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Abstract: The granular coefficient of restitution (CoR) is an  empirical  data of simulations using

two-fluid model with kinetic theory of granular flow (KTGF). The CoR relates with binary inelastic

collisions of discrete particles. In present study, an approach of coupled KTGF for Euler granular

phase and discrete element method (DEM) for discrete particles is proposed. The granular CoR is

computed  from the  binary  collisions  of  discrete  particles  using  DEM. The  momentum transfer

between the Euler gas phase and the discrete particles is  calculated from the momentum transfer

coefficient  between the Euler gas phase and Euler granular phase. The  viscous force of discrete

particles  of  DEM is  computed  from the  turbulent  model  of  Euler  gas  phase.  A correlation  of

granular CoR is proposed as a function of granular volume fractions. The simulated axial velocities

of Euler granular phase and discrete particles are in agreement with experiments in a spout fluidized

bed. 
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1. Introduction

Gas-solid fluidized bed technology is  applied  in a variety of  coal  combustion,  chemical and

petroleum industrial applications because gas–solid mixing provides high heart and mass transfer

rates  in  the  bed.  On the  other  hand,  the  design  and optimization  of  fluidized  bed is  always  a

challenge  because of  the  complex  interactions  of  collisions  of  particles  and  hydrodynamic



interaction  between  gas  phase  and  bed  materials.1-2 With  increasing  computational  capacity,

computational fluid dynamics (CFD) is critical to compute the hydrodynamics of gas-solid fluidized

beds. 3-5 

The  numerical simulations of the hydrodynamics of gas and bed materials of fluidized bed

reactors  can  be  described  by  the  Euler-Euler  two-fluid  models  (TFM).  The volume-averaged

continuity equation and the Navier-Stokes equations are used to describe the  hydrodynamics of

Euler  gas  phase  and  Euler  granular  phase. The  granular  stresses  are  modeled  as  a  function of

viscosity and pressure which are computed using kinetic theory of granular flow (KTGF). 6-11 The

KTGF describes  the  dependence  of  the  rheological  properties  owing to particle–particle  binary

collisions.12-13 Savage  and  Jeffery  considered  a  binary  collection of  spherical  particles using

elementary kinetic theory, and  they recognize that in order to deduce explicit expressions for the

stress tensor, it is necessary to determine the  coefficient of restitution (CoR) although the KTGF

allows the computation of the rheology of  particles.  The KTGF shows that the collisional energy

dissipation  increases with  the  decrease  of  granular  CoR. The  constitutive relations  of  particles

indicate that the KTGF is almost free from empirical constants, and only the granular CoR has to be

given. The discrete particles CoR is the ratio between the relative normal velocities before and after

impact,  and  represents  the  loss  of  mechanical  energy  during  binary  collision.  For  an inelastic

collision,  the  CoR is  a  real  number  between  zero  and one.  Experimental  data  summarized  by

Johnson showed that for hard materials the CoR is nearly one for impact velocities less 0.1 m/s. 14 A

constant CoR is used in KTGF as an  adjustable parameter in numerical simulations of fluidized

beds.15-16 The influence of the  constant  CoR was  studied in  the range of 0.85-1.0  on the time-

averaged volume fractions of the fluidized beds.17 They found that the assumption of constant CoR

of 1.0 results in the flow pattern without bubbles in the bed which is physically non-realistic. With



the decrease of CoR, the averaged volume fraction of particles decreases accordingly. The effect of

constant CoR on gas  volume fractions was  studied in the range of 0.9 and 0.99 in 2D and 3D

fluidized bed.18 The influence of constant CoR on lateral distribution of solid volume fractions was

found.  A sensitivity analysis has assessed the influence of constant CoR  on the solutions in the

range of 0.9-0.99 of spouted beds.19 The differences in velocity and volume fractions of particles

were observed with the change of constant CoR in the spout and annulus of the bed. The effect of

CoR on the dynamic behavior was  analyzed in the range of 0.8-1.0  of  fluidized bed.20 Simulated

results showed that the reduction of CoR tends to reduce the bed expansion. Precisely speaking, the

constant CoR is not an adjustable parameter in the KTGF because it represents the physical kinetic

energy loss during a collision.21-22 Frequently,  it  is assumed that the CoR is a material  constant

which simplifies  numerical simulations  considerably.  This assumption,  however,  disagrees with

experiments.14 As  a  result,  the  value  of  CoR  affects the  results  significantly  in  numerical

simulations  using KTGF-based TFM in  gas-solid fluidized beds. Hence, the constant CoR-based

KTGF has to be compensated for the determination of CoR using additional models.

The flow behavior of the bed materials of the gas-solid fluidized bed is also modeled by means

of  Lagrangian approach to track the  discrete particles  in space and time.23-24 In Euler-Lagrangian

models  (EL),  the  fluidizing  gas  phase  is  treated  as  a  continuum by solving  the  time-averaged

Navier-Stokes equations,  while the  discrete particles  are described by the Lagrangian framework.

