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Abstract In present paper, an original form of exact analytical solutions was introduced to solve nonlinear evolution
equations by means of bilinear neural network method and symbolic computation. We gave high-order rational solutions
including high-order lump-type solutions and higher-order rational solutions, periodic wave solutions, breather solutions and
two kinds of rogue waves solutions of extended (2+1)-dimensional Calogero-Bogoyavlenskii-Schiff-like equation to exemplify
the availability and advantage of the proposed approach which expand exact analytical solutions of nonlinear evolution
equations. Meanwhile, physical properties and characters of the solutions were graphically shown through several groups of

maps which are determined by special values.
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1 Introduction

Nonlinear evolution equations (NLEES) is a generic term of nonlinear mathematical physical partial differential
equation including variate ¢ that can describe the evolution along with times in dynamics, physics, biology and other
natural science. Recently, with the increasing development of technology and endeavor of numerous scholars, the
study of solving NLEEs has aroused more and more attention, hence, there are various effective methods applied
to solve NLEESs, such as homogeneous balance method [1], inverse scattering method [2], Backlund transformation
[3], Darboux transformation [4], Hirota bilinear method [5] and simplest equation method [6]. In accordance with
these methods, multiple rational solutions including lump solution [7, 8], lump-type solution [9], soliton solution
[10], rogue wave solution [11], periodic solution [12, 13] and breather solution [14] are obtained.

Soliton is a stable solitary wave with constant speed, no deformation, no damage in interaction so that soliton
theory has been widely studied in various domains while lump solution is a special type of rational function solutions
which is localized in all directions of space compared with solitary wave solution. Ma [15, 16, 17, 18] proposed an
approach to obtain lump solution directly by using symbolic computation has pushed lump solution to a new high.
However, in the absence of external energy input, the wave train will evolve into a modulated wave train when the
constituent waves of the wave train satisfied a certain relation, and with the appearance of self-focusing phenomenon,
the maximum modulated amplitude may be far greater than the initial amplitude. Similarly, the occurrence of
modulation instability is directly related to the characteristics of sea conditions. The steeper the wave is and the

more concentrated the frequency distribution of the constituent wave is, the more likely the modulation instability
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and rogue wave will be generated. Therefore, a increasing number of scholars have focused on the study of rogue
waves and various rogue waves solutions have been obtain through symbolic computation [19, 20].

The study of neural networks have been around for a long time, Kohonen proposed that simple adaptive units
make up the neural network which is a wide and interconnected network in 1988. The basic elements of the neural
networks is neuron model, the neuron received input signal from other neuron, these input signal transmitted trough
a weighted connection. This idea is similar to the method of solving NLEEs, thus, we introduced a method called
bilinear neural network method based on neural network model and bilinear method to look for the solutions of
NLEEs [21]. This method covers many methods of constructing a function after bilinearization to solve NLEEs
that can be seen as models with only one hidden layer. For example, rogue wave solution, rational solution, lump
solution, interaction solution, breather solution, periodic solitary wave solution [7]-[21], etc.

This article is divided into six parts. In section 2, bilinear neural network method and a new approach which
solve NLEEs effectively will be introduced. In section 3, we will obtain the general bilinear form of extended (2+1)-
dimensional Calogero-Bogoyavlenskii-Schiff equation by using general bilinear method and get extended (2+1)-
dimensional Calogero-Bogoyavlenskii-Schiff-like (eCBSL) equation through transformation. Then, we obtain high-
order lump-type solutions, higher-order rational solutions, periodic wave solutions, breather solutions of the equation
through Maple. In section 4, by setting special values to coefficients of (24+1)-dimensional eCBSL equation, we will
derive two kinds of rogue waves solutions of the equation. In section 5, several groups of maps including three-
dimensional, contour and density plots will be provided to illustrate the dynamic properties and characters of these

waves graphically. A few of conclusions and outlook will be given in the final section.

2 Bilinear neural network method

In this section, a [-hidden layer neural network model [see figure 1] which have a neurons of z,, I-hidden layers
of G1,p, G2,4,...,Gy,, weight functions of wic, waq, ..., wy, and output layer of Fy, Fy, ..., Fy will be plot, where
a, b, c,d,l, p, p, vy and p are natural numbers. As it shown, the [-hidden layer neural network has [ hidden layer of
G which are satisfied that the later hidden layer was obtained by the weighted sum of the previous hidden layer,
through weighting sum the last hidden layer, the output layer of Fj, will be derived.

