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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the centers of mathematical analysis in the sense of metric space and Banach fixed point theorem
(or Banach Contraction Principle), which have countless application fields such as classical functional analysis and various
branches of mathematics. Banach fixed point theorem has been one of the classic and most useful results of fixed point theory
which asserts that every mapping & on a complete metric space (Q, m) satisfying for all w,q € O

m(éw,Eq) < Am(w,q), where A€ (0,1) €))]

possesses a unique fixed point and for every w, € O, the sequence {é”wo} is convergent to this fixed point.
In the sequel the letters N and R, will emblematise the set of all natural numbers and the set of all positive real numbers,
respectively. We also consult Ny = N U {0}.
Firstly, in 2010, Chistyakov? acquainted a new generalized metric space, which is termed a modular metric space, hereinbelow.
Let O be anon-void set and v : (0, 0) X O X O — [0, oo] be a function; concisely, we express:

Vf (wv Q) =V (f’ w, Q)

forall# > 0 and w,q € Q.
Definition 1. ZLet Q be a non-void set. A function v : (0, c0) X QX Q — [0, o] is labelled as a metric modular on Q, provided
to following conditions hold: for all w, ¢, € O

(v;) forall# > 0v, (w,q) > 0if and only if w = q,
(v,) forallZ > 0v, (w,q) = v, (g, @),
(v3) forallZ,u>0v,,, (w,q) < v, (w,r)+v,(r.q).

If instead of (v, ), we have only the condition

TThis is an example for title footnote.
0Abbreviations: MbMS, modular b—metric space
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(vl’) v, (w,w) = 0forall £ > 0, then v is said to be a (metric) pseudo modular on Q.

For more details, it is refer to [2,3,4,5,6].
The notion of a b-metric space, which is more general in terms of triangle inequality from metric space, defined by Czerwik4
as noted below.

Definition 2. ¥ Let O be a non—empty set and 7 > 1 be a given real number. A function ¢ : Q X Q — R™ is a b—metric on Q
if, for all w, ¢, r € Q, the following aspects hold:

(0'1) c(w,q9) =0 w=gq,

(02) o(@.q)=0(q.®),

(03) c(w,r) <tlo(w,q)+0c(q,r)].

In this case, ¢ is a b—metric on Q and the pair (Q, o) is a b—metric space.

Although the ordinary metric function is continuous, the b—metric is not always. Also, obviously, for r = 1, b—metric function
reduces to ordinary metric function.

Very recently, Ege and Alaca” defined the modular h—metric space with some new concept and prove some fixed point
theorems for the new space, as indicated below.

Definition 3. »/ Let O be a non-empty set and let 7 > 1 be a real number. A map X : (0,c00) X Q@ X Q — [0, c0] is called a
modular b—metric, if the following statements hold for all w, q,r € O,

(Nl) N, (w,q)>0forall £ > Oif and only if w = ¢,

(Nz) N, (w,q) =N, (q,w) forall £ > 0,

(N3) Ny, (@,9) S TR, (w,1) + R, (r, )] forall £, u > 0.

Then, we say that (Q, ¥) ,(briefly Q) is a modular b—metric space, which denotes MbMS.

Note that the modular b—metric space is considered as a generalization of metric modular. In follow, we present some examples
of MbMS.

e Example 1.2 Consider the space

lj={(wn)cR:Z|mn|j<oo} 0<j<l,

n=1

£ € (0,00) and R, (w, q) = @ such that

1
[+ ) n
d(w,q>=<2|w,,—qn|’>, w=mw, q=q,€]
n=1

It could be easily seen that (Q, N) is a modular b—metric space.
e Example 2.9 Let (Q,N) be a modular b—metric space and let k > 1 be a real number.Take v, (@, q) = (Nf (w, q))T.
Using the convexity of & (f) = t* for t > 0, by Jensen inequality, we have
(a+pF <21 (a* + pF)
for non negative real numbers «, f. Thus, (Q, v) is a modular b—metric space with the constant 7 = k=1,

Now, lets we bring in some basic topological terms as N—convergent sequences, ¥—Cauchy sequences, X—complete spaces
and N—continuity of a function.

Definition 4. 5 Let (Q, N) be a modular b—metric space.
(i) The sequence (@,), _y in Oy is said to be N—convergent to @ € Qy, if X, (w,, @) — 0, as n — o forall £ > 0.

(ii) The sequence (wn)neN in Qy is said to be N—Cauchy, if X, (w,, @,,) = 0,as m,n — oo forall £ > 0.
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(iii) A modular b—metric space Qy is R—complete if each ¥—Cauchy sequence in Qy is ¥—convergent and its limit is in Qy.
(vi) A function & : (Q,R) — (Q,N) is called R—continuous if X, (éw,, éw) — 0, whenever X, (w,, @) — 0.

