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ABSTRACT. The aim of this work is to prove analytically the existence of symmetric periodic
solutions of the family of Hamiltonian systems with Hamiltonian function H(q1, g2, p1,p2) = %(q% +
pi)+ %(q% +p3)+a qi +b qig3 +c g5 with three real parameters a, b and c¢. Moreover, we characterize
the stability of these periodic solutions as function of the parameters. Also, we find a first-order
analytical approach of these symmetric periodic solutions.

We emphasize that these families of periodic solutions are different from those that exist in the
literature.

1. INTRODUCTION

We consider the family of Hamiltonian systems in two degrees of freedom associated to the
Hamiltonian function

(1) H(q1,q2,p1,p2,€) = Ho(q1,q2,p1,p2) + €H1(q1, q2),
where
1 1
(2) Ho(q1,92,p1,p2) = §(Q% +p7) + 5(@% +1p3),
is the sum of two harmonic oscillators in 1:1 resonance and
(3) Hi(q1,q¢2) = a qi +b 15 + ¢ g5,

is a quartic perturbation where a, b, ¢ are real parameters. Thus, the Hamiltonian system to study
has the form

(4)

@1 =pr1, P2 = — q1 — e(daq} + 2bq1q3),
q1 = p2, P2 = — q2 — €(2bq7qa + 4cg3).

According to the literature the Hamiltonian (1) has practical importance. In fact, it is related
with galactic dynamics which is one of the most significant Astrophysics branches, see details in [5]
and references therein. The dynamics of galaxies has been studied in several works under different
points of view such as regular and chaotic behaviours. For example, Caranicolas [2] says that (1)
may be considered to represent the potential field on the plane of symmetry of the central parts
of a nonrotating triaxial galaxy. On the other hand, it has as physical application the modelling
of the quasi-homogeneous core of a galaxy whose mass distribution presents two axes of symmetry
(see [1],[2],[4] and [13]) or the classical counterpart of a symmetric molecule.
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As it is known, for € = 0 all the solutions of the integrable system (4) are 27-periodic in ¢. If
we now consider € as a small positive parameter, we are interested in finding the conditions on
the parameters a,b and ¢ for which some solution of the perturbed system (4) can be continued
using the symmetries of the problem. It is very well known see for example [10] and [11] that it is
impossible to get periodic solutions as continuation (by Poincaré’s method) of one periodic solution
of the unperturbed problem, since the rank of the periodicity equation is far from maximal (fourth)
in cartesian coordinates, in order to apply the Implicit Function Theorem.

The existence of periodic solutions of this model was studied, for example, in [6] where they con-
sidered the case ¢ = 0. Moreover, in [7] the case ¢ # 0 was studied. In both works the authors find
at the most four families of periodic solutions for each positive energy level using according some
restrictions on the parameters. They use the Averaging Method of First Order and convenient gen-
eralized polar coordinates. We point out that the families of periodic solutions in Theorem 4.1 and
Theorem 4.2 (see Appendix) in [6] and [7], respectively, are parameterized by only one parameter,
namely, €. Furthermore, according to the Averaging Theory used by them, these solutions have pe-
riod close to 27. On the other hand, the authors do not give information about the type of stability.

In this work we find families of symmetric T-periodic solutions using symmetries of the problem
and the Continuation Poincaré Method where the period of the solutions found is 7' = 27 + O(e)
and the reversibility symmetry is given by S1 : (q1,92,p1,p2) — (q1,—q2,—p1,p2). The re-
sults obtained for the reversibility symmetry S; are also valid for the reversibility symmetry

SQ = (Ch, QQaplap2) — (_(ha q2,P1, _p2) applying a rotation at angle 77/2-

Our result for Si-symmetric periodic solutions is the following.

Theorem 1.1. For the Hamiltonian system (4) associated to the Hamiltonian function (1) the
following statements hold:

(a) Ifa =0 and b # 0 then for AL and € sufficiently small, there exists a family of S1-symmetric
periodic solutions p(t, 2 AL, €) parametrized by AL and e with initial condition

= (V2VAL + h + 0(62),0,0,0 + O(2)),
of the form

(t,z20, AL, €) =V2VAL + hcost 4+ O(€?),
(t, 21, AL, €) =0 + O(?),
p1(t, 2V AL, €) =V2VAL + hsint + O(e?),
(t,z0, AL, €) =0 + O(€?),

and this family is linearly stable.
() If c =0 and b # 0 then for AL and € sufficiently small, there exists a family of S1-symmetric
periodic solutions p(t, 2 AL, €) parametrized by AL and e with initial condition

2 = (0+0(6)),0,0,V2VAL + 1 + O(e)),
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of the form

ql(t,z ,AL,€) 0+O(€2),

(©) @2 (t, 2P, AL, €) =V2VAL + hsint + O(),
p1(t, 2®) AL, €) =0 + O(?),
pa(t, 2, AL, €) =V2VAL + hcost + O(é?),

and this family is linearly stable.

(c) If b* = 36ac, b(b — 6¢) > 0, and c # 0, then for AL and e sufficiently small, there exists two
families of S1-symmetric periodic solutions ¢(t, 2 AL, €) parametrized by AL and € with initial
condition

2V = <2f U0 4 0(c2),0,0, 7L OO GPEEAL 4 (e ))

6¢c—b (b—6¢)2

are of the form

q(t, 2 AL, €) =23 cost —

6c—b ~3e

2
go(t, 2D, AL €) = T sgn(c)V2 Msmt 4v/26° |¢| (h + AL)”
\/bb 6¢)3(h + AL)

h+ AL 202 (c(h+ AL)\/?
pi(t, 2V AL €) = —2V3 Msint—e (C( + )> (3cos2t + 1) sint + O(€?),

) 3/2
c(h+ AL) 4b (C(h + AL)) sin® ¢ cost + O(e?),

(7)
sin® t + O(€?),

6c—b V3¢ 6c—b
pa(t, 2, AL, €) = F V2sgn(c) M ost Fe 6v207 [e] (h + AL)” sint sin 2t + O(€?)
R b—6 Voo — 6¢)3(h + AL) ‘

These families of periodic solutions are unstable.

The proof of this theorem can be found in Section 3.

It is important to call the attention that if we consider the Hamiltonian system with Hamiltonian
function as

1 1 .
§(q§ +p}) + 5((15 +p3) +ela gl +baigs + ¢ q3) + H*(q.p e),

where H*(q,p, €) = O(e?), our theorems are also valid imposing that H* has the symmetry S; or
Ss. If now we consider the Hamiltonian system with Hamiltonian function written as

(8) H((ZLQQaplva,E) =

1 1
5((1% +pi) + 5(61% +p3) +adqi+baig +c g,

we can introduce the small parameter € by a e 2-symplectic change of variables given by ¢ =
€qi, pi = €p; such that the Hamiltonian (9) assumes the form

9) H(q1,q2,p1,p2) =

1
(g5 +p3)+e¥(aqt+baics +cay),

1
~(¢; +p}) + 5

(10) H(q1,q2,p1,p2,€) = 5
and our results are also valid.

This paper is organised as follows. In Section 2 we describe the symplectic variables which will
be used to show in a better way the symmetries of the problem and we write the Hamiltonian
(1) at these coordinates. We give a characterization and approximation of the symmetric periodic
solutions and their initial conditions and we show how to study the stability of these solutions. We
prove Theorem 1.1 in Section 3. We show the existence of four Si-symmetric periodic solutions
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using variables (11) and (15) and the Poincaré Continuation Method. We study the stability of
each solution found and we characterize these solutions in cartesian coordinates. In Section 4 we
show results about periodic solution of the system (4) given by other authors and we compare
their results with ours. We give a better approximation of the periodic solution given in [7] using
Averaging Theory. In order to make the paper self-contained, we include the Appendix 5.1 where
we have the main results about Averaging Theory and in Appendix 5.2 we have an approximation
of the solutions via Averaging Theory.

2. PRELIMINARY AND STATEMENTS OF THE MAIN RESULTS

Before giving the demonstration of our main results we are going to describe the main ingredients
in order to apply conveniently the Poincaré continuation method.

