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1 INTRODUCTION7

In this work, we investigate the following wave equation8

⎧

⎪

⎪

⎨

⎪

⎪

⎩

utt − div
(

|∇u|p(x)−2∇u
)

+ �1ut (x, t) ||ut||
m(x)−2 (x, t) + �2ut (x, t − �) ||ut||

m(x)−2 (x, t − �) ,
= bu |u|q(x)−2 in Ω × R+
u (x, t) = 0 in )Ω × [0,∞) ,
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) in Ω,
ut (x, t − �) = f0 (x, t − �) in Ω × (0, �) ,

(1)

with delay term. Here, Ω ⊂ Rn is a bounded domain with sufficiently smooth boundary )Ω . � > 0 is a time delay term, �1 is a9

positive constant, �2 is a real number and b ≥ 0 is a constant. The term Δp(⋅)u = div
(

|∇u|p(x)−2∇u
)

is called p (⋅)-Laplacian.10

The functions u0, u1, f0 are the initial dates that will be specified later.11

p (⋅), q (⋅) and m (⋅) are the variable exponents; these are given as measurable functions on Ω such that:12

2 ≤ p− ≤ p (x) ≤ p+ ≤ p∗,
2 ≤ q− ≤ q (x) ≤ q+ ≤ q∗,
2 ≤ m− ≤ m (x) ≤ m+ ≤ m∗ (2)
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where13

p− = ess inf p (x)
x∈Ω

, p+ = ess sup p (x)
x∈Ω

,

q− = ess inf q (x)
x∈Ω

, q+ = ess sup q (x)
x∈Ω

,

m− = ess inf m (x)
x∈Ω

, m+ = ess supm (x)
x∈Ω

and14

p∗ =

{

Np(x)
ess supx∈Ω(N−m(x))

if p+ < n,
+∞ if p+ ≥ n.

Many phenomena in engineering and physics lead up to problems that deal with evolution equations, which are modelled by15

partial differential equations. Up to now, there are many results about partial differential equations with time delay effects. Our16

main goal in this work is to study the equation with p (⋅)-Laplacian and the delay term �2ut (x, t − �) which make the problem17

more interesting than those studied in the literature. The equation (1) is a very general equation.18

Time delay appears in many practical problems such as thermal, biological, economic, chemical, physical phenomena and it19

can be a source of instability11. Mathematically, these properties have practical and theoretical importance. On the other hand,20

the delay term is a source that may destabilize the asymptotic stability of solutions for an evolutionary system. This result is well21

justified in mathematical analysis and physics examples, such as non-instant transmission phenomena and biological models33.22

The problems with variable exponents arise in many branches of sciences such as nonlinear elasticity theory, electrorheolog-23

ical fluids and image processing4,5,30. Many works about wave equation with constant delay or delay effects with time-varying24

have been published.25

Constant exponent:26

(Delay).27

In7, Feng and Li studied the following equation28

utt + Δ2u − divF (∇u) − � (t)

t

∫
0

g (t − s) Δ2u (s) ds + �1 ||ut||
m−1 ut

+�2 ||ut (x, t − �)||
m−1 ut (x, t − �)

= 0, (3)

where Ω ⊆ Rn (n ≥ 1) is a bounded domain with smooth boundary )Ω. They proved the general rates of energy decay of the29

initial value problem and the boundary value problem by using the energy perturbation method.30

Messaoudi and Kafini11 considered the following equation31

utt − div
(

|∇u|m−2∇u
)

+ �1ut (x, t) + �2ut (x, t − �) = b |u|
p−2 u. (4)

Under suitable conditions, they proved the blow-up of solutions of the equation (4) in a finite time.32

Nicaise and Pignotti21 discussed the following wave equation with time delay,33

utt − Δu + �1ut + �2ut (t − �) = 0, (5)
and they established stability results under the assumption 0 < �2 < �1.34

In22, Park treated the Kirchhoff models with time delay and perturbation of p-Laplacian type35

utt + Δ2u − Δpu − a0Δut + a1ut (x, t − �) + f (u) = g (x) , (6)
where Δpu = div

(

|∇u|p−2∇u
)

is the usual p-Laplacian operator and a0 > 0, a1 ∈ R, � > 0 is time delay. He established the36

existence of global attractors and the finite dimensionality of the attractors by establishing some functionals.37

(Without Delay).38

In28, Piskin studied the following quasilinear hyperbolic equation39

utt − div
(

|∇u|m∇u
)

− Δut + |

|

ut||
q−1 ut = |u|p−1 u, (7)
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where m > 0, p, q ≥ 1. He investigated the global existence, decay and blow up of solutions. He proved the decay estimates of40

the energy function by using Nakao’s inequality and obtained the blow up of solutions and lifespan estimates in three different41

ranges of the initial energy.42

Wu and Xue32 considered the following quasi-linear wave equation43

utt − Δut − div
(

|∇u|m∇u
)

+ a |
|

ut||
� ut = b |u|

p−1 u, (8)
where a, b, �, m, p ≥ 0. By using the multiplier methods, they gave the precise uniform estimation of the decay rate, when the44

initial datas are in the potential well.45

Variable exponent nonlinearity:46

Recently, much attention has been given to the study of nonlinear mathematical models of hyperbolic, parabolic and elliptic47

equations with variable exponents as nonlinearity. Actually, only few work regarding hyperbolic problems with nonlinearities48

of variable-exponent type have appeared17.49

(Delay)50

Messaoudi and Kafini19 discussed the following equation51

utt − Δu + �1ut (x, t) ||ut||
m(x)−2 (x, t) + �2ut (x, t − �) ||ut||

m(x)−2 (x, t − �) = bu |u|p(x)−2 . (9)
They studied the decay estimates and global nonexistence of the equation (9).52

(Without Delay).53

Antontsev1,2 looked to the following equation54

)ttu − div
(

a (x, t) |∇u|p(x,t)∇u
)

− �Δut = b (x, t) u |u|
�(x,t)−2 , (10)

in Ω, a bounded domain of Rn, where � > 0 is a constant and a, b, p, � are given by functions. For certain solutions with non-55

positive initial energy, he proved the blow-up results. In1,3, Antontsev studied the same equation (10) and he proved the local56

and the global existence of some weak solutions.57

Messaoudi et. al.8 studied the following equation58

utt − Δu + ut ||ut||
m(⋅)−2 = u |u|p(⋅)−2 . (11)

They proved a global result and obtained the stability result by applying an integral inequality due to Komornik.59

In15, the authors considered the following equation60

utt − div
(

|∇u|r(⋅)−2∇u
)

+ |

|

ut||
m(⋅)−2 ut = 0, (12)

where the exponents m (⋅) and r (⋅) are given by measurable functions onΩ. They proved the decay results for the solution under61

suitable assumptions. Also, the authors gave two numerical applications to illustrate the theoretical results.62

In the presence of strong damping term −Δut, the equation (12) takes the following form63

utt − div
(

|∇u|r(⋅)−2∇u
)