In 2015, Khojasteh et al.” presented a new control function and named as the simulation function to obtain the various fixed
point results that substantial in the literature.
Definition 5. 7 Let & : [0, 00) X [0, 0) — R be a mapping and the following statements hold:

(¢1) ¢(0,0)=0,
(62) ¢(@.p)<p—aforala,p>0,

(¢3) if {a,}, {B,} are sequences in (0, o0) such that lim @, = lim g, > 0and lim sup¢ (a,,B,) <O.

n—oo

Then ¢ is described as a simulation function and we symbolize the set of all simulation functions by Y.

Due to the axiom (gz), it is clear that for all @ > 0, ¢ (a, @) < 0.
Thereafter, we present some examples of the simulation function.

e Example 3.8 Let ¢; : [0,00) X [0,00) = R, i=1,2,3,4,5 be defined by
i gi(a,p)=w(f)—¢(a)foralla,p € [0, ), where v, ¢ : [0, 00) = [0, 00) are two continuous functions such that
V(@) =¢(a)=0ifand only if « =0 and y (@) < @ < ¢ (a) for all « > 0.

ii. §(a,p)=p- % for all @, § € [0, 00), where J, I : [0, 00) — (0, c0) are two continuous functions with respect
to each variable such that J (a, f) > I (a, p) forall a, f > 0.

iii. g (a,p)=p—-T(f)—aforall a, f € [0, ), whereI" : [0, c0) — [0, o) is a continuous functions I' (o) = 0 if and
only if a = 0.
iv. ¢4 (a, f) = pn(P) — a for all a, f € [0, ), where  : [0, c0) = [0, c0) is an upper semi-continuous mapping such

that 7 () < a for all @ > 0 and 7 (0) = 0.

V. ¢s(a, p) = f — f 0 (1)difor all a, f € [0, 00), where 6 : [0, 0) — [0, o) is a function such that, for each £ > 0,
0
[ 6 (di exists and [ 6 (1)d1 > e.
0 0

Then g; fori = 1,2, 3,4,5 are simulation functions.

Next, Khojasteh et al.” defined the concept of Y-contraction via simulation functions, as follows.
Definition 6. ' Let (Q, m) be a metric space, & is a self mapping on Q and ¢ € Y. Then ¢ is called a Y-contraction with respect
to ¢ if the following condition is satisfied

¢m(éw,&q),m(w,q)) >0 for all w,q € 0.

If we take A € [0, 1) and ¢ (a, f) = Af —a for all a, § € [0, 00) in the above definition, then we obtain the Banach contraction
mapping, that is, Banach contraction mapping is an example of Y-contraction mapping.
Now, we show some properties of Y-contractions defined on a metric space.

Remark 1. By the definition of simulation function that ¢ («, f) < O for all « > f > 0. Therefore, if £ is a Y-contraction with
respect to ¢ € Y then

m(Ew,sq) <m(w,q).

It implies that every Y-contraction mapping is contractive, hence it is continuous.

In 2017, Mongkolkeha et al.® modified the notion of a simulation function as follow:
Definition 7. ®Let ¢* : [0, 00) X (0, o] — R be a mapping such that it is called a simulation function with go > 1 real number,
if the following statements hold:

(s7) 0o =0.

(Gz*) ¢ (goa, p) < p— goa, for all @, f > 0,
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(g;‘) if {a,}, {B,} are sequences in (0, o) such that lim sup goa, = lim sup §, > 0 and a,, < B, for all n € N, then
lim sup ¢* (ga,, B,) <O.

Suzukil® asserted a new preconditions, which is celebrated as the Suzuki type contraction, and proved the fixed point theorem
with preconditions, as demonstrated below.

Theorem 1. 10 Let (Q, m) be a compact metric space and & : Q — Q be a mapping. Presume that, for all @, g € Q with @ # q,
the following statement holds:

1
Fm(w,éw) <m(w,q) = m(Cw.Lq) < m(w,q)
Then, & holds a unique fixed point in Q.

Furthermore various authors generalized Suzuki type contractions to other spaces. Kumam et al.!!' introduced the notion of
Suzuki type Y-contraction in the setting of metric spaces as follows.
Definition 8. "' Let (Q, m) be a metric space, & is self mapping in Q and ¢ € Y. Then & is named as Suzuki type Y —contraction
with respect to ¢, provided to satisfying the below condition.

%M(w,§W)<m(w,q) => ¢mw,éq),m(w,q) =0,
for all w, ¢ € O with w # q.

