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Abstract In this paper, we investigate the existence and uniqueness of solutions and Ulam’s type sta-
bilities including the well-known Ulam-Hyers stability and the newly extended Ulam-Hyers’ conformable
exponential stability for two classes of fractional differential equations with the conformable fractional
derivative and the time delay. The Banach contraction principle, the technique of Picard operator, the
Gronwall integral inequalities and generalized iterated integral inequality in the sense of conformable
fractional integral are the main tools for deriving our main results. Finally, several illustrative examples
will be presented to demonstrate our work.
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1 Introduction

The conformable fractional derivative(CFD) was first introduced by the authors Khalil et al. in [1]. Since
then, the conformable fractional calculus has been rapidly developed and widely applied. For details, one
may refer to [2-10] and the reference therein.

The Ulam’s type stability problems of various differential or integral equations have been extensively
studied in the recent years. There are some commonly used methods for dealing with these problems.
For example, the theory of fixed points [11-12], the approach of integral inequalities [13-15], the method
of Laplace transform [16-21], the integral factors [22-23] and the technique of Picard operator [24-25].
Particularly, the authors in [24,27-28] discussed the Ulam-Hyers-Mittag-Leffler stability problem of frac-
tional differential equations by combining the Ulam stability with the well-known Mittag-Leffler function.
The Ulam stability for some nonlinear integro-differential equations were studied in [25-26].

To our knowledge, however, the Ulam’s type stabilities of fractional differential equations or nonlinear
integro-differential equations with CFD and delay has rarely been studied directly. Considering the spe-
cial advantages of exponential stability in the linear time-invariant systems involved the theory of stability
and control, it would be of interest to connect the Ulam-Hyers stability with the conformable fractional
exponential function (which is defined in Definition 2.4). Besides, the author Pachpatte in [29] offered
some fundamental integral inequalities with iterated integrals which play a significant role in studying
the qualitative theory of integral and differential equations. In view of this, we characterize different
forms of iterated integral inequalities involving the conformable fractional integral(CFI) to explore the
Ulam-Hyers stability of nonlinear conformable Volterra delayed integro-differential equation. Further-
more, it is worth noting that the phenomenon of time-delay is very conventional and important in the
field of engineering and practical applications. Some recent literatures published about the applicability
and universality of the time-delay effect can be found in [32-36].

Motivated by the above discussion, in this paper, we will first consider the following conformable
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fractional delay differential equations

{ Tea(t) = f(t,x(t), x(t — 7)), t € (to, T, 1)
z(t) = (1), t € [to — 7, t0]

where T x(t) denotes the CFD starting from the initial time to of the function f of order o € (0,1),
feC([ty, T] x RER), ¢ € C([to — 7, T],R), to < T < +oo and 7 > 0 is the time delay.

The existence and uniqueness of solutions and the Ulam-Hyers stability and Ulam-Hyers conformable
exponential stability of (1.1) will be studied via different approaches including the Gronwall integral
inequalities and the Picard operator.

Then we investigate the Ulam-Hyers stability of the following nonlinear Volterra delay integro-

differential equation

Tex(t) = (t,x(t),:c(t - 7), ftto (s —to)* Ih(t,s,z(s),z(s — T))> ds,t € (to, T,

g (1.2)
z(t) = o(t),t € [to — 7, to],

where g € C([to, T] x R3,R), h € C([to, T] x [to,T] x R%,R) and ¢ € C([to — 7,T],R).

2 Preliminaries

This section collects some necessary definitions and lemmas.