2.1. Symplectic variables. To facilitate the procedure, we use a type of symplectic variables

(L7 Q7

[, P) as in [9], where the authors construct these variables such that the unperturbed Hamiltonian
in (2) in the new coordinates depends only on L. They make a particularization for the 1 : 1 : 1
resonance of the construction of local symplectic maps for resonant Hamiltonian systems with n
degrees of freedom (see [3]; [8]). For our work, we use these symplectic variables in two degrees of
freedom given by

(11) q1 = \/2L — P2 — Q2 cosl, g2 = Qcosl — Psinl,
p1 = /2L — P2 — Q2sinl, py = Pcosl+ @Qsinl,

where L > 0,2L > Q% + P? and 0 < [ < 27. In variables (11) the Hamiltonian (1) assumes the
form

(12) H(L,Q.1, P) = Ho(L) + €M1 (L, Q. 1, P),
where Hg read as
(13) Ho(L) =L,
and
H\(L,Q,1, P) =H1(L,Q,1, P)
(14) —a (2L — P? = Q%)* cos* 1 + b (2L — P? — Q%) (Q cosl — Psinl)? cos® I+
c(Qcosl — Psinl)*,

It is important to call the attention that the variables (11) are not defined when ¢} 4+ p? = 0 and so
in order to study all phase spaces is that we introduce other symplectic variables through a rotation
at an angle 7/2 so, we define the coordinates (L, @, [, P) of the form

(15) q1 = Qcosl — Psinl, G2 = /2L — P2 — Q2 cosl,
p1 = Pcosl+ @Qsinl, p2 = /2L — P2 — (Q2sin|,
where L > 0,2L > Q2 + P?,0 < | < 27. Note that they are not defined when ¢3 + p3 = 0 but

they are in ¢7 + p? = 0 which was what we wanted. Now the Hamiltonian (1) in coordinates (15)
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assumes the form (12), but in this case the perturbing function H; reads as
HP(L,Q,1, P) =H1(L,Q,1, P)
(16) =a(Qcosl — Psinl)* +b (2L - P2 Q2) (Qcosl — Psinl)? cos® I—
c (2L - P?— Q2)2 cos? 1.

We will denote by ¢(t, z,€) = (q1(t, z,€), q2(t, z,€), p1(t, 2, €), p2(t, z, €)) the solution of the Hamil-
tonian system (4) and initial condition z and when € = 0 we use the notation @,s.(¢, z) = (q1(t, 2),
q2(t, z),p1(t, 2), p2(t, 2)). On the other hand, we will denote by 1 (t, Z,€) = (L(t, Z,¢€), Q(t, Z, ¢€),
I(t,Z,¢e), P(t, Z,€)) the solution of the Hamiltonian system associated to the Hamiltonian (12) with
initial condition Z and when € = 0, we will write Yose(t, Z) = (L(t, Z), Q(t, Z),1(t, Z), P(t, Z)).

2.2. Characterization and approximation of the symmetric periodic solutions. Initially
we need to characterize the symmetric periodic solution as in cartesian coordinates as Lissajous
variables. Next, it becomes necessary to characterize “good” initial conditions that allow us to
generate periodic symmetric solutions of the complete Hamiltonian system. Then, we get a good

approximation of the solutions of the Hamiltonian system (4) in the symplectic coordinates (11) or
(15).

We start observing that the Hamiltonian function (1) is invariant under the reflections

(17) St (q1,92,p1,p2) = (@1, —q2, —p1,p2) and S2: (q1,q2,p1,P2) = (—q1, G2, 1, —P2)-
There are two important consequences about Hamiltonian systems invariants under reflections:

(i) If ©(t,q1,q2,p1,p2) = (q1(t),q2(t),p1(t),p2(t)) is a solution of an Hamiltonian system in-
variant under Sy and Ss, then Sy o o(—t, q1,q2,p1,p2) = (q1(—t), —q2(—t), —p1(—t), p2(—t))
and S 0 ¢(—t,q1,q2,p1,p2) = (—q1(—1), g2(—1), p1(—t), —p2(—t)) are also solutions.

(ii) Given the set of the fixed points of the symmetry Si, namely, £1 = {(¢1,0,0,p2);q1,p2 €
R} (resp. for the symmetry So, namely, Lo = {(0,q¢2,p1,0);q2,p1 € R}), if we con-
sider an initial condition (qi1,qe,p1,p2) € L1 such that ¢©(T/2,q1,q2,p1,p2) € L1 (resp.
o(T/2,q1,q2,p1,p2) € L2), then the solution will be T-periodic and Si-symmetric (resp.
Sy-symmetric).

One important property of the variables (11) and (15) is that they allow us to characterize the
symmetries more easily than the cartesian coordinates. In variables (11) as in (15) the Hamiltonian
(1) assumes the form (12) where H;(L,Q,!, P) was described in (14) and (16), respectively. For
the following arguments we can assume that Hj is an arbitrary function.

In our approach we are going to study only the case of the symmetry S; because the other case is
similar. The first step is to consider a 2mw-periodic solution of the unperturbed Hamiltonian system
(i.e., associated to the Hamiltonian Hj) in cartesian coordinates denoted by ¢,s(t, 20), such that
its initial condition has the symmetry, that is,

0) (0) (0) (0
(18) zOZ(Q£ )7Qé)7pg)7pg )):(Q170707P2)€[’1'
As during this approach we are working with the variables (11) and (15), we need to characterize
the symmetric initial conditions (i.e., the points on £1) in these variables.

Lemma 2.1. i) In symplectic variables (11), an orbit hits L1 at timet = T/2 if (T /2) = 0(mod ),

and Q(T/2) = 0. This set will be denoted by Egl).
it) In symplectic variables (15), an orbit hits Ly at time t = T/2 if I(T/2) = S (mod ) and

Q(T/2) = 0. This set will be denoted by EgQ).



In variables (11) and (15) we will denote the periodic solution of the Hamiltonian system asso-
ciated to Ho(L) by Yos(t, Z; (g )) with the convenient initial condition

(19> Z(l) (L07Q07ZO7P0) (L070707P0) € ﬁgl)a
in the case j = 1, and in variables (15)
(20) 2 = (Lo, Qo,lo, Po) = (Lo, 0,7/2, Py) € £,

for j = 2. For instance Ly and P, are arbitrary.

The second step is to perturb or modify the initial condition. In cartesian coordinates this means
that we perturbed the initial conditions only in the directions of ¢; and po, such that the perturb
initial condition remains at £;. For this purpose we will take a small perturbation of the initial
condition Z(()j ) in a convenient way such that it still lies in the set of symmetry Egj ). We will do
this by considering

(21) ZW = (Lo 4+ AL,0,0, Py + AP)
when we work with variables (11) and
(22) Z® = (Lo + AL,0,7/2, Py + AP),

when we consider the variables (15).

For any type of variables (11) or (15), we will take the initial condition Z) and we denote the
solution of the complete Hamiltonian system (12) as
(23) w(t, 29, ) = (L(t, 29,€),Q(t, 29, 0),1(t, 2, ¢), P(t, 29 ),
with

L(t, ZD ¢) =LO (¢, 29)) 4 eLW (¢, 29)) + O(€?),

Qt.2 ,e) =Q(t,29) + QW (t, 2Y) + O(e*),

( )

( )

(24) 1(t, 29, 6) =10(t, 2D) + D (1, 29)) + O(?),

P(t, 7 =PO(t, Zz0)) 4 ePW(t, ZU)) + O(?).

,6
,6

The third step is to get the approximation at first order in € of the solution (¢, Z(()j ), €). In any
case,

(25)  wos(t, Z0) = (LO(t, Z9)), QO (1, 2), 101, 2), PO(t, Zz9))) = 2 + (0,0, —t,0).

Using variational equations we obtain that the expressions for L (¢, 20)), QW (¢, 20)), 1V (¢, 2(9))
and P (t, ZU)) are given by

‘ (4)
L0, 20 = / O (pos(r, 29))ar,
0

QM (t, 2V)) = (%s( 0)))dr,
(26) ’ (4)
o Z(j)):_/ 5”1 (os(r, Z0))dr
Y 0 8L oS bl )
8?—[(J)

PO, Z0)) = L (4o (7, Z9)))dr

oaQ



2.3. Study of the stability. The fourth step is the study of stability of the periodic solutions.
So, in order to calculate the characteristic multipliers associated one fixed Si-symmetric T-periodic
solution, we take the local cross

S ={(L.Q,l,P):1=0,H = Lo},

let us X = (X1, X2) = (Q, P) be the coordinates in 3 and we consider Z = (Lo, Qo+ X1, lo, Po+X2),
where ¥,5(t, (Lo, Qo + X1,1o, Py + X2)) is a solution of the Hamiltonian system associated to Hg
with initial condition (Lo, Qo+ X1, lo, Po+ X2) at the level Hg = L = Lg. Let us define the Poincaré
map P : ¥ — ¥ as follows

P(X,e) =(Q(1,Z,¢), P(1,Z,¢))

where 7 = 27 + O(e) is the time of first return. So considering the approximation of the solutions
given in (24), we have that

P(X,e) = (X1, Py + X») +e( i gﬁ ((t, Z))dt, — ng‘w(t,Z))dt) + O(e?)
- (Xl +€ OT g?;(w(t,Z))dt +0(€%), Py 4+ Xo — ¢ OT gg(w(t,Z))dt + 0(8)) .