1-hidden 2-hidden ¢-hidden
layer layer layer

Input layer Output layer

Figure 1: [-hidden layer neural network model

In order to obtain exact analytical solutions of NLEEs, we will construct a single-hidden layer neural network



model [see figure 2]. Taking the number of input neuron equal to L (L represents the dimension of space), thus, by
taking the sum of xj, weighted by a;, the functions Gy (o) of hidden layer was obtained while taking the sum of
xy, weighted by b,y , the functions gas(¢asr) of hidden layer was obtained, where ¢ =1,2,...,N;j=1,2,...,M and
k=1,2,...,L. At the same time, taking the number of functions in the output layer be one and through taking
the sum of Gy and gps weighted by 1 and m;, the output function of f will be obtained.
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Figure 2: single-hidden layer neural network model

Step 1. According to the above model, we can construct the expression of f as follows [22],

N M
F=a0+ > @™ +> migi(v;), (1)
i=1 j=1
where
L L
Pi = Qi + Z kT, ¥j = bjo + Z bjrxr, (2)
k=1 k=1

where n; € N and the weight coefficients of ao, @ik, bjr,m; (i = 1,2,...,N;j = 1,2,... , M;k = 1,2,...,L) are
real constants to be determined later. By choosing dependent variable transformation, we will obtain the general
bilinear form of NLEEs.

Step 2. Substituting (1) and (2) into the general bilinear equation of NLEEs, we will obtain a polynomial
about ag, aix, b;i, m; and collect all wight coefficients of the terms with the same order. Then, taking the weight
coefficients of different terms equal to zero, a group of nonlinear algebraic equations about ag, a;x, bz, m; will be
generated. We will solve the above nonlinear algebraic equations take the advantage of symbolic computation
Maple.

Step 3. Substituting ag, @k, bk, m; into (1) and (2) and through variable transformation, we will obtain
abundant solutions of NLEEs.

So as to obtaining high-order lump-type solutions, higher-order rational solutions, periodic wave solutions,
breather solutions and rogue waves solutions to (2+41)-dimensional NLEEs, we hypothesize: N = 3, M = 4,
g1(1) = et ga(hy) = e ¥2 in (1) and L = 3, 1 = 2,22 = y,x3 = t in (2). The solution to general bilinear

equation reads:

f=ao+ @™ +@3™ + 3™ +mie¥t + mae™ V2 + mags(¥s) + maga(ia), (3)



3
where ¢; = a0 + a1 + a0y + ast (1 = 1,2,3), ¥; = bjo + bj1x + bjoy + bjst (j = 1,2, 3,4) satisfying [] a; # 0
i=1

3 3 3
(k=1,2,3), T[] air #0 (1 =1,2,3), ]] bjr #0 (k=1,2,3), I bjx #0 (j =1,2,3,4).
k=1 j=1 k=1
Remark 2.1: If we choose ng =ny = 1l,a3, =m; =0 (j =1,2,3,4;,k = 0,1,2,3), we will get lump solutions
[23] of NLEEs. If we choose ng =mni1 =mq = lLagpy =m; =0, (j = 2,3,4k =0,1,2,3), we will get lump-kink

solutions [24]. If we choose ny = ny = 1,g4(¢ha) = coshtpy,azy = m; =0 (j = 1,2,3;k = 0,1,2,3), we will get
lump-hyperbolic cosine solutions [25]. If we choose a;, = m; =0 (j = 2,3,4;k = 0,1,2,3), we will get 1-soliton
solutions [26]. In a word, with the alter of the variate, we will obtain various kinds of solutions to NLEEs.

3 Various exact solutions to extended (2+41)-dimensional Calogero-
Bogoyavlenskii-Schiff-like equation
We consider an extended (2+1)-dimensional Calogero-Bogoyavlenskii-Schiff (eCBS) equation:
Ugt + Upzay + OUgz Uy + OUL ULy + OUgy + BUze + OUgzrs + 120UgUyy = 0, (4)

where a, 3, § are arbitrary nonzero real parameters and u = u(x, y, t).