The  trajectories of  discrete  particles  are calculated according  to  the  motion  equation  and  the

collision model of  discrete particles. The  interactions of collisions between the discrete particle  i

and the discrete particle j was modeled using the direct simulation Monte Carlo (DSMC) method in

gas-solid  fluidized  bed.25-26 The  collisional  interactions  are modeled  according  to  collision

probability of discrete particles. The discrete particles soft-sphere model and hard sphere model are



used in the deterministic detection of particle collisions. In hard-sphere models,  the interaction of

discrete particles is assumed to be instantaneous binary collisions.27-28 In soft-sphere model, also

known as discrete element method (DEM), the colliding discrete particles can overlap each other.

The  contact forces are determined  through the  displacement of discrete particles.29-32 The multi-

phase particle-in-cell (MP-PIC)  model  and the  dense discrete phase model (DDPM) are  used to

simulate collisional interactions in gas-solid fluidized beds. The discrete particles are grouped into

parcels  and an  empirical  correlation of  solid  stress term is  used to model collisions  of  discrete

parcels  in  the  MP-PIC model,33-34 and the  KTGF is used to calculate the collisional interactions

between particles in the DDPM approach. Both MP-PIC and DDPM may limit the understanding of

the mechanisms of collisional forces of discrete particles. On the other hand, the main feature of

CFD-DEM is  to  provide detailed  particle-scale  information,  which  explains  clearly  the  control

mechanisms of the complicated flow behavior of the bed materials in gas-solid fluidized beds.31 A

detailed review on DEM is reviewed by Tsuji and Zhu et al. for numerical simulations of gas–solid

fluidized beds without heat transfer and chemical reactions.35-36 

Numerous  amount  of  studies  on  the  KTGF-based  TFM and  DEM  applied  for  numerical

simulations of  fluidized beds show that these models are extensively used. The advantage of the

KTGF-based TFM approach is that the transport equations for the gas-particle velocity correlation

tensor, including  the  transport equation  for  the  turbulent  kinetic  energy  of  the  gas  phase  and

granular  phase are  used  to  describe  interfacial  momentum  transfer.  The  fluid-particle  velocity

covariance is determined using combined effect of particle collisions and gas turbulence. However,

the limitation of the KTGF-based TFM is that a constant CoR is used to represent the interaction of

binary collisions. When the volume fractions of particles are high, the binary collision mode might

not be accurate, and the multiple collisions become dominant. The discrete character of the granular



phase, including collisions, cannot be identified. On the other hand, the advantage of the DEM that

the Lagrangian trajectories of each discrete  particle are computed and the inter–particle collisions

are treated in a deterministic manner. However, the effect of the turbulent kinetic energy of the gas

and granular phases and the gas-particle velocity covariance on motion of discrete particles cannot

taken into account in formulations and  numerical simulations,  therefore reduces the quantitative

ability of DEM simulations. A more general approach than the KTGF and DEM is needed, and this

method  can  solve  both  multiple collisions for  KTGF and discrete  particles  fluctuations  of  the

discrete particles turbulent kinetic energy and gas-discrete particle velocity covariance for DEM. 

In order to solve problems of granular CoR in KTGF-based TFM and turbulent motion of the

continuous phase in CFD-DEM mentioned above, the hydrodynamics of bed materials of fluidized

beds must be modeled by the KTGF for Euler granular phase and DEM for discrete particles. The

granular CoR used in KTGF are obtained from the interactions of discrete particles using DEM. The

gas viscous forces used in DEM for discrete particles are obtained from the Euler gas phase-Euler

granular phase turbulent model, and the drag force of discrete particles used in DEM is calculated

from the interphase momentum exchange between the Euler gas phase and the Euler granular phase.

To achieve this, a model of coupled KTGF and DEM for Euler gas phase, Euler granular phase and

Lagrangian discrete particles (CEEL) is proposed to describe the flow of bed materials using gas kg-

g turbulent  model,  KTGF for  Euler  granular  phase  and  DEM  for  discrete  particles.  The

applicability  of CEEL model  is analyzed and verified in a comparative study of gas-solid single-

spout fluidized bed with center gas jet. All fields of Euler gas phase, Euler granular phase and the

motion of discrete particles are analyzed in the gas-solid fluidized bed. Finally, the distributions of

CoR and  granular  temperatures  are  analyzed.  The  energy  dissipations  of  discrete  particles  are

calculated as a function of granular volume fractions in a gas-solid spout fluidized bed. 



2. A model of Euler gas phase-Euler granular phase-Lagrangian discrete particles

It is assumed that the bed materials of the gas-particles fluidized bed consist of monodisperse

particles with the diameter ds and density s. 