Expanding in Taylor series around e = 0, we obtain that the Poincaré map is given by

(27)
27 27
P(X,e) = <X1 e BH O (Wonlt, )it + O(), Po+ Xz — ¢ OH
0 0o 0Q

Differentiating P with respect to X = (X1, X2), we arrive to

L eodr (o7 SR Wast. Z0at)  e5%s (Jo™ GE (oot Z))at)
—eot (57 GEWos (. 2))t) 1= e (S5 G5 (Vos(t, Z))dt )

wwuz»w+o<>>

DxP(X,e) = +0(é),

or equivalently,

(28) DxP(X,e) = I+ 2meA + O(é?),
where
O*Hy
1= (5% >X '
and
. 1 21
(29) Hi(X) = 5 Hi(tos(7, (Lo, Qo + X1, lo, Po + X2)))dr,
0

is the averaged Hamiltonian associated to H1. Therefore, the characteristic multipliers of the fixed
periodic solution 1 (t, Z) are given by

(30) 1,1,1 4 2med; + O(e?), 1 + 2meds + O(€?),

where A1 and Ao are the eigenvalues of the matrix A.
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3. PROOF OF THEOREM 1.1

To prove our theorem, we consider the Hamiltonian system (4) with Hamiltonian function as in
(1) and we make a symplectic change of variables (11), so, the Hamiltonian function assumes the
form (12) with H; as in (14) and the Hamiltonian system is given by

L =e [—2b(—2L + P? + Q*)(Psinl — Q cos)(P cosl + @sinl) cos® I+
4e(Psinl — Qcosl)®>(Pcosl + Qsinl) — 4a(—2L + P? + Q*)?sinl cos® I+
b(—2L + P? + @*)(Qcosl — Psinl)?sin21]

Q =€ [4aP(—2L + P? + Q%) cos* | + 2b(—2L + P? + Q*)(Q cosl — Psinl)sinlcos® |-
2bP(Q cosl — Psinl)? cos® I + 4c(Psinl — Qcosl)?’] sin,

[=—1+e¢ [4a(—2L + P% 4+ Q%) cos*l — 2b(Q cosl — Psinl)? cos? 1,

P =— 2 [2aQ(—2L + P? 4+ Q?*) cos® 1 4+ b(—2L + P? + Q*)(Psinl — Qcosl) cos® | —

bQ(Q cosl — Psinl)? cosl 4 2¢(Q cosl — Psinl)?’] cosl.

(31)

In order to get an approximation of the initial conditions and a approximations of Si-symmetric
periodic solutions of the Hamiltonian system (31), we consider a perturbed initial condition in two
directions (two coordinates) of the form

20 = (Ly+ AL,0,0, Py + AP) € L1,

Using the expression of H; in (14) we get

(1)
82% =2b(Q cosl — Psinl)? cos® | — 4a(—2L + P% 4+ Q?) cos 1,
ony
8612 =2 [2@@ cos® | (—2L + P? 4+ QQ) +bcos?l (—2L + P2+ Q2) (Psinl — Qcosl)—
bQ cosl(Q cosl — Psinl)? 4 2¢(Q cosl — Psinl)3] cosl,
ony
8[1 = —4a(—2L + P?> 4+ Q?*)*sinl cos® | + bsin 21 (—2L + P? 4 QQ) (Qcosl — Psinl)*—

2b cos? | (—2L + P? 4 QQ) (Psinl — Qcosl)(Pcosl+ Qsinl)—
4¢(Qcosl — Psinl)3(Pcosl + Qsinl),
oY
oP

=4aP(—2L + P? + Q%) cos 1 + 2b(—2L + P? + Q?)(Q cosl — Psinl)sinl cos? |-

2bP(Qcosl — Psinl)? cos® | + dc(Psinl — Q cosl)® sinl,
8



and after some manipulations it follows that equations (26) assumes the form
1
LW, zM) = - 5 (Po+ AP)? [-2b(Lo + AL) + (Py + AP)*(b + 2¢)] sin* t+
1
3 (2(Lo + AL) — (Py+ AP)?) [a (4(Lo + AL) — 2(Py + AP)?) —
b(Py+ AP)?] (1 —cost),

)
(Po+ AP)[—2a(Lo + AL)(12t 4 8sin 2t + sin 4t)+

o =

QW(t,21V) =
a(Py + AP)?(12t + 8sin 2t 4 sin 4t) — b(Lo + AL)(sin 4t — 4t)+

b(Py + AP)?(sindt — 4t) + ¢(Py + AP)?(12t — 8sin 2t + sin4t)]

1W(t, zW) == (12t + 8sin 2t + sin4t) ((Py + AP)* — 2(Lo + AL)) +

| I8

(Py + AP)*(sin 4t — 4t),

(@)

PU(t, ZzW) =—b(Py + AP) ((Py + AP)? — 2(Lg + AL)) (1 — cos* t) — ¢(Py + AP)?sin’ t.

N | = =

Considering (24), we obtain that the approximation of the solution with initial condition Zél) in
the first order is given by

L(t, ZM €) =Lo + AL 4+ eLW (¢, ZW) + O(€?),
Q(t, 2W, ) =eQW(t, 2 + O(?),

1(t, 2V, e) = —t + el V(t, ZW) + O(€?),
P(t,ZM €) =P, + AP + ePM (¢, Z1) + O(e?),

, €

(32)

Next, since we are we looking for Sj-symmetric periodic solutions in coordinates (11), according
to Lemma 2.1, the following two periodicity equations (32) must satisfy

1
~Q(T/2,AL, AP,¢) =QU(T/2,Z) + O(e) = 0,
€
(33)  UT/2,AL,AP,e)=—-T/2+ é {a(6T + 8sinT +sin2T) ((Py + AP)* — 2(Lo + AL)) +
b
§(P0 + AP)*(sin 2T — 2T)} + O(*) =0.
Since, we want to avoid degeneration in the rank (this will be clear later), we introduce the “time”
as a dependent variable, the system (33) must be modified, so the periodicity system (the system
that characterizes the symmetric periodic solution but with period not necessarily of fixed period
27) assumes the form
1
fi(r, AL, AP;¢) :g(PO + AP) (—a(127 + 8sin 27 + sin4r) (2(Lo + AL) — (P + AP)?) —
b(sindr — 47) (AL — (Py + AP)? + Lo) +
(34) ¢(Py + AP)*(127 — 8sin 27 + sin4r)) + O(e),
folr, AL, AP,€) = — 7 + % (b(Py + AP)2(sin4r — 47)—

2a(127 + 8sin 27 + sin4r) (2(Lo + AL) — (Py + AP)?)) + O(€?).
9



At this point we are going to consider as independent variables the pair (7, AP), that is;, AL and
€ are the other variables, and Py and Ly are parameters. In order to apply the Implicit Function
Theorem, we need to solve the system

1
f1(m,0,0,0) =57 Py (=6aLo + 3aP§ +bLo — bP§ + 3c¢Py) =0,
(35)

1
f2(7,0,0,0) = = 7 (12aLo — 6aFg + bP) = 0.

The solutions of this system are

(1) Po(l) =0, whenever a =0,

N op@2) b
(36) (11) Py” = —+/2Lg 713 ——, whenever P >0
(4i7) =/2Lg — 6 whenever - 6c

Moreover differentiating the system (34) with respect to (¢, AP) and evaluating in each Py given
n (3 )andT—w,AL—O AP = 0,e = 0, we have that

(37) a(f1, f2) _ < 0 bhpr >
8(7—’ AP) T=7r,AL=O,AP=O,e=O,P=P(§1) -1 0 ’
4v2b2eLy?  [b(b—6¢)®  mhLo(b—6c)
(38) M = B 3(b—6c)03 c2 060 ,
a(r,AP) r=m,AL=0,AP=0,e=0,P=P}? -1 0
4v262eLy?  [b(b—6¢)®  mbLo(b—6c)
(30) a(f1, f2) — | “Sp-e® 2 %o ,
o(r, AP) r=m,AL=0,AP=0,e=0,P=P." -1 0

and their respective determinants are 5 Lob for the matrix (37) and %i_ﬁc) for the matrix (38) and

(39). Therefore, we are in position to apply the Implicit Function Theorem to the functions (f1, f2)
. Thus, assuming the existence of the points Py in (36) for each fixed Ly > 0, and that the previous
determinants are non null, we arrive that for each of these points there is a unique differentiable
function AP(AL,¢) and 7(AL,¢) for AL and e sufficiently small, such that AP(0,0) = 0 and
7(0,0) = 7 and the system (fi(7(AL,e), AL,AP(AL,¢),€), fo(T(AL,€e), AL,AP(AL,¢€)e)) = (0,0)
is satisfied. Therefore, we have found three 27 (AL, €)-periodic symmetric solutions with period close
to 2m.