Via dependent variable transformation
u=1Inf(z,y,t) sz, (5)
we can obtain the generalize bilinear form of equation (4) as follows:
GBecss := (Dp oDy + D} Dy + aDy oDy + BD2 46D, ) f - f =0, (6)
where D is generalized bilinear differential operators [27] reads:
Dy Dy Dy o f - f = (9 + xp00)™ 9y + Xpay’)n(at +Xp00) f (@, 9, 0).f (@Y 1) lomar =y =

5595 51 N I I (R PP IR A R ey o
= . j 2 XpoXpaxm Zazll 8yn Jay” atl kat/k z=x' ,y=y’ t=t’

i=0 j=0 k=0 ?

where m,n,1 >0, x; = (=1)*) s =7,(s) mod p.

When taking p = 3, we can obtain the generalized bilinear eCBS equation:

GBeos := (D3 D3¢+ D3 D3y + aDs . Ds, + D3, +6D5 ) f - f

By applying transformation v = Lo ,U = y, the generalized bilinear equation (8) is transformed into an extended
(2+1)-dimensional Calogero-Bogoyavlenskii-Schiff-like (eCBSL) equation which has lump-soliton, lump-periodic,

and lump-periodic-soliton solutions [28] as follows:
GPocBsL 1= ue + 3uguy + 3u? Uy + uugv + 3ulv + oty + Bug + 35(u + 2um) =0, (9)

where u, = v,. Therefore, if f solves equation (8), u(x,y,t) = In f(x,y,t)s, will solve (2+1)-dimensional eCBSL

equation (9). In this section, we will study diversely exact analytical solutions to equation (9).



3.1 High-order lump-type solutions

When n; = 2,n3 = ng = 1,m; =0 (j = 1,2,3,4) in (3), (3) represents quartic function solutions of the
generalized bilinear eCBS equation (8): f = ag + ¢} + 3 + ¢2. According to Step 2 in the section 2, we get three

classes of solutions.

aazz + ass as2 as
Case 1.1 2ﬂ = 77,5 = ——,Q11 = A190 = a1 = 0 a3z = —Qa12,022 = ——,QA3]1 7£ 0. (10)
a31 asi (6]
2 2 2
adasy + adas; — Bag; — aszzas:
Case 1.2 a1 = a0 = 0,(113 = —Qa12,022 = — 21 3 3 s
aag1
2 2
(b — B) (a3 + a3y) — aszaz Basy + ass 20031
ags = Jazy = ———— agy = , gy # 0. (11)
a21 « as1
2 2 2 2 2
C 1 3 . _ _ 0 _ o (5@21 + 6@31 + a320a31 - a5(a21 + CLB]_) + aasods31 — Ba’Ql
ase 1.0 :a11 = a0 = Y, 013 = —QA12,022 = — ,Q23 =
a1 a21
azz = —aazz — Bazi, az # 0, (12)

where other parameters are arbitrary real constants. Through transformation (5), we obtain the high-order lump-

type solutions of equation (9).

3.2 Higher-order rational solutions

I. Whenny =4,np =2,n3=1,m; =0 (j =1,2,3,4) in (3), (3) represents the solutions of the eighth function

of equation (8): f = ag + ¢§ + 5 + ¢2. According to Step 2 in the section 2, we get five classes of solutions.

az3 azo(fasz + asz) 23012 _aa(Bazi + asz)
Case 2.1:a10 = a11 = ap;,a = ———,0 = — ,a13 = a3y = ————————=,
a22 23031 a22 a23
aiza23a31 7# 0. (13)
) _ _ W3 s ai2(Bazi + ass) 413022 _a12(Baz + asz)
Case 2.2 :a190 = a11 = a9 = a1, = ———,0 = ————————""> 93 = ,A32 = ———————————,
ai2 a13asi a12 a13
ai2a13a31 7 0. (14)
aasz + ass as2 as
Case 2.3 a1 = az1 = 0,5 = 7775 = ——,0a13 = —Qa12,022 = ——,xA3]1 # 0. (15)
a3y a31 «
a13 112023031 — A13021032 a32 210432 4230431
Case 2.4 :a1; =0,a=——",=— 0= ——= Q90 = —=,a33 = ,
ai12 12021031 asi a3 a21
ai12a21a31 7# 0. (16)
a33 22033 — A23032 a22 412033
038625 all—a:;l—o osz—,ﬂ:—,ézf—,algz ,a32a217é0, (17)
@32 432021 a21 a32

where other parameters are arbitrary real constants. Through transformation (5), we obtain the higher-order
rational solutions of equation (9).