2.1. KTGF-based conservation equations of Euler granular phase

The mass and momentum conservation of the Euler granular phase without phase change and

chemical reactions is:

                          (1)

         (2)

where  us and  s and are the velocity and volume fraction of Euler granular phase.  The  granular

pressure are expressed as follows12

                       (3)

where es is the granular CoR. s is the granular shear stresses according to shear viscosity and bulk

viscosity, which are calculated as a function of granular temperature  (i.e.,  =2<CC>/3,  C is the

granular  fluctuating velocity). The granular temperature of Euler granular phase  has been used  in

order to solve transport equation in analogy with the kinetic theory of gases. The balance equation

for the granular temperature is

       (4)

where ks and s are the conductivity of fluctuating energy and collisional energy dissipation. They

are listed in Table 1 as a function of granular CoR and temperature.

The  partial  slip  boundary  condition  proposed  by  Johnson  and Jackson  is  used  to  obtain



granular  velocity  and  temperature  at  the  wall.21 The  granular  flux  was  equated  to  collisional

dissipation through slip correction. The boundary conditions of Euler granular phase are 

          (5)

                (6)

where n is the normal component to the wall. ew is the granular-wall coefficient of restitution. is

the specularity coefficient which measures the average fraction of relative  tangential momentum

transferred from collisions against the walls, determined by empiricism. Thus, the character of the

collisions between the granular phase and the wall can be look forward to affect the granular shear

stress and the fluctuating energy flux as a function of granular-wall coefficient of restitution at the

boundary.

2.2 Conservation equations for Lagrangian discrete particles

The motion of discrete particles is represented by linear velocity vp and angular velocities p

through Newton’s second law, expressed as follows23

                   (7)

                            (8)

where m and Ip are the mass and moment of inertia of the discrete particle. Tp is the torque due to

the tangential components of the contact force. fd is the drag force exerted by Euler gas phase on the

discrete particle i in its residing computational cell. The contact force fc is divided into the normal

force fn and tangential force ft, and they are determined as a function of spring stiffness coefficient k

and  dashpot  damping  coefficient  according to  the  normal displacement  n and  tangential



displacements t between the discrete particle i and j.37

                    (9)

               (10)

The collisional interactions between the wall and the discrete particle are treated the same as

particle–particle interactions as a function of wall Poisson ratio and wall elastic moduli except that

the walls are assumed to be massive.

2.3 Conservation equations for Euler gas phase

The mass and momentum conservation equations for Euler gas phase are:12

                         (11)

           (12)

where the expression of gas viscous stress tensor is as follows:

           (13)

where the gas turbulent viscosity gt is modeled by a kg-g turbulence model where kg and g are the

gas turbulent kinetic energy and its dissipation rate. 38-39 

  
(14)

       (15)



where Gk is the turbulent kinetic energy arising from the mean velocity gradients. t is the ratio of

Lagrangian integral time scale and the particle relaxation time. The empirical constants, C1, C2, C,

k and  are 1.44, 1.92, 0.09, 1.0 and 1.3, respectively.

2.4. Momentum exchange among Euler gas and granular phases and discrete particles

The  momentum  exchange  between  the  Euler  gas  phase  and  the  Euler  granular  phase  is

accounted by  means of  a drag coefficient, which has a profound effect on the predictions  using

TFM. The appropriate choice of a drag coefficient is a key to successful fluidized bed simulations.

Several drag models describing the momentum exchange between the granular phase and gas phase

are derived by using the terminal velocity data for a single particle,40 and pressure drop data from a

dense packed bed.12 The drag force is calculated by Huilin-Gidaspow model41 according to the slip

velocity between the gas phase and granular phase using a switch function . 

                               (16)

    (17)

The  drag  force  on  the  discrete  particles  is  solved  according  to  the  momentum  exchange

coefficient gs.

                           (18)

Thus, Both Eq. (16) and (18) couple the two drag forces, one is the discrete particle drag fd used to

solve the velocities of discrete particles, and the other is the interphase momentum transfer fgs used

in the momentum conservation equations of Euler gas phase and Euler granular phase.42

2.5. Coupling of CoR between Lagrangian discrete particle and Euler granular phase 

The  CoR between the discrete particle  i and the discrete particle  j measure the fraction of



kinetic energy recovered during a binary collision.43-44 Several theoretical models for predicting the

CoR are proposed according to the energy dissipation mechanism under different impact velocities.

Johnson proposed a model including plastic dissipation during impact.14 A similar model including

an elastic effect during the collision was proposed in the elastic–plastic regime.45 The expression for

the CoR is expressed as a function of relative velocity vij of the discrete particle i and j, and Ei and

Gi of elasticity moduli and Poisson's ratios of discrete particles.45-46 

          (19)

           (20)

where ys is the material yield stress of discrete particles. 

