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Abstract: This paper is devoted to the following Kirchhoff type of problems:

(0 b LIVl + Ve ] da)l-Bu+ Voul = et 40, w>0 xeQ,

u=0, x € 0Q.
where Q is a smooth bounded domian in RY, @ > 0,b > 0 are real constants, 1 € R, N >
5,ge[l1,2°=1),2" = ]% Under some suitable assumptions on V(x), we will prove the

multiplicity of solutions for the Kirchhoff-type equation by the variational method.
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1 Introduction and Main Results

Consider the following Kirchhoff type with Dirichlet boundary value problem:

{ (a +b [ [IVuP + V() dx)[—Au SV =+, u>0 xeQ, 0

u=0, x € 0Q.
where Q is a smooth bounded domian in RV, ¢ > 0,b > 0 are real constants, 1 € R,N > 5,

gell,22-1),2" = .

It is a stationary problem of the Kirchhoff type wave equation:

Uy — (a + bf Vil dx)Au = f(x, u). (1.2)
Q

Kirchhoft [1] introduced the original form of (1.2) in 1883 to study the free vibration of the elastic

strings. In (1.2), u denotes the displacement, f(x,u) the external force, and b the initial tension
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while a is related to the intrinsic properties of the string, such as Young modulus. Moreover, after
the works [2] and [3], many mathematicians had been discussing the solvability and asymptotic
behavior of (1.2) for decades. There were also previous works on the nonlocal parabolic type
problem involving the Dirichlet energy in [4] and [5]. As is well-known, because of the lack of
the compactness of the associated Sobolev embedding, a typical difficulty occured in proving the
Palais-Smale (PS) condition. Applying the pioneering argument by Brezis-Nirenberg [6] with the
concentration compactness lemma by P.L Lions [7], the authors got existence result.

Recently, many researchers were interested in the existence of (1.1) with critical Sobolev ex-
ponent when V(x) = 0. For example, F.F and C.F [8] considered the existence of the Kirchhoff
type equation by the sequentially weakly lower semicontinuity and the Palais-Smale property of
the energy functional involving the critical Sobolev exponent. Xu et al.[9] established the existence
of the positive solutions set of a nonlocal problem of the Kirchhoff type by the local and global
bifurcation techniques, a priori bounds for elliptic equation, and the properties of the principal
eigenvalues in N < 3. Jin et al.[10] studied sign-changing solutions for nonlinear elliptic problem
with Carrier type by using the fixed-point index method. Li et al.[11] studied ground-state solu-
tions to Kirchhoft-type transmission problems with critical perturbation. Unlike other studies on
elliptical equations with critical growth, a ground-state solution was obtained using a perturbation
method instead of verifying that the mountain pass level is lower than the critical energy, which
was used to verify the PS condition.

Moreover, many researchers had obtained existence of solutions with critical Sobolev expo-
nent when V(x) # O (see[12-18] and the references therein). Liu et al.[13] considered a Kirch-
hoff type equation involving two potential by the Nehari manifold for the following Kirchhoff
equation —(a +b fRN |Vul? dx)Au + V(x)u = K(x)u*> . Lin et al.[14] studied existence and con-
centration of ground state solutions for the following singularly perturbed Kirchhoff-type problem
—(8261 + &b fRN [Vul? dx)Au + V(x)u = f(x). In [15], the author had shown the effect of suitable
singular potential V(x) on the existence of multiple solutions of —Au = AV(x)u + |u|> ~>u in bound-
ed main. In [17], the existence of (1.1) was obtained with the aid of the mountain pass theorem

when f(x,u) = u? and K(x) = 1. In [18], the author proved the existence of the multiple positive



solutions.

