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Asstract. The paper presents an a posteriori error estimator for a (piecewise
linear) nonconforming finite element approximation of the problem defining the
interaction between a free fluid and poroelastic structure. The free fluid is gov-
erned by the Stokes equations, while the flow in the poroelastic medium is mod-
eled using the Biot poroelasticity system. Equilibrium and kinematic conditions
are imposed on the interface. The approach utilizes the same nonconforming
Crouzeix-Raviart element discretization on the entire domain [Houédanou Koffi
Wilfrid, Results in Applied Mathematics 7 (2020) 100127, Elsevier]. For this dis-
cretization, we derive a residual indicator based on the jumps of normal derivative
of the nonconforming approximation. Lower and upper bounds form the main
results with minimal assumptions on the mesh.
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1. Introduction

In this paper, we develop an a posteriori error analysis for solving the interaction of a free
incompressible viscous Newtonian fluid with a fluid within a poroelastic medium. This is a chal-
lenging multiphysics problem with applications to predicting and controlling processes arising in
groundwater flow in fractured aquifers, oil and gas extraction, arterial flows, and industrial filters.
In these applications, it is important to model properly the interaction between the free fluid with
the fluid within the porous medium, and to take into account the effect of the deformation of the
medium. For example, geomechanical effects play an important role in hydraulic fracturing, as
well as in modeling phenomena such as subsidence and compaction.
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We adopt the Stokes equations to model the free fluid and the Biot system [1] for the fluid
in the poroelastic media. In the latter, the volumetric deformation of the elastic porous matrix
is complemented with the Darcy equation that describes the average velocity of the fluid in the
pores. The model features two different kinds of coupling across the interface: Stokes-Darcy
coupling [2(10] and fluid-structure interaction (FSI) [11H15].

The well-posedness of the mathematical model based on the Stokes-Biot system for the cou-
pling between a fluid and a poroelastic structure is studied in |[16]. A numerical study of the
problem, using a Navier-Stokes equations for the fluid, is presented in [11}{17], utilizing a vari-
ational multiscale approach to stabilized the finite element spaces. The problem is solved using
both a monolithic and a partitioned approach, with the latter requiring subiterations between the
two problems.

Nonphysical pressure oscillations are observed in finite element calculations of Biot’s poroelas-
tic equations in low-permeable media. These pressure oscillations may be understood as a failure
of compatibility between the finite element spaces, rather than elastic locking. In [18], Joachim
Berdal Haga et al. have presented evidence to support this view by comparing and contrasting
the pressure oscillations in low-permeable porous media with those in low-compressible porous
media. As a consequence, it is possible to use established families of stable mixed elements as
candidates for choosing finite element spaces for Biot’s equations. Through comparison with the
displacement-solid pressure mixed formulation of linear elasticity, they identify the spurious pres-
sure modes as a specific consequence of a vanishing Brezzi inf-sup constant. Since the Brezzi
inf-sup condition for the poroelastic equations takes on a similar form as in, e.g., the mixed linear
elasticity or Stokes problem, this identification opens up the field to a plethora of stable element
candidates. These can be used directly for the basic solid displacement-fluid pressure two-field
formulation of poroelasticity, or in combinations for the various three- and four-field formulations
involving solid pressure and/or fluid velocity [18].

Finite element analysis of an arbitrary Lagrangian-Eulerian method for Stokes/parabolic mov-
ing interface problem with jump coefficients has been studied in [19]. The authors in |20] study
a numerical solution of the coupled system of the time-dependent Stokes and fully dynamic Biot
equations. They establish stability of the scheme and derive error estimates for the fully discrete
coupled scheme. Numerical errors and convergence rates for smooth problems as well as tests on
realistic material parameters have been presented. In [21], Jing Wen and Yinnian He consider a
strongly conservative discretization for the rearranged Stokes-Biot model based on interior penalty
discontinuous Galerkin method and mixed finite element method. The existence and uniqueness
of solution of the numerical scheme have been presented. Then, the analysis of stability and priori
error estimates have been derived. The numerical examples under uniform meshes, which well
validate the analysis of convergence and the strong mass conservation are presented. A staggered
finite element procedure for the coupled Stokes-Biot system with fluid entry resistance has been
studied by Bergkamp et al. in [22] while Ambartsumyan et al. study in [23| flow and transport
in fractured poroelastic media using Stokes flow in the fractures and the Biot model in the porous
media. In [24], semidiscrete continuous-in-time approximation has been proposed for the weak
coupled mixed formulation. For the discretization of the fluid velocity and pressure the authors
have used the finite elements which include the MINI-elements, the Taylor-Hood elements and
the conforming Crouzeix-Raviart elements. For the discretization of the porous medium problem
they choose the spaces that include Raviart-Thomas and Brezzi-Douglas-Marini elements. An a
priori error analysis is performed with some numerical tests confirming the convergence rates.

