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Abstract

In this paper, a modified weak Galerkin finite element method on Shishkin mesh has been developed and
analyzed for the singularly perturbed convection-diffusion-reaction problems. The proposed method is based
on the idea of replacing the standard gradient (derivative) and convection derivative by modified weak
gradient (derivative) and modified weak convection derivative, respectively, over piecewise polynomials of
degree k > 1. The present method is parameter-free and has less degree of freedom compared to the weak
Galerkin finite element method. Stability and convergence rate of O((N~!In N)*) in the energy norm are
proved. The method is uniformly convergent, i.e., the results hold uniformly regardless of the value of the
perturbation parameter. Numerical experiments confirm these theoretical findings on Shishkin meshes. The
numerical examples are also carried out on B-S meshes to confirm the theoretical results. Moreover, the
proposed method has the optimal order error estimates of O(N ’(’”1)) in a discrete L?— norm and converges
at superconvergence order of O((N~!In N)?*) in the discrete L., — norm.

Keywords: singularly perturbed problem, modified weak Galerkin method, Shishkin mesh, uniformly
convergence
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1. Introduction

In this paper we consider the following singularly perturbed convection-diffusion two-point boundary value

problems: Find u € C%(0,1) N C[0,1] such that

—eu(x) + B(x)u (z) +y(z)u(z) = g(x) in 2= (0,1),

u(0) =0, wu(l)=0,
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where 0 < € << 1 and we assume that 3(x),y(z) and g(z) are sufficiently smooth functions with S(z) >
a>0, ~(z)>0,and
1
1e) -~ L) 2a>0 Veen 2)

where a is a constant. Under these assumptions, the problem (1)) has a unique solution u € H?(£2) N HE(£2).
For small perturbation parameter ¢, the problem is singularly perturbed [I], [2]. If ¢ is small enough, with
the help of the change of variable w(x) = exp(—nz)u(z) for a suitable 1, the condition 8 > a > 0 implies
the condition and v > 0.

The solution u(x) to the problem has an exponential b boundary layer of width O(g|ln¢l) at z = 1.
This boundary layer makes the conventional numerical methods such as the standard finite difference and
finite element methods useless unless prohibitively large number of mesh points or smaller than the parameter
e are used.

It is well known that singularly perturbed problems (SPPs) are difficult challenge to solve when the very
small perturbation parameter appears in the front of the diffusion. In this case, the solution will have layers
which are very thin regions near the boundaries where the solution and its derivatives are very large. As
a remedy, a popular approach for these problems is the use of layer-adapted meshes such as Bakhvalov-
type mesh [3] and Shishkin mesh [I] which have gained much attention and they are still popular. Some
nonphysical oscillations occur in the approximation even if the layer adapted meshes are employed in two
dimensions [4]. We refer the readers to the books [II 5], [6] and references therein for further details.

The other efficient technique for solving singularly perturbed problem is fitted operator methods. Upwind-
type schemes are example of the commonly used fitted operator methods in the literature. The streamline-
diffusion finite element (SDFE) method [7, [§] and its variants [9] have successfully been used for solving
singularly perturbed convection dominated problems. These methods add residuals with weights for the
stability of the conforming Galerkin method. However, there are some disadvantages of these methods
because of adding too much diffusion and they also have oscillatory solutions [10].

Recently, the weak Galerkin method have been developed for solving elliptic partial differential equations
[I1]. The key feature of this method is that the classical derivative is replaced by weak derivative in the
corresponding variational formulation in a way that completely discontinuous functions have been allowed
to use in the numerical scheme which has a parameter independent stabilizer. The weak Galerkin method
has been studied and applied to a variety of problems including Stokes equations [12], interface problem [13],
Maxwell equation [14] and singularly perturbed elliptic equations [I5]. Later on, a modified weak Galerkin
finite element method (MWG-FEM) has been introduced in [I6] to reduce the degrees of freedom, i.e., the
number of unknown in the discrete system. The MWG-FEM has less degree of freedom than the local
discontinuous Galerkin methods which introduce auxiliary variables (e.g., fluxes ) in the formulation and
has the same degrees of freedom with the discontinuous Galerkin methods in primal formulation (see [17]),
however we do not need to choose a sufficiently large stabilization parameters in the MWG-FEM. Recently,

the MWG-FEMSs have been applied to parabolic problems [I8], convection-diffusion equations [19], Stokes
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equations [20] and convection-dominated diffusion with weakly imposed boundary condition [21].

The main concern of this paper is to study and analyze the uniform convergence of MWG-FEM for
singularly perturbed convection-diffusion-reaction on layer adapted Shishkin mesh. The uniform convergent
weak Galerkin method has been proposed in [22]. Compared with the weak Galerkin method in [22], the
proposed method here has reduced numbers of unknown and has shorter and simplified error analysis. The
obtained results in this paper are the first uniform convergence results of MWG-FEM for singularly elliptic
problems in one dimension. We prove a uniform convergence order of O(N~1'1In N)* in the discrete energy
norm and the optimal order error estimates with order of O(N~(*+1) in a discrete L?— norm for the
strongly convection-dominated cases (e.g., ¢ = 107%) and order of O(N~(*+1/2)) in a discrete L?— norm for
the intermediate cases (e.g., ¢ = 1073) under some conditions.

The rest of the paper is organized as follows. In Section 2, we introduce some preliminaries and notations.
Additionally, the bounds for the regular and layer components of the solution and their derivatives are
established and the piecewise uniform Shishkin mesh is given in Section 2. The MWG-FEM scheme for the
singularly perturbed convection-diffusion-reaction problems is introduced in Section 3. The stability and the
error analysis of the method are studied in Section 4 ans Section 5, respectively. Various numerical examples
are given to confirm the theoretical findings in Section 6. In Section 7, conclusion and some future direction
are summarized.

Throughout this article, we use C for generic constants independent of ¢, N and the mesh size h which

may be different at each inequality.

2. Preliminaries

In this section, we first give the decomposition of the analytical solution of the problem . Then we will
derive the bounds for the regular and layer parts of the solution and their derivatives. Next, we provide the
piecewise-uniform Shishkin mesh which is layer adapted mesh to deal with layers. Sobolev spaces with the

related norms and some basic notations are introduced at the end of this section.