More recently, more and more authors began to pay attention to the higher dimensional prob-
lem when V(x) # O(See [19-23]). Sun et al.[24] studied a class of superlinear Kirchhoff type equa-
tions with steep potential well and established the existence of two positive solutions by proposing
new techniques and introducing new superlinear hypotheses on f. Li et al.[25] considered the ex-
istence and nonexistence of energy minimizer of the Kirchhoff-Schrodinger energy function in
dimension four. In [26], the authors studied the bounded state solution of Kirchhoff type equation
with critical exponent in dimension four, with the concentration compactness argument for PS se-
quence. However, as is suggested Remark 4.4 in [26], the critical problem in high dimension had
not been completely solved yet. As we known, if N > 5, the critical exponent was strictly less than
four, which made the energy structure of the associated functional drastically different from the
original semilinear problem. Then we readily expected the multiplicity of solutions. But serious
difficulties occured in dealing with the PS sequence. First, the weak limit was not a solution of the
original problem in Kirchhoff type problem, thus we could not get a solution even if we proved
that it was nontrivial. Moreover, it was an essential fact on our problem that the limiting problem
lacked the uniqueness of the solutions. Furthermore, one of them might have a negative energy. In
addition, since the weak limit might also have the negative energy, it seemed too hard to control
the PS sequence by the usual energy argument. This implied that the typical proof was no longer
valid for our problem and we needed a new strategy. In [27], the author had obtained the existence
of multiplicity of positive solutions of the Kirchhoff type critical problem in high dimension.

Motivated by the ideas in [26]-[27], we proved the existence of two solutions for (1.1) by
adding the potential V(x). For a mountain pass type solution, we utilized the limit function of the
fibering maps of the concentrating PS sequence, basing on Nehari type sets. For global minimum
solution, we needed a suitable modification to a concentrating minimizing sequence.

Throughout this paper, we make the following assumption:

(V) V e C(Q,R), in£ V(x) =V, > 0.



Namely, it is the completion of C(€2) under the norm

%
lul = ( f (VulP + V(i) dx) .
Q
Moreover, it is easy to check that || - || is equivalent to the usual Sobolev norm.
We look for the weak solutions of (1.1) which are the same as the critical points of the func-

tional I : Hy(Q) — R defined by

a b A 1 .
I(u) = §||M||2 + L—1||u||4 To+1 f(; |9 dx — > Lui dx.

I is of C'(Q) and u, v € Hj(Q) with derivatives given by

(I'(w),v) = (a + bllul]>) f [Vu - Vv + V(x)uv]dx — A f ulvdx — f > lvdx.
Q Q Q

Theorem 1.1. Let (V) holds, then there exists a constant by > O such that (1.1) has a solution u

with I(u) > O for any b € (0,b)),0 < A < adyif g =1,and A > 0if 1 < g < 2* — 1. where

. L aVuP+V(xu?) dx

Ay = inf L——F——
: 0+ucH) (Q) Jpw dx

Theorem 1.2.Assume (V) holds, then there exists »; > 0 such that (1.1) admits a solution v with

be the principal eigenvalue of —A + V on Q.

I(v) <Oforall b e (0,b;] and A4 > 0.
This paper is organized as follows. In Section 2, we put some preliminaries for our main
argument. In Section 3, we construct a PS sequence on a suitable one and give the proof of our

main theorems.

2 Preliminary lemmas

For each u € Hj(€Q), we define the fibering map:

at? bt* A9 tz* .
0 0= L+ P [0
Ju(®) (tu) 2||u|| 4||u|| o Qu+ -5 Qu+ X

Consider the Nehari manifold
N = {u € Hy(Q\{0} : (I'(w),u) = 0} = {u € Hy()\{0} : f1(1) = 0}.

Therefore, we can split the Nehari manifold N into two parts, that is,
2

N~ = {u eN: %I(ru) li=1< 0} ={ueN: f'(1) <0},



2

NO = {u eN: %I(tu) 1= o} ={ueN:f'(l) =0}

Lemma 2.1. Let0 < A <ad;ifg=1land A > 0if 1 < g < 2*— 1, then for each u € Hé(Q)\{O},
either one of the next (i)-(iii) holds.

(1) fu(?) has an critical point in (0, o). Moreover, f; () > 0 in (0, c0).

(i1) f,(?) possesses a unique critical point in (0, co) such that f(#) = f.'(tp) = O and f/(t) > 0 in
(0,179) U (19, ).

(ii1) f,(#) admits two critical points O < #y < #; such that f;(#) > 01in (0, 7)) U (#;, 00), f,(#) < 0 in
(t0, 1) and £'(t9) < 0 < f2'(1y).