Remark 3.2: We can get the same results as Case 2.1 - Case 2.5 when (N =3,n1 =3,n2 = 2,71 = 1,m; =0),
(N=3n=5n=2n=1m;=0), N=3n=6n=2n =1,m; =0) and (N =3,n1 =7,n2 =2,n1 =
1,m; = 0), we can get the same results as Case 2.2 - Case 2.5 when (N = 3,ny = 5,n2 = 3,n1 = 1,m; = 0),
(N=3n=6n=3n=1m;=0), N=3n =5n=4n =1,m; =0) and (N =3,n; =6,np =4,n1 =
1,m; = 0) other than the above.

II. When ny =5,np =3,n3 =1,m; =0 (j =1,2,3,4) in (3), (3) represents the solutions of the tenth function

10

of equation (8): f = ag + ¢1° + ¢§ + 3. According to Step 2 in the section 2, we get two classes of solutions.

azs 22033 — A230A32 as2 a23a12
Case 2.6 11 = ag1 = O o = —7,[3 = ——,(5 = ——,Qa13 = ——, 4220431 75 0. (18)
a22 422031 a31 a22



a13 12033 — A13032 a32 21032 a21G33
Case 2.T:a11 =ayp=0,a=——>,=——"""" " = = ——= Q9pg = ——, Q93 = ,
a12 12031 a3 asi asi

12031 7’é 0, (19)

where other parameters are arbitrary real constants. Through transformation (5), we obtain the higher-order
rational solutions of equation (9).
Remark 3.3: We can get the same results as Case 2.6 and Case 2.7 when (N =3,n; =6,n2 =3,n1 =1,m; =

0), (N=3,n1=5mn2=4,n=1,m; =0) and (N =3,n, =6,n2 =4,n7 = 1,m; = 0) other than the above.

3.3 Periodic wave solutions

I. When a;; = 0, my = mz = ma = my, V2 = 1, g3(¢3) = tans, g4(¢4) = tanhe)y in (3), (3) represents the
solutions of equation (8): f =ag + mie?t + mie~ ¥t + my tanbs + my tanh . According to Step 2 in the section

2, we get ten classes of solutions.

bso

Case 3.1 :by; = b3; = 0,6 = —771713 = —abyg, b3z = —ab3a, byz = —abys — Bbar, by # 0. (20)
41
b-
Case 3.2 :by; = by =0,0 = —bizvbw = —abia, b3z = —abzs — Bb31, baz = —abya,b31 # 0. (21)
31
b
Case 3.3 :b31 = by =0,0 = 7b£7 biz = —abia — Bb11, b3z = —absa, baz = —abaz, bi1 # 0. (22)
11
b bsob b b b
Case 3.4 :by = 0,8 = — 2 by = —L by = —Mﬁ% = —abzy — Bbs1,by3 = —abys,
b31 b31 bs1
bsy # 0. (23)
b baob b b b
Case 3.5 :b3; = 0,6 = — 2 big = —L hyg = *M,b% = —abzg, byz = —abyy — Bbyy,
ba1 bay bay
byt # 0. (24)
b b12b b b b
Case 3.6 :b3; = 0,6 = ——= byg = —abiy — Bb11, bss = —absy, bay = ———t  byg = —M,
b11 bll bll
bi1 # 0. (25)
b b12b b b b
Case 3.7 by = 0,8 = — = b1z = —abiy — Bb11, bsg = ——— by = —MJLB = —abys,
b1y b1y bi1
by # 0. (26)
b bsob b b b
Case 3.8 :by; = 0,0 = — 2 byz = —abia, byz = —absg — Bbsy, bag = —o—t by = *M,
b31 b31 b31
) 27)
b b3ab b b b b32b
Case 3.9 :ag = 0,0 = — 2, b1y = ——+,by3 = —M,b&% = —absy — Bba1, bay = —,
b31 b31 b3 ba1
b b- b
baz = _bunlabor + o) sbz al 31)7b31 # 0. (28)
31
b b12b b b b b12b
Case 3.10 :6 = ——2 byy = —abiy — Bbi1, bsg = ——— byg = — su(abie + 8 11),542 = 24
bi1 b1 b11 b11
b b b
by = — (P20 (29)

bll

where other parameters are arbitrary real constants. Through transformation (5), we obtain the periodic wave
solutions of equation (9).