Definition 2.1. (see [3]) The conformable fractional derivative(CFD) starting from to of the function
£t [to, +00) = R of order o € (0,1] is defined as

ft+0(t—t0)'™) = f(t)

T{f(1) = lim : (2.1)
Particularly, if f is differentiable, then
Taf(t) = (t —to)' " f'(t). (2.2)

Definition 2.2. (see [3]) The conformable fractional integral(CFI) starting from to of the function f :
[to, +00) = R of order o € (0,1] is defined as

0 = [ (=t (5)ds. (2.3)

Lemma 2.3. (see [3]) Let oo € (0,1] and f : [to, +00) — R be a continuous function. Then for all t > to,
TR f(1) = £(1). (2.4)
Further, if f is differentiable on (to,+00), then for all t > to,

IR TS f(t) = f(t) = f(to)- (2.5)

Definition 2.4. (see [3,6,8]) The conformable fractional exponential function(CFEF) is defined by

(t— to)a) i A (t — to)F

E,(\t—tg) =exp(\- " = ]

L t>t), 0<a<1, AeR. (2.6)
k=0

The following two lemmas involving the Gronwall integral inequality in the sense of CFI will play a

significant role in studying stability.



Lemma 2.5. (see [3]) Assume that f is a continuous, nonnegative function on [to,t1] and &,n are two

nonnegative constants such that

fity<e+ 77/ (s— to)o‘*lf(s)ds.

to

Then for all t € [tg,t1], the following inequality holds

f(t) < EEa(n,t —to). (2.7)

Lemma 2.6. (see [30]) Suppose that f is a continuous, nonnegative function on [to,t1] satisfying

F() <€)+ / (s — to)2 L f(s)ds

to

where n > 0 is a constant and &(t) is a nonnegative differentiable function defined on [to,t1]. Then

£(8) < €00) + nBan,t ~ 1o) / () a1, 5 — 1o) (s — 10)"ds. (28)
To end this section, we introduce the following Picard operator definition and abstract Gronwall
lemma which will be fairly useful to contribute to deriving our main results.

Definition 2.7. (see [31]) Assume that (Z,d) is a metric space, the mapping A : Z — Z is called a
Picard operator if there exists z* € Z such that (i) Sa = {2*}, where Sy = {z € Z : A(z) = z}; (i) the

sequence {A™(2)}nen converges to z* for all z € Z.

Lemma 2.8. (see [31]) Let (Z,d,<) be an ordered metric space, A : Z — Z is an increasing Picard
operator (Sa = {z*}). Then for any z € Z, z < A(z) implies z < z* and z > A(z) implies z > z*.

3 Main results

3.1 Ulam-Hyers stability for (1.1)

In this subsection, we utilize the Banach contraction principle and the technique of the Gronwall inequality
presented in Lemma 2.5 to investigate the existence and uniqueness of solutions and the Ulam-Hyers
stability of the Equation (1.1).

Definition 3.1. The Equation (1.1) is called Ulam-Hyers stable if there exists a constant A > 0 such
that for each € > 0 and for each solution y € C([to — 7,T],R) N C([ty, T],R) of the following inequality
ITiy(t) — f(ty(0),y(t — 7)) <&, t € [to, T], (3.1)
there exists a solution x € C([to — 7,T],R) N C*([to, T],R) of the Eq.(1.1) with
ly(t) —x(t)| < A-e, t€to—71,T). (3.2)
Lemma 3.2. Assume that y € C([to — 7, T],R) N C*([to, T],R) is the solution of (3.1). Then

)~ lto) ~ I A0, wt - )| < T e g, 7]

Proof. Obviously,

ly(t) — y(to) — IT f(t,y(t), y(t — 1) = |15 (Tay(t) — F(t,y(t),y(t —7)))]
< Ip|Toy(t) — f(ty@),yt — 1))l
(t—to)* < (T —to)” -

<Ie=
= Tto « «




Theorem 3.3. For allt € [tg,T] and u;,v; € R(i = 1,2), if there exists a constant Ly > 0 such that

|f(t,ur,u2) — f(t,v1,02)] < Ly(lug — vi] + |ug — val)

holds true and satisfying M < 1, then the Eq.(1.1) has a unique solution in C([to — 7, T],R) N

CY([to,T],R) and is Ulam-Hyers stable.