− Δut + |

|

ut||
m(⋅)−2 ut = 0, (13)

whereΩ is a bounded domain. In20, Messaoudi studied the nonlinear wave equation (13) with variable exponents. He established64

several decay results depending of the range of the variable exponents m and r. In recent years, some other authors investigated65

hyperbolic type equation with variable exponents (see10,23,24,25,26,27,31).66

Our purpose is to study the blow up of solutions with negative initial energy and the decay results for the nonlinear wave67

equation (1) with time-dependent delay and variable exponents, in this paper. Our result extends the equation (4), from constant-68

exponent nonlinearities to variable-exponent nonlinearities.69

This paper is organized as follows: In Sect. 2, the definition of variable exponent in Sobolev and Lebesgue spaces is introduced.70

In Sect. 3, we prove the blow up of solutions. Finally, in Sect. 4, the decay results will be obtained.71

2 PRELIMINARIES72

In this part, we begin by introducing some preliminary facts about Lebesgue Lp(⋅) (Ω) and Sobolev W 1,p(⋅) (Ω) spaces with73

variable exponents (see1,5,6,9,12,19,29).74
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Let p ∶ Ω → [1,∞) be a measurable function. We define the variable-exponent in Lebesgue space with a variable exponent75

p (⋅) by76

Lp(⋅) (Ω) =

⎧

⎪

⎨

⎪

⎩

u ∶ Ω→ R; measurable in Ω ∶ ∫
Ω

|u|p(⋅) dx <∞

⎫

⎪

⎬

⎪

⎭

,

with a Luxemburg-type norm77

‖u‖p(⋅) = inf

⎧

⎪

⎨

⎪

⎩

� > 0 ∶ ∫
Ω

|

|

|

|

u
�
|

|

|

|

p(x)
dx ≤ 1

⎫

⎪

⎬

⎪

⎭

.

Equipped with this norm, Lp(⋅) (Ω) is a Banach space. (see5)78

Next, we define the variable-exponent Sobolev spaceW 1,p(⋅) (Ω) as follows:79

W 1,p(⋅) (Ω) =
{

u ∈ Lp(⋅) (Ω) ∶ ∇u exists and |∇u| ∈ Lp(⋅) (Ω)
}

.

Variable exponent Sobolev space with respect to the norm80

‖u‖1,p(⋅) = ‖u‖p(⋅) + ‖∇u‖p(⋅)
is a Banach space. The spaceW 1,p(⋅)

0 (Ω) is defined as the closure of C∞0 (Ω) inW
1,p(⋅) (Ω). For u ∈ W 1,p(⋅)

0 (Ω), we can define81

an equivalent norm82

‖u‖1,p(⋅) = ‖∇u‖p(⋅) .

The dual ofW 1,p(⋅)
0 (Ω) is defined asW −1,p′(⋅)

0 (Ω), in the same way that the usual Sobolev spaces, where 1
p(⋅)
+ 1

p′(⋅)
= 1.83

We also suppose that p (⋅), q (⋅) and m (⋅) satisfy the log-Hölder continuity condition:84

|q (x) − q (y)| ≤ − A
log |x − y|

, for a.e. x, y ∈ Ω, with |x − y| < �, (14)

A > 0 and 0 < � < 1.85

Lemma 1. 1 (Poincare inequality) Assume that q (⋅) satisfies (14) and let Ω be a bounded domain of Rn. Then,86

‖u‖p(⋅) ≤ c ‖∇u‖p(⋅) for all u ∈ W 1,p(⋅)
0 (Ω) ,

where c = c
(

q−, q+, |Ω|
)

> 0.87

Lemma 2. 14 If p (⋅) ∈ C
(

Ω
)

and q ∶ Ω→ [1,∞) is a measurable function such that88

es sin fx∈Ω (p∗ (x) − q (x)) > 0 with p∗ (x) =

{

np(x)
ess supx∈Ω(n−p(x))

if p+ < n,
+∞ if p+ ≥ n,

(15)

is satisfied, then the embeddingW 1,p(⋅)
0 (Ω)→ Lq(⋅) (Ω) is continuous and compact.89

Lemma 3. 1 If p+ <∞ and p ∶ Ω→ [1,∞) is a measurable function, then C∞0 (Ω) is dense in Lp(⋅) (Ω) .90

Lemma 4. 1 (Hölder’s inequality) Let p, q, s ≥ 1 be measurable functions defined on Ω and91

1
s (y)

= 1
p (y)

+ 1
q (y)

, for a.e. y ∈ Ω.

that is satisfied. If f ∈ Lp(⋅) (Ω) and g ∈ Lq(⋅) (Ω), then fg ∈ Ls(⋅) (Ω) and92

‖fg‖s(⋅) ≤ 2 ‖f‖p(⋅) ‖g‖q(⋅) .
Lemma 5. 1 (Unit ball property) Let p ≥ 1 be a measurable function on Ω. Then,93

‖f‖p(⋅) ≤ 1 if and only if %p(⋅) (f ) ≤ 1,
where94
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%p(⋅) (f ) = ∫
Ω

|f (x)|p(x) dx.

Lemma 6. 1 If p ≥ 1 is a measurable function on Ω. Then,95

min
{

‖u‖p
−

p(⋅) , ‖u‖
p+
p(⋅)

}

≤ %p(⋅) (u) ≤ max
{

‖u‖p
−

p(⋅) , ‖u‖
p+
p(⋅)

}

for any u ∈ Lp(⋅) (Ω) and for a.e. x ∈ Ω.96

3 BLOW UP97

In this part, we deal with the blow up of the solution for the problem (1) with negative initial energy, when b > 0. Now, we98

introduce, similarly to21, the new variable:99

z (x, �, t) = ut (x, t − ��) , x ∈ Ω, � ∈ (0, 1) , t > 0
which implies that100

�zt (x, �, t) + z� (x, �, t) = 0, x ∈ Ω, � ∈ (0, 1) , t > 0.
Using the above transformation, the problem (1) can be written as an equivalent form:101

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

utt − div
(

|∇u|p(x)−2∇u
)

+ �1ut (x, t) ||ut (x, t)||
m(x)−2

+�2z (x, 1, t) |z (x, 1, t)|
m(x)−2

= bu |u|q(x)−2 in Ω × (0,∞) ,
�zt (x, �, t) + z� (x, �, t) = 0 in Ω × (0, 1) × (0,∞)
z (x, �, 0) = f0 (x,−��) in Ω × (0, 1)
u (x, t) = 0 on )Ω × [0,∞)
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) in Ω.