2.1. Properties of the solution

We decompose the solution u of the problem into a sum of a regular and layer components in the following
lemma. This solution decomposition is necessary for the uniform convergence of numerical methods on

Shishkin mesh for SPPs [23].

Lemma 2.1. (Regularity of the solution ) [5] Let m be a positive integer. The exact solution u of the problem

can be decomposed into u = ugr + uy, where ur and uy, are regular and singular parts, respectively and
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they satisfy the following bounds for 0 <1 <m

Wl ()] < © (3)
1w (2)] < Ceexp((—a(l — z))/e). (4)

Here, the constant C' is independent of € and m depends on the smoothness of the solution u.

2.2. The piecewise uniform Shishkin mesh

Let N be an even integer. Define the transition point 7. by

1 e(k+1)

5’ 11’1]\7)7

Te = min(

where k is the order of polynomials used in the approximation space. In practise, we assume that 7. =

(k+1)e
————In N for otherwise either ¢ is not small or N=! < & (when N is sufficiently large) which can

be handled by using the uniform mesh and throughout this paper we assume ¢ < CN~! which is not a
restriction in the singularly perturbed problems. We divide the computational domain {2 into two intervals
2y =[0,1 — 7] and 25 = [1 — 7.,1]. Then divide each of the subintervals {2; and (2 into N/2 equal
subintervals.

We define the nodes of mesh recursively as follows

H forn=1,...,N/2,
Zo :07 T :.’EN+hn, h’n = (5)
h forn=N/2+1,... N.

where
H=—— and h=—.

Note that H = O(N~') and h = O(N~!In N). Observe that xx = 1 — 7. is the transition point.
We denote the mesh and a partition of the domain 2 by I,, = [y, z,], n=1,...,N and Ty = {I, :
n=1,..., N}, respectively. For I,, € Ty, the outward unit normal n;_ on I, is defined as n;, (z,) =1 and

ny, (x,-1) = —1; for simplicity, we use n instead of ny, .

3. MWG-FEM

In this section, we first introduce the notions of weak functions and weak derivatives. Based on these

concepts, we will construct the MWG-FEM for the system .
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We define the space of weak functions W(I,,) on the interval I,, by
W(L,) = {u = {uo,up} : up € L*(I,), vy € L>=(0I,,)}.

Here, u = {ug,up} is called a weak function such that ug is the value of u inside of the interval (xy,z,) and

uyp is the value of u on the boundary of the interval dI,, = {zn,x,}. The inclusion map
Iw(u) = {ulr, ulor,}, Yue H'(I,)

embeds the local Sobolev space H'(I,,) into the weak function space W(I,,).

For a given integer k > 1, we define a local weak Galerkin (WG) finite element space Sy (I,,) as follows:
SN(In) = {u = {Uo,ub} : ’U,o|[n S Pk(In)aub‘aln S Po(afn) V1, € TN}, (6)

where P (I,,) is the set of polynomials on I, of degree at most k and Py(91,,) is the set of constant polynomials
on 91,.

A global WG finite element space Sx consists of u = {ug, up} such that ug|;, € Pr(I,) and up is the
constant at the nodes x,, forn=1,..., N.

The weak derivative of a weak function v = {ug,us} € Sy denoted by dy, 1, u € Pr_1(I,) is defined on

I,, as the unique polynomial satisfying the following equation,
(dw,1,u, )1, = —(u0,v")1, + (up,v0)or, Vv € Pr1(ln), (7)

where

(w,2)1, =/ w(z)z(z) dz

In

and

(w, zn) gy, = w(Tn)2z(xy) — w(zy)z(zN).

The weak convection derivative of a weak function u = {ug,us} € Sy denoted by dg r,u € Pr(l,) is

defined on I,, as the unique polynomial satisfying the following equation,

(1,0, 0)1, = = (o, (B) )1, + (up, fom)or, v € Pr(Ln). (8)
Then the weak derivatives d,u and d?u of a weak function u = {ug,us} on Sy is given by

(dwt)lr, = duw1, (ulz,), (d3w)lr, =db ; (ulr,)Vu € Sy.
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We define the average {u} and jump [u] of a function u € Sy at the interelement boundaries

1 _
{ulzn)} = 5 (u@h) +ulz,), (9)
[u(z,)] = w(@!) —u(x,), for n=1,2...,N. (10)
where u(x}) = lim, o u(x, £ s). We extend the definition of average and jump at the boundary points of

the domain as follows

In the MWG-FEM, the boundary value uy is replaced by the average {u} of the function w in Sy. Thus

the finite element space in the MWG-FEM approximation is defined as
Vv = {v e L*(Q):v|;, €Pi(l,), 1, € Ty and v(07) = v(17) = 0}.

The following useful identity will be used repeatedly in our later analysis. For v,w € Vy we have

N
> (o= {v}nwor, = Y (], {whar, (11)

I,€Tn

For any function v € Vi, we define a weak function v = {v, {v}} € Sn, which is also denoted by v if there
is no confusion.

Based on and , for a function v € Vy, the modified weak derivative d'u € Pr_1(I,) and
modified weak convection derivative d°;™u € Py (I,,) defined on I,, as the unique polynomial satisfying

the following equation

(d0),, = ('), + (T om),, Vo€ B (7), 12
and
(dmu,v), = —(u, (B0)), +({u},Bon),, Vo ePy(l), (13)
respectively.

Remark 1. This newly defined modified weak derivative is different from the weak derivative operator defined
in [Z4l]. This modified definition replaces the values up of u by the average operator {u} on the boundary
points of I,,. This reduces the degree of freedom for the problem, that is, the unknown coefficients in the

system are reduced.