In order to obtain the approximation of the three families of Si-symmetric periodic solutions in
the variables (11), it is enough to substitute the values of Po(l), Pé2) and P(§3) in (32).

The next step is to compute the characteristic multiplier of each solution found, we will follow

M

the idea given in Section 2, so for P = F

A 0
_<—§bL0 0 >

whose eigenvalues are :I:%\/gbLo. Thus, the characteristic multipliers for this solution are

n (36), we have that the matrix A is given by

1,1,1 + €iv/3wbLo + O(€?),1 — €iv/3wbLo + O(e?) + O(€?).
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For P0(2) and PO(?’) given in (36), we have that the matrix A assumes the form

0 b(b—6¢) Lo
A= 6beL Ge )
b—tc 0

whose eigenvalues are +bLg. Thus, the characteristic multipliers for these solutions are

1,1,1 + e2wbLo + O(€?),1 — e2nbLgy + O(€?).

Finally to obtain the characterization of S1-symmetric periodic solutions up to order € in cartesian
coordinates we recall that

qu(t) =v/2L(t) = P(t)? = Q(t)? cosl(t), qz(t)
pi(t) =v/2L(t) = P(1)? = Q(t)?sinl(t), pa(1)

Q(t) cosl(t) — P(t)sinl(t),
P(t)cosl(t) + Qsinl(t),

and using (32) for each point P(gj ), we arrive to the description of the periodic solution as in (5) for
j=1and as in (7) for j = 2, 3, respectively. Moreover, solution (5) es linearly stable and solutions
(7) are unstable. Therefore we have proved item (a) and (c) of the theorem.
In order to prove item (b) of our theorem, we consider the Hamiltonian system associated to
(12) with H; like in (16) written by
L =e (=2b(—2L + P* + Q*)(Psinl — Qcosl)(P cosl + Qsinl) cos® [+
bsin 21(—2L 4+ P? + Q*)(Qcosl — Psinl)? — 4esinlcos® I(—2L + P? + Q?)*+
4a(Psinl — Qcosl)®*(Pcosl + Q sinl)) ,
Q =¢ (2b(—2L + P* + Q*)(Qcosl — Psinl)sinlcos® | — 2bP(Q cosl — Psinl)? cos? I+
4eP(—2L + P? + @*) cos* | + 4a(Psinl — Qcosl)’sinl) ,
l=—1+e¢ (4c(—2L + P* + Q*) cos™ | — 2b(Q cos | — Psinl)? cos® 1) ,
P=—2€ (2a(Q cosl — Psinl)? 4 b(—2L + P? + Q*)(Psinl — Qcosl) cos? I—
bQ(Q cosl — Psinl)? cosl + 2cQ(—2L + P? + Q%) cos® 1) cosl,

(40)

Now, in order to get an approximation of the initial conditions and a approximations of periodic
Sp-symmetric solutions of the perturbed Hamiltonian system (31), we consider a perturbed initial
condition in two directions (two coordinates) of the form

7) _ (LO +AL,0, g,PO n AP) er?.

Using the expression of H; in (16) we get

oH?
8[1/ =2b(Q cosl — Psinl)? cos® 1 — 4c¢ (—2L + P+ Q2) costl,
37‘[(2)
8612 =4a(Qcosl — Psinl)®cosl — 2b (—2L + P? + Q%) (Qcosl — Psinl) cos® I—

20Q(Q cosl — Psinl)? cos® I + 4cQ (—2L + P? + Qz) cost [,
11



(2)
oy " _ _ 2b (2L + P? + Q*) (Psinl — Qcosl)(Pcosl + @Qsinl) cos® ]

ol
—4a(Qcosl — Psinl)*(Pcosl + Qsinl) + b (2L + P? + Q) (Q cosl — Psinl)*sin 2/
de (=2L 4 P2 + Q%) sinl cos? [,
on?
61; =4a(Psinl — Qcosl)*sinl + 2b (2L + P* + Q?) (Q cosl — Psinl) sinl cos® |-

20P(Q cosl — Psinl)? cos? | + 4¢P (—2L +P? + QQ) cost [,

and after some manipulations it follows that equations (26) assume the form

LW, 23 == (Py + AP)? [(2a + b)(Py + AP)* — 2b(Lo + AL)] (1 — cos* t)—
(2(Lo + AL) — (P + AP)?) (4e(Lo + AL) — (b+ 2¢)(Py + AP)?),

QW(t,2P) == (AP + Py) [a(AP + Py)*(12t + 8sin 2t + sindt) — b(AL + Lo)(sin 4t — 4t)+

(AP + Py)?(sindt — 4t) — 2¢(AL + Lo) (12t — 8sin 2t + sin 4t)+
c(AP + Pp)*(12t — 8sin 2t + sin4t)]

D¢, 7)) :%6 [B(AP + Py)2(sin 4 — 4t) + 2¢(12t — 8sin 2t + sin4) (AP + Py)? — 2(AL + Lo))] ,

PO, 2Py = — a(AP + Py)? (cos*t — 1) — %b(AP + Py) (AP + Py)* — 2(AL + Lo)) sin* .

2) 5y

Considering (24), we obtain that the approximation of the solution with initial condition Z;
the first order is given by

L(t,ZP ¢) LQ+AL+6L(1)(t Z3) +0(e),
Q(t, 2%,e) =QW(t, 2?) + O(),

“ 1(t, 2?3 ¢) = t+el( )(t, 2P + O(),
P(t, 2% ) =P, + AP + ePP(t,2)) + O(e?).

In order to have a S;-symmetric periodic solution in coordinates (15), according to Lemma 2.1, the
following two periodicity equations must satisfy

ZQ(T/2, AL, AP, ¢) =QM(T/2, Z?)) + O(e) = 0,

(42) (12, AL, AP, ¢) -2 -3 £ <= [b(AP + Py)*(sin2T — 27)~

2c(6T —8sinT +sin27) (2AL — (AP + Py)* + 2Lo)]| + O(€%) =0,

Since, we want to avoid degeneration in the rank (this will be clear later), we introduce the “time”

as a dependent variable, the system (42) must be modified, so the periodicity system (the system

that characterizes the symmetric periodic solution but with period not necessarily of fixed period
12



27) assumes the form

Fi(r. AL, AP, ¢) :é(AP 1 Py) (a(AP + Py)*(12r + 8sin 27 + sindr)—
(127 — 8sin 27 + sindr) (2AL — (AP + Py)? + 2Lg) —
(43) b(sindr — 47) (AL — (AP + Py)* + Lg)) + O(e),
faolr, AL, AP, ) zg T 1% [B(AP + Py)*(sindr — 47)—

2c(127 — 8sin 27 + sin4r) (2AL — (AP + Py)* + 2Lg)]| + O(é?).

At this point we are going to consider as independent variables the pair (7, AP), that is, AL and
€ are the other variables, and Fy and Ly are parameters. In order to apply the Implicit Function
Theorem, we need to solve the system

1
f1(7,0,0,0) =57 Py (3aF + bLo — bP§ — 6cLo + 3Fg) = 0,
(44)

1
fa(m,0,0,0) =75 (—4mbP5 — 24mc (2L — P§)) = 0.