(16)

Similar to the work of19 we can write the following definition:102

Definition 1. Fix T > 0. We call (u, z) a strong solution of (16) if103

u ∈ W 2,∞ (

[0, T ) ;L2 (Ω)
)

∩W 1,∞ (

[0, T ) ;H1
0 (Ω)

)

∩L∞
(

[0, T ) ;H2 (Ω) ∩H1
0 (Ω)

)

,
ut ∈ Lm(⋅) (Ω × (0, T )) ,
z ∈ W 1,∞ (

[0, 1] × [0, T ) ;L2 (Ω)
)

∩ L∞
(

[0, 1] ;Lm(⋅) (Ω) ∩ [0, T )
)

(17)

and (u, z) satisfies the initial data and (16) in the following sense:104

∫
Ω

utt (⋅, t) vdx − ∫
Ω

div div
(

|∇u (⋅, t)|p(⋅)−2∇u (⋅, t)
)

vdx

+�1 ∫
Ω

|

|

ut (⋅, t)||
m(⋅)−2 ut (⋅, t) vdx + �2 ∫

Ω

|z (⋅, 1, t)|m(⋅)−2 z (⋅, 1, t) vdx

= b∫
Ω

|u (⋅, t)|q(⋅)−2 u (⋅, t) vdx (18)

and105

� ∫
Ω

zt (⋅, �, t)wdx + ∫
Ω

z� (⋅, �, t)wdx = 0, (19)

for a.e. t ∈ [0, T ) and for (v,w) ∈ H1
0 (Ω) ∩ L

2 (Ω).106
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The functional energy associated to problem (16) is defined as107

E (t) = 1
2
‖

‖

ut‖‖
2 + ∫

Ω

1
p (x)

|∇u|p(x) dx

+

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd� − b∫

Ω

|u|q(x)

q (x)
dx (20)

for t ≥ 0, where � is a continuous function that satisfies108

� |
|

�2|| (m (x) − 1) < � (x) < �
(

�1m (x) − |

|

�2||
)

, x ∈ Ω. (21)

The following lemma gives that, under the condition �1 > |

|

�2||, E (t) is nonincreasing.109

Lemma 7. Let (u, z) be a solution of (16). Then there exists some C0 > 0 such that110

E′ (t) ≤ −C0 ∫
Ω

(

|

|

ut||
m(x) + |z (x, 1, t)|m(x)

)

dx ≤ 0. (22)

Proof. Multiplying the first eq. in (16) by ut, integrating over Ω, then multiplying the second eq. of (16) by 1
�
� (x) |z|m(x)−2 z111

and integrating over Ω × (0, 1), we obtain112

d
dt

⎡

⎢

⎢

⎣

1
2 ∫
Ω

u2t dx + ∫
Ω

1
p (x)

|∇u|p(x) dx +

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd� − b∫

Ω

|u|q(x)

q (x)
dx

⎤

⎥

⎥

⎦

= −�1 ∫
Ω

|

|

ut||
m(x) dx − 1

� ∫
Ω

1

∫
0

� (x) |z (x, �, t)|m(x)−2 zz� (x, �, t) d�dx

−�2 ∫
Ω

utz (x, 1, t) |z (x, 1, t)|
m(x)−2 dx. (23)

The last two terms of the right-hand side of (23) can be estimated as follows,113

−1
� ∫
Ω

1

∫
0

� (x) |z (x, �, t)|m(x)−2 zz� (x, �, t) d�dx

= −1
� ∫
Ω

1

∫
0

)
)�

(

� (x) |z (x, �, t)|m(x)

m (x)

)

d�dx

= 1
� ∫
Ω

� (x)
m (x)

(

|z (x, 0, t)|m(x) − |z (x, 1, t)|m(x)
)

dx

= ∫
Ω

� (x)
�m (x)

|

|

ut||
m(x) dx − ∫

Ω

� (x)
�m (x)

|z (x, 1, t)|m(x) .

We use Young’s inequality, q = m(x)
m(x)−1

and q′ = m (x) for the last term, and then we obtain114

|

|

ut|| |z (x, 1, t)|
m(x)−1 ≤ 1

m (x)
|

|

ut||
m(x) +

m (x) − 1
m (x)

|z (x, 1, t)|m(x) .
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As a result, we get115

−�2 ∫
Ω

utz |z (x, 1, t)|
m(x)−2 dx

≤ |

|

�2||
⎛

⎜

⎜

⎝

∫
Ω

1
m (x)

|

|

ut (t)||
m(x) dx + ∫

Ω

m (x) − 1
m (x)

|z (x, 1, t)|m(x) dx
⎞

⎟

⎟

⎠

.

Therefore,116

dE (t)
dt

≤ −∫
Ω

[

�1 −
(

� (x)
�m (x)

+
|

|

�2||
m (x)

)]

|

|

ut (t)||
m(x) dx

−∫
Ω

(

� (x)
�m (x)

−
|

|

�2|| (m (x) − 1)
m (x)

)

|z (x, 1, t)|m(x) dx.

Consequently, for all x ∈ Ω, the relation (21) gives,117

f1 (x) = �1 −
(

� (x)
�m (x)

+
|

|

�2||
m (x)

)

> 0,

f2 (x) =
� (x)
�m (x)

−
|

|

�2|| (m (x) − 1)
m (x)

> 0.

Since that m (x), and hence, � (x) is bounded, we infer that f1 (x) and f2 (x) are also bounded. Thus, if we define118

C0 (x) = min
{

f1 (x) , f2 (x)
}

> 0 for any x ∈ Ω
and take C0 (x) = infΩ C0 (x), so C0 (x) ≥ C0 > 0. Therefore,119

E′ (t) ≤ −C0
⎡

⎢

⎢

⎣

∫
Ω

|

|

ut (t)||
m(x) dx + ∫

Ω

|z (x, 1, t)|m(x) dx
⎤

⎥

⎥

⎦

≤ 0.

120

To establish the blow up, we suppose that E (0) < 0 in addition to (2).121

Doing122

H (t) = −E (t) , (24)
therefore,123

H ′ (t) = −E′ (t) ≥ 0,

0 < H (0) ≤ H (t) ≤ b∫
Ω

|u|q(x)

q (x)
dx ≤ b

p−
% (u) , (25)

where124

% (u) = %q(⋅) (u) = ∫
Ω

|u|q(x) dx.

Lemma 8. 17 Assume that the conditions of Lemma 2 hold. Then, exists a constant C > 1, depending only of Ω, such that125

%s∕p− (u) ≤ C
(

‖∇u‖p
−

p(⋅) + % (u)
)

. (26)

Then, we have the following inequalities:126

i)
‖u‖sp− ≤ C

(

‖∇u‖p
−

p(⋅) + ‖u‖q
−

q−

)

, (27)



8 Stanislav Antontsev ET AL

ii)

%s∕q− (u) ≤ C
⎛

⎜

⎜

⎝

|H (t)| + ‖

‖

ut‖‖
2
2 + % (u) +

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�

⎞

⎟

⎟

⎠

, (28)

iii)

‖u‖sq− ≤ C
⎛

⎜

⎜

⎝

|H (t)| + ‖

‖

ut‖‖
2
2 + ‖u‖q

−

q− +

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�

⎞

⎟

⎟

⎠

, (29)

for any u ∈ W 1,p(⋅)
0 (Ω) and p− ≤ s ≤ q−. Let (u, z) be a solution of (16), then127

iv)

% (u) ≥ C ‖u‖q
−

q− , (30)

v)

∫
Ω

|u|m(x) dx ≤ C
(

%m−∕q− (u) + %m+∕q− (u)
)

. (31)

128

The blow up of the problem (16) is given by the following theorem:129

Theorem 1. Let u0 ∈ W
1,p(⋅)
0 (Ω), u1 ∈ L2 (Ω). The conditions (2) and (14) are provided and we suppose that130

E (0) < 0.