Remark 3.4: In addition, we can get the same results other than the above as follows:

When my # ms3 # mo # my (f = ag + mie¥t + moe ¥t + mgtan)s + my tanhe)y), we get the same results as

Case 3.1 - Case 3.5.



When my # mg # ma # my, ¥3 = s = ¥1 (f = ag +mie¥t + moe™ %1 + maztanth; + mytanh)y), we get the
same results as Case 3.2 - Case 3.4.

When my # ms # ma # my, Yy = 3 = o = P (f = ap +mie¥t +moe™ % +mgtan); + mytanh)y), we get
the same result as Case 3.3.

When g3(13) = costg, ga(¥a) = cosheps (f = ag + mie¥t + mie™ ¥ + my cosyis + my coshyyy) and g3(v3) =
cos 3, ga(a) = siny (f = ag +mie¥ +mie™ %1 + my costbz + mysine)y), we get the same results as Case 3.3 -
Case 3.5.

When my = 0, m3 # ma # my, VYo # 1, g3(¥3) = coshs (f = ag + mie¥t +moe™ %2 + mzcosi)s), we get the
same results as Case 3.1, Case 3.3, Case 3.4, Case 3.6, Case 3.10.

II. When a;x = 0, mo = my, s = 11, g3(¥3) = costbs, ga(14) = sine)y in (3), (3) represents the solutions of
equation (8): f = ag +mie¥t +mie” ¥t +mgcos 1z +mysintpy. According to Step 2 in the section 2, we get seven

classes of solutions.

2 2
Case 3.11 :§ = —bl—z,blg = Sbiabyy (361, + 20)b1, — Bb11,b32 = %,533 = _Obigba _ Bbsa,
b11 2 2 bll bll
b12b abiab
bio = =2 by = — 2L Bhyy by # 0. (30)
b1 b11
by- 0b;: b- 0b;: by:
Case 3.12 :by; = 0,b11 = ﬁ, 12 = a(giidﬁ’ 31 = ﬁjﬁ’ 32 = _a(giidﬂ’ 42 = —fa
alad — B) #0. (31)
b ob b b b
Case 3.13 Zb31:0,b11:ﬁ, 12:a57136ab32:7%ab41:ﬁ’ 42:*a613ﬂ,
alad — ) # 0. (32)
Case 3.14 Zb31 = b41 =0 b11 = bi b12 = 5b13 b32 = —bﬁ b42 = —I%ﬁ 04(04(5 — B) 7’5 0. (33)
’ ad —f’ ad —f’ a’ a’
b b ob b ob
Case 3.15 :by; = 0,b12 = —g,bz’,l = ﬁ,b:ﬁ =3 i35,b41 = aazfﬂ,bzxz = _aéii?)ﬂ’
alad — B) #0. (34)
b b ob b
Case 3.16 :by; = by = 0,b12 = _fybfﬁl = ﬁ’bﬁ Y igﬁvb@ = —§7a(a5 —B) #0. (35)
b b b ob
Case 317 2b11 = b31 = 0,612 = 7%,632 = 7?7@11 = 04(547—36,1742 = 70(6 igﬁaa(aé - 6) 7& O’ (36)

where other parameters are arbitrary real constants. Through transformation (5), we obtain the periodic wave
solutions of equation (9).

Remark 3.5: We can get the same results as Case 3.15 - Case 3.17 when my = m3 = my = my (f =
ag+mie?t +mie” ¥t +my costbz +my siney) and when my = mz = ma = my, ga4(Y4) = coshyy (f = ag+mye¥t +
mie~%' + my cosyz + mq coshby), we can get the same result as Case 3.11 when my = mg = mo = mq, 1y = V3

(f = ap +mie¥* + mie= ¥t + my cos1pz + mq sinpz) other than the above.