Proof. (i) Firstly, the Eq.(1.1) can be written as the following equivalent form

2(t) = o(t), t € [to—T,tol,
Plto) + [ (s —t0)* 1 f (s, 2(s), a(s — T)ds, t € [to,T).

Define the space X := C([to — 7, T],R) N C*([ty, T], R) with the norm |- ||x = . mgéi<T|$(9)\,ﬂ? € X and
0— TV

the operator P: X — X as

@(t), t € [to—T,t0],

= { p(to) + [y (s = 0)* (s, 2(s), x(s — T)ds, t € [to, T].

Apparently, for all t € [tg — 7,to] and z, 2z € X, |(Pz)(t) — (Pz)(t)] = 0. While for t € [tg, T,

[(Pz)(t) — (Pz)(t)| = | /t (s —to)* " f(s,2(s), x(s — 7)ds — / (s = to)* " f(s,2(5), 2(s — 7)ds]|

to
t
<Ly /to (s — to)ail(ge[rgg%}i,ﬂ |z(o) — z(0)] + Ue[rg;zﬁﬂ |z(v) — z(v)|)ds
< 2L¢(T — to)

[z = z[|x-
e

Therefore, |Px — Pz||x < Mﬂx — z||x holds for all ¢t € [to — 7,T] and =,z € X. Then P is a
contraction on X, the Banach contraction principle guarantees that Eq.(1.1) has a unique solution in X.
(ii)Next, we show that the Equation (1.1) is Ulam-Hyers stable. Let y € C([to — 7, 7], R) N C*([to, T],R)
is the solution of (3.1) and x € C([to — 7, T],R) N C*([ty, T], R) be the unique solution of (1.1) satisfying
the initial condition z(t) = y(t),t € [to — T, to], that is to say,

{,C(t) _ y(t)7 te [tO _TatOL
y(to) + f:ﬂ (s —to)* 1 f(s,z(s), x(s — T)ds, t € [to, T).

For all t € [to—T,to], |y(t) —x(t)| = 0. For t € [tg, T, we divide it into two intervals. When t € [to, to+ 7],
it can be deduced from Lemma 3.2 and the fact y(t — 7) — x(t — 7) = 0 for ¢ € [to,to + 7] that

ly(t) — z(t)]| =|y(t) —y(to) — Iy f(t,y(t), y(t — 7)) +y(to) + It f(t,y(t), y(t — 7)) — 2(t)|

—ly(t) — y(to) — / (5 — t0)*1 (s, y(s), y(s — 7)ds

+ / (5 — t0)™ L (s, y(s).y(s — 7)ds — / (s — t0)* L (s, 2(s), x(s — 7)ds]

to tO

<Jy(t) - y(to) / (5 — to)* f(5,5(s), y(s — 7)ds]

to

+/t (s —t0)* M f(s,5(s),y(s — ) = f(s,2(s),2(s — 7)|ds
§ME+LJ¢/ (s —to)® Hy(s) — x(s)|ds.

to



Applying the Gronwall inequality in Lemma 2.5, it follows that

(T—to) 'sEa(Lf,t*t()) < (T—to)

ly(t) — 2()] < .

Ea(Lf,T)S, t e [t(),t() + ’7'].
While for t € [tg + 7, T, the following inequality can be easily obtained by using the similar steps

(T —to)™

ly(t) — (t)] < e+ Ly / (s — t0)* [z (s) — y(s)|ds

to

t
JrLf/ (sfto)o‘71|y(5—'r) —x(s — 7)|ds.
to+T1

Set u(t) = sup |y(t+0)— x(t+ 0)|, then it yields that
0e[—T,0]

ME + 2Ly /t(s —t0)* tu(s)ds,

to

u(t) <

then we get the following inequality via the Gronwall inequality in Lemma 2.5

(T —t9)*

ly(8) —2(t)] < u(t) < —

Eo,(2Ls, T —to)e, t € [to+ 71,T).
From the above discussion, we can conclude that for all ¢ € [to — 7, T,

(T —to)™

[u(t) = 2(0)] < S Ea (2L T~ to)e,

which implies that the Eq.(1.1) is Ulam-Hyers stable with A = MEQ(QLf, T —to).