Then, the solution (16) blows up in finite time.131

Proof. We define132

L (t) = H1−� (t) + "∫
Ω

uut (x, t) dx (32)

where the small " will be chosen later and133

0 ≤ � ≤ min
{

q− − 2
2q−

,
q− − m+

q− (m+ − 1)

}

. (33)

A direct differentiation of (32), using the first equation in (16), gives134

L′ (t) = (1 − �)H−� (t)H ′ (t) + "∫
Ω

u2t dx − "∫
Ω

|∇u|p(x)

+"b∫
Ω

|u|q(x) dx − "�1 ∫
Ω

uut (x, t) ||ut (x, t)||
m(x)−2

dx

−"�2 ∫
Ω

uz (x, 1, t) |z (x, 1, t)|
m(x)−2

dx.
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From the definition ofH (t) and for 0 < a < 1, we obtain135

L′ (t) ≥ C0 (1 − �)H−� (t)
⎡

⎢

⎢

⎣

∫
Ω

|

|

ut (t)||
m(x) dx + ∫

Ω

|z (x, 1, t)|
m(x)
dx

⎤

⎥

⎥

⎦

+"
(

(1 − a) q−H (t) +
(1 − a) q−

2
‖

‖

ut‖‖
2
)

" (1 − a) q− ∫
Ω

1
p (x)

|∇u|p(x) dx + " (1 − a) q−
1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�

+"∫
Ω

u2t dx − "∫
Ω

|∇u|p(x) + "ab∫
Ω

|u|q(x) dx

−"�1 ∫
Ω

uut (x, t) ||ut (x, t)||
m(x)−2

dx

−"�2 ∫
Ω

uz (x, 1, t) |z (x, 1, t)|
m(x)−2

dx.

Thus,136

L′ (t) ≥ C0 (1 − �)H−� (t)
⎡

⎢

⎢

⎣

∫
Ω

|

|

ut (t)||
m(x) dx + ∫

Ω

|z (x, 1, t)|
m(x)
dx

⎤

⎥

⎥

⎦

+" (1 − a) q−H (t) + "
(1 − a) q− + 2

2
‖

‖

ut‖‖
2

+"
(

(1 − a) q−

p+
− 1

)

∫
Ω

|∇u|p(x) dx

+" (1 − a) q−
1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd� + "ab% (u)

−"�1 ∫
Ω

uut (x, t) ||ut (x, t)||
m(x)−2

dx

−"�2 ∫
Ω

uz (x, 1, t) |z (x, 1, t)|
m(x)−2

dx. (34)

From Young’s inequality, we get137

∫
Ω

|

|

ut||
m(x)−1

|u| dx ≤ 1
m− ∫

Ω

�m(x) |u|
m(x)
dx

+m
+ − 1
m+ ∫

Ω

�−
m(x)
m(x)−1 |

|

ut||
m(x)
dx (35)

and138

∫
Ω

|z (x, 1, t)|
m(x)−1

|u| dx ≤ 1
m+ ∫

Ω

�m(x) |u|
m(x)
dx

+m
+ − 1
m+ ∫

Ω

�−
m(x)
m(x)−1

|z (x, 1, t)|
m(x)
dx. (36)

As in16, the estimates (35) and (36) remain if � is time-dependent. Thus, taking � such that139
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�−
m(x)
m(x)−1 = kH−� (t) ,

where k ≥ 1 is specified later, we obtain140

∫
Ω

�−
m(x)
m(x)−1 |

|

ut||
m(x)
dx = kH−� (t)∫

Ω

|

|

ut||
m(x) dx, (37)

∫
Ω

�−
m(x)
m(x)−1

|z (x, 1, t)|
m(x)
dx = kH−� (t) |z (x, 1, t)|

m(x)
dx (38)

and141

∫
Ω

�m(x) |u|
m(x)
dx = ∫

Ω

k1−m(x)H�(m(x)−1) (t) |u|m(x) dx

≤ ∫
Ω

k1−m−H�(m+−1) (t)∫
Ω

|u|m(x) dx. (39)

From (30) and (31), we have142

H�(m+−1) (t)∫
Ω

|u|m(x) dx

≤ C
[

(% (u))m
−∕q−+�(m+−1) + (% (u))m

+∕q−+�(m+−1)
]

. (40)

From (33), we conclude that143

s = m− + �q−
(

m+ − 1
)

≤ q− and s = m+ + �q−
(

m+ − 1
)

≤ q−.

Therefore, Lemma 8 satisfies144

H�(m+−1) (t)∫
Ω

|u|m(x) dx ≤ C
(

‖∇u‖r
−

r(⋅) + % (u)
)

. (41)

Combining (35)-(41), we get145

L′ (t) ≥ (1 − �)H−� (t)
[

C0 − "
(

m+ − 1
m+

)

ck
]

∫
Ω

|

|

ut (t)||
m(x) dx

+ (1 − �)H−� (t)
[

C0 − "
(

m+ − 1
m+

)

ck
]

∫
Ω

|z (x, 1, t)|
m(x)
dx

+"
(

(1 − a) q− − p+

p+
− C
m−k1−m−

)

∫
Ω

|∇u|p(x) dx

+" (1 − a) q−H (t) + "
(1 − a) q− + 2

2
‖

‖

ut‖‖
2

+"
(

ab − C
m−k1−m−

)

% (u)

+" (1 − a) q−
1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�. (42)

Let us choose a small enough such that146

(1 − a) q− + 2
2

> 0,

and k so large that147
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(1 − a) q− − p+

p+
− C
m−k1−m−

> 0 and ab − C
m−k1−m−

> 0.

Once that k and a are fixed, we choose " small enough such that148

C0 − "
(

m+ − 1
m+

)

ck > 0

and149

L (0) = H1−� (0) + "∫
Ω

u0 (x) u1 (x) dx > 0.

Hence, (42) becomes150

L′ (t) ≥ "�
⎡

⎢

⎢

⎣

H (t) + ‖

‖

ut‖‖
2 + ‖∇u‖p

−

p(⋅) + %p(⋅) (u) +

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�

⎤

⎥

⎥

⎦

(43)

for a constant � > 0. Eventually,151

L (t) ≥ L (0) > 0, ∀t ≥ 0.

Now, we denote, for some constants �, Γ > 0, that152

L′ (t) ≥ ΓL� (t) .

For this reason, we estimate153

|

|

|

|

|

|

|

∫
Ω

uut (x, t) dx
|

|

|

|

|

|

|

≤ ‖u‖2 ‖‖ut‖‖2 ≤ C ‖u‖p− ‖‖ut‖‖2 ,

which indicates154

|

|

|

|

|

|

|

∫
Ω

uut (x, t) dx
|

|

|

|

|

|

|

1∕(1−�)

≤ C ‖u‖1∕(1−�)p−
‖

‖

ut‖‖
1∕(1−�)
2

and Young’s inequality satisfies155

|

|

|

|

|

|

|

∫
Ω

uut (x, t) dx
|

|

|

|

|

|

|

1∕(1−�)

≤ C
[

‖u‖�(1−�)p− + ‖

‖

ut‖‖
Θ∕(1−�)
2

]

,

where 1∕� + 1∕Θ = 1. The choice of Θ = 2 (1 − �) will make �∕ (1 − �) = 2∕ (1 − 2�) ≤ p−. Thus,156

|

|

|

|

|

|

|

∫
Ω

uut (x, t) dx
|

|

|

|

|

|

|

1∕(1−�)

≤ C
[

‖u‖sp− + ‖

‖

ut‖‖
2
]