3.4 Breather solutions

When a;;, = 0, my = 0, g3(3b3) = coss in (3), (3) represents solutions of equation (8): f = ag + mie¥t +

moe~ %2 + mgz cos1hs. According to Step 2 in the section 2, we get two classes of solutions.

b- ba1b b b: b
Case 4.1 b1y = 0.6 = — U2 bio = —abyy, by = 221082 4, bo1(absz + Bba1)
b31 b31 b31

bs1 # 0. (37)

y b3z = —absy — Bbay,



Case 4.2 5 — _@71)12 _ b11b327b13 __bu(absy + ﬁbzn)’b22 _ barbgy ,  boi(absy + ﬂb?)l),
b31 b31 bs1 b31 b3y

b3z = —absy — Bbz1, b3 # 0, (38)

where other parameters are arbitrary real constants. Through transformation (5), we obtain the breather solutions

of equation (9).

4 Rogue waves solutions

In order to derive rogue waves solutions to (2+1)-dimensional eCBSL equation, we can set special values for

a, 3,9, for instance, if set & = 1 in equation (9), we will obtain:
GPecBsr 1= ut + 3uguy + 3u2uy + 3uugv + 3udv + Uy + Pu, + 35(u2 + 2ux)2 =0. (39)
The corresponding generalize bilinear equation reads:

GBecas = (D3oDsy + D3 D3y + aDs ;D + D3, +6D5 ) f - f
I. When ny =4,np =2,n3 =1, mg = m3 = mg = my, Yy = Y3 = ¥y = Y1, g3(11) = costPy, ga(P1) = sinyy in

(3), (3) represents rogue waves solutions of equation (40): f = ag + ©§ + ¥4 + 02 + mie¥t +mie™¥* +my cos vy +

my sin1. According to Step 2 in the section 2, we get five classes of solutions.

a3z + ass a32
Case 5.1:a11 = a0 =a21 =b11 =0, =——"——",0 = ——=,a12 = —a13, 422 = —aa23, b12 = —by3,
a3 a3
agi1biz + azzbiy bao az1b12
Case 5.2 11 = a1 = ag1 — 0,5 = *—,(5 = —7—,012 = —a13,022 = —A23,032 = s
as1bi1 bi1 bi1
biy # 0. (42)
az1biz + azsb a as1b asab
Case 5.3:a1; = ajg=ag =0, = —— 20 5= 22 450 = —agg,a33 = ——2, by = —tt,
as1bi asy b1y as1
b11a31 75 0. (43)
as2
Case 5.4:a11 = ajo = ag1 = b11 =0,0 = — o 5012 = —013, 02 = —023,033 = —az18 — asz, big = —by3,
31
asy 7£ 0. (44)
bi2 az1b12 as1(Bbi1 + bia
Case 5.5 :a11 = ajg = ag, = 0,0 = ——, agey = —ag3,a32 = ,033 = *¥7513 = —Bb11 — b1,
b11 b1 b1
biy # 0, (45)

where other parameters are arbitrary real constants. Through transformation (5), we obtain one class rogue waves
solutions of equation (39).

Remark 4.1: We can get the same results as Case 5.4 and Case 5.5 when g4(¢1) = sinh¢); (f = ag+ 8§+ ¢35+
©3+moe?t +mye~ %1 +my cos )1 +my sinh Y1), when g4(¢1) = coshpy (f = ag+¢§+ 93+ 3+ mie¥t +mie ¥ +
my cos Py +my coshipy), when my = 0 (f = ag+¢5+¢5+p2+mie¥t +mie ¥t +my costby) and when my = mz = 0
(f = ao+ 98 +¢3+ 3 +mie¥t +mype¥1) other than the above. In addition, we can get the same results as Case 5.1
and Case 5.2 when g3(13) = cos V3, g4(04) = sinthy (f = ao+§+@s+p2+mie? +mye ¥t +my cos bz +my sinay).



II. When ny = 2,n3 =na =1, my = mg =ma = 1, 1y = b3 = s = 1, g3(¢1) = tan)1, g4(¥1) = tanhe); in
(3), (3) represents rogue waves solutions of equation (40): f = ag + ¢} + @2 + @2 +mye¥t +e ¥ +tan )y + tanh ;.