From Eq.  (19),  the  CoR of  discrete  particles  relate  with  relative  velocity  vij between  the

discrete particle i and discrete particle j, indicating the value of discrete particle CoR is not constant.

The averaged discrete particles CoR is calculated in the grid

                          (21)

where N is the number of discrete particles in the grid. 

For  the  CoR  between  the  discrete  particles  and  the  wall,  the  value  of  CoR,  eiw,  is  also

determined from Eq. (19) according to the relative velocity of discrete particle vpi at the wall. The

relative velocity between the discrete particle and the wall is

              (22)

where  Ew and  Gw are the  elasticity  moduli  and Poisson's ratios of  the wall.  The averaged CoR



between the discrete particles and the wall is calculated in the grid

                           (23)

From Eq. (21) and (23), we see that the averaged grid CoR of discrete particles is different from the

discrete particles CoR because of the relative velocity difference between the discrete particles in

the grid.  The averaged grid CoR measures total  energy dissipation during collisions of discrete

particles. Therefore, the granular CoR is expressed as follows:

                               (24)

                              (25)

These equations give the relations between the granular CoR, s and w, used in the KTGF and the

discrete  particles  CoR,  esd and  ewd,  determined from DEM. The coupled  granular  CoR and the

discrete particles CoR keeps the same energy dissipation of collisions between the KTGF and the

DEM simulations.

2.6 Time-splitting method coupled KTGF with DEM

In numerical simulations of discrete particles and Euler granular phase, the DEM is a one-way

coupled method with the time step tp of discrete particles, while the KTGF-based TFM is a four-

way coupled method with the time step t. The discrete particles time step tp is less than that of

Euler granular phase t. Thus, the time-splitting method is used, and two steps are needed to solve

CoR during the time step t. The time step t splits two interval parts. One is the sub-step ta for

the first half of the time step, and the other is the sub-step td for the rest time.47-48 Thus, the time

step is  t=ta+td (where  ta=0.5t).  First,  the  motion and  trajectories of discrete  particles  are

solved using es and ew at the time step of tp within the first fractional time step ta. The positions

and velocities of discrete particles are updated in the computational cell at the end ta. The values



of  es(ta)  and  ew(ta) are determined  according  to  the  updated relative  velocities of  discrete

particles. The values of updated es and ew of Euler granular phase in the grid at the end time step ta

is 

                     (26)

                    (27)

where es(td) and ew(td) are the granular CoR and granular-wall CoR at the previous time interval

step  td.  The weighting parameter  c is  0.5.  Then, the mass and momentum equations  of  Euler

granular phase and Euler gas phase are solved according to es(t) and ew(t). The above computing

process will be repeated until the calculation reaches convergence at the end time step td. The two

steps are connected together by the overall iteration procedure. 

2.7 Numerical solver settings and procedures

Using  MFIX  code,  the  calculations  of  discrete  particles  CoR  is  implemented  in  the

CALC_FORCE_DEM subroutine.40 The  time-splitting  method is  added  in  the

DES_TIME_MARCH subroutine and the  viscous forces of Euler gas phase are modified in the

CALC_MU_g subroutine.40 The calculation process can be seen in our previous paper.42 The time

step  of  Euler  granular  phase  takes  as  10-5 s  to  ensure  the  convergence  of  simulations.  All

simulations lasted for 25 s to obtain reliable time-average values and eliminate the influence of

initial condition.

3. Comparison of experiments and simulations in a spout fluidized bed

The flow behavior of spout fluidized bed is measured using a particle image velocimetry and

positron emission particle tracking.49 The pseudo-3D spout fluidized bed simulated by Buijtenen et

al. has a width, depth and height of 145 mm, 20 mm and 2500 mm with a spout jet at the center of



the distributor, as shown in Fig. 1.49 The particles density and diameter of the bed materials are

2505 kg/m3 and  3.0 mm with  the  minimum fluidization  velocity  of  1.9  m/s.  Fluidizing  gas  is

supplied though the spout jet with spouting velocity usp and the distributor with background velocity

ubg. The simulation parameters are shown in Table 2.

Fig. 1 Schematic overview of pseudo-3D single-spout fluidized bed of (a) Buijtenen et al. (2011) and (b) CEEL

with dimensions in mm.