A posteriori error estimators are computable quantities, expressed in terms of the discrete
solution and of the data that measure the actual discrete errors without the knowledge of the exact
solution. They are essential to design adaptive mesh refinement algorithms which aqui- distribute
the computational effort and optimize the approximation efficiency. Since the pioneering work
of Babusgka and Rheinboldt [25H28], adaptive finite element methods based on a posteriori error
estimates have been extensively investigated.

In the article |29, the author studies a stabilized nonconforming mixed finite element method
using the Crouzeix-Raviart element for the Stokes-Biot problem. Considering mixed formulation
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of the Darcy problem, the fluid velocity and pressure are treated as functions defined in the entire
domain. Existence, uniqueness of the finite element solution of the corresponding discrete problem
and a priori estimates have been shown. The proofs use the standard theory for mixed problems.
The approach presented is independent of the normal vectors of the interior edges in both regions,
thus making the resulting finite element matrix sparser.

We use a nonconforming finite element method that has so many advantages for the velocities
and piecewise constant for the pressures in both the Stokes and Biot regions, and apply a stabi-
lization term penalizing the jumps over the element edges of the piecewise continuous velocities.
Indeed, one can construct finite element methods where the incompressibility condition is exactly
satisfied (cf. Fortin [30]) but this leads to the use of complex elements of limited applicability (e.g.
oil and gas extraction for conforming case). Thus, in the work [29], Houédanou has constructed
and studies finite element method using simpler elements where the incompressibility condition is
only approximatively satisfied [cf. definition of operator divy, ]

So, in this paper we have found it very convenient to use nonconforming finite elements which
violate the interelement continuity condition of the velocities. To our best knowledge, there is no
a-posteriori error estimation for the strongly coupled mixed formulation [29, Section 3] of the
coupled Stokes-Biot problem where a nonconforming finite element method is used.

The paper is organized as follows. Some preliminaries and notation are given in Section
In the section [3| the a posteriori error estimates are derived. The efficiency result is derived using
the technique of bubble function introduced by R. Verfiirth [31] and used in similar context by
C. Carstensen [32}|33]. The main results are given in the Section |5 We offer our conclusion and
the further works in Section [Gl

2. Preliminaires and notation

2.1. Model problem. We consider a multiphysics model problem for free fluid’s interaction
with a flow in a deformable porous media, where the simulation domain Q ¢ R?, d = 2,3, is a
union of non-overlapping regions 2y and 2,. Here {2y is a free fluid region with flow governed
by the Stokes equations and (2, is a poroelastic material governed by the Biot system. For
simplicity of notation, we assume that each region is connected. The extension to non-connected
regions is straightforward. The two regions are separated by an interface I'y, = 92y N 0Q,. Let
I, = 00, \Ty,, x = f,p. Each interface and boundary is assumed to be polygonal (d = 2) or
polyhedral (d = 3). We denote by ny (resp. n,) the unit outward normal vector along 02y (resp.
2,). Note that on the interface I'f,, we have ny = —n,,. Figure gives a schematic representation
of the geometry. For any function v defined in (2, since its restriction to 2 or €2, could play a

Ly
oo Q: Fluid Region o
Tnp Ffp
Tj ‘1’ Ilf
L? Qp: Poroelastic Medium r_‘g’
Iy

FIGURE 1. Global domain 2 consisting of the fluid region Qy and the poroelastic media region
) separated by the interface I',.