The solutions of this system are

(i) P0(4) =0, whenever ¢ =0,

N p(B) b
(45) (i1) Py’ = V2L 6a’ whenever — > 0,
L p(6) b
(i17) Py~ =2/ Lo P whenever P

Moreover, differentiating the system (43) with respect to (7, AP) and evaluating in each Py given
n (45) and 7 =7, AL = 0, AP = 0,¢e = 0, we have that

(46) o, QU ) _ ( 0 Ohor )
N7, AP) |- AL=0,AP=0,c=0,P=P" -10 7
(47) O L) _ [ et g
o(r,AP) r=m,AL=0,AP=0,e=0,P=P_" -1 0
ws UL uNTINE TR
8(7-’ AP) T:W’AL:(LAPZO,E:O,P:PéG) _1 0
and their respective determinants are 7 Lob for the matrix (46) and w for the matrix (47) and

(48). Therefore, we are in position to apply the Implicit Function Theorem to the functions (f1, f2)
. Thus, assuming the existence of the points Py in (45) for each fixed Ly > 0, and that the previous
determinants are non null, we arrive that for each of these points there is a unique differentiable
function AP(AL,¢e) and 7(AL,¢) for AL and e sufficiently small, such that AP(0,0) = 0 and
7(0,0) = 7 and the system (f1(7(AL,e), AL,AP(AL,¢),¢), fo(T(AL,€e), AL,AP(AL,¢)e)) = (0,0)
is satisfied. Therefore, we have found three 27 (AL, €)-periodic symmetric solutions with period close
to 2m.
13



Finally to obtain the characterization of S1-symmetric periodic solutions up to order € in cartesian
coordinates we recall that

q1(t) = Q(t) cosl(t) — P(t)sinl(t), q2(t) = \/2L(t) — P(t)2 — Q(t)2 cos(t),
p1(t) = P(t)cosl(t) + Q(t)sinl(t), p2(t) = \/2L(t) — P(t)2 — Q(t)%sinl(t),

and using (41) for each point pY ), in (45) we arrive to the characterization of the periodic solution
(6) for j = 4. For j = 5,6 we obtain the same solution than for j = 2,3 for the relationship that
exists between (11) and (15). Remembering the domain of both coordinates and that we can obtain
(15) be applying a rotation at an angle of 7/2 to (15). Therefore we just need to study the stability
of the new found solution. In order to compute the characteristic multiplier of this solution, we

will follow the same idea of Section 2.3, so for P = P0(4) in (45), we have that the matrix A is given

by
(oo
A‘(—gbLo 0 >

whose eigenvalues are i%\/ﬁbLo. Thus, the characteristic multipliers for the solution are given by

1,1,1 + €iv/3wbLo + O(e?),1 — €iv/3mbLo + O(e?) + O(€?).
so the Theorem 1.1 is proved. ]

Remark 1. We point out that the families of periodic solutions in Theorem 1.1 are parameterized
by two parameters, namely, AL and €. Also, note that the family of periodic solution given in items
(a) and (b) are stable (linearly) and the two families given in item (c) are unstable.

4. CONCLUDING REMARKS

The existence of periodic solutions of this model was studied in [6] in the case ¢ = 0 and in [7]
for ¢ # 0. In these articles the authors use the Averaging Method of First Order and convenient
generalized polar coordinates (q1, g2, p1,p2) — (1,0, p, @) given by

(49) g1 =rcosf, p;p=rsinfd, g =pcos(a+0), py=psin(a+0).

Their main results about periodic orbits is summarized as follows. The first one is for ¢ = 0 and
the main result is as follows an can be found in [6].

Theorem 4.1. For € sufficiently small in every level H = h > 0 the perturbed Hamiltonian system
has four periodic solutions bifurcating from the periodic orbits of the unperturbed Hamiltonian sys-
tem, as follows:

(a) It has at least four periodic orbits if b(b —a) > 0, (b —a)(b—2a) > 0, b(b—3a) > 0 a

(b —6a)(b—3a) > 0. These come from r* = 4/ hba, =4/ Zia and o = 0; r* = Tw
pr =/ aa)andoz —TFT—\/Tba, b:f; and o = ;1" = /2L p* b(bbfs)

3
U

and o* 73'
27
(b) It has two periodic orbits if either b(b —a) > 0 and (b —a)(b—2a) > 0, or hb(b — 3a) > 0
and h(b— 6a)(b— 3a) > 0. These come from r* = |/ p* = W and o* = 0; 7* = |/ 2L
pt = b(l;:ia) and o =7 orr* = %, pr = 7b(bb:§;) and o = 5; r* \/ , P b(bb ff)
and o* = —7%

27
For ¢ # 0 the main result is as follows an can be found in [7].
14



Theorem 4.2. For e sufficiently small in every level H = h > 0 the perturbed Hamiltonian sys-
tem has four periodic solutions bifurcating from the periodic orbits of the unperturbed Hamiltonian

system, as follows:
(a) The first one comes from the periodic orbit v* =0 and p* = v/2h with e = 0 if 18 —2| <1
and (b —6¢)(b—2c) # 0.
(b) The second one comes from the periodic orbit r* = \/2h and p* = 0 with € = 0 if % -2l <1
and (6a — b)(2a — b) # 0.
)

(c The third one comes from the periodic orbit r* = 4/ 3(20;%}(: and p* =4/ ésa;?;c with € = 0

if g2t >0, L0 S 0 and b(6a — b)(2c — b)(3a — b+ 3c) # 0.
(d) The fourth one comes from the periodic orbit r* = 4/ 30 bi)f and p* = 4/ Za bic with e = 0
if e 50, 22D 5 0 and b(2a — b)(b— 2¢)(a — b+ ¢) #0.

We emphasize that the families of periodic solutions in Theorems 4.1 and 4.2 are parametrized
by only one parameter, namely, €. Furthermore, according to the Average Theory used by them,
these solutions have period close to 2.

In order to compare the periodic solutions given in [6] and [7] and that are stated in Theorems
4.1 and 4.2, respectively, with the periodic Si-symmetric found solutions by us and stated in
Theorem 1.1, is that we proceed to approximate in first order all solutions in a common coordinate
system, namely, cartesian coordinates. It is also important to mention that we must first look at
the conditions on the parameters for the existence of the solutions found, in each of the theorems
mentioned.

According to the regions of existence of the periodic solutions on the parameters a, b, c we have
the following: For the existence of the periodic solution given in item (a) of Theorem 4.2, they
need that ¢ # 0. Also, for € = 0 this is a periodic orbit of the harmonic oscillator contained in
the plane (¢1,p1). Taking into account the above conditions, this solution cannot coincide with the
periodic Si1-symmetric solution given in item (b) of Theorem 1.1 . Analogously to the above, for
the existence of the periodic solution given in item (b) of Theorem 4.2, they need that a # 0. Also,
for e = 0 this is a periodic orbit of the harmonic oscillator contained in the plane (ga,p2). Taking
into account the above conditions, this solution cannot coincide with the periodic Si-symmetric
solution given in item (a) of Theorem 1.1. For the third solution given in Theorem 4.2, they have
that the region of existence of the solution intersects with that given in item (c) of Theorem 1.1,
therefore we proceed to compare the analytical approaches of the solutions up to first order.

The periodic solution of Theorems 4.1 and 4.2 according to Averaging Theory are of the form

q1(t) =r*cost + O(e), qa(t) = p*sin(t + ™) + O(e),

(50) p1(t) =7r*sint + O(e), pa2(t) = p* cos(t + ™) + O(e).

Since we want to compare the solutions obtained in [7], it is necessary to obtain an approximation
in epsilon order with greater precision. For this purpose, we will use the results of Appendix 5.2
that consist essentially in obtaining an approximation in order € of the initial condition and the
periodic solution obtain by Averaging Theory. For which we will consider that the system (4) in
coordinates (49) assumes the form

7 = — 2resinf cos (2(17"2 cos® 0 4 bg? cos? (o + 9)),
(51) p = — 2pesin(a + 0) cos(a + 0) (br? cos® 6 + 2¢p® cos®(a + 0))

0 =—1—2ecos®0 (2ar? cos® O + bp* cos®(a + 0))
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& =2¢ (2ar? cos® § + beos? 0 (p* — %) cos®(a + 0) — 2¢p? cos* (o + 0))
which verifies that

(52) H= (p +r ) +e (ar4 cos® 6 4 bp?r? cos? 6 cos®(a + 0) + cp* cost(a + 9)),

l\.’)\r—l

is a first integral. Now, considering 6 as the new dependent variable and setting the energy level
h > 0, solving the equation H(r, p,0,«) = h for p we obtain a new system in variables (r,«) and
2m-periodic in 6,

7’ :eFo(l)(H, r,a) + €FP(0,r, a) + O(e%),

(53)
o =eFP(0,1,0) + EFP(0,1,0) + O(),
where
FO(1 (0,7, ) =2rsin 6 cos b (2ar cos’0+b (2h —r ) COSQ(Od + 6)) ,
FO(2 (0,r,a) = — 4 (ar® cos 0 + b (b — %) cos? O cos®(a + 0) + ¢ (r* — 2h) cos*(a + 0)) ,
(54) Fl(1 (0,7,a) = — rsinfcos® 0 (’I“Q(b —2a) — 2ar?cos20 + b (1"2 — 2h) cos(2(a + 0)) — 2bh)2 ,
F1(2 (0,7, @) =4 (4ar? cos* § — 2b (r2 — 2h) cos® § cos?(av + 0)) (ar? cos® O+

b(h— r2) cos? @ cos®*(a +6) + ¢ (7“2 — 2h) cos Yo+ 9)) .