The  instantaneous  volume  fraction  contour of  Euler  gas  phase,  velocity  vector  of  Euler

granular phase and velocity color of discrete particles  are shown in Fig. 2 at the inlet spouting

velocity usp of 43.5 m/s and background velocity ubg of 2.4 m/s. The colors of particles represent the

velocity  magnitude of discrete particles. The numerical simulations show that the dense annulus

region near the walls and the dilute spout region at the center exist in the spout fluidized bed. The

high inlet spout velocity with a low inlet background velocity makes a formation of spout channel

in the bed center. This leads to the dilute spout channel with the upward  flow of  Euler granular

phase and discrete particles in the  center. However, the down-flow of Euler granular phase and

discrete particles and the up-flow of Euler gas phase exist in the annular region. The circulation of

Euler granular phase and discrete particles is formed in the bed. It is also found that the spout jet

region is unstable, and moves the spout channel from side to side due to the competition between



the collisional interactions and the hydrodynamic interaction of the spout jet.

                    t=15s                   20s                 25s 

Fig. 2 Instantaneous volume fraction contour of Euler gas phase, velocity vector of Euler granular phase and

velocity color of discrete particles

The instantaneous  velocity vector of  Euler gas phase,  granular temperature  contour of  Euler

granular phase  and rotational velocity color of  discrete particles are shown in Fig. 3  in a spout

fluidized  bed.  The  colors  of  particles  represent  the  rotational  velocity  magnitude  of  discrete

particles in the bed. Gas ejects from the center jet of the distributor. The high rotational velocity of

discrete particles is formed in the spout because the discrete particles flow from the annular region

to the spout region. Numerical simulations further indicate that the  granular temperatures of the

Euler granular phase are high at the spout region and low at the annular region. 

                    t=15s                   20s                 25s 



Fig. 3 Instantaneous granular temperature contour of Euler granular phase, velocity vector of Euler gas phase and

rotational velocity color of discrete particles

The averaged axial velocity of discrete particles is calculated according to simulated velocity

of discrete particles in the grid. The simulated and measured axial velocities are shown in Fig. 4

along bed width. The simulated axial velocities of Euler granular phase and discrete particles match

with experimental measurements. Both simulations and measurements show the axial velocities are

positive at the spout region and  negative at the  annular region. However, the difference of axial

velocities  exists  between  simulations  and  experiments at  two  heights.  The axial  velocities  of

discrete  particles  are  smaller  than  that  of  Euler  granular  phase at  the  dilute  spout  region.  It  is

reverse in the annular region. The simulated axial velocities are larger than that of measurements at

the  interface  between  the  spout  region  and  the  annular  region,  indicating that  the  numerical

simulations over-predict the spout size in comparison with measurements in the spout fluidized bed.

Fig. 4 Comparison of simulated and measured axial velocities at two bed heights 



Fig. 5 Time series of axial and lateral velocities for Euler granular phase and discrete particles

The simulated  instantaneous velocity  components of  Euler  granular  phase  and  Lagrangian

discrete particles are shown in Fig. 5 at two heights. The large variations exist because of the lateral

movement of gas jet. The formation of spout jet region occurs, and shows greatest spatial variations

at the bottom of the bed.

Fig. 6 Profile of velocity components of Euler granular phase and Lagrangian discrete particles

The  time-averaged  velocity  components  of  Euler  granular  phase  and  Lagrangian discrete

particles are shown in Fig. 6 at the dimensionless bed height of 0.05. The numerical simulations

show that both velocity components are large along vertical  z directions, and low along lateral  y

direction.  The velocity components along  x direction fall  in between them. Both Euler granular

phase and discrete particles move from the left and right walls to the center because the velocity

component along x direction is positive at the left and negative at the right of the bed. It is further

found that the velocity difference of granular phase and discrete particles are large along y direction,

and the velocities along lateral direction are two orders of magnitude lower than that along vertical

direction. 

4. Distributions of granular and discrete particles CoRs

The granular CoR is computed from relative velocity during the collision between the discrete



particles i and j. The instantaneous granular CoRs and granular-wall CoRs are shown in Fig. 7 at

two grids. The fluctuations of granular CoR attributes to the interactions of collisions of discrete

particles due to the circulation of the bed materials upward flow in the center and downward flow

near the wall. The time-averaged value shows that the low granular CoR is found at the center, and

large granular CoR near the wall. The high gas jet velocity causes large energy dissipations due to

the interactions of collisions of discrete particles, leading to a low granular CoR at the center. On

the other hand, the instantaneous granular-wall CoRs are low in comparison with simulated granular

CoR, indicating more energy dissipated between the Euler granular phase and the walls. 

 
Fig. 7 Instantaneous computed granular CoRs and granular-wall CoRs at two grids

                             t=15s          20s            25s

Fig. 8 Instantaneous CoRs contours at three different times

Fig. 8 shows the instantaneous CoRs at three times. The instantaneous granular CoRs are large

in the spout region because of low granular volume fraction. The collision frequency of discrete



particles is proportional to volume fractions of discrete particles. The larger the volume fraction is,

the higher the collision frequency is, resulting in more energy dissipation with low granular volume

fractions.  Numerical  simulations  further  illustrates  that the  instantaneous  CoRs  are  low in  the

annulus  because of the high granular volume fractions. The CoRs are large  because the granular

volume fraction is low at the bed surface. The mean CoR and standard deviation are calculated via

statistical analysis. The mean granular CoR and granular-wall CoR are 0.97 and 0.89, indicating

that the mean granular CoR is larger than granular-wall CoR in the bed. While the granular standard

deviation is smaller than that of granular-wall CoR, indicating that more kinetic energy is dissipated

though granular-wall interaction of collisions.