different mathematical roles (for instance their traces on I'y, ), we will set vy = v|q, and v, = v|q, .
In 2, we denote by u the fluid velocity and by p the pressure, and let 7, be the displacement in
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Q,. Let > 0 be the fluid viscosity, let f € [L2(€2)]¢ be the body force terms, and let g be external

source or sink terms satisfing the compatibility condition fQ g(x)dz = 0.
Let D(u) and o¢(u,p) denote, respectively, the deformation rate tensor and the stress tensor:

1
D(u) = 3 (Vu+ VuT) , and o¢(u,p) = —pI + 2pD(u).

In the free fluid region Qy, (u,p) satisty the Stokes equations:

—V.os(u,p) = finQy (1)
V-u = ginQy (2)
u = 0only. (3)

Let oe(np) and op(1p, pp) be the elastic and poroelastic stress tensors, respectively:

Ue(np) =X (V- 771)) I+ 2.UpD(77p)a Up(%pp) = Ue(np) — appl, (4)

where 0 < Apin < Ap(x) < Apax and 0 < fimin < f1p(x) < fimax are the Lamé parameters, and
0 < a <1 is the Biot-Willis constant. The poroelasticity region €, is governed by the modified
static Biot system [24]:

=V op(np,pp) = finQ (5)
pK'lu+Vp = 0inQ,, (6)
aV-n,+V-u = g¢inQ,, (7)
u-n; = O0onl, (8)

7, = 0onT,. (9)

K the symmetric and uniformly positive definite rock permeability tensor, satisfying, for some
constants 0 < kmin < Kmax,

vf S Rd» kminng S gTK(X)f S kmanggvvx € Qp'

Following [1], the interface conditions on the fluid-poroelasticity interface I'f, are mass conserva-
tion, balance of stresses, and the Beavers-Joseph-Saffman (BJS) condition |34] modeling slip with
friction:

uf-ny+u,-n, = 0only, (10)
omy+opn, = 0Oonly, (11)
—(afnf) Ny = pPp, ON Ffp (12)

—(omyg) -7y = papgpy/K; ' (ug) -7 on Ty, (13)

where 74 ;, 1 < j < d—1, is an orthogonal system of unit tangent vectors on I'y,, K; = (K¢ ;)-7¢ 5,
and apys > 0 is an experimentally determined friction coefficient. We note that continuity of
flux constraints the normal velocity of the solid skeleton, while the BJS condition accounts for its
tangential velocity.

Equations — consist of the model of the coupled Stokes and Biot flows problem that we
will study below.

2.2. Strongly coupled weak formulation. We begin this subsection by introducing some
useful notation. We first introduce some Sobolev spaces |35] and norms. If W is a bounded domain
of R and m is a non negative integer, the Sobolev space H™(W) = W™2(W) is defined in the
usual way with the usual norm || - ||, w and semi-norm |.|,, . In particular, HO(W) = L*(W)
and we write || - || for || - [|o,w. Similarly we denote by (-, -)w the L2(W) [L2(W)]¢ or [L?(W)]4*4
inner product. For shortness if W is equal to €2, we will drop the index (2, while for any m > 0,
I M=l - Im. 05 |-lmx = |-lm,0, and (., )« = (-, -)q,, for x = f,p. The space HJ"(2) denotes the
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closure of C§°(Q) in H™(£2). Let [H™(£2)]¢ be the space of vector valued functions v = (v, ...,vq)
with components v; in H™(2). The norm and the seminorm on [H™()]¢ are given by

d 1/2 d 1/2
[V [lm,0:= (Z | vi i,g) and [v|m o = (Zlvilfn@) : (14)
i=0

i=0
For a connected open subset of the boundary E C Q2 U0, we write (.,.) g for the L?(F) inner
product (or duality pairing), that is, for scalar valued functions X, o one defines:

(AN o)E ::/ Aods (15)
E
For a open subset F' of the entire domain 2, i.e. F C Q, we define the space H(div; F') by:
H(div; F) := {v e [L*(F)]*: divve L*(F)}, (16)
with a norm:
. B .
| v |z (div;Fy= <|| v ||[2L2(F)]d + [ divv ||%2(F)> , Vve H(div; F). (17)

To present a variational form of the coupled problem we define the following three spaces for
the velocity u, the structure displacement 7, and the pressure:

H:={veH(div;Q) : v e [H(Q)]“ v=00onT;,v-n,=00nT,},
equipped with the norm:

NI

v = (VB o+ 1V Bravay))

Xp = {fp € [HI(QP)]d :&p=0on Fp} )
with the norm

1 €p [1x,:= 1€p1,p,
and

M= L3(Q) x L3(),
. . 1/2
equipped with the norm || Q [lui= (1| @1 I3 + 1| Q2 I3g,) ¥Q = (@1,Q2) € M.

