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Abstract

In this paper, we introduce the definition of the generalized reduced biquaternions and
propose a real representation of a generalized reduced biquaternion matrix. By using the ma-
trix representation, we discuss the least-squares problems of the classic generalized reduced
biquaternion matrix equation AXC = B. The least-squares solution to the above matrix
equation is formulated by a least-squares real solution of its corresponding real matrix equa-
tion. Furthermore, two numerical examples are given to illustrate our results.
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1 Introduction

Let R be the real number field, and 0 # u,v € R. We define the generalized reduced biquaternion
algebra Qqp as a commutative 4-dimensional Clifford algebra satisfying:

Qcr={0=q + @i+ qj+ak:q,q q,u € R} (1)
where
i’ =w,j?=v,k* =ijk = uv,
1] = ji =k, jk = kj = vi, ki = ik = uj.
When v = —1,v = 1, Qgp is the reduced biquaternion algebra Qp, which was first intro-

duced by [I8]. As a special case of generalized reduced biquaternions, the reduced biquaternions
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have been extensively studied and applied to many problems in various areas (see, for exam-
ple, [II, 2, B, 4, 14}, 15, 16, 17, 19]). In [2], they studied the functions of reduced biquaternion
variables and obtained the generalized Cauchy-Riemann conditions. [14] proposed a simplified
reduced biquaternion polar form which is successfully applied for processing color images. In [I5],
they developed several algorithms for calculating the eigenvalues, eigenvectors and the singular
value decomposition of reduced biquaternion matrices. As applications, they applied the results
into the processing of color images in the digital media. Two types of multistate Hopfield neural
networks based on reduced biquaternions were investigated [4]. Moreover, [6l [7] discussed some
algebraic properties of reduced biquaternion matrices as well as the generalized Sylvester /Stein ma-
trix equation by means of real/complex representations. As efficient methods, the real/complex
representation methods have been widely used in the study of many kinds of quaternions. This
is one of standard and popular ways to investigate the fundamental properties of different kinds
of quaternions, like the Hamilton quaternions, split quaternions, biquaternions, the generalized
quaternions, and so on (see, for example, [5l 6] [7, 8, @] [10] [1T), 12} 13} 20]). Motivated by the above
works, we aim to deal with the following least-squares problem by the real representation method.

For g = q1 + q21 + q37 + quk € Qgp, we define the conjugate of ¢ as § = ¢1 — g2t — ¢35 — quk and
the norm of g as

llgll = \/IQ% — ugs + vg3 — uvgj|.

In particular, if ¢ € Qp, then the norm of ¢ is given by

llgll = \/Qf+qg+q§+q2-

In this paper, we discuss the least-squares problem for matrix equation AXC = B over the
reduced biquaternions, that is, given A € Q%x", B € Q4 C € QL4 find X € Q7 such that

|AXC — B||[p = min |[AXoC — B||r,
X g

OGG

where the Frobenius norm || - || is defined in next section.

2 Main results

In this section, we first propose a new real representation of a generalized reduced biquaternion
matrix, and then we use this real representation to solve our least-squares problem.

For a given generalized reduced biquaternion matrix A = A; + Asi + Asj + Ask, Ay,..., Ay €
R™*" we define the real representation A” of A as

Al UAQ ’UA3 U’UA4

A2 Al ’UA4 ’UA3 (2)
Ag UA4 Al UA2 '

Ay A Ay A

AR =

The above real representation has the following properties:



Proposition 2.1 Let A,B € Q/x",C € Qiil k € R. Then

(A+ B)f = A% + B (AC)® = ARCE  (kB)" = kB, (3)
R, 'ARR, = AR Q,, 7t ARQ, = AR S, Tt ARS, = AR (4)
where
0 ul, 0 0 0 0 wvl, 0 0 0 0 wvl,
I, 0 0 0 1o 0 0 wl 0o 0 w, 0
Bn=1"%0 0 0 u 0 @n = I, 0 0 O =g ul, 0 0 |’
0 0 I, O 0 I, 0 0 I, 0 0 0

I,, is the identity matrix of order n, and 0’s stand for zero matrices with appropriate sizes. In
particular, when v = —1,v =1,

Al _A2 A3 _A4

A2 Al A4 A3 (5)
AS _A4 Al _A2 '

Ay A Ay Ay

AR =

is the real representation of the reduced biquaternion matrix A. Now using this real representation,
we can define the Frobenius norm of the generalized reduced biquaternion matrix A as

1
14]] = 511475 (6)

To solve the mentioned least-squares problem, we need the following useful result.

Lemma 2.2 Let A€ QF", B € Qap',C € Q4. Then

1
min ||AXOC'—B||F:§ min  ||ARY,CF — BE||p.

X()E Qg}(:{p YO €R47L><4p

Proof. Assume that X, Y are the least-squares solutions to the generalized reduced biquaternion
matrix equations
AXC =B (7)
and
ARYC® = BR, (8)

separately, i.e.,
||AXC — Bl|p = min ||AX,C — B||F.
Xo€QL

G

[|ARY CF — BE||p = - nin |ARY,C" — B||p.