Proof. If u, = 0, then f,(¢) = %llull2 + %’4||M||4, which implies (i). On the contrary, we assume
u, #0.Forg=1,put H(t) = * 2 fQ u? dx — bt?|lu||* and consider the equation f/(t) = 0 for ¢ > 0,

which is equivalent to

allul* - 2 f u? dx = H(?). 2.1)
Q

Notice that the left hand side is strictly positive by A < ad; and Poincare inequality. We can easily
compute that H'(t) = (2* — 2)> =3 fQ u? dx — 2bt||ul|*. It is easy to verify that there exists a unique
constant t* > 0 such that H(#*) = 0 and

>0 for te(0,r),

<0 for te(t, ). (22)

H’(r){

and t1_1>r+130 H(t) = —c0, so t* attains the maximum of H on 7 > 0.

@) If aljul)®> = A fQ u? dx > H(t"), which is equivalent to H(f) > H(t*), there exists no solution of
(2.1).

(ii) Assume allu|* — /lfgui dx = H(t"), then taking t, = t*, noting (2.2) and the fact H(t) <
allul® — A [, u? dx, for all € (0, 1) U (1", o).

(iii) Suppose allul|* — A fQ ui dx < H(t"), which is equivalent to H(t) < H(t"). Then there exist
just two solutions #, < t* < t; of (2.1). Since H(t) < allu|* - ﬂfg u? dx for t € (0,1) U (¢, ),

H() > allul|> - /lfQ u? dx for t € (t,11), and H'(t;) < 0 < H'(ty) by (2.2). This concludes the

5



case g = 1.
For 1 < g < 2" — 1, define the function H(t) = A [[ u?"" dx + " [ u* dx — bf*||ul* and

consider the equation f(t) = O for # > 0, which is equivalent to
allul = H(r) 2.3)

We can easily compute that H'(f) = Agqr?™" [ uf dx + (2 = D2 [ u* dx — 2bt|lull*. Since

g —1 < 2" -2 <2, we can verify that there exists a unique constant 7; > 0 such that H (7)) = 0 and

ﬁ’(t){ >0 for r€(0,1), (2.4)

<0 for 1€ (1],00).

and t1_1>1+130 H (t) = —o0, so ¢* attains the maximum of Hont > 0.

) If al|ul* > H (#7), which is equivalent to ﬁ(t) > Hi (#7), there exists no solution of (2.3).

(ii) Assume allu|* = ﬁ(r’[), then taking 7y = ¢}, noting (2.4) and the fact H(r) < allul]?, for all
t € (0,1)) U (], o).

(iii) Suppose allul* < H (t7), which is equivalent to H (1) < H (7). Then there exist just two solutions

fo < f; < 1, of (2.3). Since H(t) < allul]?* for t€(0,t) U (t;,00), H(t) > allul]* for € (t,1,), and
H'(t) < 0 < H'(1,) by (2.4). O

Proposition 2.2.([26],Theorem 4.1). Let {u,},en C H(‘) (QQ) be a bounded PS sequence for /, that is,
I(u,) < ¢, I'(u,) — 0in H'(Q) and ||u,| H(©@ is bounded. Then {u,},cy has a subsequence which
converges strongly in H, (L), or otherwise, there exist a nonnegative function u, € H,(€) which is
a weak limit of {u,},en, a number k& € N and further, for every i € {1,2,--- ,k}, a sequence of radii
{R}enr C (0, 00), points {x'},ar C Q and a nonnegative function v; € D"*(RY) which is solutions

of the “limiting problem”, satisfying the following

k
2 2 2" -1
_{a + b(||u0||H(,) Y ||vj||Dl,2(RN))}Au0 =l +ud N in Q, (2.5)
j=1
k
2 2 2°—1 N
—{a + b(lluollHé(Q) + Z ||vj||D],2(RN))}Av,- =v; in RY, (2.6)
j=1



such that up to subsequences, R’ dist(x', 5€) — oo as n — oo,

= o(),

D1.2(RN)

k
ty = ttg = D (R TVilRI(- = X))
i=1
k

2 _ 2 2 : 2
||M””H&(Q) - ||u0||Hé(Q) + - ||Vl||Dl,2(RN) + 0(1)’
=

and

k
Iuy) = Iug) + D Towi) + o(1),
i=1

where o(1) —» 0 as n — oo and we define

k
7 a 2 b 2 2 2
) = Sluollyy g, + Z(nuou,,é(g) il ol g
j=1
A 1 .
- ug+1 dx - — f u? dx,
g+1Jao 2 Ja

k
7 a. b 2 2 2 1 2t
Lo := Sl e, + Z(nuon%(m + D Wluan Wl = 57 | v d.
RN

=1

Here, let us recall the well-known facts on the Talenti function in [28]. For any € > 0, define