According to Step 2 in the section 2, we get three classes of solutions.

a3z + ass a32
Case 6.1:a1; =ajg=az =b;1 =0,=——"———,0 = ———,a12 = —a13,022 = —a23,a31 # 0. (46)
asi asi
(8 —6)a3, — da3; + azza
. 31 21 33031
Case 6.2 :a11 = a0 = b1 = 0,a12 = —a13,a20 = )
azi
(B —6)(a3; + a2,) + azsa a0
21 31 33031 20031
a3 = , a3y = —faz; — as3, azg = yb1g = —bi3, a1 # 0.
a21 a21
5(a3; + a3y) + asqa (B — 0)a3, — da2, + azea
. 31 21 32031 21 31 32031
Case 6.3 aip = aipg = bll = 0, a12 = —a13,022 = — , 23 = — y
a21 a21
as3 = —fas; — azz,bia = —biz,a21 # 0, (47)

where other parameters are arbitrary real constants. Through transformation (5), we obtain the rogue waves
solutions of equation (39).

Remark 4.2: We can get the same results as Case 6.1 - Case 6.3 when gs5(¢1) = cost1,g4(1h1) = coshihy
(f =ao+ ¢t + 3+ 03+ mie + e ¥ + cosyy + coshepy) and g3(vh1) = siney, g4(v1) = sinh ¢y (f = ao + ¢ +
02+ 2+ mie¥t + e Y1 4 sine)y + sinh ).

5 Dynamic properties

In this section, we will study the dynamic properties of the above solutions, multifarious three-dimensional plots,

contour and density maps for (2+1)-dimensional eCBSL equation are depicted.

5.1 Three-dimensional, contour and density plots of the solution to Case 1.1

If we substitute Case 1.1 into equation (3), the solution f; to (241)-dimensional eCBSL equation as follows:
4 23y 2 2
fi = ao + (—aaiat + a12y)” + (azat — - T az0)” + (az17 + az2y + azat + azo)”.

Through transformation (5), we can derive high-order lump-type solution of equation (9) as follows:

203, 4a3,93
U = —= — —=
h 7
where 3 = az1x + azoy + asst + azo and ag, a12, a23, 20, @31, a32, azs, az are arbitrary real numbers.
We choose particular values to illustrate the high-order lump-type solution to (2+1)-dimensional eCBSL equa-

tion:
a=1,a0 =4,a12 = 2,a23 = 1,a20 = 4,a31 = 5,a32 = 3,a33 = 2,a39 = 5. (48)

Through selecting appropriate values for the parameters, the dynamic characters and structures of the high-order
lump-type solution are vividly shown in figure 3 which contained the three-dimensional plots [see figure 3(a,b,c)]
that exhibit the localized structures and we adopt the same color for the points that = 4+ y are identical and and
density maps [see figure 3(d,e,f)] in the (x, y)-plane that reflect the energy distribution when ¢ = -10, 0, 10. It is

clear that the wave is keep moving with the shape unchanged.



(d) t=-10 (e) t=0 () t=10

Figure 3: Three-dimensional plots, contour and density plots of the wave with the parameters (48) at times t =

-10, 0, 10.

5.2 Three-dimensional and contour plots of the solution to Case 4.2

If we substitute Case 4.2 into equation (3), the solution fo to (2+1)-dimensional eCBSL equation as follows:

_ b11(ab3o+Bb3y) b11b32y b2y (ab3a+Bb3y) __ba1bzoy
fo = ag + mie b3l Foria+ = +bio + mae by ba1z e b2o

+ ms COS((Olbgz + ﬂb31)t — bg1z — b3y — b30).

Through transformation (5), we can derive breather solution of equation (9) as follows:

U2 ( — m?bgle_%p? + 2m1m2b11bglewl_w2 =+ (2m2m3b21b31 sin ¢3 =+ b21f2)€—¢2 + m§b§1 Ccos ZZJ%

1
f3
— 2m1m2b11b316¢1 sin i3 — m3b§1f2 cos Y3 + mlbflfge’/“ - m%b%lewl - m%bgl),

where ¢y = —% +byyw 4+ B2 4y, gy = —% +byyw + 220828 4 by, by = (absa + Bbsi )t —
bgll‘ - b32y — b30 and ap, b107 b11, bg(), b21, b3(), b31, b32 are arbitrary real numbers.