Remark 2. If u is continuous in §2, then we have {u} = u. Using integration by parts, we see that from
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the definition of weak derivative (@

/ dinu(z)v(z) de = 7/ u(z)v' (x) do + <{“}’””>61"
! fn (14)
= / o' (z)v(z) dz Yo € Pr_1(1n),

In

n

which implies the modified weak derivative in fact is the L? projection of the standard differential operator
on the space of polynomials. Thus, we have diju(zx) = u'(x) when u € Pr(£2).
Similarly, when u is continuous in {2, the integration by parts and the definition of modified weak con-

vection derivative lead to

/ dﬁ;mu(x)w(x) dx = —/ u(x)(fw) (x) dr + <ﬂ{u} wn>
" (15)

/ B(x (x)dx Yo € P(T).

showing that the modified weak divergence is the L? projection of the classical differential operator related to
B(x)u'(x) on the space Py (£2). Thus we have d>™u(z) = B(z)u'(z) when u € Py(£2) and B(x) is a constant

function.

We use the following basic notations. L?(§2) denotes the space of square integrable functions on 2 with
the norm ||u)|? 12(0) = = [, u*(x) dz which sometimes denoted by |Ju||?. The standard Sobolev space is denoted

by H*(§2) with the norm || ||k, 2 and semi-norm | - |, given as

= ||u(k)||2L2(Q)'

k
lulli o =Y 16D 720,

Jj=0

For each interval I,,, the broken Sobolev space is defined by
HY(2)={ue L*(Q):ul;, € H*(1,), VYI,<€ T},

and the corresponding norm and semi-norm

HUHHk I HU”M ) \U|Hk o |u|i,1n-
)~ )~
=1
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For the future reference, we adopt the following notations

(U’U)In:/ u(z)v(z)dz, (u,v) = Z (u,v)ln

In I.€TNn
7, = (wu), , Jul*= ZnunI,

(u,0)y, = uley oley) +ule)_olagy).

<U,U> Z <u70>8ln’ ||UH%ITL = <u’u>81n.

I,€TN

[

The variational formulation of the problem , after multiplying the equation by the test functions
v € HY(R) is to seek u € HE(§2) such that

e(u,v") + (B, v) + (yu,v) = (g,v), Vv € Hy(£2). (16)

We now formulate the MWG-FEM for the problem based on the variational formulation as follows:

Algorithm 1 The modified weak Galerkin scheme for convection-diffusion-reaction problem
The MWG-FEM for the problem is to find uy € Vi satisfying the following equation:

a(uN,vN) = L(UN) Yoy € V. (17)

where the bilinear form a(v, 2) = aq(v, z) + ac(v, 2) + sq4(v, 2) + s.(v, z) and the linear functional L(-) on

Vi are given by:

aq(v,z) = e(djv,djyz), Vv,z € Vy, (18)
ac(v,z) = (d&™v,2) + (yv,2), Vv, z € Vi, (19)
N
sa(v,2) =Y _on(lv],[Dor,, Vv,z €V, (20)
.
=> (bur,(0—{v}), 2= {z}),, ;. Vv.z€V, (21)
n=1
(g7v)a Vv € VN; (22)

where 0,1, = {z € 9I, : B(z)ny, () > 0}, and o, > 0 is a penalization parameter associated with the
node x,,. The penalization parameter o, is very sensitive for the uniform convergence analysis and will be

determined exactly in the error analysis below.



w 4. Stability of the MWG-FEM

The following multiplicative trace inequality will be useful in proving the error estimates.

Lemma 4.1. [25] If $ € H'(I,,), we have

Ill3r, < C(ha 6117, + gl l1¢"l12.)- (23)
We define an energy norm ||| - ||| in Viv: for v € Vi,
Iloll1* = elloll?, + llvlIZ, (24)
where
N
ollf, = > Nldisoll?, + si(v,0), (25)
n=1
N N
lollz = >~ el v/Baa) (0 = {o}) (@)1 + D ol (26)
n=1 n=1
%, forn=N
with ¢, =
1, forn=1,...,N—1.
We also introduce the discrete H' energy norms ||| - |||c in Vi + HJ(£2) defined as
Iloll2 = ellvll? c + llvllZ (27)
where
N
oIl e = D 11117, + si(v,0). (28)
n=1
We show that the norms ||| - ||| and ||| - ||| are equivalent in the MWG finite element space Vi .

Lemma 4.2. If vy € Vi, then there are two positive constant C; and Cy such that
Cilllon|ll < lllowllle < Cslllonl]]- (29)
Proof. For vy € Vi, by using the definition of weak derivative and integration by parts we arrive at

(dpon,w)r, = (vﬁv,w)ln + ({un} - vN,wn>81n, Yw € Pr_1(1,). (30)



Choosing w = dj}vy in the above equation yields
ldyonl7, = (viv.digon), + ({ow} —vn, dijonm),,

Summing up the above equation over all interval I,, and using the identity and the trace inequality, we
get

ldon|* = (viv, digon) + ([on], {diyon})

N N
_ /20 2m
< (D IWnlE, + > b tllonlizs,) lldgont.
n=1 n=1

This shows that

N N
elldgon|® < C(D_elloilz, + > ehy lllon]l3s,)- (31)
n=1 n=1

We choose the penalty parameter o, (see (75)) such that

eht
<C n=12...,N.
On
Then we have
N N cp-1
> eh w3, = . oulllon)l3s, < Csalvn,vn).
n=1 n=1 n
Therefore, we have
N
elldgun]* < C(D_ellonll?, + salon, on)). (32)
n=1

Taking w = v)y in the equation yields

lonll7, = (viv dion);, = ({on} —on, vm)y, -

We sum up the above equation over all interval I,, and use the identity along with the trace inequality
to get

[ 1* = (viv, dijon) = ([ow], {oi})

N N
m — 1/2
< (Y ldponl7, + >k llowlizs,)lowll-
n=1 n=1

This shows that
N

elloyll® < C( Y elldioni, + silon, on)). (33)

n=1

We obtain the desired result in view of the inequalities and and the definition of the norms

10
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[I| - || and ||| - |||e. Thus we complete the proof. [ |
We next show the coercivity property of the bilinear form af(-,-) given in .