Note that they apply Averaging Theory to system (53) and according to the notation used in (63)
we have that Fy = (F\", F{?) and F, = (F*V, F?))
form

. Thus, the average system (64) assumes the

' = brsin2a (7“2 — 2h) ,
(55) 1
o =3 (=3r*(a+c) +beos2a (r* — h) +2b (r* — h) + 6¢h) .

Applying the Averaging Theorem 5.1, the authors in [7] obtain four families of periodic solutions
given in Theorem 4.2. Following the notation given in the Appendix, we have that the functions
g(0,r,a) = (¢M(0,r a),g?(0,r a)) are such that

g0, r, ) :%r [—b (T2 —2h) ((9@7“2 4 4b(h — 1)) cos  + ar? cos 30 4 5bh cos(2a + )+
bh cos(2a + 360) — 5br? cos(2a + 0) — br? cos(2a 4 30) — ch cos(2a + ) —
2ch cos(4a + ) — 2ch cos(4a + 36) + 8cr? cos(2a 4 0) + cr? cos(da + 0)+
cr? cos(4a + 36)) sin 26 sin (20 + 260) — 4 (7“2(6 — 2a) — 2ar? cos 20+
b(r? — 2h) cos(2a + 26) — 2bh)2 cos® § — 2sinf cos 6 (6ar? cos?(0)+
b (2h — 3r®) cos*(a + 0)) ((—5ar? — 4bh + 2br?) sin 6 — ar® sin 30+

b (r* — 2h) cos O sin(2a + 26))] sin 6,
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g2, r,a) =14 (4ar2 cos? @ — 2b(r? — 2h) cos? O cos? (o + 0)) (ar2 cos O+

b(h— 7‘2) cos® O cos®(a +6) + ¢ (7“2 —2h) cost(a + 9)) —

2sin@sin(a + 0) cos(a + 0) (b (h — r?) cos® 0 + 2¢ (r* — 2h) cos®(a + 0)) (cos 6 (9ar*+
4b (h — 1"2)) + ar? cos 36 + 5bh cos(2a + 0) 4 bh cos(2a + 30) — 5br? cos(2c + 0)—

br? cos(2a 4 360) — 16¢h cos(2a + 0) — 2¢h cos(4a + ) — 2¢h cos(da + 360)+

8cr? cos(2a + 0) + cr? cos(da + 0) + cr? cos(4da + 36)) + 2r? sin 6 (a cos® H—

beos®  cos®(a + ) + ccos(a + 0)) (sin @ (—5ar? — 4bh + 2br?) — ar? sin 36+

b(r® — 2h) cos Osin(2(a + 0))) .

For fo(r,a) = (f$"(r,a), £$2(r,a)) and fi(r,a) = (7 (r, @), £{? (ra)) we have that

fél)(r, a) :%br (7’2 — 2h) sin 2q,

77(r0) =5 [-3r%(a-+ ) b (12 = ) +2b (+* — ) cos2a + 6ch].

Or, ) :6i4br [68ahr? — 12ar* — (2h — 1?) (b (14h — 19r2) cos 2a + 32¢ (r? — 2h)) +

ol

roa) =

45 (1202 = 8hr? + 1) + 24ch? + de (% — 20)” cos da — 2Achr? + Gort | sin 2,

3% [2 (57a27‘4 — 4b (—18ahr2 + 11ar* 4 8ch? + 4chr? — 4cr4) — 72achr? 4 6acr*+
2b* (16h* — 19hr® + 5r*) + be (2h* — 3hr?® + r') cos 6o — 136¢*h* + 136> hr? —
34c2r4) + (b (76ahr2 — 49ar* — 48ch? + 34chr? — 5cr4) + 32acrt+

4b? (12h% — 14hr? + 3r*)) cos 2a + (2acr® + b (—6h* + 16hr? — 9r*) +

16bc (2h2 —3hr? + 7“4)) cos 40z] ,

and for wy(0,r, ) = (wél)(G,r, a),w(()Q)(G,r, a)) and wi (0,7, ) = (w%”(@,r, a),wEZ)(H,r, a)) whose
expressions can be found in Appendix 5.3.

Considering the general solution of the system (53) as in (76) and the general solution of (55)
as in (77), with initial condition as in (79), where

P T\ VBa—brse2)

and 7, is given in (80), therefore,

(6c—b)h = h? 9
Y AN AL [ 36a2¢(11b — 26¢)+
7 <\/3a—b+3c 2 32(3a — b+ 3c)5/2 h(6c—b)( ( )

a (—196% + 54b%c + 420bc® — 3240¢%) + b” (5b° — 57bc + 202¢%) ) , 0) + O(€?).

Finally, according to the equation (81), we have that the 27-periodic solution

z(0,m,€) = (r(0,m,¢€), (0,1, ¢€)
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where

(56)
h(6c —b) h? 2 2 2
r(0,m,€) = € 12a* (—4b° + 27bc + 102¢”) +
(6,m,¢) V3a—b+3c  32(3a— b+ 3c)5/2\/h(6c — b) ( ( )
2(b—6¢)(—3a + b — 3c) (4 cos 20 (b2 —4a(b + 3c)) — cos46 (—8ab + 12ac + b2)) +
3a (5b% — 26b%c — 124bc® — 360c%) — b? (b + 3bc — 94c?)) ,
a(f,n,¢€) =T (h(b(a — ¢) cos 20 + a(b — 12¢) + be)) sin 20 + O(£?).

2 63a—b—|—3c

Since our objective is to compare the solutions, we will restrict the parameters a, b, ¢ to b> = 36ac,
¢ < 0andb>0,so (56) reads as

r(0,n,€) =2v/3 ch +e ik ¢ [bQ —2(b—6¢)? cos 20 + (b — 6¢)? cos 46—
e = 6c—b " “(b—60)3\ 3(6c—b)
(57) 6bc — 48¢*] + O(e?),

T bh . 9
a(f,n,¢) =5 + m((b + 6¢) cos 20 + b — 6¢) sin 20 + O(€%).

As we already have the approximation of the 27-periodic solution in time 6 of system (53), we
will proceed to recover the solution T-periodic in time t of the system (4), for this, we use the fact
that we considered an energy level h > 0 and solve the equation

H(T(G, 7, 6)’ p(@, 7, 6)7 04(9, m, 6)7 9) = h,

with H as in (52) for p(0,n, €) we have that

bh bh \*? )
(58) p(0.n,€) = V2 . 2¢V/2¢ P cos40 + O(e%).

After that, we go back to time ¢ using the equation 0 of system (51), replacing r = r(6,n,€),
a=«a(f,n,e), and p = p(0,n, ) and expanding in Taylor series up to first order we get

F(0,€) = 0(r(0,7m,€), (0, n,€), p(0,m,€))
(59)

=—1+e¢ (48accos® § — b% sin® 20) + O(€?).

h
b — 6¢
Integrating in the previous equality with respect to # and using the Inverse Function Theorem we
get that

(60) O(t,n,e) = —t+ €3 4b%hsint cos® t + O(€?).

(b — 6¢)

Finally, replacing 0 = 6(t,n,€) in r(0,n,¢), p(0,n,€), a(0,n,€), using the change of variables (49)
and expanding in Taylor series around ¢ = 0 we arrive to
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20%h ch
t— b — 6c)? cos 2t — b
60 — coS 6\/§(b “6cpV 6e—1b [( c)” cos +

9bc + 67 cost—i—O( %),

tze \[

q1(t, z,€) =2v/3

+0(e%),

smt — 2¢

<b6> sin t cos® 2t
— 6¢

(61)

2 2
pi(t,z,€) =—2V3 smt+e bb h6 7 CCh 2 [3(b — 6¢)? cos 2t + b*—
c —

15bc + T8¢ ] sint + O(e

pa(t, z,€) =V2 b_GCcost— ”21)—120 —2cost + 5cos 3t + cos 5t) + O(€?),

where the initial condition is

ch bh 2V/3h2 ch \*/?
= \ —— _ b—14
© (2\/5 60—b’0’07ﬂ b—6c)> +6< (b—6¢)? <60—b> ( ©):0.0,

bh
_ dbeh > + O(e?).

(62)

b—6cV 2b—12c
Now, we will proceed to compare the initial conditions of the periodic solutions obtained in our

Theorem 1.1, item (c) with those obtained in Theorem 4.2, item (c). The first thing to recall is
that the initial condition of our theorem in cartesian coordinates is given by

) = <2f L) 1L 0(2),0,0,v/2ey /=5 UATAL) Saless +O(62)>

f
= (2[ st = +O(AL,€2),0,0, Y2Ybh | __ bAL —|—O(AL,€2)>.