N-2

l78(x) = g—N_z for x e R,

(82 + |x|2)
and put S is the usual Sobolev constant defined by
Jon IVUP dx . Uiz,

S = in
ve2@No) ([ [UP dx)?/>

= veprno) W’
then we have ||lA]1:||i2 = SII(AJ;II;.
Furthermore, put

Us(x) := (NN = 2)) 7 Un(),

then U,(x) is a solution of the semilinear critical problem:

(2.7)

~AU=U*"1'U>0in RV,
U € D2(RM).



Now, as in [6], we define the Talenti function scaled and cut off approprately. Assume 0 € Q

and ¢ is a smooth cut off function compactly supported in Q such that 0 < ¢ < 1and ¢ = 1 on

some neighborhood of 0. Define
i1:(x) 1= Us(0E(x) € Hy(Q),

Then we put v, := it./||iis||>- and estimate

[, IVvel? dx =S + O(V2),
N v dx =1,
fQ v dx = adf + O(eN2).

where @« > 0and 0 < 8 =B(¢g,N) < 2.

Next, we concern with the “limiting problem” for our case,

(a+ b [ IV0F + V(P1 dx)-A0 + V(61 = 1,0 > 0 in BY,
6 € DI2(RY),

and we have the associated functional,
oy — La2 é 4 i 2* 12N
17°0) = Z116ll1, + <1167, — = 16|~ dx(6 € D"(R™)).
2 4 2% Jpw

Consider the function on ¢ > 0,

a b SN2,
N =I1°U,) = =SV? + sV — — .
g(®) (tU,) > 1 >

We note the equation for ¢ > 0,

a+bSV P -2 =0,

(2.8)

(2.9)

(2.10)

which is equivalent to g'(f) = 0. If a = 1 and b = 0, t = 1 are the unique critical point of g on

t >0, g(1) =I°U,) = SY?/N. Define b, := inf{b > 0 | there exists no solution of (2.8) }. If

b > 0 1is large, (2.8) does not have any solution because of 2* < 4. So we consider b € (0, b,).

Lemma 2.3. The following assertions are true.

(i) For all b € (0,b,), g() has just two critical points for ¢+ > 0, say 0 < 7, < 7}, satisfying

g’ (1) <0< g"(t)).



(ii) There exists a value b; € (0, b,), which depends only on N, such that g(r}) < 0 for any
b € (0,by].

Proof. (i) Noting the definition of b, > 0, the proof of (i) is similar to the proof of Lemma 2.1(iii).
(ii) If b € (0, b,) is small enough and 2* < 4, then there exists a 7} such that g(r;) < 0. By (i), we

know that g(7}) is minimum value. So 7} attains the nonpositive minimum value of g on ¢ > 0. O

Lemma 2.4. Assume b € (0,b,), 1 < g <2*—1, 4> 0and define f.(¢) := I(tv,) for t > 0. then the
following assertions are true.

(1) we have constants 0 < 7, < #; such that f(7;) = O and f(z,,) < 0 < f(z; ) for small & > 0.
(ii) If we take & > O smaller if necessary, we get I(f,v,) < g(r;) and I(t}v,) < g(1}) .

Proof. (i) The first part is proved by Lemma 2.3.