[0}

3.2 Ulam-Hyers’ conformable exponential stability for (1.1)

In this subsection, we first define a concept of Ulam-Hyers conformable exponential stability, an extension

of Ulam-Hyers stability for fractional ODEs. Then the method of Picard operator and the generalized

Gronwall inequality presented in Lemma 2.6 will be used to study the Ulam-Hyers conformable exponen-

tiable stability of the Equation (1.1).

Definition 3.4. The Equation (1.1) is called Ulam-Hyers conformable exponentially stable with respect

to the conformable fractional exponential function Eo(\,t — to)(A # 0) if there exists a constant Q > 0

such that for each € > 0 and for each solution y € C([to — 7, T],R) N C([to, T],R) of
Tiy(t) = f(ty(8), y(t — 7)) < eEa(Xt —to), t € [to, T,
there ezists a solution x € C([to — 7,T],R) N C([to, T],R) of the Eq.(1.1) with
ly(t) —z(t)] < Q-ecEq(\t —to), t € [to — 7, 7).
Lemma 3.5. Ify € C([to — 7,T],R) N C([ty, T],R) satisfies (3.5), then

(T —to)™

ly(t) —y(to) — Ity f(t,y(t),y(t — 7)) < ¢ Eo(At—to), t € [to, T

Proof.



ly(t) = y(to) =I5, f (£ y(t), y(t — 7))
= |15 (T (1) — [t y(1), y(t —7)))]
< TplTay() — Fty(0), y(t — 7))

t
< / (s —to)* teEq (N, s — to)ds

to

o al S—fo
= [t S R
)\kt—to(k+1)

:52 o+ (k4 1)

5(t7to)“ i NE(t — tg)ke
a — ak -kl (k+1)

- e(T —tg)® i ANE(t — tg)ke

o ok - k!

k=0

- @Ea(u 1),

O

Theorem 3.6. Under the assumptions in Theorem 3.3, the Equation (1.1) is Ulam-Hyers conformable
exponentially stable with respect to Eq (X, t — to) provided that A # 2L;.

Proof. Let y € C([to — 7,T],R) N C([to, T],R) be the solution of (3.3) and = € C([to — 7,T],R) N
C!([to,T],R) be the unique solution of (1.1) satisfying the initial condition x(t) = y(t),t € [to — T, to],
hence,

J}(t): y(t>7 tE[to—T,to}7
y(to) + [, (s —t0)* "L f(s,2(s), 2(s — T)ds, t € [to, T].

For all ¢t € [to — 7, 0], |y(t) — x(¢)| = 0. When ¢ € [ty,T], it follows Lemma 3.5 and the discussion in
Theorem 3.3 that

() — 2] < L% g b —t) + L / (s — t0)* (Jy(s) — a(s)| + ly(s — 7) — (s — 7)) ds.

e to
(3.5)
Consider v € Xy := C([to — 7, T],Ry) N C*([to, T],Ry) and define the operator Q : Xy — X as

0, te [to—T,toL

(Qu)t) = { e @ By (At — to) + Ly f1. (s — t0)* (u(s) + v(s — 7))ds, ¢ € [to, T)-

Then we demonstrate that () is a Picard operator. In fact, according to the investigation in Theorem
3.3, for all vy, v9 € X and ¢ € [tg, T, we have