Next, in 2018, Padcharoen et al.l? presented the generalized Suzuki type contraction in a metric space as noted below.
Definition 9. "2 Let (Q, m) be a metric space, & be a self mapping on Q and ¢ € Y. Then ¢ is called a generalized Suzuki type
Y —contraction with respect to ¢, if the following condition is satisfied

%m(w,éw)<m(w,q) S  cmEw.Eq). M (w.q) >0,

for all w,q € Q, where

M (@, q) =maX{m(w,q),m(w,éw),m(q,gq)’ m(w’éq)er(q,&U)}'

2

Also, Antal and Gairola'? defined the generalized Suzuki type 6 — Y —contraction with respect to ¢ in a b—metric space.
Definition 10. 5 Let (Q, m) be a b—metric space with coefficient 7 > 1 and 6 : Q x Q — R be a function. A mapping
£ : O — Qs named as a generalized Suzuki type 6 — Y —contraction with respect to ¢, provided to following expression holds:

21—Tm(w,§W) <m(w,q) > ¢(*5 (@, qymEw,Eq), My (w,9)) 20

for all distinct w, g € Q, where

m(w,&q) + m(q,E{w)
2T ’

M'.;’ (w9 q) = max {m (w, q) ,m (w7 éw) ,m (q’ éq) s
In 2018, A. Fulga and E. Karapinar'# acquainted a new results on Y-contraction of Type Z, as follows.

Definition 11. 1% Let (Q, m) be a complete metric space and £ : Q — Q be a mapping such that it is called as Y—contraction
of Type Z with respect to ¢, if

c(m(éw,&q),Z(w,q)) >0 forall w,q € Q
where

Z(w,q) =m(w,q) + |m(w,Ew) —m(q,q9)|.
Theorem 2. " Let £ be a the Y—contraction of Type X with respect to ¢ defined on Q. Then & holds a fixed point in Q.

2. MAIN RESULTS

This section aims to establish a new contraction named as Suzuki type Z contraction via simulation functions in modular
b—metric space for four mappings and to present some common fixed point results related to these mappings.
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Definition 12. Let (Q, X) be a modular b—metric space with coefficient > 1 and let &, 72, J and I be self mappings in MbMS.
Then, we say that the mappings &, 72, J and I are Suzuki type X contraction with respect to ¢ if the following terms are provided:

% min (R, @, éw), N, (Jq,hq)) < max (R, [w, Jq),R, (¢w, hq))
implies
¢ (R, ¢w, hg),Z(w,9)) 20, )
where !
(@) =5 [Re U@ T + X, Tw,éw) =X, (Ja.ha)]
for all distinct w, ¢ € Oy and for all £ > 0.

Theorem 3. Let Oy be a R—complete MbMS with coefficient 7 > 1 and let &, 72, J and I be a Suzuki type X contraction with
respect to ¢ such that £ (Q) C J (Q) and 7 (Q) C I (Q). Suppose that one of the set &£ (Q),J (Q),7(Q) and I (Q) is closed
subset of Qy and that the pairs {J, 2} and {I,¢} are weakly compatible. Then, &, i, J and I possess a unique common fixed
point.

Proof. Let w € Oy be an arbitrary point in Qy and let choose a point @w; € Qy such that g, = {w, = Jw,. Since the range of
J contains the range of £, this can be done. Similarly, we choose a point w, € Oy such that ¢, = hw, = I'w, as R (Q) C I (0).
Continuing this manner, we construct a sequence {qn} in Oy such that

Gy =W, =Wy 5 Gopy1 = Ny = 1y,,.

Since, |
% min (Nf (Iw2n’ éngn) Ny (Jw2n+l’ hw,, )) <

max (Nf (Iw2n’ Jw2n+1) Ny, (ngn’ hw2n+1))
From li and (g,), we have
0< ¢ (7R, (Emy,, hwy,y,) . 2 (@ opy1))

3
<Z (g Doup1) = 7 Ry (§, hy1)
where
z (w2n’w2n+l) = le [Nf (Iwzm J“Uzn+1) + le (IWZn’§w2n) - R, (szn+1’ hw2”+1)”
“
= Tiz I:Nf (an—l’an) + |Nf (an—l’an) - Nf (‘hn’ q2n+l)” .
Consequently, by (3) and (@), we derive that
Ry (G2 G2nr1) S TRy (s G2ni1) < 2 (@ Do) - o)
By letting 77, = X, (43,1 4,) in (4) and . Thus, we have
1
Mont1 < Ty, < 2 (w2n’w2n+1) = ﬁ [n2n + |n2n - 7I2n+1|] . (6)
If we decide on #,,, < #,,,,, then we obtain
Manst S Tonet < M-
It is a contradiction. Hence, we conclude that #,,,; < #,, such that
1
z (w2n’w2n+l) ) [2'72n - ’72n+1] : )

So, {’Izn} = {Nf (qz,,_] , q2n>} is non-decreasing sequence of non negative real numbers. Thence, there exists » > 0 such that
lim #,, = r for all # > 0. It is necessary to prove that r = 0. Conversely, presume that r > 0.
n—oo

There are two situations that need to be discussed.
Case 1: If 7 > 1, taking the limit as n — oo in (7) and (5)), we gain

1
r{<tr<—r,
2
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which is a contradiction.
Case 2: If 7 = 1, then we have

¢ (7R (qom Gons1) » = (T @1 )) 2 0.
If we puta, = N, (qZM, q2n+1) and f, = X (mzn, w2”+1), then limsupza, = limsup f, = r > O and &, < f, is satisfying.