Note that the vector valued functions in H have (weakly) continuous normal components on
I'sp (consequence of Theorem 1.2.5 of [36 p. 27]).
We set H = H x X, equipped with the product norm

| V=l via+&lx,, YV=I(v,§)eH (18)
Let us further introduce two bilinear forms:
A:HxH—R,(U,V)— A(U,V) define by,

AU,V) = (2uD(u)7D(v))Qf + (pK 'y, V)Qp
+  (2ppD(mp), D(ﬁp))gp + AV 1y, V- fp)gp
d—1
+ > Anapss\[K; g1V,
j=1

B:HxM— R, (V,Q) = B(V,Q) with
B(V7 Q) = _(Q17div V)Q - a(QQ; dinp)Qp, where Q = <Q17 Q2)7

and two linear forms
LH-SRVeLV):=(fv)a
and

G:M—=R,Q=(Q1,Q2) —» G(Q) :=—(g9,Q1)a.
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The weak formulation of the coupled problem — can be stated as follows: find (U, P) €
H x M with U = (u,7,) and P = (p,p,) such that:

{ AU, V)+B(V,P) = L(V) YV = (v,&,) € H 19)

B(U,Q) = GQ VQ=(Q1,@)eM

Note that if f and ¢ are of mean zero, directly implies that — hold (the differential
equations being understood in the distributional sense), while the interface conditions (12]) and
are imposed in a weak sense.

This problem has a unique solution as proved in |29, Theorem 3.1].

THEOREM 2.1. If f€ [L*(Q)]? and g € L3(Q), then there exists a unique solution (U, P) €
H x M to the problem (@

2.3. Discontinuous Galerkin Discretization. In this section, we will use the noncon-
forming Crouzeix-Raviart piecewise linear finite element approximation for velocity and piecewise
constant approximation for pressure and establish the existence and uniqueness of a finite element
solution of the discrete problem.

Let T be a family of triangulations of  with nondegenerate elements (i.e. triangles for d = 2
and tetrahedrons for d = 3). For any K € T, we denote by hx the diameter of K and px the
diameter of the largest ball inscribed into K.

We set:

hk
h = max hg, and o, = max — (20)
KeTn TeT, PK
We assume that the family of triangulations is regular, in the sense that there exists og > 0 such
that op, < og, for all h > 0. We also assume that the triangulation is conforming with respect to
the partition of  into Q; and €2, namely each K € T}, is either in Q; or in Q, (see Figs.
for illustration).

I

dlam(K) = hK
FIGURE FIGURE
2. Isotropic FIGURE 4. Example
element K in 3. Example of noncon-
R2. of conforming

forming mesh

. 2
mesh in R .
in R?

Let 771f and 7} be the corresponding induced triangulations of Qf and €,. For any K € Ty,
we denote by E(K) (resp. N(K)) the set of its edges (d = 2) or faces (d = 3) (resp. vertices) and

set &, = U E(K), Ny, = U N(K). For A C Q we define
KeTh KeTh

5h(A):{E€5h:ECA}.
Notice that &, can be split up in the form
&L = 5h(Qj) @] gh(ﬂp) @] gh(an) (21)

where Q}" = Q;UT. Note that &,(Ty,) is included in &, (0,).
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With every edges E € &, we associate a unit vector ng such that ng is orthogonal to E and
equals to the unit exterior normal vector to 02 if E C 0f2. For any E € &, and any piecewise
continuous function ¢, we denote by [p]g its jump across E in the direction of ng:

lim p(x +tng) — lim p(z — tng) for an interior edge/face E,
[@}E(x) .— t—0+ ) t—0+
— thr(r)1Jr o(r —itng) for a boundary edge/face E
re

Based on the above notations, we introduce a variant of the nonconforming Crouzeix-Raviart
piecewise linear finite element space:

H), = {vh € [L2(Q)] : vax € [PHEK)| VK € Ty, ([Va]p, 1)p = 0 VE € £,(2F) ,
(Vi -mplp, 1) =0 VE € Ex(Q2p) UEL(O)}

Xon = {€n € (2] < Enyyc € [P K VK € T, ((E]m 1) = 0 VE € £4(0) ).
For X C Q, we set

En(X) = {qh € LA(X) : gnyx € PO(K) VK C X, K € Th}
and we define
My, = En(Q) x Ep(Q,) C M
H, = H,xX,, ¢ H.