,

where s = �∕ (1 − �). From (29), we get157

|

|

|

|

|

|

|

∫
Ω

uut (x, t) dx
|

|

|

|

|

|

|

1∕(1−�)

≤ C
⎡

⎢

⎢

⎣

|H (t)| + ‖

‖

ut (t)‖‖
2 + % (u) +

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�

⎤

⎥

⎥

⎦

. (44)

Moreover, we have158
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L1∕(1−�) (t) =
⎡

⎢

⎢

⎣

H (1−�) (t) + "∫
Ω

uut (x, t) dx
⎤

⎥

⎥

⎦

1∕(1−�)

≤ 2�∕(1−�)
⎡

⎢

⎢

⎢

⎣

H (t) +
|

|

|

|

|

|

|

∫
Ω

uutdx

|

|

|

|

|

|

|

1∕(1−�)
⎤

⎥

⎥

⎥

⎦

≤ C
⎡

⎢

⎢

⎣

|H (t)| + ‖

‖

ut (t)‖‖
2 + % (u) +

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�

⎤

⎥

⎥

⎦

. (45)

Therefore, for some Ψ > 0, from (43), we obtain159

L′ (t) ≥ ΨL1∕(1−�) (t) .
A simple Integration over (0, t) gives160

L�∕(1−�) (t) ≥ 1
L−�∕(1−�) (0) − Ψ�t∕ (1 − �)

which implies that the solution blows up in a finite time T ∗, with161

T ∗ ≤ 1 − �
Ψ� [L (0)]�∕(1−�)

.

The proof of the theorem was completed.162

4 DECAY163

In this part, we prove our decay result, when b = 0. Now, we introduce the following variable164

z (x, �, t) = ut (x, t − ��) , x ∈ Ω, � ∈ (0, 1) , t > 0;
thus,165

�zt (x, �, t) + z� (x, �, t) = 0, x ∈ Ω, � ∈ (0, 1) , t > 0.

Consequently, problem (1) is transformed into:166

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

utt − div
(

|∇u|p(x)−2∇u
)

+ �1ut (x, t) ||ut (x, t)||
m(x)−2

+�2z (x, 1, t) |z (x, 1, t)|
m(x)−2 = 0 in Ω × (0,∞) ,

�zt (x, �, t) + z� (x, �, t) = 0 in Ω × (0, 1) × (0,∞)
z (x, �, 0) = f0 (x,−��) in Ω × (0, 1)
u (x, t) = 0 on )Ω × [0, 1)
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) in Ω.

(46)

We define the modified functional energy to the problem (46) by167

E (t) = 1
2
‖

‖

ut‖‖
2 + ∫

Ω

1
p (x)

|∇u|p(x) dx

+

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�, (47)

where � is the continuous function given in (21) and t ≥ 0.168

Similar to Lemma 7, we easily establish, for �1 > |

|

�2|| and for some C0 > 0,169
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that170

E′ (t) ≤ −C0 ∫
Ω

(

|

|

ut||
m(x) + |z (x, 1, t)|m(x)

)

dx ≤ 0. (48)

Lemma 9. (Komornik,13) LetE ∶ R+ → R+ be a nonincreasing function and assume that there are constants �,! > 0 such that171

∞

∫
s

E1+� (t) dt ≤ 1
Ω
E� (0)E (s) = cE (s) , ∀s > 0.

Then, we have172

{

E (t) ≤ cE (0) ∕ (1 + t)1∕� if � > 0,
E (t) ≤ cE (0) e−!t if � = 0.

for all t ≥ 0.173

To prove our main result, we need of the following lemmas.174

Lemma 10. 19 The functional175

F (t) = �

1

∫
0

∫
Ω

e−��� (x) |z (x, �, t)|m(x) dxd�

satisfies176

F ′ (t) ≤ ∫
Ω

� (x) |
|

ut||
m(x) dx − �e−�

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x) dxd�

along the solution of (46).177

Lemma 11. 18 Let u be a solution of (46). Then, for some C > 0,178

%p(x) (∇u) ≥ C ‖∇u‖p
+

p− . (49)

Theorem 2. Let u0 ∈ W 1,p(⋅)
0 (Ω), u1 ∈ L2 (Ω) be given and assume that m (⋅), p (⋅) ∈ C

_
(Ω). Suppose that the conditions (14)179

are satisfied and180

2 ≤ p− ≤ p (x) ≤ p+ ≤ m− ≤ m (x) ≤ m+ ≤ p∗, ∀x ∈ C
(

Ω
)

.

Then, there exist two constants c, � > 0 independent of t such that any global solution of (46) satisfies,181

{

E (t) ≤ ce−�t if m (x) = 2,
E (t) ≤ cE (0) ∕ (1 + t)2∕(m

+−2) if m+ > 2.

Proof. We multiply the first equation of (46) by uEr (t), for q > 0 that will be specified later, and integrate over Ω × (s, T ),182

s < T . So, we get183

T

∫
s

Er (t)∫
Ω

[

uutt − u div
(

|∇u|p(x)−2∇u
)

+ �1uut ||ut||
m(x)−2 + �2uz (x, 1, t) |z (x, 1, t)|

m(x)−2
]

dxdt = 0,

which implies that184

T

∫
s

Er (t)∫
Ω

(

d
dt

(

uut
)

− u2t + |∇u|p(x) + �1uut (x, t) ||ut (x, t)||
m(x)−2

+�2uz (x, 1, t) |z (x, 1, t)|
m(x)−2

)

dxdt = 0. (50)

By using the definition of E (t), given in (47), and the relation185
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d
dt

⎛

⎜

⎜

⎝

Er (t)∫
Ω

uutdx
⎞

⎟

⎟

⎠

= rEr−1 (t)E′ (t)∫
Ω

uutdx + Er (t) d
dt ∫

Ω

uutdx,

the equation (50) becomes186

2

T

∫
s

Er+1 (t) dt ≤ −

T

∫
s

d
dt

⎛

⎜

⎜

⎝

Er (t)∫
Ω

uutdx
⎞

⎟

⎟

⎠

dt + r

T

∫
s

Er−1 (t)E′ (t)∫
Ω

uutdxdt

+2

T

∫
s

Er (t)∫
Ω

u2t dxdt − �1

T

∫
s

Er (t)∫
Ω

uut ||ut||
m(x)−2 dxdt

−�2

T

∫
s

Er (t)∫
Ω

uz (x, 1, t) |z (x, 1, t)|m(x)−2 dxdt

+2

T

∫
s

Er (t)

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�dt. (51)

Now, we estimate the right-hand side terms of equation (51), respectively.187

The first term is estimated as follows:188

|

|

|

|

|

|

|

−

T

∫
s

d
dt

⎛

⎜

⎜

⎝

Er (t)∫
Ω

uutdx
⎞

⎟

⎟

⎠

dt

|

|

|

|

|

|

|

=
|

|

|

|

|

|

|

Er (s)∫
Ω

uut (x, s) dx − Er (T )∫
Ω

uut (x, T ) dx
|

|

|

|

|

|

|

≤ 1
2
Er (s)

⎡

⎢

⎢

⎣

∫
Ω

u2 (x, s) dx + ∫
Ω

u2t (x, s) dx
⎤

⎥

⎥

⎦

+1
2
Er (T )