Lemma 4.3. There is a positive constant C such that
a(vaN) > C|||UNH‘2, Yoy € Vn. (34)

Proof. If vy, zy € Vi, we obtain from the definition of the modified weak convection derivative and

integration by parts that

(a3 ™on, zn) = —(vn, (Bzn)') + ({on}, Bzyn)

= (Bviv,2n) = (Blow —{on}), 2vm),

and

(d™zn,vn) = —(2n, (Bun)') + ({2}, Bunm)
= _(ZN7 (ﬁUN)') + <{ZN}75D(UN - {UN})>7

(36)

where we use the facts that 22;1 (Bn{vn}, {zn}),, = 0in the last equality. Taking vy = zy and summing

up the equations and , we arrive at
(@ on,vx) = — 5 (Bow, o) — 5 (Bnlow — {owd), o — {on}). (37
A simple calculation reveals that
1 al e
se(vn,on) = 5(An(vn = {on}), o —fon}) = D ealVBxa) (v = {o}) ().
n=1
Thus, we have
1, al YO —\|2
GC(UN,UN) + SC(UN7/UN) = ((’7 - §ﬂ )UN7/UN) + Z Cn| 6($n)(v - {U})(xn)‘
n=1

N
> (avn,vn) + Y enlV/Ban) (0 = {o}) (@)

> Cllon 2.
Combining this with the trivial result that £ (dfvy, divn) + (yon, vn) + sa(vn, vn) = Cl|lon]|[?, we have

a(vn,vn) > Cl||lun]|]?,

11
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with C' = min{a, 1}. The proof is now completed.

Lemma [£.3] implies that

sl < llgll,

which in turn implies that the problem has a unique solution. The existence follows from the uniqueness.
From Lemma and Lemma we have the following coercivity property in ||| - |||c— norm.

Lemma 4.4. There is a positive constant C such that

a(vn,vN) > C’|||vNH\§, Yoy € V. (38)

5. Error analysis

In this section, we derive the error estimates for the MWG-FEM for the problem . We will establish an
optimal order of convergence for the MWG-FEM. We adapt the idea given in [26]. On each interval I,,, we
introduce the set of k£ 4+ 1 nodal functional N, defined as follows: for any v € C(1,)

No(v) = v(zp—1), Nir(v)=0v(zy),
1 Ty

Ny (v) = h—m/ (x—zp_1)" () de, m=1,....k—1.
n Tn—1

A local interpolation Z : H'(I,,) — Px(I,) is now defined by
Np(Zv—v)=0, m=0,1,... k. (39)

A continuous global interpolation can be constructed from the local interpolation operator Z.
Since Zw|;, is continuous on I,, and is in the H'(I,) space, we denote Zv|gs, by Zv|;, for simplicity.

Form this fact we observe that for any v € H*(I,,) we have
' (Zv) = (Zv)'. (40)

Lemma 5.1. [26][22] Let the exact solution u = ugr + ur of the problem can be decomposed into
a regular and layer component, respectively. If Tur and Zuy are the interpolations ug and uy on a layer

adapted uniform Shishkin mesh, respectively. Then, we have Zu = Zur +Zur, and the following interpolation

12



estimates

[u = Zul| g (@) < CN-HHY, (41)
[u = Zul| oo () < C(NT'In N, (42)
I(ur = Tur) V| p20) < CN'=FFD 1 =0,.. K, (43)
lur — Tup||r2(0,) < CeY2(N~HIn N)FF, (44)
N7Y(Zur) p2co)) + 1 Zurllzz o,y < C(EV2 + NTVEN-EED, (45)
lurllze (o + & P llurllL e,y < CN~FY, (46)
]l 2 () < Ce™/2N~HHL, (47)
If u € H*1(02) we also have
[(ur, = Tur) V| 2@y < Ce/? NG, (48)
[(ur, = Zur) V| 20, < CeY2H(NTHIn Nk (49)
when [ =1,2.
115 In order to perform the error analysis, the following error equations will be needed.
Lemma 5.2. Let u be the solution of the problem . Then for any vy € Vi, we have
—e(u”,vn) = e(dy (Zu), dpoy) — T1(u, vN), (50)
(’yu,vN) = (’yl'u, vN) — To(u,vy), (51)
where
Ty (u,v) = e{{(u — Zn)'}, [un]), (52)
Tr(u,v) = (v(Zu — u),vy). (53)

Proof. For any vy € Vi, we know from the commutativity of the interpolation operator that d7'(Zu) =
(Zu)'. Then we have
(dg(Iu),dL”vN)In = ((Iu)’,d;”vN)In, VI, € Tn. (54)

By using the definition of the weak derivative and integration by parts, one can show that

(d:ﬂnUN7 (Iu)/)[n = (UNa (Iu)//) In + <(Iu)l7 {'UN}n>,9]n

= (k. (Zu)),, — ((Tu)', (o — {ow})m)y, . (55)

n

13
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From the property of the interpolation , we have
(v, (Iu)’)ln = (U§V’u/)1n7 Yoy € Vy. (56)
We infer from the equations , and that

(dﬂ(Iu),dng)In = (v, u'), = ((Zu)', (on — {on})m),, . (57)

n n

Summing up the equation over all interval I,, € T, we find
(d(Zu), dijvn) = (viy,u') = ((Zu), (vy — {on})n). (58)

Using integration by parts, we have

_(U/N)’UN)I = (ul5v§\7)[ - <U/,'I}Nn>31n~

n n

Summing up the above equation over all interval I,, € T, we get
(v, vy) = —(u",on) + (v, (vy — {on})n), (59)

where we used the fact that (u/, {vy}n) = 0. Finally, combining the equation and and making use
of the identity yield the desired result (50).
Finally, the equation is obvious. Thus, we complete the proof.

|
We proceed with establishing an error equation related to modified weak convection derivative.

Lemma 5.3. Let u solve the problem . For any vy € Vi, we have the following

(B o) = (d™(Zu), vn) — Ts(u, vn), (60)
where

Ts(u,v) = (u — Zu, (Bun)'). (61)

Proof. From the definition of the modified weak convection derivative we have
(d%™(Tu),vn) = —(Zu, (Bv,)') + (Tu, Bunn). (62)

14



On the other hand, by using integration by parts one can show

(B vn) = —(u, (Bun)') + (u, Bunm). (63)

Note that Zu = w on 09I, for each n = 1,2,..., N, thus we have the desired result by combining the
equation with the equation . [ |

We split the error u—wupy into the interpolation error 8 := u—Zu and the discretization error p := Zu—uy
so that u — uy = 6 + p. To establish the error bound for the error u — uy, we obtain the interpolation and

discretization errors separately, as the triangle inequality implies the result

[l = unllle < 161l + [l

Lemma 5.4. Let u and uy be the exact solution and the numerical approximation of the problem and

, respectively. Then we have the following error equation for the discretization error p
a(p,vy) =T(u,vn), Yoy € Vi, (64)

where T'(u,v) = Z?Zl T;(u,v) and Tj(u,v),j = 1,2,3 are defined by , and , respectively.