n—0oo0 h—0o0

Accordingly, from <g3*>, we get
0 <limsup¢* (7 a,,B,) <O,

n—oo

which is a contradiction. Because of that, we conclude that » = 0, that is, for all # > 0

Nf (qzn_17 CIzn) - 0 s (n d 00) . (8)
Now, in next step, we show that {g,, } is a R—Cauchy sequence. It is enough to show that { g,, } is a X—Cauchy sequence. Assert
the contrary, then given € > 0 such that there exist two sequences {mk} and {nk} of positive integer satisfying n;, > m;, > k
such that n; is smallest index for which
N, (Go,@2n,) 2 € and R, (@352, o) <& forall £> 0. ©)
Using (9), we obtain
€< Nf (quk’ ank) < TN; (quk’ q2nk+l) + TN; (q2nk+l’ q2nk) .
We take the limsup in above k — oo and by using (8], we get
lim supR, (qyy, - Gan41) = =, for all £> 0. (10)
n—oo T

From (N3), we have
R, (Gom, 15 92m,) < TN% (Gom,—15Gom, ) + TzNg (%om, » Don,—2)

+T3N§ (q2nk—2’q2”k—1) + TSNE (qznk—l’qz"k) ’

Again, we take the limsup in above k — oo and by use of (§) and (9), we procure

lim sup X, (42mk_1’q2nk) <7’ , forall £>0. (11)
k—o0

From (@) and @), we can perceive a positive integer n; € N such that

2_11 min (R, (1@, @y, ) s Rp (J @y i1, hy, 1)) < S max [R, (T, J@y, 1)

N, (§w2mk’ thnk+l)] :
So, from the inequality (2) and (g, ), we obtain

0< ¢ (7R, (Emap s hwy, 1) » T (Do s oy 11))

(12)
<X (w2mk’ wan+1) -, (§W2mk’ hw2nk+1) )
where 1
z (mek’Wan+l) == [Nf (1w2mk’ sznk+1) + 'Nf (IWka’§w2mk) -R, (JWan+l’hw2nk+l)':|
(13)
= Tiz [NK (q2mk—l’q2nk) + |NK (quk—l’quk) -N, <q2nk’q2nk+l)|] .
If we take the limsup as k — oo in (T3] and by using (TT)), we get
llIkIl Supz (w2mk’ w2nk+l) = lllkll sup {T_lz [NK (quk—l’ ank)] }
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Finally, if we take the limsup as k — oo in (I2) and by using (I0) and (I4), we have

0< lifcn sup [¢ (7 Ry (E@p, hwyy 1) T (T, @y 11))]

< lim sup [Z (w2mk7w2nk+l) -, (quk’ q2nk+l>]

k—o00

<limsupX (w2mk’w2nk+1) - li}gi;}f [z R, (quk’ q2nk+1)]

k—o0

<e—-715£=0
T

which is a consistency. Thereupon {qz,,} is a N—Cauchy sequence. Thus, {qn} is a N—Cauchy sequence in Qy. As Oy is
N—complete MbMS, there exists z € Qy such that
lim g, = z. (15)

n—oo

Now, we shall prove that z is common fixed point of &, /2, J and I. Firstly, we show that z is fixed point for the maps & and I.
It is clear that

lim g,, = lim §éw,, = lim Jw,,,, =z
nh—o0 n—oo n—00

lim ¢,,,, = lim hw,,, | = lim Iw,,,, = z.
h—oo h—oo n—0o0

Assume that 1 (QN) is closed subset of Oy, there exists u € Qy such that z = Su. We claim that &u = z. Let it is not. Then, since

Z_IT min {R, (T, £u) R, (Jwy, 1 hyy )} < max (R, (Tu, Jwyy,y) Ry (6 by, )}

implies
0<c¢ (TNf (fu, hwan) , 2 (u, w2n+1))

<X (Ll, w2n+1) - TNf (éu, hw2n+l) ’
where
2 (0, wy,0) = é [N{ (Tu, Jw,,,) + ‘Nf (Tu,u) =R (S, hwz’““)H

= ,Lz [Nf (Z’ ‘12n) + |Nf (z,8u) — N, (%w‘hnﬂ)” .
If we take the limit as n — oo in above, we get

h—o0

0 < lim X (4, w,,,,) — lim 8, (éu, hw,,,,) = izxf (z,&u) — T, (z,&u) < 0,
n—oo T

a contradiction as 7 > 1. Hence éu = z. Therefore éu = ITu = z. Because the mappings & and I have weakly compatibility
property, we have £z = Elu = [éu = 1z.
Next we assert that £z = z. If not, then, as

1.
7 min {Nf Iz,82),N, (Jw2n+1,hw2n+1)} < max {N/ (Iz, Jw2n+1) N, (éz, hw2n+1)}

implies
0<¢ (X, (62, hwy,y) 2 (2, @50 ))