[(Qu1)(t) — (Quz2) ()] x <

2L (T —tg)™
%”U1792”X~



Therefore, () is a contraction on X . Moreover, we know that @ is a Picard operator from the Banach
contraction principle and Sqg = {0}. Then for all ¢t € [ty, T], we have
T —t9)® ¢
o(t) = 5QEQ(/\, t—to)+ Lf/ (s —to)* ' (0(s) +0(s — 7))ds.
@ * i
Next, we need to verify that ¢ is increasing. For any t1,ts € [to,T], and t; < to, if we let m =
min_(6(0) + (0 — 7)) € Ry, then

0€(to,T]

O(ta) — 0(t1) = EW(EJ(A,Q —to) — Ea(A t1 — to)) + Lf/t 2(3 — to)o‘*l(ﬁ(s) +0(s—7))ds
— EWEQ(A,Q — t@(M — ) +Lf/t 2(5 1) (8(s) + (s — 7))ds
>0,

which implies that © is increasing, and hence, 0(t — 7) < 0(t) since t — 7 < ¢, then we have

o(t) < EMEQ()\J —to) + 2Ly /t(s —t0)* o(s)ds.

(0% to

Gronwall inequality in Lemma 2.6 yields that

(0%

T — tg) T — ) ¢
f)(t)gig( 0) Ea()\,tfto)JrQi( ) LfEa(QLf,t—to)/ Ea(\ s —to)Ea(—2Ly, s — to)(s — to)* 'ds
« « to
T —to)® 2L+FEo(2Ls,t —t t
- uEQ(A,t —to) {1 il | (2L 0) Eo(A s —to)Ea(—2Lg, s — to)(s — to)*'ds

Ea\t—to) s,
2L Eo(2Lys, T — to)
A —2L;]

T —1t9)"
S&Ea()\,t—to)( O) {1—|— Ea()\—QLf,T—to)}.
o'
Particularly, if we let v = |y — x|, then (3.5) deduces that v < Q(v) and Lemma 2.8 ensures that v < .
That is to say,
() — ()] < Q- Ea(0t — to)e.

Thus, the Equation (1.1) is Ulam-Hyers conformable exponentially stable with respect to E, (At — tp)
with the constant

0 (T—to)"‘{l 2L;Eo(2Lys, T — to)
o

X951 Ea()\—ZLf,T—tO)}.

3.3 Ulam-Hyers stability for (1.2)

In this subsection, by introducing the definition about the Ulam-Hyers stability into the nonlinear Volterra
delay integro-differential problem (1.2), we propose a class of iterated integral inequality in the sense of
CFI to deal with the Ulam-Hyers stability.

Definition 3.7. The Equation (1.2) is called Ulam-Hyers stable if there exists a constant A > 0 such
that for each € > 0 and for each solution y € C([to — 7, T],R) N C*([to, T],R) of the following inequality



Iﬂwﬂ%w(tM®w@—T%/ks—%W_%ﬁﬁwﬁhws—ﬂvl<ateﬁmﬂ7 (3.6)

to

there exists a solution x € C([to — 7,T],R) N C([ty, T],R) of the Equation (1.2) with
ly(t) —x(t)| < A-e, t€to—T,T). (3.7)

Lemma 3.8. Ify € C([to — 7, T],R) N C([to, T],R) satisfies (3.6), then for all t € [ty,T], we have
! a—1 ) a—1 (T _ to)a
) = wt0) — [ (s =10 g (s5.0(5) w5 = 1), [ (0~ t0)" hi.0.9(6). (6~ )0 ) < E e
to tO
Proof. This proof is completely similar to Lemma 3.2. O

Now, we establish the following iterated integral inequality in the frame of CFI which will play a key

role to get the main result in this subsection.

Theorem 3.9. Let a € (0,1), u,v,w € C([to,T],Ry) and ¢ > 0 be a real constant satisfying

ut) < c—i—/t(s—to)alv(s) {u(s)+/s(9—to)a1w(9)u(9)d0] ds, t € [to, T].