Proof. Multiplying the equation by vy € Vi, we obtain

—e(u”,on) + (Bu,on) + (vu,vn) = (9,vw)- (65)
We infer from the equations and that the above equation becomes

aq(Zu,vn) + ac(Zu,vn) = (g,vn) + T(u, vn).

The continuity of Zu implies that Sq(Zu,vy) = S.(Zu,vy) = 0. Therefore, we have

a(Zu,vy) = (g,UN) + T(u,vn). (66)
Finally we obtain the desired result by subtracting the equation from the above equation (66). [ ]

Lemma 5.5. The average of the derivative of interpolation error {0’} satisfies the following bounds

N/2
SO, < Cm2N—CR,
n=1
N
Y HOHE, < GV NP
n=N/2+1
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Proof. From the definition of the average operator and the trace inequality, Lemma we have

Wy = 0@ +0() <

< b 10T, 1012 1075, + hoa 0117, A+ 1017, 11071,

(O (@)% + 0 (27,)?)

|~

(67)

We now find the bounds for the terms ||6’||;, and ||6”||;,. The interpolation errors (up — Zur) and

(ur — Zug)"” of the regular part of the solution can be bounded using the estimate as

l(ur — Zug)'||1, < CNF,

[(ur — Zug)"||r, < CN~FF
We also deduce from the estimates and that

(ur — Zug)||;, < Ce® N=F1, I, C O,
(ur, — Tur)"||;, < Ce® N=F-1, I, C O,
(ur — Zug)'||;, < Ce= (N"'InN)*, I, C 02,

(ur = Tug)"||r, < Ce® (N " In N)E-1 I, € 2,
Combining the above error estimates and using the triangle inequality, we arrive at

1017, < Ce™PN"FEV24 N7Y, I, .
68
10/, < Ce™Y2(N"LIn N)*, I, C .

and

107 ]|7, < Ce3PN"F(S/2 - N72) I, C 1, (69)
69
16”7, < Ce™3/2(N~tIn N)*F—1, I, C (.

s Plugging the above estimates and into the inequality and summing on 2, and {2, respectively

conclude the desired estimate. Thus the proof of Lemma [5.5|is completed. ]

Theorem 5.6. Let u be the solution of the problem and Zu be the interpolation defined by (@) of the

solution wu, then we have the following interpolation error estimate

I1olll- < C(N~"In N)*.
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Proof. Since u and Zu are continuous in {2, we have [0(z,)] = 0(z,) —{0(xz,)} =0forn=1,2,..., N. Thus,

N N
6112 =e> 1017, + > 19117,
n=1 n=1

The interpolation estimates and imply that

N
D017, < A =7)0117 (20 + 7= l1017 (22
n=1

< CON~*+D L Cln N(N~tn N)2(k+D (70)
< C(N~FH) 4 N=21n® N(N ! In N)?F)

< C(N'InN)*,

where we used the fact N=21n® N < 1.
From the estimate , one can show that

N N N
e NOF, <eD 017, +< > 1017,
n=1 n=1 n=N
< Cee 'N"?(e + N72) 4 Cee 1 (N In N)?*
S C(N—Qk—l + (N—l lnN)2k:)

< C(N 'lnN)%,
Therefore, we get
116]]]e < C(N~'InN)F,

which is the desired result. Hence, the proof is completed. |

Next, we derive the error estimate for the discretization error p = Zu — uy for the MWG-FEM in
the [[| - [[[e.

Theorem 5.7. Let u be the solution of the problem and uy € Vy be the MWG-FEM approzimation of
on the layer adapted piecewise uniform Shishkin mesh. Then, there is a positive constant C independent
of e, N and h,, such that

llplll: < C(N"'InN)*. (71)
Proof. From the coercivity of the bilinear form , we have

ClllplllZ < alp, p)- (72)
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Taking vy = p in , we get
alp,p) =T(u, p). (73)

It remains to estimate the term 7T'(u, p). We begin with the first term T} (u, p). Using the Cauchy-Schwarz
inequality and Lemma [5.5] we have

N N
=D (ed0} 10Dy, < D el{8'Hlorlllollox,
n=1 n=1
N 2 N (74)
1 2 1/2
< (2 B (3 onllll,)
n=1 n=1
< C(N" I N)¥[[[pl]e,
where o, is defined as
1 forn=1...,N/2
o= (75)

N(nN)~! forn=N/2+1,...,N.
Next, we estimate the terms Ta(u, p) and T3(u, p) as follows. We infer from and
T (u, p) + Ts(u, p) = (0, (8" —v)p) + (0, 80") := Z1(0, p) + Z2(0, p).
For Z1(0, p), we infer from Theorem that
12,08, p)| < Cll6]l[lpll < C(N~ I N)¥[[pl (76)

We estimate Z5(6, p) by making use of the Cauchy-Schwartz inequality and the estimate (70))

1Z5(0,p)| < C(I10ll 22 101 2(02))

< C(N"'InN)M[[pl]le. (77)

Combining the inequalities above , and , we obtain

T(u,p)| < C(N"'In N)* (78)
Plugging into , we get the desired result . |

Remark 3. We see that from Lemma and the estimate , the penalization parameter o, is the key
ingredient in the uniform convergence. In [25], uniform convergent nonsymmetric interior penalty Galerkin

(NIPG) methods have been presented with the penalty parameter chosen as o, = N in 25 and 0 =1 in ()

18



135 for the problem . In the weak or modified weak Galerkin methods [13, (15, [16], this penalty parameter is

140

chosen as o, = €h,;! for the elliptic and singularly perturbed convection-dominated problems, however, the

uniform convergence results can not be achieved for this choice.
The main result of this section is given in the following theorem.