⎡

⎢

⎢

⎣

∫
Ω

u2 (x, T ) dx + ∫
Ω

u2t (x, T ) dx
⎤

⎥

⎥

⎦

≤ Er (s)
⎡

⎢

⎢

⎣

1
2
c∗ ∫

Ω

|∇u (x, s)|2 dx + E (s)
⎤

⎥

⎥

⎦

+Er (T )
⎡

⎢

⎢

⎣

1
2
c∗ ∫

Ω

|∇u (x, T )|2 dx + E (T )
⎤

⎥

⎥

⎦

where c∗ is the embedding constant. So, we get189

|

|

|

|

|

|

|

−

T

∫
s

d
dt

⎛

⎜

⎜

⎝

Er (t)∫
Ω

uutdx
⎞

⎟

⎟

⎠

dt

|

|

|

|

|

|

|

≤ Er (s)
[

c ‖∇u (s)‖2p− + E (s)
]

+Er (T )
[

c ‖∇u (T )‖2p− + E (T )
]

≤ Er+1 (s) + cEr (s)
(

‖∇u (s)‖p
+

p−

)
2
p+

+Er+1 (T ) + cEr (T )
(

‖∇u (T )‖p
+

p−

)
2
p+ ,

where c is a generic positive constant that may change their value from a line to another. Then, we use (49), and recalling that190

E (t) is nonincreasing, we obtain191
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|

|

|

|

|

|

|

−

T

∫
s

d
dt

⎛

⎜

⎜

⎝

Er (t)∫
Ω

uutdx
⎞

⎟

⎟

⎠

dt

|

|

|

|

|

|

|

≤ Er+1 (s) + cEr (s)
(

%p(x) (∇u (s))
)

2
p+

+Er+1 (T ) + cEr (T )
(

%p(x) (∇u (T ))
)

2
p+

≤ Er+1 (s) + c (E (s))r+
2
p+ + Er+1 (T ) + c (E (T ))r+

2
p+

≤ Er+1 (s) + c (E (s))r+
2
p+ . (52)

In the last estimate, for p− > 2, we applied the following Hölder inequality192

∫
Ω

|∇u|2 dx ≤ |Ω|
p−−2
p−

⎛

⎜

⎜

⎝

∫
Ω

|∇u|p
−
dx

⎞

⎟

⎟

⎠

2
p−

.

The estimate (52), for the case p− = 2, is true.193

Similarly, we deal with the term194

|

|

|

|

|

|

|

r

T

∫
s

Er−1 (t)E′ (t)∫
Ω

uutdxdt

|

|

|

|

|

|

|

≤ −c

T

∫
s

Er−1 (t)E′ (t)
[

E (T ) + cE
2
p+ (t)

]

dt

≤ −c
⎡

⎢

⎢

⎣

T

∫
s

Er (t)E′ (t) +

T

∫
s

(E (t))r+
2
p+
−1 E′ (t) dt

⎤

⎥

⎥

⎦

≤ c
[

Er+1 (s) + (E (s))r+
2
p+
]

. (53)

To treat the other term, we establish195

Ω+ =
{

x ∈ Ω, |
|

ut (x, t)|| ≥ 1
}

and Ω− =
{

x ∈ Ω, |
|

ut (x, t)|| < 1
}

,

and we exploit the Hölder’s and Young’s inequalities, then we have196

|

|

|

|

|

|

|

2

T

∫
s

Er (t)∫
Ω

u2t dxdt

|

|

|

|

|

|

|

=

|

|

|

|

|

|

|

|

2

T

∫
s

Er (t)

⎡

⎢

⎢

⎢

⎣

∫
Ω+

u2t dx + ∫
Ω−

u2t dx

⎤

⎥

⎥

⎥

⎦

dt

|

|

|

|

|

|

|

|

≤ c

T

∫
s

Er (t)

⎡

⎢

⎢

⎢

⎣

⎛

⎜

⎜

⎜

⎝

∫
Ω+

|

|

ut||
m− dx

⎞

⎟

⎟

⎟

⎠

2∕m−

+
⎛

⎜

⎜

⎝

∫
Ω−

|

|

ut||
m+ dx

⎞

⎟

⎟

⎠

2∕m+
⎤

⎥

⎥

⎥

⎦

dt

≤ c

T

∫
s

Er (t)

⎡

⎢

⎢

⎢

⎣

⎛

⎜

⎜

⎝

∫
Ω

|

|

ut||
m(x) dx

⎞

⎟

⎟

⎠

2∕m−

+
⎛

⎜

⎜

⎝

∫
Ω

|

|

ut||
m(x) dx

⎞

⎟

⎟

⎠

2∕m+
⎤

⎥

⎥

⎥

⎦

dt

≤ c

T

∫
s

Er (t)
[

(

−E′ (t)
)2∕m− +

(

−E′ (t)
)2∕m+

]

dt

≤ c"

T

∫
s

(E (t))rm
−∕(m−−2) dt + c"

T

∫
s

(

−E′ (t)
)

dt

+c"

T

∫
s

Er+1 (t) dt + c"

T

∫
s

(

−E′ (t)
)2(r+1)∕m+ dt.
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where c" =
1
r+1

(

"(r+1)
r

)−r
.197

Choose r such that r = m+∕2 − 1 will make rm−

m−−2
= r + 1 + m+−m−

m−−2
. Now, we consider two cases, m− > 2 and m− = 2.198

For m− > 2, we have199

|

|

|

|

|

|

|

2

T

∫
s

Er (t)∫
Ω

u2t dxdt

|

|

|

|

|

|

|

≤ c"

T

∫
s

Er+1 (t) dt + c" (E (0))
m+−m−

m−−2

T

∫
s

Er+1 (t) dt + c"E (s)

≤
∼
c"

T

∫
s

Er+1 (t) dt + c"E (s) , (54)

where
∼
c is a positive constant.200

For m− = 2, we get201

|

|

|

|

|

|

|

2

T

∫
s

Er (t)∫
Ω

u2t dxdt

|

|

|

|

|

|

|

=

|

|

|

|

|

|

|

|

2

T

∫
s

Er (t)

⎡

⎢

⎢

⎢

⎣

∫
Ω+

u2t dx + ∫
Ω−

u2t dx

⎤

⎥

⎥

⎥

⎦

dt

|

|

|

|

|

|

|

|

≤ c

T

∫
s

Er (t)

⎡

⎢

⎢

⎢

⎣

∫
Ω+

|

|

ut||
m(x) dx +

⎛

⎜

⎜

⎝

∫
Ω−

|

|

ut||
m+ dx

⎞

⎟

⎟

⎠

2∕m+
⎤

⎥

⎥

⎥

⎦

dt

≤ c

T

∫
s

Er (t)

⎡

⎢

⎢

⎢

⎣

∫
Ω

|

|

ut||
m(x) dx +

⎛

⎜

⎜

⎝

∫
Ω

|

|

ut||
m(x) dx

⎞

⎟

⎟

⎠

2∕m+
⎤

⎥

⎥

⎥

⎦

dt

≤ c

T

∫
s

Er (t)
(

−E′ (t)
)

dt + c

T

∫
s

Er (t)
(

−E′ (t)
)2∕m+ dt

≤ cEr+1 (s) + c"

T

∫
s

Er+1 (t) dt + c"

T

∫
s

(

−E′ (t)
)2(r+1)∕m+ dt.