Then ' . '
u(t) <c- exp(/ (0 —t0)* " (v(0) + w(ﬂ))d@)

to

Proof. Let . .
At) =t / (5 — t0)* Lo (s) [u(s)+ / ‘ (O—to)a_lw(e)u(e)de}ds.

to to

Then u(t) < z(t), and

T 2(t) = v(t) [u(t) + Jggw(t)u(t)} < o(t) [z(t) 12 w(t)z(t)} .

Let ®(t) = 2(t) + Ifw(t)z(t). Then ®(ty) = 2(to) = ¢, 2(t) < @(t), TE2(t) < v(t)®(t) and D(t) is
nondecreasing and differentiable, hence,
(t—to) 7@ (t) = TEPR(t) = T 2(t) + w(t)u(t)
< o(t)P(t) + w(t)z(t)
< (w(t) +v(t)) (1),

which implies that
t
d(t) <c- exp(/ (6 — to)a_l(v(ﬁ) + w(G))dQ).
to
Therefore,

u(t) < 2(t) < ¢ eaﬁp(/t(H 1) (w(0) + w(a))de>.

to

This completes the proof. O

Before deriving our main result, let us list the following assumptions:
(H): There exists a function L, € C([to, T],R4) such that for all ¢ € [to,T] and z;,y; € R(i =1, 2,3)



l9(t, 1, 22, 23) — g(t,y1,y2,y3)| < Lg( Zm yi(

(Haz): There exists a function Ly, € C([to,T],Ry) such that for all ¢ € [to,T] and z;,y; € R(j =1,2)
|h(ta 871:1’-/1;2) - h(t S,Y1,Y2 | < Lh Z |£Cj
(Hs):

M= 2{ /toT(S —t0)* 1 Ly(s) {1 + /:(9 - to)a_th(Q)dG] ds} <1

Theorem 3.10. Suppose that (Hy), (Hz) and (Hs) are satisfied. Then the Equation (1.2) has a unique
solution in C([to — 7, T],R) N C([to, T],R) and is Ulam-Hyers stable.

Proof. (i) First of all, the problem (1.2) is equivalent to the following integral equations

d)(t), te [to —T,to},

x(t) = B(to) + f:o(s - to)a_lg(s z(s) ft —t0)* th(s,0,2(0), (0 — T))d@)ds, t € [to, T).

Consider the Banach space X defined in Theorem 3.3 and define a new operator W : X — X as

¢(t), te [to - T, to],

(Wa)(t) = o(to) + ftto(s - to)"‘lg(s z(s), ft —t0)* th(s,0,2(0), (0 — T))d0> ds, t € [to, T).

Notice that for all t € [to — 7, to] and =,z € X, |(Wa)(t) — (W2)(t)| = 0. Then for t € [to, T],
(Wa)(t) — (W2)(1)] =] < - towlg(s,x(s),x(s —), /t:(" 1) (s, 0, 2(0), (0 — T»de) s
- /tt<s - to)a_lg<s, 2(s), (s — 7), /t:(e — t9)*h(s, 0, 2(6), 2(0 — T))de) ds
< /( - to>“Lg<s>{|x<s> — 2(8)] + [ols = ) — 2(s = 7)|
+ /t:(a —t0)* 'Ly (6) [:g(a) —2(0)] + |z(0 — ) — 2(0 — T)@ da}d.s
</t:<s — )Ly max le(o) - () + max_Jolo —7) ~ 20 - 7)

to<o<s to<o<s

+ /ts(e —t0)* ' Li(6) [tgg?}éa lz(s) — 2z(s)| + max, lz(c —7) — 2(s — 7')|] d@}ds
< [ty max_ fole) =)+, max_ lofo =) =20 =)
[0 L) a0 = (01 + max fols —7) — 2(s — 7)o s

g/:(s—to)o‘_ng(s){2||x—zX+2/:(9—t0)°“_1Lh(9)2||x—z||Xd9}ds
:2{ /tOT(S — 10)* 'Ly (s) [1 +/:(t9—to)“1Lh(9)d9] ds}||a: 2l