Where P (K) is the space of the restrictions to K of all polynomials of degree less than or equal
to m.
The space M, is equipped with the norm || - ||y while the norm on Hj, will be specified later
on. The choice of Hy, is more natural since the space H), approximates only H(div;2,) and not
[H 1(Qp)]d, while our a-posteriori error analysis is only valid in this larger space.

Let us introduce the discrete divergence operator divy, € L£(Hp; E(Q)) N L(H; L3(£2)) by

(dth Vh)\K = diV(Vh‘K),VK € T, (22)
or divy, € L(Xpn; En(p)) N L(X,; LE(Q,)) by
(divy &pn) |k = div(fph‘K),VK € 7-}? (23)

Then, for Uy, = (up,mpr) € Hp, Vi, = (v, &pn) € Hy, and Qp, = (Q1n, Q2rn) € My, we can
introduce two bilinear forms:

An(Up, Vi) = Y (2uD(un),D(va)) + (kK™ Man, va) g
KeT;!
+ > D (mpn)s D(En)) g + (Ap divh mpn, divi Epn)g
KeTp
d—1
+ <MOéBJS\/Kj_1Ufh “Trgs ViR TEGIT
j=1

Bn(Vi, Q) = —(Qun,divy Vi) — a(Qan, divi Epn)a, -

Then, we propose the following discrete problem: find (U, Py) € H, x Q, with U, =
(up,mpn) € Hy, x Xy, and Py, = (pr, ppr) € Er(Q2) X ER(€,) such that:

{ Ap(Up, Vi) +Bir(Vy, Pr) +J(Up, Vi) = L(Vy) VVy, € Hy,

Bn(Un, Q) = G(Q,) VQ, € M.

This is the natural discretization of the weak formulation only with the penalizing term
J(Up, V},) added, where Vj, = (vy, &pp,). We define the bilinear form J(-, -) following the decom-
position of &:

J(Un, Vi) = It (up, va) + I, (n, vi) + Jaq, (U, vi) + I o+ (Mpn, Epn),
f P

(24)
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where

(1+2p) Z h;;l/E[uh]E - [vin]eds,

JQ}’ (up,vp)

Beg, (QF)
Jo,(up,vi) = Y h;;l/ [nlE - [Vi]Eds,
Ee&n(9,) B
— -1
Joq, (un,vp) = Z hz /[uh~nE]E[vh-nE]Eds and
Be&,(09) E
_ -1
JQ:; (Mphs Epn) = Z hi / (1 + 2up)pnl & - [Epn] Bds.
EE:‘/’}L(Q;) B

Here, hg is the length (d = 2) or diameter (d = 3) of E. Note that each element of &, only
contributes with one jump term in J(Uj, V},).
We are now able to define the norm on Hp:

1/2
1V lli= (v I, + 11 & I, +3(Va Vi) (25)
where
d—1 1/2
Iva = D el x + > Ven -7 vin -7+ 1l va I3, + | diviva |3, :
K€7—hf Jj=1
and
1/2
I éon Ix,i=| Y onlix
KeT?

The following results holds |29, Theorems 4.1 and 5.1]:

THEOREM 2.2. There exists a unique solution (U, Py,) € Hy, x My, to discrete problem
and if the solution (U, P) € H x M of the continuous problem (@ is smooth enough, then we
have:

| U= U lmyom + | P— Pl S h(lulaq, + |ul20, + 0pl2.0, + 0o, + Pha,) -

Here and below, in order to avoid excessive use of constants, the abbreviation z < y stand for
x < ¢y, with ¢ a positive constant independent of =, y and 7p.

3. Error estimators

In order to solve the Stokes-Biot coupled problem by efficient adaptive finite element methods,
reliable and efficient a posteriori error analysis is important to provide appropriated indicators.
In this section, we first define the local and global indicators and then the lower and upper error

bounds are derived (see Sects. and [5.2.2)).