(i) Noting Lemma 2.3 and (2.8), we have a constant gy > 0 such that for all £ € (0, &) and

b € (0, by), there exist just two solutions 0 < 1, < t;_of f/(#) = 0 such that

allvell* + b(tlf,gfllvgll4 - /1(t§,g”)‘f’_1 f vt dx - (t},‘*,gn)z*_2 =0, (2.11)
Q
and
fe”(tg’g) <0< f;’(t,ig). (2.12)

First, we prove that for any sequence {€,},en With g, — 0 as n — oo, tign is bounded. By
contradiction, there exists a sequence {&,},eny With &, — 0 as n — oo such that t;*’gn — ooasn — 00,
From (2.8) and (2.11), we have a(S + O(g) %)) +b(t1j8n)2(S 2+ 0(eN72)) —/l(t;f,gn)q‘l (ad”+ O(eN2)) -

. . e ()
(f,)* 2 =0.Thena$S +bS*(if, )*—(t£, )* ~* = 0, which implies that (tfs)2 +bS? = ?{i" -
»En sEn »on b,en b,ep

Since
2* < 4, we have the contradiction as n — oo. Therefore we may assume that there exist constants
+ + +

t, > Osuchthats,, — 1 asn — oco.

By (2.8), (2.11), (2.12) and Lemma 2.3 (i), we conclude that 0 < #, < ¢ are the solutions to

asS +bS*? -2 =0 > 0). (2.13)



Here notice that

ty =S (2.14)
with 77 > 0 in Lemma 2.3. Put
6, 2t — 1y, (2.15)
then 67 — 0 as n — oo. Now, using (2.8) and (2.13)-(2.15), we estimate,
155, vs,) = 8(t;) — ACE}, + 0(5;) + o(£h)

for some constant C > 0, where g is defined as in Lemma 2.3.

Next, we prove o, = O(£%). In order to prove I(t,f’sn Ve,) < g(13;), we need to prove —ACE" +
0(8%) + o(¢h) < 0, which implies that we need to prove 6* = O(£5). By (2.8), (2.11), (2.13) and
(2.15), we have

2 + 32 4 + \g-1 I + \2°2
0 = allve, I + bt )7 lve, I" — At ) foZ: dx — ()
Q

= —AC'&? + C;6* + 0(6F) + o(°),

(2.16)

where C’ > 0 is some constant and C; = 2bS?t5 — (2* = 2)(t%)* . By (2.14) and Lemma 2.3 (i),
we have g”(t,) = C, <0 < C; = g"(t}). By (2.16), we have

5t 5= &

0 = -AC'+Ci %+ O(gﬂ”) " Oiﬁ")
5 o(eh) 6t
= -AC"+C;—= + —
Y 0 é
= o(sﬁ)]éz
= -1 - -
C'+ [Cb + p sﬁ

Since C’ and C; are constants, we have 6?'2 - AC% # 0 as n — oo. By the definition of infinitesimal
n b

of the same order, we have I(t;v,) < g(7;). O

3 Proof of Theorem 1.1 and 1.2
To construct a PS sequence, we define o = o (b, 1) by

n—oo

o= inf{liminf I(uy,) : {tty}per € M},

10



M= {{un}neN e N : lim ﬂ;(l) = 0}.
Put
¢ =c (b,A):= inf Iw), °=c0b,A) := inf I(u).
ueN—- ueN©

Here we define o = o0 if M = 0 and ¢® = o0 if N = 0. Then o < ¢°. With the assumptions in

Lemma 2.1, standard arguments show that

inf [lul| > 0
ueN

(3.1)

and ¢, c” > 0 (as long as each restriction is nonempty). Furthermore, it is obvious from Lemma

24 that N~ # 0 forall b € (0,b;) and all 4 € (0,ad,)ifg=1andall 2> 0if g € (1, 3).

Lemma 3.1. Suppose 1 < g <2* -1, then

a*(g-1)y°
o> .
4(g+1)3-q)b

Proof. By the definition of o, take {u,},cn € M and put ¢, = f;’(1), then we have

cn = fn(1) = qf;, (1) = —alg = Dlul® + 3 = @)bllu,|I* = 2" =g — 1) f(un).z: dx,
Q

and

1(un)

L,
I(u,) - mfun(l)

a(g—1) , @B-=qb 4 2*—q—1f o
_ ol = =P 224 gy
2+ 1) g+ D) G+ D) Jo

Dividing (3.2) by 2*(qg + 1), we get

1 l)a(q — 1)||un||2 N (l _ 1)(3 - q)b

Iu,) = (_ B 1 > 4

4 Cn
l/t —_—
7 ot |

g+1 2%(g+ 1)

On the other hand, it follows from (3.2) that

—a(g — Dlul* + 3 = @bllul* = 2" - g - 1) f(un)i* dx + ¢, > c,.
Q

This suggests
a(q - 1) Cn

llanll® > + :
BG-q@b (G- @bllu,l?