=M|lz — Z”X



Therefore, for all z,z € X and ¢t € [ty — 7, T}, the following
(W) = (W2)|x < Mllx— 2]y

holds true. Hence, W is a contraction on X, then the Eq.(1.2) has a unique solution in X.
(i) Let y € C([to—, T),R)NCY([to, T], R) is the solution of (3.6) and = € C([to—7,T],R)NC*([to, T],R)
be the unique solution of (1.2) satisfying the initial condition z(t) = y(t),t € [to — T, to], that is,

y(t)7 t S [tO - T, t0]7

=lt) = y(to) + [, (s —t0)*"1g (S,x(S)JJ(S =), Jo (0 = t0)* " h(s,0,2(0), x(0 — T))d9> ds, t & [to, T]-

Clearly, for all t € [tg — T, to], |y(t) — x(t)] = 0. For t € [to, T}, it can be deduced from Lemma 3.8 that

ly(t) — 2(t)] =ly(t) — y(to) — / (s towlg(s,y(s),y(s —0), / (0 o) (5.0, 9(0). y(6 — T))d9> ds

to to

Fata) + [ (=560 pls = 1), [0 10)° 7 5. 0,0(0).5(0 ~ 7)) s — a0)

to to

Si(T i) /t(s — o)}

(&% to

g(s, )l =), [0 10)" (s, 0,3(0), (0 - )a

to

_yg (s, 2(s),2(s — 1), /8(9 — t0)* h(s, 0, 2(0), 2(0 — T))cw) ds

to

S(T —t0)®

o [ - to)a_ng(S){W(S) ()|t lyls — 1) — (s — )

to

#0102 100) = 0] + 10— 7) — 200~ 7 a0}

to

Consider v € X and define the operator B : X, — X as

0, te [to —T,to},

(I—to)e | ft (s —to)* tLy(s)s v(s) +v(s —T)

(Bv)(t) = a to 0 g
+ ftSO(H —t9)* 1L, (0) |:V(@) +v(0— T):| dﬂ}ds, t € [to, T).
Next, we prove that B is a Picard operator. Indeed, with the help of the discussion in (i), for all
vi,ve € Xy and ¢ € [tg, T, we have
|(Bun) (&) — (Bua)(®)]1x < Ml — vl x.

Therefore, B is a contraction on X . Moreover, we know that @ is a Picard operator from the Banach

contraction principle and Sp = {#}. Then for all ¢ € [tg, T], we have

T —t)® ¢ 8

v(t) = % + / (s — to)ang(S){V(S) +v(s—71)+ / (0 —to)* Ly (0) {u(@) +v(0— 7)] dQ}ds.
to to

Further, we need to verify that © is increasing. In fact, % [7(t)] > 0 on [to, T] implies that  is increasing,

and hence, 0(t — 7) < D(t) since t — 7 < t, then we have

p(t) <

('~ to)% +/t(s—t0)“_12Lg(s){ﬁ(s) +/S(9 —to)"“th(Q)ﬁ(e)dG}ds.

o t() t(]

Applying the Theorem 3.9 to the above inequality with u(t) = ¥(¢), ¢ = %, 2L4(t) = v(t) and
Ly (t) = w(t), it yields that

10



o(t) < (T_ato)aexp(/t(@ — to)* 1 (2L, (60) + Lhw))de)g

to
( 7t0 T a 1
< —exp —10)* 1 (2Ly(0) + Ln(0))db )e.
Specially, if we set v = |y — x|, then v < B(V) and Lemma 2.8 guarantees that v < ©. That is to say,
ly(t) —z(t) < A-e.

Thus, the Equation (1.2) is Ulam-Hyers with the constant

A= (T_to)aexp(/T(@ o) (2L (0) + L,,(&))d@).