<X (Z, ’(UZ,H_]) - TNf (éz’ hw2n+l) ’
where
2 (z. @) = fiz [Nf (Iz,Jw,,,,) + |Nf (I2,62) = R (S, hwz“”)H

= ,_12 [Nf (Iz, 42n) + |Nf Iz,8z) =N, (an’q2n+l>” .
If we take the limit as n — oo in above, we get

0 < lim 2 (z, @y, ) — lim ™8, (£z, Ay, ) = lzxf (Iz,z)—R,(Iz,2) <0
n—o0o T

h— 00

a contradiction with ¢ > 1. Therefore £z = z.
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The next step is to show that z is also fixed point for the mappings 7 and J. As & (Q&) cJ (QN), there exist some v in Qy
such that éz = Jv. Then éz = Jv = [z = z. We claim that v = z. If hv # z then, since

1.
5 min (R, (Uz,E2),8, (Ju,éw,,, )} <max {R, Iz, Jv),R, (z,hv)}

implies
0 < ¢ (7N, (¢z,hv), 2 (z,v))

< X(z,v) — 1N, (£z, hv),

where .
T(z,0) == [N, (Iz,Jv)+ R, (Iz,E2) = R, (Ju, ho)||

= i [N, (Iz,2) + |X, (Iz,2) = R, (z, hv)|] .
If we take the limit as n — oo in above, we obtain

0 < lim X(z,0) = lim 78, ({z, hv) = %Nf (z,hv) = TR, (2, hv) <0,
n—oo n—oco T

a contradiction with = > 1. Then z = &v. Hence, v = Jv = z. By using weak compatibility of the mappings 7 and J we get
hz=hJv=JJv=Jz.
Finally, we claim that Az = z. If iz # z, then, because

L min {8, Jz,£2),8,(Jz,E2)} <max {N,(Iz,Jz2),R, (éz,hz)}
2t

then
0 <¢ (R, (£z,hz),2(z2))

<2(z,z) — X, (€z, hz),

where |
L(z,2)= 5 [N, Tz, J2) + R, (Iz,£2) = R, (Jz, hz)|]

= = [R, (hz,2) + |R, (T2, 2) = R, (hz, hz)]]
By taking limit as n — oo in above, we get

0 < lim X(z,z) — lim 78, (§z,hz) = %Nf (z,hz) =N, (2,hz) <0
n—oo n—oo T

a contradiction with = > 1. Hence, £z = hz = Iz = Jz = z. Similar analysis is valid for the case in which J (QN) is closed, as
well as for the cases in which & (Qy) or 72 (Qy) is closed, as & (Qy) € J (Qy) and 71 (Qy) € I (Oy).
Lastly, we shall show that z is a unique fixed point. If it is not, then there exists a z # psuch that p = &p = Aip = Jp = Ip.
Because !
0= > min (X, (Iz,&2), R, (Jp,hp)) < max (R, (Iz,Jp), N, (éz,hp)).

Then, from (2)), we have
O S g (T N{ (§Z, hp) s Z(Z9 p))

(16)
<Z(z,p) -7t R, (z,hp),
where q
X(z,p) = =) [N, Iz, Ip)+ R, (Iz,£2) = R, (hp, I p)]| . 17
So, from (I6) and (16}, we conclude that
1
R, (z,p) < 7R, (z,p) <X(z,p) = ;Nf (z.p),
is a contradiction. Then z = p is a unique common fixed point of &, 7, J and I. [

Now, we present some consequences, which immediately attain from our fundamental result.

Corollary 1. If we take £ (w,q) = N, (Jw,Jq) + [R, @, éw) — R, (J¢, hg)| in Theorem then, we say that &, 72, J and I
hold a common fixed point uniquely determined in Q.
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Corollary 2. Let Oy be a X—complete modular b—metric space with coefficient 7 > 1 and let £ and % be self mappings in
MDbMS. If there exists a simulation function ¢ € Y such that

S min (R, (@,6), %, (¢, 70) <X, (@)
implies
¢ (t R, (¢w, hg),Z(w,9)) >0, (18)
where
X(w,q) = % [N, (@, 9) + [N, (@, &m) — R, (g, hg)||
for all distinct @, g € Qy and for all # > 0. Then, we say that £ and 7 hold a unique common fixed point in Qy.

Corollary 3. If we take X (w, q) = N, (w,q) + |Nf (w,¢w) — N, (g, hq)| in Corollary [2| then, we say that £ and 7 have a
unique common fixed point in Qy.

If we take & = 7 in Corollary [2] then we obtain the following result.

Corollary 4. Let O, be a N—complete modular b—metric space with coefficient 7 > 1 and let £ be self mappings. If there
exists a simulation function ¢ € v such that

Z%NK (w,éw) <N, (w,q)
implies
¢ (N, (¢w.&q).2(w.q)) >0, (19)
where

1
X(w,q) = = [N, (@, 9) + [N, (@, w) - R, (g.£9)|] -
for all distinct @, g € Qy and for all £ > 0. Then, £ holds a fixed point which is uniquely determined in Qy.