Fig. 9 Profile of granular CoRs and granular-wall CoRs as a function of relative velocity

From simulated instantaneous velocities  of  colliding  discrete  particles  i and  j,  the  relative

velocity before collision vij is calculated. The averaged relative velocity before collision of discrete

particles is

                       (28)

where M is the number of over a given time period, and the N is the number of discrete particles in

the grid. The distributions of averaged granular CoRs and granular-wall CoRs are shown in Fig. 9

as  a  function  of  relative  velocity  in  the  bed.  Roughly,  the  granular  CoRs  decrease,  and reach



minimum with the increase of relative velocity. After that they trend to constant at high relative

velocity. Labous et al. and Falcon et al. found that the CoR varies vij
-1/4 when the impact velocity vij

is  large, and it  is  1−es∝vij
1/5 when the impact  velocity  is  low.50-51 Simulated granular-wall  CoRs

indicate  that  there is  considerable deviation that  can be partially  explained by the  variations  of

volume  fraction  and  velocity  near  the  walls  in  the  statistical  analysis  of  collisions  of  discrete

particles. The numerical simulations further indicate that the granular-wall CoRs decrease with the

increase of relative velocity of discrete particles. The correlation for granular CoR and granular-

wall are expressed as follows.

           (29)

     (30)

These  correlations  are  corrected  for  the  effect  of  multiple  collisions at  high  granular  volume

fractions. As expected, both granular CoR and granular-wall CoR are high at low granular volume

fractions.  When the  granular volume fractions increase,  the probability of multiple  collisions of

discrete particles is expected to be relatively high, and the granular CoR and granular-wall CoR are

reduced because the multiple collisions occur in the bed.



Fig. 10 Profile of granular CoRs and granular-wall CoRs as a function of granular volume fractions

Fig.  10 shows the distributions of granular CoRs and granular-wall  CoRs as a function of

granular volume fractions. Both granular CoR and granular-wall CoR decrease with the increase of

granular volume fractions. The granular CoRs and granular-wall CoRs can change significantly at

high granular volume fractions. With the increase of the number of discrete particles, the multiple

collisions  are  dominant,  indicating  that  the  binary  collision model  is  not  be  accurate  in  the

prediction of energy dissipations of collisions, indicating the granular CoRs depend on the impact

velocity in the normal direction and granular volume fractions. 

5. Granular temperatures of Lagrangian discrete particles and Euler granular phase

The translational temperature  components along  x direction of  Lagrangian discrete particles

can be obtained by the instantaneous velocity vpi and mean velocity vm of discrete particles.

                 (31)

It measures translational temperature component due to the random oscillation of discrete particles.

The distribution of translational temperature component of discrete particles is shown in Fig. 11 at

the center and near the wall.  The  translational  temperature component of discrete particles  varies

with time and position in the spout and annular regions. The translational temperature component is



lower  near  the  wall  than  that  at  the  center.  Numerical  simulations  further  illustrate  that  the

translational  temperature components  are  larger  along  z axial  direction  than that along  x and y

lateral  directions,  meaning the  velocity  fluctuations of discrete particles are dominant  along the

direction of flow, and an anisotropic translational temperature component exists in the bed.

Fig. 11 Profile of instantaneous translational temperature components of discrete particles

The translational temperature t of Lagrangian discrete particles is defined to be one-third the

sum  of  the translational  temperature components  in  the  three  directions.12-13,  52 For  motion  of

Lagrangian discrete particles, the collisions between slightly inelastic and slightly rough spheres are

modeled using DEM, and additional transport parameter is given for the rotational kinetic energy.

Similarly, the rotational temperature r of Lagrangian discrete particles is defined as the average of

the square of the rotational velocity components in the three directions.53 

         (32)

where k is the direction of flow, and im is the mean angular velocity of discrete particles. 

The instantaneous rotational temperatures of Lagrangian discrete particles are shown in Fig. 12

at  two  computational  cells.  The  high  rotational  temperatures at  the  center  and  low  rotational

temperature near the wall contributes the circulations of discrete particles upward flow in the center

and downward flow near  the  walls.  The rotation  of  discrete  particles  causes  additional  energy



dissipation. 

