7w(k)7)‘> -
\ 0, w=20.
Obviously, (24) is equivalent to
Lw(k) = dm(k)w(k) + fi(k,w(k),\) + folk,w(k),\), k€ [1,T]z
(25)

aow(0) — boAw(0) =0, ayw(T + 1) + bjAw(T) = 0.
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It is easily can be seen that (C4) and (Cs) imply

lim inf L1 @ (R), A) £, limsup fi(k,w(k), A)

|w|—0+ w |w|—0+ w

= fo°

and fo(k,w(k),\) = o(|w|), near w = 0, uniformly for k € [1,T]; and in every bounded interval of
A.

Applying Theorem 3.2 to the problem (25), which implies that there exists connected component
(DY)7 of €7 U(I} o x {0}), containing I7 , x {0} is unbounded and

(DY)7 C (R x ST U (I x {0})).

In view of w — - = u, it follows that (D})? — (D7)°. Furthermore, the conclusions in the
X

theorem can be obtained. ]

Combining the facts of Theorem 3.2-3.4 with the proof of Theorem 4.1, we can obtain the
following results.

Theorem 4.2. There exists a neighborhood N* C M of IY  x {oo} such that ((D})” " N) C
(R x SYU (I}, x{oc})) foro =+ and o = —.

Theorem 4.3. If fo = 0, then for every v € {+,—} and 0 € {+,—}, the continuum (D7)’
containing I} ., x {oo} is unbounded and ((D})” NN) C (If o, x S7) U (I o, x {oo}).

Remark 4.4. Connecting Remark 3.5 with the above results, it is easy to see that we cannot

construct the connected components of other nodal solutions for (1) under the hypotheses (Cy),

(C4> and (05) .

5. Existence of one-sign solutions for nonlinear Sturm-Liouville problem

According to the bifurcation results in Section 3 and 4. The aim of this section is to discuss the
existence of one-sign solutions for nonlinear Sturm-Liouville problem

{ —Ap(F)Au(k = 1)) + q(k)u(k) = Am(k)gi(u(k)) + g2(u(k)), k€1, Tz,
CL()U(O) - boAU(O) = 0, alu(T + 1) + blAu(T) = O,

(26)

where m : [1,T]; — R satisfies m(k) # 0 on [1,T]z, g1,92 € C(R,R) and gy, g2 satisfying the
following conditions:
(Ce) g1 satisfies sgy(s) > 0 for all s # 0 and there exist g., g* € (0,00) such that

g, = lim 91(5) g* = lim gl(S)'
st s ] sl o400 §
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(Cyr) go satisfies sga(s) < 0 for all s # 0 and there exist go, ", goo, §° € (—00,0) with gy #
9°, 95 # g, where

go = liminf ga(s ), ¢° = limsup g2—(8),
|s|—0t s |s|s0t+ S

Joo = liminf 92(8), g>° = lim sup 92(8).
|s|>+00 S |s]—4o00 S

Theorem 5.1. Assume (Cg)-(C7) hold. If

i| o (k)P 7 3 |6

L <A< - (27)
OF = Dge S mBIofF O = 1)g° S m(blor ()7
g 3 |65 ()2 &3 [of (k)
kle <A< '“ZIT (28)
OF =D S mBI6T W O = Dg. X m(blor ()7

then problem (26) has at least two solutions u™ and u~, where u* is positive in [1,T)z, and u™ is

negative in [1,T].
Proof. We consider the following problem

—Ap(k)Au(k = 1)) + q(k)u(k) = pAm(k)gi(u(k)) + g2(u(k)), k€ [1,T]z,

(29)
aou(0) — bpAu(0) =0, ayu(T + 1) + bjAu(T) =0,
where p > 0 is a bifurcation parameter.
By (Ce), it is easy to see that there exists £ € C(R,R) such that gi(s) = g.s + &(s) and
£(u

lim £ — 0. Taking £(u) = max |£(s)|, then ¢ is nondecreasing and lim €@ _ (), This means

|s|—0+ % 0<|s|<u luj—o+ Ul

that S0 < &uh < &ulx) () ag |lullx — 0. By simple calculation, we show that

llullx lulx — lullx
T T
9° > lof (k)P g0 2 o1 (F)I?
]f_O : |:)‘+ Tk:1 7)‘1_ - Tk:1
Ag*glm(k)\ﬁ(kw /\g*glm(/fﬂﬁ(kﬂz

Applying the Theorem 3.2, we obtain that there are two distinct unbounded continua (C;")* and
(C)~. The connected component (C)* of €," U (I}, x {0}), containing I}, x {0} and (C;")*

(R x SfU(Ifyx{0})). Similarly, The connected component (C;7)~ of )~ U (Iffo x {0}), containing
Iy x {0} and (C)~ C (R x Sy U (I, x {0})).
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By (Cs), it is easy to see that there exists n € C(R,R) such that gi(s) = ¢*s + n(s) and

lim 22 — (. Taking n(u) = max |n(s)|, then 7 is nondecreasing and lim 1MW — 0, which
|s|=4o00 ¢ u<|s|<2u [u]—+o0 |u
implies II’ZE""))( < Tliﬂlllll() < "ﬁl‘tl“”;() — 0, as |Ju||x — oo. Hence, it can be easily shown that

T T
9= > |y (k)7 Goo 2 161 (K)[?
k=1 k=1

[1—|,—oo:: [)\1'—— 7>‘—1i__

T T :
Ag*};m(kﬂﬁ(kﬂ? Ag*];1771(7~€)|¢1+(/~f)|2
Applying the Theorem 4.2, we see that there are two distinct unbounded continua (D;)* and (D; )~
of 2 U (I, x {o0}), containing I x {oc}. In addition, by Theorem 4.2, we know that there
exists a neighborhood N C M of If | x {oo} such that

((DY)? NN) € (R x 87U (I x {00})),

where 0 = + and 0 = —.
The remaining proof is similar to the proof of the Theorem 1 in [12]. This completes the proof

of the theorem. N

Theorem 5.2. Assume (Cg)-(C7) hold. If

g 3 |67 ()2 @3 165 ()2
kle <A< kle (30)
O =Dy S mBler (O = Dg. X m(blor ()7
g 3 |67 (k)2 7 3 16 (R
’“ZlT <A< k:; (31)
O = Dg. Sl BF (4 = g X m(Blo; ()7

holds, then problem (26) has at least two solutions ut and u™, where u' is positive in [1,T)z, and

u~ is negative in [1,T]z.

Proof. Similar to the proof of Theorem 5.1, we have

T T
g0 2 oy (R)[? 9" > oy (k)
Iyi= |\ ——= A - — |
Ag*glm(k)m_(’fﬂ? Ags k;ﬂ’b(/f)lcbf(k)l2
and . .
9oo 2 |01 (K)I? 9= 32 161 (k)P
Il = [A; — = AL — k=l ]]

Age z mer P Agt S m(k)|ér ()2
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Applying the Theorem 3.2, we obtain that there are two distinct unbounded continua (C; )" and
(Cy)™ such that (C;)7 € (Rx ST U (11, x{0})). Applying the Theorem 4.2, there are two distinct
unbounded continua (D;)* and (D)~ of 2 U (I, x {o0}), containing I, x {oo}. In addition,
there exists a neighborhood N € M of I} x{oo} such that ((D; ) NN") C (Rx.STU(I} ,, x{oc})).
Furthermore, (C;)* = (Dy)* and (C;)” = (Dy)~. O
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