Corollary 5. If we take X (w, q) = X, (w, q) + |Nf (w,éw) — N, (q, 5q)| in Corollary then, £ holds a unique fixed point in
Oy

3. APPLICATION TO GRAPH THEORY

Let Oy be a X—complete modular b—metric space with 7 > 1 and let define: Q = {(w,w) : @ € Q}, which denotes the
diagonal of the Cartesian product Qy X QOy. Likewise, K be a directed graph such that the set V (K) of its vertices coincides
with Qy, and the set E (K) of its edges contains all loops such that Q C E (K). The pair (V (K), E (K)) could be expressed as
the graph K.

The graph K~!, which obtained from K by reversing the direction of the edges, is conversion of a graph K such that

E(K™")={(w.q9) €0y X0y (. ®) €EK)}.

Define by K is the undirected graph obtained from K by ignoring the direction of the edges and it is clever to treat K as a
directed graph since the set of its edges is symmetric. Under this convention, we have

E(K)=EXK)UE(K™).

Let H be a subgraph of a graph K such that V(H) C V (K) and E(H) C E (K). If @w and ¢ be vertices in a graph K, then
a path from @ to g of length j € N is a sequence (wj), which has j + 1 distinct vertices such that w = @, w,, ..., w; and
(@, w) EEXK)fori=1,..., ;.

Remind that if there is a path between any two vertices, then K is connected. Furthermore, K is weakly connected if K is
connected. Let K, be the component of K which consists of all edges and vertices contained in some path in K beginning at @.
Suppose that K is such that E (K) is symmetric; then V (K) = [w]g where [w]g denotes the equivalence class of relations R
defined on V (K) by the rule ¢Rr if there is a path in K from ¢ to r.

Definition 13. Let (Q, d) be a metric space, and & : Q — Q be a self-mapping on Q. Then ¢ is called a Banach K—contraction
if the followings hold:

(i) & preserves edges of K, that is, for all w,q € Q
(w,9) €eE(K) = ({w,i9) €EK),
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(ii) ¢ decreases weights of edges of K: there exists 4 € (0, 1) such that
d(¢w,iq) < Ad (w,q)
for all (w, q) € E (K).
Definition 14. The triple (QN, N, K) is regular if
(i) For any sequence () in Qy with w;, - pand (w,, w,,,) € E(K) forallw € N, then (w,, w) € E(K) forall k € N.
(i) For any sequence (w,) in Qy with @, — pand (w,,, w,) € E(K)forall w € N, then (w, w, ) € E(K) forall k € N.
Let Oy be a modular b—metric space endowed with a graph K and &, : Oy = Q. We set:
0 ={we Oy |(w.éw)€EK)} and Q& ={we Oyl|(w, hw)€EK)}.
Now, we will give a new contraction and a fixed point theorem by using the graph structure.
Definition 15. Let (Q, N) be a modular b—metric space endowed with the graph K. Assume that the following conditions hold:
(1) &, n preserves edges of K, that is, for all @ € Oy
(w.,fw)€EK) = (fw,hiw)e E(K)

and
(w,hw) e E(K) = (hw,thw)e E(K),

(i1) there exists a simulation function ¢ € Y and 7 > 1 such that
S min (R, (@, 69).8, (3.h)) <X, (@, @)
implies
¢ (X, ¢w.hg) . X(w.q)) 20, (20)
where {
2(@.9) = = [N (@.9) + R (@, £m) =R, (g, h)|
for all w, q € E (K) and for all £ > 0.

Then the pair (&, 72) is named a Suzuki Type Xy graphic contraction via simulation function.

Theorem 4. Let Oy be a N—complete modular b—metric space endowed with the graph K and £,7 : Qy — Oy be self-
mappings. Assume that the following conditions hold:

(i) there exists w, € Qi,
(i) the pair (&, 7) is a Suzuki Type X graphic contraction via simulation function,
(iii) & or h are continuous, or
(iv) the triple (Qy, N, K) is regular,
(v) K is weakly connected.
Then, & or 7 hold a unique common fixed point in Qy.
Proof. Let w,, € Q5. Thus (w,, éw,) € E(K). From (i), we get
(wo. éwy) €EE(K) = (éwy, héw,) € E(K).
If we indicate @, = £w,, then we have (w,, hw,) € E (K). Again, from (i), we get
(w;,hw) eEK) = (hw, éhw) €EK).

Indicating @, = A, this also gives (w,, éw,) € E(K).
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Continuing this way, we determine a sequence {wn}neN by

Wyyyp = Wy, and @y, = Ewy,

such that (wz,,, w2n+1) e E(K).
Then, from Theorem we have that {wn} is a X—Cauchy sequence in Q. Because Qy, is a N—complete, there exists z € Oy
such that
lim w, = z. 21

n—00

Now, we demonstrate that z is a common fixed point of & or /2. Suppose that the condition (ii7) holds. It is easy to show that z
is a common fixed point. Then, we presume that the condition (iv) holds. We allow @ = z € Qy° and ¢ = ,,,; € Oy" in
condition (iv), then we have

(z, w2n+1) € E(K) foralln>0.
It is true that:
|
5, mimn (R (2,62) Ry (i1, hy1)) SR (2,001 ) -
Again, similar with the proof of Theorem 3] we obtain z is a common fixed point of & or A.