Fig. 12 Instantaneous rotational temperatures of discrete particles

Fig. 13 Instantaneous of overlap of sampling discrete particles and granular volume fractions

From the trajectories and  position of discrete particles, the overlap  i of the  ith collision of

discrete particles is determined. The instantaneous overlap i of two sampling discrete particles is

shown in Fig. 13 with the change of granular volume fractions. As the sampling particle passes

through the grid, it will contact with other discrete particles with the grid. The higher the granular

volume fraction is, the larger the overlap of sampling discrete particle is. The reverse trends are also

observed,  indicating  the  instantaneous  overlap  of  the  sampling  discrete  particle  relate  with  the

number of discrete particles of the grid.



                      t=15s             20s             25s

Fig. 14 Instantaneous overlaps (mm) of discrete particles in the bed

The  instantaneous  overlaps  of  discrete  particles  are  shown  in  Fig.  14  in  the  bed.  The

instantaneous overlaps are low at the spout region and near the bed surface. They are large in the

annular region with high granular volume fractions. Simulated overlaps indicate that the interaction

of collisions is dominant through multi-particle contacts in the annular region. 

The contact forces exist at the contact between two contacting discrete particles, leading to the

collision duration becomes comparable to the collision interval with the increase of granular volume

fractions.  Hence,  the  sustained multi-particle  contacts prevail at high granular volume fractions.

Similar  to the  definition of  translational  and  rotational  temperatures  of  discrete  particles,  the

configurational temperature of discrete particles is defined as53

                         (33)

where  Nc is  the  number  of  contacts  in  the grid.  The  configurational  temperature c represents

fluctuation of overlaps, and measures the compaction capacity of discrete particles.53 From Eq. (31),

it can be seen clearly that the configurational temperature relates with  the distance of the contact

point from the center of the discrete particle  i and particle  j  for impacting overlap. Therefore,  the

configurational temperature is calculated according to the configurations of discrete particles. 



The distributions of configurational temperatures of Lagrangian discrete particles are shown in

Fig. 15 in the bed. The configurational temperatures are low because of low collisions frequency at

the  low granular  volume fractions.  They  increase and  reach maximum at  the  granular  volume

fractions of 0.3. After that the configurational  temperatures are reduced at high granular volume

fractions. The mean configurational temperature is 0.0029 (m/s)2 in the bed. 

Fig. 15 Distributions of configurational temperatures of discrete particles

The translational and rotational temperatures  represent the translational and rotational kinetic

energy components of  Lagrangian discrete particles due to the interactions of collisions. On the

other hand, the interparticle contact will be dominant as the granular volume fraction increases. For

the contact between two discrete particles, when the particles deform, the strain changes at the same

time,  resulting  in  the  generation  of  contact  force and  deformation  fluctuation  kinetic  energy

component. Thus, the generalized granular temperature of Lagrangian discrete particles is the sum

of three fluctuation kinetic energy contributions.

                           (34)

On the other hand, the granular  temperature of Euler granular phase is  predicted using transport

equation  of  granular  kinetic  energy.  The  distributions  of  granular  temperature  and  generalized

granular temperatures of discrete particles are shown in Fig. 16 as a function of granular volume



fractions. The granular temperatures and generalized granular temperatures decrease as the granular

volume fractions  increase.  The measured granular temperatures using  a shot noise technique by

Cody et al.  were in  the range from 0.0025 to 0.0063 (m/s)2.54 The measured granular temperature

using  a CCD camera by  Jung et al.  was in the range of  0.0021 to  0.0037 (m/s)2 in a gas-solid

fluidized bed.52 The measured granular temperature using magnetic resonance was from 0.0105 to

0.0120 (m/s)2 in  gas-fluidized  bed.55 Present  simulations  show that  the mean value  of  granular

temperature of Euler granular phase and generalized granular temperatures of Lagrangian discrete

particles are 0.0245 (m/s)2 and 0.0162 (m/s)2, respectively. It is further found that the generalized

granular temperatures of Lagrangian discrete particles by means of DEM are the same as granular

temperatures of Euler granular phase using KTGF when the granular  volume fractions are larger

than  0.2. However,  the  difference  exists  at  the  low  granular  volume  fraction.  The  granular

temperatures  of  Euler  granular  phase  are  larger  than  the  generalized  granular  temperatures  of

Lagrangian discrete  particles at  the  low  granular  volume  fractions because  the  kinetic  energy

dissipation term of  Euler  granular  phase  in  the  granular  temperature  conservation  equations  is

neglected.  The rate of energy dissipation includes the dissipation due to the inelastic collisions of

discrete  particles and the dissipation due to the interaction with Euler gas phase per unit volume.

The production due to  Euler  gas phase  turbulence  using the  correlation proposed by  Koch and

Sangani showed that the fluctuating motion of discrete particles was depressed due to gas viscous

damping.56 The  gas  viscous  dissipation  plays  a more  dominant  role  at  low  granular  volume

fractions. 