11

(3.2)

(3.3)



Applying this inequality to (3.1), (3.3) and taking n — oo, we conclude

a*(g — 1)
4g+ 1B -qb

Since {u,},en € M is arbitrary, we finish the proof. O

liminf I(u,) >

Proposition 3.2. Let 1 < g < 2* — 1, there exists a constant b3 € (0, b,] depending only on N and

g such that
20, _ 1)2
o @e-
4(qg+ DG - b

holds for any b € (0, b3) and 4 > 0.
Proof. First we clearly see that g(7}) is nondecreasing with respect to b € (0, b). Furthermore,

there is a constant b3 € (0, b,] such that

) < a*(qg— 1)
T 4(g+ DB -g)bsy’

8(1,,

then using Lemma 2.4 and Lemma 3.1, for all b € (0, b3) and A4 > 0, we have

_ i . a’(q =17 a*(q - 1)
¢SS S G -k “Hgr G -agb T

Lemma 3.3. Let ¢ = 1 and 0 < A < ad,, then there exist constants C(N) > 0 depending on N and
C(N, Q) > 0 depending on N, Q such that

o > min {C(N)b‘l, C(N, Q)b-f‘/<4-2*>}.

Proof. Similarly to the proof of Lemma 3.1, we take {u,},en € M and put ¢, = f;’(1), then

¢y = fn(1) = fi (1) = 2b]lu,|I* = 2" = 2) f(un)f dx, (3.4)
Q
and
1 4 -2

I(uy) = I(uy) = 5 f7 (1) = all*. :

() = 11,) = £, (1) = 7l (3.5)
Here we divide the proof into two cases:

Casel: A f )2 dx < 2, Case2: A f ) dx > =[lu,.
0 2 o 2

12



Case 1. Using f; (1) = 0 and (3.4), we obtain

Cn

2+ =2

42
—bljuy|* -

Sl <l =2 [ G dr= [ @) dx= bl = 5=

It follows that
2" =2a N Ch
24-29b (4 =29bllulP*

Therefore, applying this inequality to (3.5), we have

4-2 (2 =2a c, :
24-29b (4 -2%D|lu,ll>)

2
lluell” >

I(u,) >
() 27—

Case 2. Noting 4 < aAd,, the Holder inequality and (3.4), we estimate

1-2/2* 2/2
a 2 2 2
§|Iun|| < /lfg(un)+ dx < a/ll(j; dx) (jg;(un)Jr dx)

2/2*
(26l
=al Ql 2/2 _
adiicl 2 -2 2 -2
2 c 22
=al QI—Z/Z* _ n b2/2* , 8/2*.
A 2 T e bl i

Thus we observe

a , . 22 2242
~lul* > (2a,1Q"2* - S o '
L ( adi|Q| 25 =2 (2" = 2)bllu,|l*

Then (3.5) with this estimate suggest

40 ’ c 2/2* —2.2%/(4=2%)
I(u,) > ——b[2a2,|Q|'"¥* - i P .
() 2 7 ( il 2—2 (2 = 2)blu, |l

Combining Casel, Case2, the definition of {u,},ay € M and (3.1), it follows that
2" = 2)a’ 420 (2R PP

{16 27(4 =207  4-2¢ (Za/ll|Q|1—2/2*22/2*)

)2-2*/(4—2*)

liminf /(«,) > min

n—oo

b—2*/(4—2* )}

16-2%(4-2%)° 4.2% | 2a1,|Q|1-2/2%22/2* -0

where C(N) = @2 C(N,Q) = %( @ —2p"

Proposition 3.4. In the case ¢ = 1, there exist a value b4 € (0, b,] depending on N, Q, C(N) > 0
depending on N and C(N, Q2) > 0 depending on N, Q such that

¢~ < min {C(N)b-l, C(N, Q)b—z*/“—z*)} <o

13



is ture for all b € (0, bs) and A € (0, ad,).