Theorem 5.8. Let u be the solution of the problem and uy be the MWG-FEM approzimation of

on the layer adapted piecewise uniform Shishkin mesh. Then, we have
[lu —un|||le < C(N~LInN)*,
Proof. By triangle inequality we know that

[llw = unllle <101l + Illollle-

Then the result follows from Theorem [5.6] and Theorem This completes the proof. [ |

6. Numerical Experiment

In this section, we give various numerical examples to verify numerically the theoretical convergence results

obtained in this paper.

Example 1. Consider the following singularly perturbed convection-diffusion-reaction problem with homo-

geneous Dirichlet boundary condition on §2 =1[0,1]:

—e?u” (z) + ' (z) +u(z) = g(z), =€,

The function g is given so that the true solution is

—zo)y

u(z) = sin(z)(1 — exp(

The solution u has a boundary layer near z = 1 of the width O(g|lne|). We use the piecewise uniform
Shishkin mesh with N number of interval where N = 2,1 = 3,4,5,6,7,8,9. We choose the transition
point 1 — 7. where 7. = £(k + 1)In N. Then we divide uniformly each interval (0,1 — 7.) and (1 — 7, 1)
into N/2 elements (intervals). We display the numerical results with linear element functions (k = 1),
quadratic element functions (k = 2) and cubic element functions (k = 3) in energy-like norm defined in

in Table (1] for different values of the parameter €, respectively. The logarithmic order of convergence (LOC)
In(E(N/2)/E(N))

it f i
(2 In(N/2)/ (V) and the order of convergence (OC) is computed by

is calculated by the formula p =
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145

N llu —unllle. LOC _ |llu—wunl|ll. LOC _|[lu—wunlll. LOC

k=1 =103 e=10"8 e=10"Y

8 2.5634E-01 - 2.5610E-01 - 2.5610E-01 -

16 1.7826E-01 0.8958 1.7810E-01 0.8959 1.7810E-01 0.8959
32 1.1442E-01 0.9433 1.1431E-01 0.9434 1.1431E-01 0.9434

64 6.9638E-02  0.9720 6.9657E-02  0.9721 6.9571E-02  0.9721
128 4.0914E-02  0.9866 4.0875E-02  0.9867 4.0875E-02  0.9866
256 2.3463E-02  0.9936 2.3441E-02  0.9936 2.3441E-02  0.9936
512 1.3222E-02  0.9968 1.3209E-02  0.9969 1.3209E-02  0.9968

k=2 £=10"3 e=10"°% e =107

8 7.9019E-02 - 7.8904E-02 - 7.8904E-02 -

16 3.8608E-02 1.7664 3.8540E-02 1.7665 3.8549E-02 1.7665
32 1.5952E-02 1.8804 1.5927E-02 1.8805 1.5927E-02 1.8805

64 5.9078 E-03 1.9446 5.8984E-03 1.9446 5.8983E-03 1.9446
128 2.0372E-03 1.9752 2.0340E-03 1.9752 2.0340E-03 1.9752
256 6.6937E-04 1.9888  6.6830E-04 1.9888  6.6833E-04 1.9888
512 2.1242E-04 1.9948 2.1208E-04 1.9948 2.1266E-04 1.9901
k=3 =103 e=10"°% e=107"

8 2.4397E-02 - 2.4349E-02 - 2.4349E-02 -

16 8.4573E-03 2.6128 8.4396E-03 2.6131 8.4396E-03 2.6131
32 2.2653E-03 2.8027 2.2604E-03 2.8029 2.2604E-03 2.8028
64 5.1208 E-04 2.9109 5.1095E-04 2.9110 5.1094E-04 2.9110
128 1.0376E-04 2.9618 1.0354E-04 2.9616 1.0374E-04 2.9685
256 1.9538E-05 2.9836 1.9494E-05 2.9835 1.9494E-05 2.9834
512 3.4919E-06 2.9927  3.4846E-06 2.9924 3.4846E-06 2.9924

Table 1: The numerical errors in the ||| - |||c norm and their orders of convergence for Example
In(E(N/2)/E(N)) , ,
= () where F(N) = u—uy is the computed error. In Table[2|and Table|3| we also provide
n

history of convergence of the MWG-FEM with linear element functions (k = 1), quadratic element functions

(k = 2) and cubic element functions (k = 3) in the discrete L?— norm defined by

N 1/2
lu —unllL2(1y) = {Z flu— UN||2L2(1“)} )

n=1

and in the discrete Lo, — norm defined by

flu — UN||L°°(TN) = Og}%XN lu(xy,) — un ()]

for different values of the parameter e, respectively. Similar to other upwind scheme, we remark that the
MWG-FEM converges poorly for relatively small diffusion parameter (e.g., ¢ = 1072) and it has the order of
convergence O(N —(k+1/ 2)) in this case, however it converges very well in the strongly convection-dominated
cases and has the the order of convergence O(N~(*+1) in the discrete L>— norm. We see that the numerical
results for |||u —un|||c are in excellent agreement with the theoretical fact of Theorem[5.8] From Table 3] we

observe that the MWG-FEM has the superconvergence rate of O(N ~2¥ In? N) in the discrete Loo— norm.
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N [lu—uyn|] OC [lu—uyn|| OC [lu—uyn|| OC
k=1 =103 e=10"8 e=10""

8 3.4865E-03 - 3.4458E-03 - 3.4458E-03 -

16 7.5237E-04 2.2122 6.6559E-04 2.3721 6.6559E-04 2.3721
32 2.0253E-04 1.8932 1.3490E-04 2.3027 1.3489E-04 2.3027
64 6.4006E-05 1.6619 2.9184E-05 2.2086 2.9183E-05 2.2086
128 2.0976E-05 1.6094 6.6773E-06 2.1278 6.6770E-06 2.1278
256 6.7687E-06 1.6318 1.5878E-06 2.0722 1.5870E-06 2.0722
512 2.1322E-06 1.6664 3.8645E-07 2.0386 3.8640E-07 2.0387
k=2 =103 e=10"8 e=10"