' Vb—6c ' /2/b—6cVbh

Then, since we have assumed that () € £; it follows that the second and third components are
identically null, however, the initial condition in (62) does not necessarily happen. On the other
hand, our initial condition z(!) depends on the parameters (e, AL) as opposed to (62) that depends
only on €.

On the other hand, the approximation of the family of periodic solutions obtained in (7) by us
differs in order € from those characterized in (61).

In addition we characterize the stability which was not performed by the authors in [7].

5. APPENDIX

5.1. Averaging theory of first order. We shall present the basic results from averaging theory
that we need to prove the results of this paper.

The next theorem provides a first order approximation for the periodic solutions of a periodic
differential system. Consider the differential equation

(63) i = eFy(t,z) + EF(t,x,€), x(0) =z
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with z € D, where D is an open subset of R", ¢ > 0. Moreover, we assume that both Fy(t,z) and
Fi(t,z,€) are T—periodic in t. We also consider in D the averaged differential equation

(64) y=cefoly), y(0) = o,

where

T
folw) = 5 [ Rttt

Under certain conditions, equilibrium solutions of the averaged equation turn out to correspond
with T—periodic solutions of equation (63).

Theorem 5.1. Consider the two initial value problems (63) and (64). Suppose:

(i) Fy, its Jacobian OFy/0x, its Hessian 0°Fy/0x?, Fy and its Jacobian OF,/0x are defined,
continuous and bounded by a constant independent of € in [0,00) X D and € € (0, €].
(ii) Fo and Fy are T—periodic in t (T independent of €).
Then the following statements hold.
(a) If p is an equilibrium point of the averaged equation (64) and

(65) det (%"5’)

then there exists a T—periodic solution p(t,€) of equation (63) such that ¢(0,€) — p as
e — 0.

(b) The stability or instability of the limit cycle o(t,€) is given by the stability or instability of
the equilibrium point p of the averaged system (64). In fact the singular point p has the
stability behavior of the Poincaré map associated to the limit cycle o(t,€).

#07

Yy=p

5.2. Approximation of the solutions via averaging. We consider the system,
(66) @ = eFy(t,z) + EF(t, ) + O(®)

and let us use change of coordinates,

(67) v =y+ew(t,y,e) =y + ewo(t,y) + wi(t,y) + O(e?),

where w is a T—periodic function. Substituting (67) in Fy and expanding in a Taylor series around
e=0,

Fo(t,z) = Fo(t,y + ewo(t,y))
(68) = Fo(t,y) + eDaFo(t,y)wo(t,y) + 5 [2D2Fo(t, y)wi (t,y)
+wo(t,y)T HessFo(t, y)wol(t, y)] +O(€3).
Analogously,
Fi(t,x) = Fi(t,y +ewo(t,y) + wi(t,y) + O(€)))
= Fi(t,y) +eGr(t.y)wo(t,y) + O(e).

Next, differentiating (67) with respect to t, we get

(69)

ow
(ty) + 7 () + O().

6w0

ot

. Jwy 9 0wy .
e I _ _—
z < —l—eay (t,y)+e€ 9y (t,y)>y+e

Using (68) and (69) we obtain
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= (I+e‘9“’° (t,y) + 521, y))) (eFo(t,y) + €F1(t,y)
—eB8(t,y) — 281(ty) + O("))
= (I— 6851;0 (t,y) + O(e )) [6 (Fo(t,y) awo (t, y))
(70) e (DoFu(ty)uo(t.y) + Filt.y) - 8“”( ty)) +0()]
- (Fo<t y) = %(ty)) + & (DaFolt y)wolt,y) - % (t,y)
FR(ty) - Wo y) (Folt,y) = %2 (t,) ) + O()
~ )+ Al y> +0(é),
where,

foly) = Folt,y) — % (t,y),
(71) f
filt,y) = DuFolt,y)wo(t,y) + Fi(t,y) — 281(t,y) — %o 2 (6 y) fo(y).

Remark 2. From the first equation in (71), we have

20 1,) = Folt.0) — folu),
thus
t t T
(72) wit) = [ Aspds— o)t = [ Fotsnds— 15 [ Ris.as

Remark 3. From the second equation in (71), we have,

8w1 8w0

(73) fl(tv y) = D:tFO(tv y)w()(t?y) + Fl(tvy) - W(tvy) - Ty(t y)f()( )

We define the following auziliary function

(74) 9(t.y) = DaFolt.y)unlt,y) + Fi(ty) — %“;@, W) foly).

If we assume that fi(t,y) = f1(y) is a function that depends only on y, we have that

T
fily) = ;/0 g(t,y)dt

and so
L (1) = olt,9) ~ (o)
Therefore,
(75) wi(toy) = [ (s.)ds = fi).
0
Let
(76) x(t, €, €) = zo(t) + ex1(t) + O(€?),

be the general solution of (63) with initial condition &, and let

(77) y(tv n, 6) = yO(t) + €Y1 (t) + 62y2(t) + 0(63)7
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be the general solution of (70) with initial condition . We have that,
1= y(0,7,€) = yo(0) + ey1(0) + e*2(0) + O(€’),

and by (70) and using a Taylor series around e = 0,

Yo(t) + e (t) + €9a(t) + O(*) = g = efoly) + 2 f1(y) + O(€®)

0]
= efo(yo(t) + eyr(t) + O(€?))
+ f1(yo(t) + eyi(t) + O(€*)) + O(€)
= efo(yo) + € (Dyfo(yo)yr + f1(y0)) + O(€%).
Thus,
Yo(t) = 0,
() = fo(yo),
92(t) = Dy fo(yo)y1 + f1(vo),
and it follows that
y()(t) = %
ni) = fEN
y2(t) = 5Dy fo(2)fo(z) + fr(2)t.

So, the general solution (77) is written as

2
(79) vt =+ eholnt + & (DL R0 + Al ) + O

Now, we assume that y(t,n,€) is a particular T'—periodic solution of the system (70) where the
initial condition
(79) n=mn(e) =p+em + e+ O(e),
where p satisfies fo(p) = 0 and D, fo(p) is nondegenerate.
Now, we consider the T'—periodic solution y(t,n(¢), €) obtained by Theorem 5.1 of the system (70).

Our next aim is to describe the approximation of this family of initial conditions, that is, we are
going to characterize 7;.

Because of the periodicity of the solution y(t,7(¢),€) and using (78), we must have

0= y(T,n(e),e) — 17(6)2
= €T fo(n(e) + € [%Dyfo(n(E))fo(n(E)) + fl(n(E))T} +O(é%).

Or equivalently, developing in a Taylor series around € = 0, we get

0="fo(n(e)) + € [FDyfo(n(e)) fo(n(e)) + fi(n(e)] + O(e?)
= folp+em + ma + O(*))+
+e [%Dyfo(p +en + e2ng + O(3)) folp + ent + €2n2 + O(€3))

+f1(p+ em + 2n2 + O(e?))] + O(€?)
= fo(p) + € [Dyfo(p)m + LDy fo(p) fo(p) + f1(p)] + O(e?),

from where,

(80) m = —[Dyfo(p)) ' f1(p).

Coming back to the associated T —periodic solution z(t,n(e), €) of system (63), we arrive to
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x(t,n(e),€) = y(t,nle), €) + ewo(t,y(t,m(e), €)) + O(€?)
= n(e) +efo(nle))t +e (7Dyfo(77(6))fo(n(6))+f1(77(6))t)

(e)t+

ﬂm@m@+f(mww%%%hwthm
+hi(n(€)t) + O(e?)) + O(?)

(81) = p+ep +O0(€) + efoln(e))t

+ewp (t,p+ en + O(e2 )+ efo(n ( Nt

& (5D fo0(©) fo(n(e) + Fin(O)E) + O
= p‘i‘e[_[Dny(p)]ilfl( )+ wo(t p)] + O(e2).