Proof. Using Lemma 3.3, we give the proof similarly to that of Proposition 3.2. O

As we known, by Proposition 3.2 and 3.4, we construct the PS sequences in N~ at the level
c”. Next, using the above proposition , we prove the proof of our main from two parts. First, we
consider the critical point with positive energy in N~. Second, we deal with the critical point with

negative energy. Recall the constants by, b, > 0,75 > 0 and the function g in Lemma 2.3.

Proof of Theorem 1.1. Let b3,b, € (0,b;] be constants determined in Proposition 3.2 and 3.4
respectively. Define by := b3 if ¢ > 1 and b := b, if ¢ = 1. Then the proof lies in two steps.
First step. We need to construct a bounded PS sequence {u,},cn € N at the level ¢, that is,
I(u,) = ¢ +o(1), I'(u,) = o(1) in H™'(Q) as n — oo, and {u,, },en is bounded in H(Q).
As f/(1) = 0 for all u € N, the Sobolev embedding implies
allul® + bllull* = ﬂf

x| s COr+ ),
Q Q
for some constant C > 0 which does not depend on u. Since 2 < g + 1 < 2* < 4, we conclude the
boundedness of N~.
Now let us construct the desired PS sequence for 1. As 2* < 4, [ is coercive, that is, I(u,) —

oo as n — oo. In particular, it is bounded from below on N~ U N/ 0. Therefore, by the Ekeland

variational principle, we have a sequence {u, },enr € N~ U N such that

I(u,) < inf I(u) + % and I(w) > I(u,) — %Ilun —w|l(w e N~ UN. (3.6)

UEN-UN®
Proposition 3.2 and 3.4 suggest that ] }\i{{lENO I(u) = ¢ and {u,},en € N~ for large n. Since the
boundedness of N, we have {u,},en ius bounded. Next, we claim ||I’(u,)||z-1q) = o(1) as n — oo.
Noting the upper bounds for ¢~ in the propositions, the rest of the proof is done similarly to the
argument in [29]. This shows the existence of the desired PS sequence.

Second step. We need to prove that there exists a critical point u € N~ of I with I(u) = ¢~, which

implies that we need to show the strong convergence of {u,},cx.
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By Lemma 2.4, we have ¢~ € (0, g(7;)). Now, we suppose that {u,},cy does not contain any
subsequence which strongly converges in H;(€2) on the contrary. We consider the limit function of
the fibering maps,

lim f,, (1) = lim I(tu,) = ¢(1) + (@)

Then from Proposition 2.2, we have

k
t,=ug+ Y vi+o(l) in D2RY),

J=1
g+1 2"
_dlwlP , | bAlwlP Aot dx  Joug dx

2 4 g+1 2

& (alvill; bAIVill} vidx
w(t) = Z( 5 22y 7 = ke o )

(1) :

b

i=1
where A := lim ||u,||>. Similarly we get lim Ju (@) = ¢ () + /(1) and lim f"(1) = ¢ (1) + " (D).

Since u, € N~ which is equivalent to f;’(1) < 0 and f; (1) = 0, we have f; () > 0 for all 7 € (0, 1)
by Lemma 2.1(iii). Thus 31_{2 fu () = ¢"(0)+¢'(t) = O for all 7 € (0, 1), which means that ¢(7) + ¥(2)
is nondecreasing for all 7 € (0, 1).

Equation (2.5) and (2.6) show that ¢’(1) = ¢’(1) = 0. Furthermore, as u, € N7, f'(1) < 0,

which implies ¢”(1) + " (1) < 0. On the other hand, we calculate

¢"(1) = Blluol* + 2" - ¢ - 1)/1f ut™ dx,
Q

and .
W' (1) = ) (Bl ),
i=1

where B := (2 —2")a + (4 — 2")bA. If B > 0, we obtain

"D +y"(1)=BA+ (12" —q- mfug” dx > 0,
Q

which is a contradiction. Therefore, B < 0. This implies ¥”(1) < 0. Then, by Lemma 2.1, we
conclude that y(¢) is increasing on (0, 1). In particular, y(¢) > 0 for all ¢ € (0, 1].