«

to
O
4 Illustrative examples
In this section, some examples will be shown to demonstrate our main results.
Example 4.1. Let o = %, to=0, 7= %, T = 2, we consider the following problem
3 M
T0+'r(t) - ’ t € (0) 2]? (41)

Note that for all t € [0,2] and z,y € R, we obtain

(P (0), 20 = 5)) = £ (80— )] =35 (2] = O + (e = )] = byt~ )|
<2 (10) = g0+ Jalt = ) — ylt = 3)):

Obviously, Ly = 0.1 and M = 0.5657 < 1, then the conditions in Theorem 8.3 are fulfilled, hence

the Equation (4.1) has a unique solution and is Ulam-Hyers stable on [—%,2] with
(T —to)”
et

A= Eo(2Ly, T — to) = 2v/2E1(0.2,2) = 4.9799.

Example 4.2. Consider the following conformable fractional system with delay

1 22(t—
TEa(t) = 51y + 15 cos(2z(t)), t € (0,3], (42)

2(t) =0, t € [~1,0],

and the following inequality

Obviously, a = %, to =0, T = %, T=1 Ly = % and A = —1. Then it is easy to verify that
w = 09798 < 1 and A # Ly. Now all the conditions in Theorem 3.6 are satisfied, then the

Equation (4.2) is is Ulam-Hyers conformable exponentially stable with respect to E%(—l,t), that is,

y(0) —2()] < @By (—1,0), e -1, 5],

where



o (T—t)° {1 | 2LiEa(?Ly T ~ t)

X951 Ea(/\—QLf,T—tO)}:O.6456.

Example 4.3. Consider the following nonlinear delay Volterra integro-differential equations

1 o _ .
Tia(t) = 52 + 2 4 L[5 lsin®(a(s)) — cos(a(s —2))]s~ ¥ds, ¢ € (0,7], 43)
x(t) =0, t € [-2,0].

It is not difficult to verify that Ly(t) = Lp(t) = and

L
10’

T T

M = 2{/ (s —t0)* TLy(s) {1 +/ (6 — to)ath(a)de} ds} =0.9603 < 1.
to tO

Then all the conditions in Theorem 3.10 are satisfied, then the Equation (4.3) has a unique solution and

1s Ulam-Hyers stable with

A= Wexp</T(9 —t0)* " (2L,y(0) + L,L(a))cw) = 36.8360.

to
5 Conclusion

This paper mainly investigates the Ulam’s type stabilities of two classes of conformable fractional de-
lay differential equations, including the Ulam-Hyers stability of (1.1) and (1.2) and the Ulam-Hyers’
conformable exponential stability of (1.1). It is worthwhile noting that the CFEF plays an equivalent
role as the well-known Mittag-Leffler function in classical fractional calculus, while the parameter A in
Ey (At —t9)(A # 0) has a significant benefit in terms of studying the Ulam-Hyers’ conformable expo-
nential stability compared to the works [24,27-28] involved the Ulam-Hyers-Mittag-Leffler stability with
respect to E,(t%*). Indeed, according to the definition about the Ulam-Hyers stability, we know: if y
is an approximate solution of (1.1), then there exists an exact solution x of (1.1) near to y. As for
the Ulam-Hyers’ conformable exponential stability, the main result in Section 3.2 and the Table 5.1 in

Example 4.2 may give more smaller error when A < 0 with a larger absolute value.
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Tab. 5.1 The variation trend of the variables involved with A when ¢ is chosen as 0.1 in Example 4.2

A 1 2 0.1 -2 -1 - -7 -3.325  -3.675
Q 21.3641 21.2583 6.6221 2.6285  2.5099 24499 24496 24495  2.4492
Ei(\T —to) 115824 51192 12776 0.2938  0.0863  0.00128  0.000455 0.00029  0.0001

5QE%(A,T—t0) 24.7445 10.8825 0.8460 0.07722 0.002166 0.000313  0.00011  0.00007 0.00003
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