5.3. Description of the functions wy and w;.
1

w(()l)(H, roa) =— 1" [(—5@7"2 — 4bh + 2br2) sin@ — ar?sin360 + b (7"2 — 2h) sin(2a + 26) cos 4] sin 6,
1

w(()2) @,r,a) =— 1 [(9(17“2 +4b (h — r2)) cos 0 4 ar? cos 30 + 5bh cos(2a + 6) + bh cos(2a + 30)—

5612 cos(2ar + ) — br? cos(2a + 30) — 16¢h cos(2a 4 0) — 2ch cos(4a + ) —
2ch cos(4a + 30) + 8cr? cos(2a + ) + cr? cos(4a + ) + er? cos(4a + 36)] sin,

wgl)(H, roa) = — r [2052@27“4 sin @ — 800abr® sin @ 4+ 576bcr? sin 0 + 195642 sin 36+

1
1536
384b%r* sin 30 — 328abr? sin 30 — 192bcr? sin 360 + 756a%r sin 50 — 272abr* sin 56+
84a’r* sin 70 — 280b%r sin(2c + 6) + 408abr? sin(2a + 0) + 24ber® sin(20 + 0)+
36bert sin(6a 4 30) — 33962t sin(4a + 6) + 448bert sin(4a 4 0)+

36ber? sin(6a 4 6) + 248b%r* sin(2ar + 36) — 648abr® sin(2cr + 360)+

24ber sin(20 4 36) — 516%r* sin(4a + 36) + 64ber? sin(4a + 30)+

2006%74 sin(2a + 50) — 624abr? sin(20 4 56) + 1296*r sin(4ar + 50)—

128bert sin(4a + 560) — 12bert sin(6a + 50) — 96abr? sin(2a0 + 76)+

33b%r* sin(4a + 76) — 12ber? sin(6a + 70) — 864b%hr? sin 0 + 3264abhr? sin 0 —
2304bchr? sin @ — 1248b*hr? sin 30 + 2208abhr? sin 30 + 768bchr? sin 30+
480abhr? sin 50 + 512b*r2hsin 2a + 0) — 440abhr? sin(2a 4 0) — 96bchr? sin(2c 4 0)—
144bchr? sin(6a + 30) + 10606%hr? sin(4a + 0) — 1792bchr? sin(4a + 0)—
144bchr? sin(6a + ) — 1024b%hr? sin(2a + 36) + 1672abhr? sin(2a + 30)—
96bchr? sin(2a + 36) + 100b?hr? sin(4a + 360) — 256bchr? sin(4a 4 360)—
6406%hr? sin(2ar + 50) 4+ 1096abhr? sin(20 4 50) — 428b*hr? sin(4a + 50)+
512bchr? sin(4a + 56) + 48bchr? sin(6a + 50) + 168abhr? sin(2a + 76)—
108b%hr? sin(4a + 70) + 48bchr? sin(6a + 70) — 24br? (a (32h — 257"2) -

¢ (r? = 21)" + b (3r* — 16k + 2042) ) sin(2a — 0) + 1728bh? sin 0+
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2304bch? sin 6 4+ 960b?h? sin 36 — 768bch? sin 36 4+ 96b%h% sin(2ar + 0)+

96bch? sin(2a 4 0) + 144bch? sin(6a 4 30) — 764b*h? sin(4a + 0)+

1792bch? sin(4a + ) + 144bch? sin(6a + 0) + 1056b°h? sin(2a + 360)+

96bch? sin(20 4 36) + 4b*h? sin(4a + 360) + 256bch? sin(4a 4 30)+

480b%h? sin(2cr + 50) 4 3406%Rh% sin(4a + 50) — 512bch? sin(4a 4 56) —

48bch? sin(6a + 50) + 84b%h* sin(4a + 70) — 48bch? sin(6ar + 70) + 24b (3ar!—
4ahr?® + ¢ (7"2 — 2h)2> sin(2a — 30)] sin 6,

and

w§2) 0,7, a) =331

[3522@27"4 cos 0 + T44b%r* cos 6 + 792¢%r* cos 6 — 2768abr? cos 0+

1944@07’ cos @ — 1248ber? cos @ + 102642 cos 30 + 168b%r? cos 30 + 24c*r cos 36—
704abr* cos 360 + 216acr cos 30 — 96ber cos 30 + 210ar cos 50 — 80abr? cos 56+
18a%r cos 70 + 88001 cos(2ax + ) — 288¢%r? cos(2a 4 0) — 2235abr cos(2ar + )+
1280acr? cos(2a + 0) — 702ber? cos(2a + ) — 32¢2r cos(6ar + 36)—

9ber? cos(6ar + 30) + 1516°r cos(dar + 0) — 384¢*r? cos(4a + 0)+

182acr? cos(4a + 6) + 96ber? cos(da + ) — 128¢%r* cos(6a 4 0) + 39ber? cos(6a + 6)—
12¢2r% cos(8ar + ) + 400b%r cos(2a 4 36) + 192¢2r cos(2ar + 36) —

1083abr* cos(2a + 30)4 + 1088acr? cos(2a 4 30) — 606ber? cos(2ar + 36)+
223b%r4 cos(4a + 30) + 384c%r* cos(4a + 36) + 278acr? cos(4a + 36)—

624bcrt cos(4a + 30) — 12¢%r1 cos(8a + 36) + 88b*r cos(2a + 56) —

321abr cos(2a + 50) + 128acr? cos(2a 4 56) + 1030 cos(4ar + 50)+

254acr? cos(4a + 50) — 240ber? cos(4a + 50) + 160c%r* cos(6ar + 50)—

123ber? cos(6a + 56) + 12¢%r* cos(8a + 50)4 — 33abr? cos(2c + 76) +

150 cos(4a + 70) + 30acr? cos(4a + 76) — 27ber cos(6a + 760)+

12¢2r4 cos(8a + 70) — 2136b%hr? cos @ — 3168c*hr? cos 6 + 3552abhr? cos f—
2592achr? cos 6 + 3936bchr? cos @ — 408b%hr? cos 30 — 96¢*hr? cos 36+

768abhr? cos 30 — 288achr? cos 30 + 288bchr? cos 30 + 96abhr? cos 50—

2560b%hr? cos(2a + 0) + 1152¢2hr? cos(2ar + 0) + 3244abhr? cos(2a + 6)—
4032achr? cos(2a + 6) + 3264bchr? cos(2a + 0) 4+ 128¢2hr? cos(6a + 36)+
64bchr? cos(6a + 30) — 508b?hr? cos(4a + 0) 4+ 1536¢2hr? cos(4a + 0)—

336achr? cos(4a + ) + 64bchr? cos(4a + ) + 512¢2hr? cos(6a + 0)—

80bchr? cos(6a + 0) + 48¢?hr? cos(8a + 0) — 1024b*hr? cos(2a + 36)—

768c2hr? cos(2a + 36) + 1324abhr? cos(2a + 30) — 1728achr? cos(2a + 30)+

1872bchr? cos(2ax + 30) — 556b%hr? cos(4a + 30) — 1536¢2hr? cos(4a 4 36)—
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720achr? cos(4a + 360) + 2080bchr? cos(4a + 30) + 48¢*hr? cos(8a + 36—

208bhr? cos(2a + 56) + 340abhr? cos(2a 4 560) — 192achr? cos(2a + 50)—
2440 hr? cos(4a + 56) — 432achr? cos(4a + 560) + 736bchr? cos(4a + 56)—
640c?hr? cos(6a 4 56) + 388bchr? cos(6a + 50) — 48¢2hr? cos(8a + 50)+

36abhr? cos(2a + 760) — 36b%hr? cos(4a + 70) — 48achr? cos(4a + 76) + 84bchr? cos(6a + 760)—
48¢*hr? cos(8a + 70) + 6 (4 (r* — 6hr® + 4h%) b* + (ar? (44h — 53r%) — 10c (r* — 3hr? + 2h%)) b+
16¢ (2a (r* —h)r*+c(r* - 2h)2>> cos(2a — 0) + 1344b*h* cos  + 3168c¢h* cos § — 2880bch? cos 0+
192b?h? cos 30 + 96¢2h? cos 30 — 192bch? cos(36) + 1728b%h? cos(2a + 0) — 1152¢*h? cos(2a + 0)—
3720bch? cos(2a 4 6) — 128¢?h? cos(3(2cx + 0)) — 92bch? cos(3(2a + 6)) + 370b%h? cos(4a + 6)—
1536¢2h% cos(4a + ) — 512bch? cos(4a + 0) — 512¢*h? cos(6a + ) + 4beh? cos(6a + 0)—

48¢?h? cos(8a + 0) + 576b*h? cos(2a + 30) + 768c*h? cos(2a + 36) — 1320bch? cos(2ar + 30)+
3220%h? cos(4a + 360) + 1536¢2h? cos(4a + 30) — 1664bch? cos(4a + 30) — 48¢2h? cos(8a + 36)+
96b°h? cos(2a 4 56) + 1300%h2 cos(4a + 50) — 512bch? cos(4a + 56) + 640¢2h? cos(6ar + 50)—
284bch? cos(6a + 50) + 48¢?h? cos(8a 4 50) 4 18b*h?% cos(4a + 70) — 60bch? cos(6a + 76)+

48¢*h? cos(8a + 70) — 6b (5ar — dahr? + 2¢ (r* — 3hr? + 2h?)) cos(2a — 30)] sin 6.
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