Finally, we show that z is a unique common fixed point. On the contrary, we suppose that v is the another common fixed point
with z # v such that v = Tv = Sv. Then, there exists y € Oy such that (z, u) € E(K) and (4, v) € E (K). Using (v), we get
that (u, v) € E (K). Also,

0= % min {X, (z,£2), R, (v, A0)} <R, (z,0).
So, using the similar procedure as in the proof of Theorem [3] we determine that z is a unique common fixed point of & or 7 in
Oy- O

4. APPLICATION TO HOMOTOPY THEORY

Initially, we establish a corollary, which is an analysis of Theorem [3]

Corollary 6. Let Oy be a N—complete modular b—metric space with > 1 and let & be a self mapping. If, for all w,q € Oy
and for all £ > 0, the following statement hold:

TN, (Ew,éq) L k(Z(w,q)), forallke][0,1), (22)

where 1
Z(w,9) = 5- [N (@,9) + R, (@, E@) - R, (g.£9)]|
Then, & holds a unique fixed point in Qy.

Proof. Let w, € Oy be an arbitrary point and we generate a sequence {wn} by w, = ¢w,_| = {"w,, for all w € Q. Then,
from 22} we have

N, (wn,wn+1) =N, (.fwn_l,fwn) <N, (fwn_l,éw”) <k (E (wn_l,w,,)) 23)
where

z (wn—l’wn) = TLz [sz (wn—l’wn) + ‘NK (wn—l’fwn—l) - Nf (wn?fwn>

|

= % [Nf (wn—l’wn) + |Nz,” (wn—l’wn) - Nt’ (wn’wn+l)|] .

We suppose that X, (wn_l, wn) <N, (w,,, wn+1). Then, we get

k
N, (wn,wn+1) < ZNK (wn’wl’l+l) .
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k . . . .
Because - € (0, 1), we obtain an inconsistency. Thus, we have the other case, that is, X, (@, @,11) <X, (w,_,,) . So,

from @I),Twe get )
Nf (wn’wnﬂ) < 2% [ZNK (wn—]’wn) - Nf (wn’wnﬂ)]

< ];CNK (wn—]’wn)
2
< (é) R, (@, @)

k n
< (;) R, (wp. @)
If we take the limit as » — oo in above, we conclude that, for all Z > 0,

lim R, (w,,@,,,) = 0. (24)

n—00

Now, we show that {wn} is a N—Cauchy sequence.
For m > n and m, n € N, we have

N, (wn,wm) < TNg (wn,wnH) + T2N§ (wn+1,wn+2) + T3N§ (wn+2,w,,+3) +..

So, without loss a generality, we obtain that

N, (w,, w,) < T<§>n;~zf (wo, @) +12<§>

n+1 A k n+2
N, (wo,wl) +7 (;) N, (wo,wl) + ..

<t(4)R (mpm) [1+k+K2+ ]

T
Again, by taking limit as n,m — oo in above, then we get that {wn} is a X—Cauchy sequence. Because Oy is a N—complete
modular b—metric space, there exists z € Qy such that

lim w, = z. 25)
n—oo

Now, we shall prove that z is a fixed point of &, that is, z = £z. We suppose that z # £z. Then, from @]) we have
™R, (wn,fz) =N, (cfw,,_l,fz)

<k(2(w,_,.2))

=k [Nf (w,1,2) + |Nf (,_1.6w,_1) — N, (2, SZ)H
So, for n — o0, we get .
N, (z,¢6z) < ;Nf (z,€z)

which is a contradiction. Then, z is a fixed point of &.
Finally, for uniqueness, we suppose that v is a another fixed point, that is, £v = v such that z # v. Again, from 22] we obtain

TNf (Zs U) = TNZ (éz’ 511) < k (Z (Z’ U))

=k [N, (z.0) + |, (2, €2) = R, (v, €v)|] -
So, we decide on that .
Nf (Z, U) S _Nf (Z7 U) s
T

is a contradiction. Then z = v is a unique fixed point of &. [

Now, we have the main result in this section.

respectively. Let the operator H : R X [0, 1] — Oy, be satisfying the following conditions.

Theorem 5. Let Oy be a ¥—complete modular b—metric space with ¢ > 1 and P, R be an open and closed subset of Qy,

(a) w # H (w,1) forevery w € R\P and: € [0, 1).
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(b) Forall w,q € Rand 1,k € [0, 1), we have
™R, (H (w,1),H (q,1) < k(Z(w,q)

where, .
(@.q) = 3= [N (@.9) + [N, (@, H (@,0) =X, (0. H (4. D)]]

(c) There is a continuous function y : [0, 1] — R such that

R, (H(w,1), H(w,1) < [y (1) —w ()]
forall 1,* € [0,1) and Vw € R.