O€R4n><4p
It follows from (B]) and (@) that
1 1
min ||[AXoC — Bl|lr == min [|[A®X ®CF — BE||r > = min ||[A®Y,CF — BE ||, (9)
X()EQZEP 2 XOEQZ;I(?I) 2 YoeRAnx4p

Conversely, for Y, by (), we have



|ATY O — BY||p = ||(Rn ' A"R,)Y (R, CR,) — (R BR,)||r,
|AY CF = BE||r = ||(Qn ™ ARQ.)Y (@) CTQy) — (Qum ' BRQ))||r,
JARY C" = Bl = [|(S " ARS,)Y (S, CFS,) = (S B S,
Simplifying the right hand-sides of the above three equations gives
|AY C" — B[ = ||A®(R, Y R,™)C" — BY|p,
|ARY CF — BE|[p = ||A%(Q.Y Q,~)CF — B[,
[|ARY CF — BE||p = ||A%(S,Y S, O — BY||p.
Now we construct a new matrix as
1
Y= Z(Y +R,YR, ' +Q,YQ, '+ 5,YS, ). (10)
Then
|A®Y CF — BE||p < [|ARYCT — BE||p
1
< Z(IIARYCR - BY|p +[|AY(R.Y R,™)C" — B[
+|[AH(QnY Q)T — BE|[p +|A%(S,Y S, CF — BY[p)
= [|A"Y C" — B[,
which implies

|ARY CF — BE||p = ||ARYCE — BE||p = _min I|ARY,C® — BE||p. (11)
OE nxX4p
That is, ) is also a least-squares solution to (8]).
Next we prove there exists X such that X = ). Assume that

e R 7, e R™P s t=1,23 4.

and then replace it in (IH]), which produces another representation for ):

Zl UZ2 ’UZ3 ’lL’UZ4
ZQ Z1 ’UZ4 ’UZ3
PN ~ ~ ~ ,
Zg UZ4 Zl UZQ

Zi Zs Zy, 7y
with
i(le + Zog + Zz3 + Zus), Zy = i(%zlz + Zo1 + %Z34 + Zs3),
G213+ 22+ Zy + Zg), Zs = 3(m=Zuu+ +Zos+ 25+ Z).



Now, we construct a generalized reduced biquaternion matrix X by Y-

[p
1 .
X:ZI+Z2Z+Z3J+Z4k:1[In Ly [n] Ink}y 17
vir]

Clearly X = Y. Hence, by (I,

Lomin | [|ATYRCT - BR|p = HATYCT - BR|p = 3| ARXRCT — BR|p
0 vy

= ||[AXC — Bl|r (12)
>  min [|AX,C — Bl|.
Xo€QEE’

Combing (@) and (I2)), we have

1
— min ||A®Y,CF — BE||p = min ||AXoC — Bl|F.

YO€R4nX4p XOEQGR

Next we solve the least-squares problem by using real representation method.

Theorem 2.3 Let A€ Qip", B € QLp1,C € QL.

GR

(a) If X € Q3 is a least-squares solution to the matriz equation (), then Y = X is a
least-squares solution to the matriz equation ().

(b) If Y € R¥"™1P 4s g least-squares solution to the matriz equation (8), then
1 : ~ -1 -1 -1
X=go[hn bi g Lk [ (Y +QuY Q"+ RY R +8.YS") | ) (13)

is a least-squares solution to the matriz equation (7).
Proof. Assume that X is a least-squares solution to (), i.e.,

|AXC - B||lp = min ||[AX,C — B||p.
XO 7L>1<%p

Qg
It follows from (B]) and Lemma 2.2 that

[JARXECE — BE||p = 2||/AXC — B||p =2 min |[|[AX,C — B||r = ,nin |ARY,C® — BY||p.
0€EQLT CIS S

Thus, Y = X% is a least-squares solution to (§), i.e., (a) follows.

bt



Suppose Y is a solution to (§). Then ||[ARYCF — BE||p = min ||A"Y,C" — B||p. Similar

Y06R4n><4p
to the proof of Lemma 2.2 we can prove

1A%y C" — BY||p = [|A%(Q.YQ,")C" — B[,

|ATY CF — BY||p = [|[A®(R,Y R, 1)CT — BY||p, (14)
|ATY CF — BE||p = ||AT(S,Y S, 1O — BY||p.
Thus, it is easy to verify that Q,YQ,", R,Y R, ", and S,Y'S; " are also solutions to (). If we set

1
Yy = Z(Y +Q.YQ, + RYR '+ 5, YS ). (15)

Then we have
|ATY CF = BY||p < [|ARYCH — B[y
< F([[ARY CR — BR||p +[|AM(Q.Y @, 1)CF — BE||p
+HAR(RnYR;1)CR — BE||p + \\AR(SnYSgl)CR — Bf||r)
= ||ABY CF — BE||p.