Therefore, with the choice of r = m+∕2 − 1, we obtain202

|

|

|

|

|

|

|

2

T

∫
s

Er (t)∫
Ω

u2t dxdt

|

|

|

|

|

|

|

≤ cEr+1 (s) + c"

T

∫
s

Er+1 (t) dt + c"E (s)

≤ c"

T

∫
s

Er+1 (t) dt +
(

c" + cEr (0)
)

E (s)

≤ c"

T

∫
s

Er+1 (t) dt +
∼
c"E (s) , (55)

where
∼
c" = c" + cEr (0) .203

Due to m+ ≥ p+ and r = m+

2
− 1, then r + 2

p+
− 1 ≥ 0. As a result, the estimates (52) and (53) become,204
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|

|

|

|

|

|

|

−

T

∫
s

d
dt

⎛

⎜

⎜

⎝

Er (t)∫
Ω

uutdx
⎞

⎟

⎟

⎠

dt

|

|

|

|

|

|

|

≤ Er+1 (s) + c (E (s))r+
2
p+

≤
[

Er (0) + c (E (0))r+
2
p+
−1
]

E (s) =
∼
cE (s) , (56)

and205

|

|

|

|

|

|

|

r

T

∫
s

Er−1 (t)E′ (t)∫
Ω

uutdxdt

|

|

|

|

|

|

|

≤ c
[

Er+1 (s) + (E (s))r+
2
p+
]

≤ c
[

Er (0) + (E (0))r+
2
p+
−1
]

E (s) =
∼
cE (s) , (57)

respectively.206

For the next term, by using Young’s inequality, we show207

|

|

|

|

|

|

|

−�1

T

∫
s

Er (t)∫
Ω

u |
|

ut||
m(x)−1 dxdt

|

|

|

|

|

|

|

≤ "

T

∫
s

Er (t)∫
Ω

|u|m(x) dxdt + c

T

∫
s

Er (t)∫
Ω

c" (x) ||ut||
m(x) dxdt

≤ "

T

∫
s

Er (t)
⎡

⎢

⎢

⎣

∫
Ω

|u|m
−
dx + ∫

Ω

|u|m
+
dx

⎤

⎥

⎥

⎦

dt

+c

T

∫
s

Er (t)∫
Ω

c" (x) ||ut||
m(x) dxdt,

where we used Young’s inequality with208

p (x) =
m (x)

m (x) − 1
and p′ (x) = m (x) ,

and thus209

c" (x) = (m (x) − 1)m (x)
m(x)∕(1−m(x)) "1∕(1−m(x))

Using the embedding, we get210

|

|

|

|

|

|

|

−�1

T

∫
s

Er (t)∫
Ω

u |
|

ut||
m(x)−1 dxdt

|

|

|

|

|

|

|

≤ "

T

∫
s

Er (t)
[

c1 ‖∇u‖
m−
p− + c2 ‖∇u‖

m+
p−

]

+

T

∫
s

Er (t)∫
Ω

c" (x) ||ut||
m(x) dx,

where c1 and c2 are positive constants independent of ".211

From (47) and (49), we have212



18 Stanislav Antontsev ET AL

|

|

|

|

|

|

|

−�1

T

∫
s

Er (t)∫
Ω

u |
|

ut||
m(x)−1 dxdt

|

|

|

|

|

|

|

≤ "

T

∫
s

Er (t)
[

c1
(

%p(x) (∇u)
)
m−

p+ + c2
(

%p(x) (∇u)
)
m+

p+

]

dt

+c

T

∫
s

Er (t)∫
Ω

c" (x) ||ut||
m(x) dxdt

≤ "c′1

T

∫
s

Er+1 (t) (E (t))
m−

p+
−1 dt + "c′2

T

∫
s

Er+1 (t) (E (t))
m+

p+
−1 dt

+c

T

∫
s

Er (t)∫
Ω

c" (x) ||ut||
m(x) dxdt

≤ c′"
(

(E (0))
m−

p+
−1 + (E (0))

m+

p+
−1
)

T

∫
s

Er+1 (t) dt

+

T

∫
s

Er (t)∫
Ω

c" (x) ||ut||
m(x) dxdt, (58)

where c′1, c
′
2 and c

′ are positive constants independent of ".213

The next term of (51) can be estimated in a similar way to obtain214

|

|

|

|

|

|

|

−�2

T

∫
s

Er (t)∫
Ω

u |z (x, 1, t)|m(x)−1 dxdt
|

|

|

|

|

|

|

≤ "

T

∫
s

Er (t)
[

c1
(

%p(x) (∇u)
)
m−

p+ + c2
(

%p(x) (∇u)
)
m+

p+

]

dt

+c

T

∫
s

Er (t)∫
Ω

c" (x) |z (x, 1, t)|
m(x) dxdt

≤ c′"
(

(E (0))
m−

p+
−1 + (E (0))

m+

p+
−1
)

T

∫
s

Er+1 (t) dt

+c

T

∫
s

Er (t)∫
Ω

c" (x) |z (x, 1, t)|
m(x) dxdt. (59)
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For the last term of (51), by using Lemma 11, we have the following:215

2

T

∫
s

Er (t)

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�dt

≤ 2
m−

T

∫
s

Er (t)

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x) dxd�dt

≤ − 2�
m−

T

∫
s

Er (t) d
dt

⎛

⎜

⎜

⎝

1

∫
0

∫
Ω

e−��� (x) |z|m(x) dxd�
⎞

⎟

⎟

⎠

dt

+ 2
m−

T

∫
s

Er (t)∫
Ω

� (x) |
|

ut||
m(x) dxdt

≤ − 2�
m−

⎡

⎢

⎢

⎣

Er (t)

1

∫
0

∫
Ω

e−��� (x) |z|m(x) dxd�
⎤

⎥

⎥

⎦

t=T

t=s

+ 2
m−

T

∫
s

Er (t)∫
Ω

� (x) |
|

ut||
m(x) dxdt.

As � (x) is bounded, by using (47), we get216

2

T

∫
s

Er (t)

1

∫
0

∫
Ω

� (x) |z (x, �, t)|m(x)

m (x)
dxd�dt

≤ 2�e−�
m−

Er (s)E (s) + 2c
m−

Er+1 (T )

≤ 2�e−�
m−

Er (0)E (s) + 2c
m−

Er (T )E (s) ≤ c∗E (s) , (60)

for some c∗ > 0.217

By combining (51)-(60), we infer218

T

∫
s

Er+1 (t) dt ≤ c"
((

1 + (E (0))
m−

p+
−1 + (E (0))

m+

p+
−1
))

T

∫
s

Er+1 (t) dt

+cE (s) + c

T

∫
s

Er (t)∫
Ω

c" (x) |z (x, 1, t)|
m(x) dxdt. (61)

We choose " > 0 so small such that219

c"
(

1 + (E (0))
m−

p+
−1 + (E (0))

m+

p+
−1
)

< 1.

Then, we have220

T

∫
s

Er+1 (t) dt ≤ cE (s) + c

T

∫
s

Er (t)∫
Ω

c" (x) |z (x, 1, t)|
m(x) dxdt.