Then, H (-, 0) holds a fixed point < H (-, 1) holds a fixed point.

Proof. Define the following set
A={1€[0,1] : w=H (w,1) for some w € P}.
(=) Presume that H (-, 0) holds a fixed point. Then A is nonempty, that is, 0 € A. We will show that A is both open and closed
in [0, 1] and hence, by connectedness, we have that A = [0, 1]. As a result, H (-, 1) holds a fixed point in P.
We first show that A is closed in [0, 1]. Let {1,1}:0:1 € Awithi, - 1 €[0,1] as n = oo. tis necessary to show that: € A.
Because 1, € A for n = 1,2,3, ..., there exists w, € P with w, = H (w,.1,). Also forn,m € {1,2,3,...}, we have

N, (wn’wm) =N, (H (wn’ln) H (wm”m)>

<N/,
2

(H ('w,,, ln) ,H (wn,lm)) + TNEK (H (wn,lm) ,H (wm,lm)) ,

where R, (H (w,,1,)  H (@5 1,)) < k(2 (@, @,,))

= % [Nf (@, @,)+ |Nf (w,. H (wn,lm)) -N, (wm,H (mm,lm))”

= L[N, (@, @,) + R, (H (w,.1,) . H (w,.1,,))] -

So, we obtain that

R, (@, @,) < ’II/ (1) —w (lm)| + 2% [Nz (w,.,) + —'W(’");W('”)l]

R (@, m,) < (222 ) |w (1) = w (1)]-

Then, if we use the convergence of {1,} _ with n,m — oo, we get lim R, (w,,w,,) = 0. It means {w, } is R—Cauchy

n,m— 0o

sequence in Qy. As Oy is N—complete, there exists w* € R such that

lim R, (w*,w,) =0.

Since
N, (w,,,H(w*,z)) =N, (H (w,,,t,,) , H (™, l))
< rNg (H (wn,zn) ,H (w,,,l)) + rNg (H (wn,z) ,H(w*,l)) ,
where . .
TN% (H (wn,l) ,H (w ,z)) < kX (wn,w )
= £ [N (w0 0) e (71 (,0) = e 0 2 @0
Then, we get

N, (wn,H(w*,l)) < |1// (ln) - l//(l)' + Z—kTNf (wn,w*) .

Letting n — oo the above, we obtain lim N, (mn, H (w*, l)) = 0 and hence

Nbﬂ (w*,H(w*al)) = hm Nf (’(Un,H (wn’l)) = 0
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It implies that w* = H (w*, 1). Since (a) is hold, we have w* € P. Thus: € A and A is closed in [0, 1] .
Next we show that A is open in [0, 1]. Let 1, € A. Then there exists @, € P with w, = H (@, ). Because P is open, then

there exists r > 0 such that By (wo, r) C P in Qy. Considering € = % > 0 with k € [0,1) and 7 > 1, then there exists
9 (¢) > 0 such that |u/ O (10)| <eforall1 € (1p— 9 (), 19+ 9 (€)) because y is continuous on 1.
Leti € (19— 9(€),19+ 9 (¢)), for p € By (wo,r) = {w €0y : N, (w, m) < r}, we obtain

N, (H (w,l),mo) =N, (H (w,1),H (wo, lo))

<N

[STRN

(H (w, 1), H (w,lo)) + TNg (H (w,lo) H (’(D'O,lo)) R

where
™, (H (w, 10) ,H ('wo, lo)) < kX (w, wo)

< £ |8 (mom) + R (@7 (w010)) =R (w0, 7 (w010)) |

= 2k_‘r [N, (@, @) + R, (H (@), H (w.1))] -
Finally, we combine the above inequalities, we get

R, (H (w,1), @) < )W(l) -y (’0)| + % [Nf (w. ) + —lW(')_:'('“)l]
= (1 + 2%) |u/(l) -v (zo)| + inf (w, )

k k
<(1+5)e+£r

IA
<

and H (w,1) € By (wo, r). Therefore

H(-,1) : By (wo,r) — By (wo,r)
for every fixed : € (10 —-9(),1p+ 9 (5)). We can now apply to Corollary@to deduce that H (-, 1) holds fixed point in R. But it
must be in P since (a) is true. So (lo -9(@),1p+9 (s)) C A and thus we conclude that A is open in [0, 1] . O

5. CONCLUSIONS

Consequently, in this study we extended and improved the result of Karapinar and Fulga'# in the setting of modular h—metric
space by using Suzuki type contraction for four mappings. As well as, we proved that Banach contraction endowed with Type
Z holds in the same space and showed that it can be applied to homotopy theory. Also, we advanced the main results to graph
structure. On the other hand, if we choose 7 = 1 in modular b-metric space, then the above results valid for modular metric
space, too.
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