8 3.3302E-04 - 2.4599E-04 - 2.4599E-04 -

16 8.2905E-05 2.0061 2.5566E-05 3.2663 2.5564E-05 3.2663
32 2.1210E-05 1.9666 2.7926E-06 3.1945 2.7916E-06 3.1945
64 4.7720E-06 2.1521 3.2018E-07 3.1246 3.2004E-07 3.1246
128 9.6960E-07 2.2991 3.8122E-08 3.0702 3.7969E-08 3.0702
256 1.8322E-07 2.4038 4.6567E-09 3.0332 4.6404E-09 3.0332
512 3.2833E-08 2.4803 5.7918E-10 3.0072 5.7554E-10 3.0072

k=3 =103 e=10"% e=107"Y
8 6.8044E-05 - 1.9436E-05 - 1.9436E-05 -
16 1.5612E-05 2.1237 &.6550E-07 4.4890 &.6447E-07 4.4907

32 2.6645E-06 2.5507 3.9305E-08 4.4607 3.9305E-08 4.4819
64 3.6607E-07 2.8637 2.0564E-09 4.2565 2.0543E-09 4.2564
128 4.3612E-08 3.0692 1.1347E-10 4.1797 1.1314E-10 4.1796
256 4.7155E-09 3.2092 6.7147E-12 4.0788 6.7102E-12 4.0784
512 4.7542E-10 3.3101 4.1147E-13 4.0284 4.1103E-13 4.0279

Table 2: The numerical errors in the || - || 2 norm and their orders of convergence for Example

Plotted in Figure [La] and Figure[Ib]are the errors in the norms |||u—un|||c, ||u —un|| and |Ju—un|| for
150 Example [[] with e = 1.0e — 10 on log-log scale using linear and quadratic element functions. It is observed
that the order of convergence in the |||u — uy|||c-norm is O((N~!1In N)*) verifying the theoretical results
developed in Theorem Figure [1| suggests that the proposed MWG-FEM has the order of convergence
O(N~*+D) in the discrete L2— norm and the super-convergence rate of O(N~2* In** N) in the discrete
Lo — norm.
In [27], some classes of S — type meshes have been introduced. Getting from the coarse mesh [0,1 — 7]
to the fine mesh [1 — 7., 1], a mesh-generating function has been used. Assume that ¢ : [1/2,1] — [In N, 0]
is strictly decreasing mesh-generating function. Let

(k+1)e

Such meshes are called S — type meshes. A mesh characterizing function 1 which is very closely related to
¢ is defined by
b= exp(~9) : [1/2,1] = [1/N,1].

In the present paper we have used the piecewise uniform Shishkin mesh and we have max |’ (x)| = O(In N). A
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log(Error)

N Ju—unllce LOC  flu—un[le LOC  Jlu—un[l-c LOC

k= e=10"3 e=10"8 e=10""°

8 9.8031E-03 - 9.7987E-03 - 9.7987E-03 -

16 4.5910E-03  1.8708 4.5910E-03 1.8698 4.5910E-03 1.8698
32 2.0510E-03 1.7153  2.0490E-03 1.7164  2.0490E-03 1.7164
64 7.9190E-04 1.8620 7.9157E-04 1.8618 27.9157E-04 1.8618
128 2.7995E-04 1.9292 2.7983E-04 1.9291 2.7983E-04 1.9291
256 9.3782E-05 1.9554 9.3681E-05 1.9554 9.3681E-05 1.9554
512 3.0089E-05 1.9746 3.0076E-05 1.9746 3.0077E-05 1.9746
k= e=10"73 e=10"% e=107"

8 1.2360E-03 - 1.2375E-03 - 1.2375E-03 -

16 2.8414E-04  3.6259 2.8425E-04  3.6279 2.8425E-04 3.6279
32 4.4170E-05  3.9604 4.4273E-05 3.9562 4.4273E-05 3.9562
64 6.1150E-06  3.8707 6.1404E-06 3.8672 6.1404E-06 3.8672
128 7.337T6E-07  3.9338 7.3838E-07  3.9298 7.3838E-07 3.9298
256 7.9744E-08  3.9658 7.3838E-07  3.9298 8.0538E-08 3.9593
512 8.0363E-09  3.9885 &8.2002E-09 3.9706 8.2002E-09 3.9706
k=3 e£=10"3 e=10"% e=10""

8 1.0987E-04 - 1.0951E-04 - 1.0951E-04 -

16 1.3301E-05  5.2075 1.3259E-05 5.2072 1.3259E-05 5.2072
32 8.7071E-07 5.8006 &.6903E-07 5.7979 8.6903E-07 5.7979
64 4.2563E-08  5.9087 4.2408E-08 5.9410 4.2408E-08 5.9410
128 1.7169E-09 5.9563 1.7105E-09 5.9569 1.7105E-09 5.9569
256 6.1328E-11 5.9836 6.1328E-11 5.9472  6.1328E-11 5.9472
512 1.9413E-12  6.0012 1.9428E-12  6.0011 1.9428E-12 6.0011

Table 3: The numerical errors in the || - ||oc norm and their orders of convergence for Example
10° \ ‘ 100
1001 1 10%r
1074
102 1 =
<]
T
g
104} —& uuyl, 1= —& uuyl,
= fluugll 108 = lu-ugll
Ilu-uyll, 2 [lu-uyll 2
106 F —Oo(N"mN)"y| 4 ——O(N"InN)?)
——O((N"In N)?) 10701 ——O((N""In N)*)
O(N?) )
1078 : : 1072 : :
10 1072 107! 10 10 1072 107!
log(N) log(N)

(a) Linear element (b) Quadratic element.