Fig. 16 Profile of granular temperatures of Euler granular phase and generalized granular temperature of

Lagrangian discrete particles

6. Energy dissipations of Euler granular phase and Lagrangian discrete particles

From  simulated  velocity  and  displacements  of  discrete  particles  using  DEM,  the  energy

dissipations  of  collision  of  discrete  particles  are  obtained.  The  total mechanical  energy  of

Lagrangian discrete particles is the sum of the  kinetic energy,  potential energy and energy losses

due to the interactions of drag forces and collisions of discrete particles. The elastic potential energy

is  stored as  a  result  of  deformation  of discrete  particles  during collisions.  The  elastic  potential

energy could be accumulated or released due to the collisions between the discrete particles Eep,

and between the discrete particles and the walls Eew. The collisional energy dissipation consists of

the impact energy dissipation between the discrete particles Eip and between the discrete particles

and  the  walls  Eiw,  friction  energy dissipation  between discrete  particlesEfp and  between  the

discrete particles and the walls Efw, and rolling energy dissipation between discrete particlesErp

and between the discrete particles and the walls Erw.

          (35)

The instantaneous energy dissipations of Lagrangian discrete particles are shown in Fig. 17 in the



bed. The instantaneous energy dissipations are oscillated due to the interactions of collisions and the

hydrodynamic interactions through drag forces.  In the impacting process of discrete particles, the

kinetic energy is  partially dissipated according to the motion of Newton laws. The first is impact

energy loss due to the relative velocity between discrete particles and between the discrete particle

and the walls. The second is friction energy dissipation due to the relative sliding between particles

and between particles and walls. The last  part  is the dissipation of rolling energy resulting from

rolling frictions on the contact area between discrete particles and between the discrete particles and

the wall. The impact energy dissipation part between the discrete particles and between the discrete

particles and the wall is largest, and the rolling energy dissipation is smallest. The friction energy

dissipation falls in between them. 

Fig. 17 Instantaneous energy dissipation portions of discrere particles 

The energy dissipations of collisions of Euler granular phase are calculated using KTGF as a

function of granular CoR.  The  energy dissipation due to inelastic collisions between the granular

phase and the wall depends on granular-wall CoR. 

                  (36)

The  instantaneous  collisional  energy  dissipations  of  Euler  granular  phase  and  Lagrangian

discrete  particles are shown in Fig.  18 in the bed.  The collisional  energy dissipations  of  Euler



granular phase have the same magnitude as the total energy dissipations of collisions of Lagrangian

discrete particles. The mean values of collisional energy dissipations are 1.90x10-5 J and 1.77x10-5 J

of  Lagrangian discrete particles and Euler granular phase in the bed.  The  simulated  results show

that the macroscopic variation of energy dissipation of Euler granular phase using KTGF links to

the microscopic information of Lagrangian discrete particles using DEM in the fluidized bed. 

Fig. 18 Instantaneous collisional energy dissipations of Euler granular phase and Lagrangian discrete particles

7. Conclusion

This study presented a novel  approach  to determine  granular CoR in numerical simulations

using KTGF-based TFM of fluidized beds. The model coupled KTGF for Euler granular phase with

DEM for Lagrangian discrete particles is proposed using a method coupled Euler gas phase, Euler

granular phase and Lagrangian discrete particles (CEEL). The drag force on the discrete particles

residing in  the grid is determined from the momentum transfer of Euler gas phase-Euler granular

phase. The viscous stresses acting on discrete particles are determined from Euler gas phase using

kg-g turbulent model. The CoR of discrete particles is calculated using DEM. The granular CoR is

calculated according to discrete particles CoR in the grid. The correlations of granular CoR and

granular-wall  CoR are  proposed  as  a  function  of  granular  volume  fractions,  showing  multiple



collisions contribution of discrete particles at high granular volume fractions.

The distributions of velocities and volume fractions of Euler granular phase and contact forces

of  discrete  particles  are  predicted  in  the  spout  fluidized  bed.  The  predicted velocities  of  Euler

granular phase and discrete particles are in agreement with experimental measurements.

The  translational and  rotational temperatures of  Lagrangian discrete particles  are computed

according  to  instantaneous  translational  and  rotational  velocities  of  discrete  particles.  The

configurational  temperature  of  Lagrangian discrete  particles  is  calculated  from  instantaneous

overlaps between discrete particles.  The generalized granular temperature  is proposed to measure

the kinetic fluctuating energy of Lagrangian discrete particles. The simulated granular temperatures

of  Euler  granular  phase  are  close  to  generalized  granular  temperatures  of  Lagrangian discrete

particles at high granular volume fractions. 

The  kinetic  energy dissipations  of  Lagrangian discrete  particles are  analyzed according to

normal  and  tangential  spring  forces  using  DEM.  The  impact  energy  dissipation  is  greater  in

comparison  with  rolling  energy  dissipation and  friction  energy  dissipation in  the  bed.  The

collisional energy dissipation of Lagrangian discrete particles is approximately equal to the energy

dissipation of Euler granular phase due to inelastic collisions in the bed. 
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