Lastly, as 0 < |lug||> < A, we have

Sio(1) = alluo|* + blluoll* — /lf

Q

ul*' dx - fgug* dx < ¢'(1) = 0.
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Then f,,(#) has the unique local maximum 7, € (0, 1) and #uy € N~ by Lemma 2.1 (i1). As a

consequence, we show

I(touo) = fuy(t0) < P(to) < d(to) + Y(to) < ¢(1) + (1) = c.

This contradicts the definition of ¢~. So there exists u € N~ such that u,, —» u with I(u) = ¢~. 0O

Proof of Theorem 1.2. First, we observe that for any b € (0,b,), ¢ = ueg(ll)fg) I(w) < g(1}) by
Lemma 2.4. Take b, € (0, b,) from Lemma 2.3 (ii) so that g(7;)) < 0 for all b € (0, b;]. Next, we
need to prove that if ¢ < 0, then there exists a critical point v with /(v) = c¢. Actually, since 2* < 4,
I is coercive. Thus ¢ > —oo. For any minimizing sequence {v,},cy at the level c, there exists a PS
sequence {u,},en Of I at the same level such that u, = v, +0(1) in Hé (Q) by the Ekeland variational
principle. Obviously, {u,},cv is bounded in Hé () from the coerciveness of /. Then our aim is to
show the strong convergence of {u,},cv. On the contrary, we suppose that {u,}, does not contain
any subsequence which strongly converges in Hé (Q). Define i1, := u,, —ug € H(‘) (). Then we have
’}13)10 llii,lI> = 3%, [vill> > 0 by Proposition 2.2. Take a constant e > 0 so that ||u0||2—e’}i_>n30 |lii,||> = 0.

Let s € R be a parameter satisfying s € (—1, 1/e). We put
Wy =1+ HY2uy + (1 —es)' a1, € H(])(Q).

Then, for s € (-1, 1/¢), we have

: 2 1/2 2 : 1/2~ 112
lim |jw,,l| (1 + ) 2u0|? + Lim ||(1 — es)"i1,|
n—oo n—oo

= (1 + 9luoll® + (1 = es) lim |||
n—oo
2 . ~ 112 2 . ~ 112
= luoll” + Lim [|@,||” + s(lluoll” — e lim [|iz,[|")
n—oo n—oo

. 2 2 e 12
= lim [|u,[I” + s(lluoll” — e lim [|@,[|) = A,
n—oo n—oeo
where A = lim ||u,||> as before. Now we consider
n—oo
h(s) := lim I(w,).
n— oo

Note that £(0) = lim I(u) = c. In addition, by Proposition 2.2 and the Vitali convergence theorem,
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2 bA 2 A [ uf dx u? dx
h(s) = Cl||b;0|| (1+5)+ |Zl0|| (1+5)— %(1 +S)(q+l)/2_ fﬂz—()*(l +s)2 /2
5 (alvill: bAIVill}, Wi dx .
+ ( “(1-es)+ ———(1—es) - =——(1 —es) /2).
le 2 4 2
Direct calculations imply
1 *
oy - ol | pAlwl? A" dx g dx
2 4 g+1 2+
. i alvili, DA, _ Jowvi dx
i\ 2 4 2 f
and
+1 % 2%
W) = CAg-D) fug 2)fQu0 dx 622 (2" - Z)fRNv dx
4 b

i=1

which implies #”(0) < 0. Moreover, from (2.5) and (2.6), we get

2 bA|ull? BA)||uo|? K ofallvil?,  DAIiE bA)|vi|I?
K@) = alluol| N lluoll” — (a + bA)luoll” ez 2 12 (a+ bA)|vil
2 4 2 2 4 2

£ ( bA|vill?

bA|uo|l? 12 —bA :
= ey )= ||uo||2—e;||v,~||%,z =

i=1

i=1

Consequently, we see

h(0) = ¢,h'(0) =0,h"(0) <O.

Thus, for sufficiently small sy > 0, we have Ah(sy) < h(0) = c. Therefore, for s = s, it follows that
I(w,s,) < c.

If n 1s sufficiently large, then this contradicts the definition of c. We finish the proof. O
Funding: This paper is supported by National Natural Science Foundation of China (11671331)
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