Figure 1: Convergence rates of three norms using Linear and Quadratic elements for Example [1| with e = 10710,
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S-mesh B-S mesh S-mesh B-S mesh S-mesh B-S mesh
102 2.3463E-02 9.6537E-03 6.6937E-04 8.2544E-05 1.9538E-05 5.9106E-07
10~%  2.3443E-02 9.6464E-03 6.6655E-04 8.2544E-05 1.9499E-05 5.9110E-07
107° 2.3441E-02 9.6456E-03 6.6655E-04 8.2533E-05 1.9499E-05 5.9108E-07
1076  2.3441E-02 9.6456E-03 6.6655E-04 8.2532E-05 1.9499E-05 5.9109E-07
1077  2.3441E-02 9.6456E-03 6.6655E-04 8.2532E-05 1.9499E-05 5.9109E-07
1078  2.3441E-02 9.6456E-03 6.6655E-04 8.2551E-05 1.9499E-05 5.9109E-07

Table 4: Errors in |||u — un|||e— norms on S- mesh and B-S mesh

popular and frequently used optimal mesh is the Bakhvalov-Shishkin (B-S) mesh where the mesh-characterizing
function

U(zx)=1-2(1—1t)(1—-1/N), max|¢/(z)] <2.

The mesh points are defined by

nH, for n=0,1,...,N/2-1

(k+1)e

1+ Tln(l -2(1-1/N)(1— %)), for n=N/2,...,N.

(80)

155 Some examples of S — type meshes can be found in details in [27].
In Table 4] we report the errors in the |||u — un|||c- norm for the MWG-FEM for the different values of
the parameter ¢ € {1073,107%,...,107%} with linear element functions (k = 1), quadratic element functions
(k = 2) and cubic element functions (k = 3) on the piecewise uniform Shishkin mesh defined by and
B-S mesh defined by using N = 256 elements. We see that the MWG-FEM is stable with higher order

1o elements with respect to the parameter € — 0.
Example 2. Consider the following variable convection coefficient convection-diffusion-reaction equation

—2u(z) + (3 — 2)u/(2) + u(z) = g(z), =z €9,

(81)

where the force function g is chosen such that the exact solution is

e—(l—:c)/a _ 6—1/5

u(z) =z — [EEp=VE

The history of convergence of MWG-FEM in the |||u—uy|||c — norm for different values of the perturbation
parameter is presented in Table [§| for Example 2] Plotted in Figure 28] and Figure 2D] are the errors in the
norms [||u — uy|||, [Ju —un|| and |Ju — un||s for Example 2] with ¢ = 1.0e — 10 on log-log scale using linear

and quadratic element functions. Again, these results match the theory we have developed in Theorem
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log(Error)

N e=10"° e=10"" e=10"8

k=1 Jlu—unl|l[e LOC |Jlu—un|[l LOC |[lu—unl|[c LOC
8 2.9230E-01 - 2.9230E-01 - 2.9230E-01 -

16 2.0494E-01 0.8756  2.0496E-01 0.8754 2.0496E-01 0.8754
32 1.3303E-01 0.9193 1.3307E-01 0.9190 1.3307E-01 0.9190
64 8.1686E-02 0.9548 8.1697E-02 0.9550 8.1697E-02 0.9550
128 4.8256E-02 0.9765 4.8257E-02 0.9767 4.8257TE-02 0.9767
256 2.7757E-02 0.9881 2.7758E-02 0.9882 2.7758E-02 0.9882
512 1.5667E-02 0.9939 1.5667E-02 0.9940 1.5667E-02 0.9940
k=2 |llu—unl|[c OC |[lu —unlll: OC |[lu —un|lle OC

8 8.7170E-02 - 8.7173E-02 - 8.7173E-02 -

16 4.3465E-02 1.7162 4.3465E-02 1.7163 4.3465E-02 1.7163
32 1.8324E-02 1.8377 1.8322E-02 1.8378 1.8322E-02 1.8378
64 6.8831E-03 1.9168 6.8826E-03 1.9167 6.8826E-03 1.9167
128 2.3935E-03 1.9597 2.3934E-03 1.9596 2.3934E-03 1.9597
256 7.9003E-04 1.9807 7.9002E-04 1.9807 7.9003E-04 1.9807
512 2.5132E-04 1.9906 2.5132E-04 1.9905 2.5132E-04 1.9905
k=3 |llu—unl|[c OC |[lu —unlll: OC |[lu —un|lle OC

8 2.6503E-02 - 2.6504E-02 - 2.6504E-02 -

16 9.4167E-03 2.5521 9.4169E-03 2.5521 9.4169E-03 2.5522
32 2.5824E-03 2.7526 2.5824E-03 2.7526 2.5824E-03 2.7527
64 5.9377E-04 2.8777  5.9377E-04 2.8777 5.9378E-04 2.8777
128 1.2154E-04 2.9429 1.2154E-04 2.9429 1.2156E-04 2.9426
256 2.3016E-05 2.9735 2.3016E-05 2.9735 2.3016E-05 2.9730
512 4.1260E-06 2.9874 4.1260E-06 2.9872 4.1260E-06 2.9874

Table 5: Errors in |||u — un|||e¢ — norms and their convergence rate for Example

— - [lu-ugl,
=3 lluugll
llu-ul, 2
—O(N"InN)?)
——O((N""In N)*¥)
o3

102 100
1021
100 1 1
1041
102} 1 =
o
W 106r
- 8
w0t il CU PR B I
=¥ lu-ugll 108
llu-ul, 2
108 —Oo(N"mN)"y| 4 0
——O((N"'In N)?) 10701
O(N?)
108 : : 10712
10 1072 107! 10 10

log(N)

(a) Linear element

1072

107!

log(N)

(b) Quadratic element.

Figure 2: Convergence rates of there norms of the Linear and Quadratic elements for Example with e=10"10,
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7.

Conclusion and future direction

In this paper, the MWG-FEM on the piecewise-uniform mesh is proposed and applied to the one dimensional

singularly perturbed convection-diffusion-reaction problem. In order to obtain the uniform error estimate,

special type of interpolation operator and a special stabilization parameter have been used in the proposed

method. We theoretically showed that the present method on the Shishkin mesh has optimal and parameter-

uniform convergent error bounds of order k in the energy norm. The numerical examples verify the theoretical

findings. Moreover, the numerical experiments indicate that the proposed method has the superconvergence

rates in the discrete Loo— norm. Similar error analysis can be carried out in the two dimensional singularly

perturbed convection-diffusion-reaction problems. The key step for establishing the optimal and paramater-

uniform convergent error estimates is a special interpolation operator which is uniformly convergent on the

tensor product of the 1 — d Shishkin mesh. This will be explored in the future work.
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