Therefore, ||ARY CE — BE||p = ||[ARYCE — BE||r, that is, Y is also a solution to (8.
Let

e R 7, c R™P s t=1,23 4, (16)

and submit it in (IH), we obtain

Zl UZ\Q ’023 U’UZ\4
ZQ Z1 ’UZ4 ’UZg
Zg UZ4 Zl UZQ ’

Zy Zs Zy 74
with
7 = %(le + Zog + Zz3 + Zua), Zy = %(%le + Zo1 + %Z34 + Zs3),
Zy = 13213+ 2 Zos + Zs1 + Z), Z, = T(EZu+ 1203+ 2239+ Zn).

Now, we construct a generalized reduced biquaternion matrix X by Y as follows:

]P

1 .
vind
LIk



Clearly, X' = Y. This means that X% = ) is a solution to (), i.e.,

[|ARXECE — BE||p = min  ||A®Y,0F — BE||r. (18)

YO 6R4n X4p

It follows from Lemma [2Z2] and (I8) that

1 :
|JAXC — Bl|r = §||ARXRCR — Bf|l[p= min [|AXoC — B[
0€EQCE

Hence X given by (7)) is a solution to (7). B

In the special case: © = —1 and v = 1, by Theorem 2.3] we have the following corollary for the
least-squares solutions to the matrix equation () over the reduced biquaternions.

Corollary 2.4 Let A€ Qy",B € Qp*",C € Q1. Then
(a) If X € QF" is a least-squares solution to the reduced biquaternion matriz equation
AXC = B, (19)
then Y = X € R s q least-squares solution to the real matriz equation

Aty c® = BR. (20)

(b) If Y € R¥™1P 4s g least-squares solution to the real matriz equation (20), then

Ip
—1Li
L,

—Lk

1 ) . _ _ _
X=— L Li Lj Lk](Y+QYQ' +RYR +5,YS,")

is a least-squares solution to the reduced biquaternion matriz equation (19), where

0 -, 0 O 0 0 I, O o 0 0 -
| 0 0 0 10 0 0 I |0 0 I 0 B
Be=19 o o - "%~ |00 0| |0 - o o |t

0O 0 I, O 0 I, 0 O L, 0 0 O

Example 2.5 Given the generalized biquaternion matrices
B 7 147 | 2+ 4i+ 3k
A_{—l—l—j —k }’B_{2—2i—|—j—2k '
Find the least-squares solution of the generalized biquaternion matriz equation
AX =B (21)



withu=1,v=1.

By Theorem [2.3, we consider the real matriz equation ARY = BE with

o 1 1 0 0 1 0 O -2 4 0 3
-1 0 0 0 1 0 0 -1 2 -2 1 =2
10 0 1 0 0 0 1 4 =2 3 0
AR o 0 -1 0 0 -1 1 ©0 BE _ -2 2 =2 1
o 1 0 O o 1 1 0 [’ 0 3 -2 4
1 o o0 -1 -1 0 0 O 1 -2 2 =2
o 0 o 1 1 0 0 1 3 0 4 =2
0 -1 1. 0 0 0 -1 0 | -2 1 -2 2 |
Since rank (A®) = rank (A%, BR) = 8, the real matriz equation
A"y = B*
has a unique least-squares solution
7 -6 6 —4]
0O 0 4 =3
-6 7 —4 6
0 0 -3 4
Y= 6 —4 7 —6
4 -3 0 0
-4 6 -6 7
-3 4 0 0 |
By direct computation, we obtain
I
1 . . Lyi
X=ge[ b bi bj LE](Y+QYQ' +RYR,' +5Y5;") [2;.
2
Lk

— [ 7—6i+6j—4k 4j—3k |

is the least-squares solution to the generalized reduced biquaternion matriz equation AX = B.

Example 2.6 Find the least-squares solution of the reduced biquaternion matriz equation (21))
with u = —1,v = 1.

By Corollary[2.4), we consider the corresponding real matriz equation

Ay = BR, (22)



with

0 1 -10 0 1 0 0 (2 —4 0 -3]
-1 0 0 0 1 0 0 1 2 2 1 2
1 0 0 1 0 0 0 1 4 -2 3 0
5 0 0 -1 0 0 -1 1 0 5 2 2 -2 1
A= 0 1 000 1 10" T 0 3 2 4
1 0 0 1 -1 0 0 0 1 2 2 2
O 0 0 1 1 0 0 1 3 0 4 -2
0 -1 1.0 0 0 -1 0, 2 1 -2 2]

Since rank (AT) = rank (A%, BR) = 8, the matriz equation 22)) has a unique solution

1 -6 0 —4

4 0 0 -3

6 1 4 0

0 4 3 0

Y= 0 -4 1 —6

0 -3 4 0

4 0 6 1

|3 0 0 4 |
By direct computation, we have that
I

1 _ 4 —1Iyi
X=co[ B bi Lj LEJ(Y +QYQy" + RYR; + 8557 [2;2
— Lk

—[1+6i+4k 4+3k]"

18 the least-squares solution to the reduced biquaternion matriz equation AX = B.
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