Where " is fixed, then c" (x) ≤M , since that m (x) is bounded. So, we obtain221
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T

∫
s

Er+1 (t) dt ≤ cE (s) + cM

T

∫
s

Er (t)∫
Ω

|z (x, 1, t)|m(x) dxdt

≤ cE (s) − C0M

T

∫
s

Er (t)E′ (t) dt

≤ cE (s) +
C0M
r + 1

(

Er+1 (s) − Er+1 (T )
)

≤ cE (s) . (62)

Thus, by taking T →∞, we get222

∞

∫
s

E
m+

2 (t) dt ≤ cE (s) .

Therefore, Komornik’s Lemma (with � = r = m+∕2 − 1) provides the desired result.223

ACKNOWLEDGEMENT224

The first author was supported by the RSF, Russia, grant no. 19-11-00069.225

References226

1. Antontsev S, Shmarev S.Evolution PDEswith nonstandard growth conditions. Existence, uniqueness, localization, blow-up.227

Atlantis Studies in Differential Equations. Paris:Atlantis; 2015228

2. Antontsev S. Wave equation with p(x, t)-Laplacian and damping term: blow-up of solutions. C. R. Mecanique, 339(12)229

(2011) 751-755.230

3. Antontsev S. Wave equation with p(x, t)-Laplacian and damping term: existence and blow-up.Differential Equations Appl.;231

3(4): 503-525.232

4. Chen Y, Levine S, Rao M. Variable Exponent, Linear Growth Functionals in Image Restoration. SIAM Journal on Applied233

Mathematics;66: 1383-1406.234

5. Diening L,Hasto P, Harjulehto P, Ruzicka MM. Lebesgue and Sobolev Spaces with Variable Exponents. Berlin:Springer-235

Verlag; 2011.236

6. Fan XL, Shen JS, Zhao D. Sobolev embedding theorems for spacesW k,p(x) (Ω) . J. Math. Anal. Appl.; 263: 749-760.237

7. Feng B, Li H. Energy decay for a viscoelastic Kirchhoff plate equation with a delay term. Bound. Value Probl. 2016; 174:238

1-16.239

8. Ghegal S, Hamchi I, Messaoudi SA. Global existence and stability of a nonlinear wave equation with variable-exponent240

nonlinearities. Appl. Anal.; (in press).241

9. Guo B. An inverse Holder inequality and its application in lower bound estimates for blow-up time. C. R. Mecanique 2017;242

345: 370-377.243

10. Kang JR. Global nonexistence of solutions for von Karman equations with variable exponents. Appl. Math. Lett. 2018; 86:244

249-255.245

11. Kafini M, Messaoudi SA. A blow-up result in a nonlinear wave equation with delay. Mediterr. J. Math. 2016; 13 (2016):246

237-247.247



Stanislav Antontsev ET AL 21

12. Kovacik O, Rakosnik J. On spaces Lp(x) (Ω) , andW k,p(x) (Ω) . Czech. Math. J. 1991; 41(116): 592-618.248

13. Komornik V. Exact Controllability and Stabilization. The Multiplier Method. Masson and Wiley; 1994.249

14. Lars D, Harjulehto P, Hasto P, Ruzicka M. Lebesque and Sobolev spaces with variable exponents. Berlin: Springer; 2011.250

15. Messaoudi SA, Talahmeh AA , Al-Smail JH. Decay for solutions of a nonlinear damped wave equation with variable-251

exponent nonlinearities. Comput. Math Appl. 2018, 76: 1863-1875.252

16. Messaoudi SA , Talahmeh AA, Al-Smail JH. Nonlinear damped wave equation: Existence and blow-up. Computers Math.253

Appl. 2017; 74: 3024-3041.254

17. Messaoudi SA, Talahmeh AA. Blow up in solutions of a quasilinear wave equation with variable-exponent nonlinearities.255

Math. Meth. Appl. Sci. 2019, 40: 6976-6986.256

18. Messaoudi SA, Al-Smail JH, Talahmeh AA. Decay for solutions of a nonlinear damped wave equation with variable-257

exponent nonlinearities. Comput. Math. Appl. 2018; 76: 1863-1875.258

19. Messaoudi SA, Kafini M. On the decay and global nonexistence of solutions to a damped wave equation with variable-259

exponent nonlinearity and delay. Ann. Pol. Math. 2019; 122.1.260

20. Messaoudi SA. On the decay of solutions of a damped quasilinear wave eqauation with variable-exponent nonlinearities.261

Math Meth Appl. Sci. 2020: 1-13.262

21. Nicaise S, Pignotti C. Stability and instability results of the wave equation with a delay term in the boundary or internal263

feedbacks. SIAM J. Control Optim. 2006; 45: 1561-1585.264

22. Park SH. Attractors for a Class of Kirchhoff Models with p-Laplacian and Time Delay. Taiwan J. Math.: 1-14.265

DOI:10.11650/tjm/181105.266

23. Park SH , Kang JR. Blow-up of solutions for a viscoelastic wave equation with variable exponents. Math Meth Appl Sci.267

2019; (42):2083-2097.268

24. Pişkin E. Blow up Solutions for a Class of Nonlinear Higher-Order Wave Equation with Variable Exponents. Sigma J. Eng.269

& Nat. Sci. 2019; 10 (2):149-156.270

25. Pişkin E. Blow up of solutions for a nonlinear viscoelastic wave equations with variable exponents. Middle East J. Sci.271

2019; 5(2): 134-145.272

26. Pişkin E. Finite time blow up of solutions of the Kirchhoff-type equation with variable exponents. Int. J. Nonlinear Anal.273

Appl. 2020; 11(1): 37-45.274

27. Pişkin E. Global Nonexistence of Solutions for a Nonlinear Klein-Gordon Equation with Variable Exponents. Appl. Math.275

E-Notes 2019; 19: 315-323.276

28. Pişkin E. On the decay and blow up of solutions for a quasilinear hyperbolic equations with nonlinear damping and source277

terms. Bound. Value Probl.2015; 2015:127.278

29. Pişkin E. Sobolev Spaces. Turkey:Seçkin; 2017.279

30. Ruzicka M. Electrorheological Fluids: Modeling and Mathematical Theory. Lecture Notes in Mathematics.280

Berlin:Springer;2000.281

31. ShahrouziM.On behaviour of solutions for a nonlinear viscoelastic equationwith variable-exponent nonlinearities.Comput.282

Math. with Appl. 2018; 75: 3946-3956.283

32. Wu Y, Xue X. Uniform decay rate estimates for a class of quasi-linear hyperbolic equations with non-linear damping and284

source terms. Appl. Anal. 2012; 1-10.285



22 Stanislav Antontsev ET AL

33. Yang XG, Zhang J, Wang S. Stability and dynamics of a weak viscoelastic system with memory and nonlinear time-varying286

delay. 2020; 40(3): 1493-1515.287

How to cite this article: S. Antontsev, J. Ferreira, E. Pişkin and Hazal Yüksekkaya, (<year>), Blow up and asymptotic behavior
of solutions for a p (x)-Laplacian equation with delay term and variable exponents,Math Meth Appl Sci., <Vol> .288


	Blow up and asymptotic behavior of solutions for a p(x) -Laplacian equation with delay term and variable exponents 
	Abstract
	Introduction
	Preliminaries
	Blow up
	Decay
	Acknowledgement
	References