We choose particular values to illustrate breather solution to (241)-dimensional eCBSL equation:
a=1,8=1m =2,my=3,m3=2a =1,bio = 6,b11 = 2,b0 = 6,b21 = 3,b30 = 2,b31 = 10,b32 = 2. (49)

Dynamical behaviors of breather solution along with the time evolution is depicted in figure 4 including three-
dimensional plots [see figure 4(a, b, ¢)] and contour maps [see figure 4(d, e, f)]. These waves are mutual independence
and remain parallel at times ¢t = -10, 0, 10. If setting the different values in fo, we will obtain different shape of
waves, at the same time, we can choose t freely to illustrate the dynamic characters of the solutions clearly with

the aid of Maple. It is obvious that the waves are keep moving finely.
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Figure 4: Three-dimensional plots and contour maps of the wave with the parameters (49) at times t = -10, 0, 10.

5.3 Three-dimensional and contour plots of the solution to Case 5.5

If we substitute Case 5.5 into equation (3), the solution f3 to (2+1)-dimensional eCBSL equation as follows:

a31b12y a3 (b +biz)
bll bll
+ mleb1196+b12y—(5b11+b12)t+b10 + mle—b111—bl2y+(5bll+b12)t—b10

fz =ao+ (a13t — alSy)S + (a2t — agsy + (120)4 + (as1z + t+ 030)2

+mq COS(bHI ~+ b1oy — (ﬁbn + blg)t + blO) +my sin(bllx + b1y — (Bb11 + blg)t + b10>.

Through transformation (5), we can derive rogue waves solutions of equation (39) as follows:

1 . _ _ .
Uz = P[m%bfl((cos(—wl) + 2sin(—11))e ¥ — 2e72Y1 — 2e¥1 (cos(—1y) — 1) — sin(—2¢;) — 1)
3
+ m1a31b11(4<p36_w1 — 4% — 23 cos(—11) — 4oz sin(—)) — 4a§1g0§ + 2a§1f3
+ mlbflfg(ewl +e V4 sin(—11) — cos(—11))],
where @3 = agiz + %42y — agl(blbllﬁl+bl2) t+azo, Y1 = bi1x + biay — (Bb11 + bi2)t + bio and ao, a3, azs, azo, as1, azo,

b11, b12, b1 are arbitrary real numbers.

We choose particular values to illustrate rogue waves solution to (241)-dimensional eCBSL equation:
1
B=4a0=1a3= 5028 = —4,a20 =4, a31 =40,a30 = 2,b11 =2,b12 = 1,010 = 0,m1 = 2. (50)

The dynamic characters and structures of the rogue wave solution are vividly shown in figure 5 which contained
the three-dimensional plots [see figure 5(a,b,c)] that exhibit the localized structures and contour plots [see figure

5(d,e,f)] in the (x, y)-plane when ¢ = -2, -1, 0. This wave is composed of two parts including a higher-order rational
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Figure 5: Three-dimensional plots and contour maps of the wave with the parameters (50) at times t = -2, -1, 0.

wave and other functions wave (double-exponential function, tangent function and tanh function). As we have seen,
the higher-order rational wave, double exponential function, tangent function and tanh function waves react with

each other finely and keep moving forward while the height of higher-order rational wave increases with time.

6 Conclusion

In this paper, we constructed an original form of exact analytical solutions to nonlinear evolution equation with
the aid of bilinear neural network method and several examples were given to illustrate the methodology. We were
of free choice to the number of N and M, the order of ¢, the hidden layer of g()) and the weight coefficients in the
expression (3), for instance, we derived the high-order lump-type solutions when N =3,n; =2,n3=ns =1,m; =0
in (3), the higher-order rational solutions when N = 3, ny = 4,n3 = 2,n2 = 1,m; = 0 in (3), the periodic wave
solutions when a;; = 0, my = msg = ma = mq, Y2 = V1, g3(¢¥3) = tanws, g4(¢4) = tanh, and when a;, = 0,
me = mq, Yo = 1, g3(th3) = costbs, ga(1py) = siney in (3), the breather solutions when a;; = 0, my = 0,
93(¥3) = costps in (3) and the rogue waves solutions of (241)-dimensional eCBSL equation. In particular, the
results were identical when N =3, ny = 2p, no =2, n3 =1, m; =0 (p = 3,4,5,6), and so did the results when N
=3,n =2¢,ne =3, n3=1m; =0 (¢ =4,5,6), etc. The exact analytical solutions were widely expanded due
to choosing different basic functions of the hidden layer and the order of the terms. In addition to the results we

obtained in this paper, our approach can be applied to calculate other types multiple solutions of NLEEs.
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