3.1. Residual error estimators. The general philosophy of residual error estimators is to
estimate an appropriate norm of the correct residual by terms that can be evaluated easier, and
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that involve the data at hand. To this end denote the exact element residuals by:

R, = f+V- O'f(uh,ph) in K € 7;36 (26)
R, = g-V-u, inKeT7] (27)
R; = pK 'u,+Vp, inKeTP (28)
Ry = f+V. Up(nphvpph) in K € 7-}? (29)
R; = g—aV-ny—V-u, imKeT/ (30)
Rs(j) = uaBJFg/Kj_l(ufh)-Tf,j+(Jf(uh,ph)nf)'7f7j OnEGgh(aKﬂffp) (31)
Rr: = ppn+ (O’f(llfh,ph)nf) ‘ny onkEc E(OK N f‘fp). (32)

As it is common, these exact residuals are replaced by some finite-dimensional approximation
called approximate element residual r; x, 7 € {1,4}:

ri,KE[IP’m(K)]d 0nK€77f, le{f p}

This approximation is here achieved by projecting f on the space of piecewise constant functions
in €, more precisely for all K € T, we take

fre) = i/ f(x)de, 1€ {f,p}, VKecT.
K] Jx
Finally the global function f} is defined by:
f.,="fx; inK, VKEecT.
Hence

K = fo + V- O'f(l].h,ph) in K € 771]0, (33)
rog = fxp+V-op(ph.ppr) in K eTP, (34)

with un = uhml and P = ph|QL = f,p.
Next, introduce the gradient jump in normal direction by

3 o lof(un,pn) -ngle for an interior edge/face E € &,(2y),
Emng = 0 for a boundary edge/face E € &,(Tf).
and
G o [0p(Mp.1s Pp.1) - NE]E for an interior edge/face E € &,(,),
Eng = 0 for a boundary edge/face E € &,(T,).

DEFINITION 3.1. (Residual error estimator) The residual error estimator is locally defined
by:

1
2

11
Yy = (Z T3K> ,  for each K € Tp, (35)
i1
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where
T2, = { h% | 71K H§< ifK eT],
’ Pic || rare |5 fKeT, |
2K 0 fKeT! |
T2 { | curl(R3) ||% ifK € T}Z;,
' 0 ifKeT,!
e - { [l TEeT
’ | Rs % fKeT,
d—1
Tix = o e Y IR IIE ¢
E€EL(OKNTp) j=1
Tox = > he || R ||%
EE&, (OKNT 4p)
> he | Jeme B
TgK — E€&r(OKNQy)
’ Z he (I Gens 1% + |1 a5 1)
Ee€&L(0KNQy)
Tix = > bt [wle Il
Ee&,(0KNQ,)
Tox = > hi' || [un - nele |1,
Ee&,(0KNIN,)
Tiox = Z hip' (L4 2p) || [wnle |1
Eegh(akmﬂp
Tuk = Yoo hE I+ 2 Ipnle I -
Ee&L(OKNQY)

The global residual error estimator is given by:

T = (}:’ri>é.

KeTy

Furthermore denote the local and global approximation terms by

Vg = hg Hf—fh ||K,VK€77—L,
and
1/2
@::<§2w§> .
K€7_h

4. Analytical tools

ifKeT/!,

ifK T}

(48)

4.1. Some technical results. Our a posteriori analysis requires some analytical results that

are recalled.

The first one concerns a sort of Helmholtz decomposition of elements of H. Recall first that

if d =3,

Hpy(curl,Q,) = {¢ € L*(Q,)? : curlyy € L*(Q,)? and ¢ x n = 0 on 90, }.
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THEOREM 4.1. (Ref. (2, Page 708]) Any v € H admits the Helmholtz type decomposition
v = v + v, (49)

where vy, vy € H but satisfying vo € H*(Q),

o 0 m Qf7
v _{ curl3, in  Q,, (50)

where B, € HY () if d =2, while B, € H'(,)3 N Ho(curl, Q) if d = 3, with the estimate
Lo +1Bllna, S [l (51)

The second result that we need is a regularity result for the solution u € H of :

||vo

THEOREM 4.2. ( [2, Page 710]) Let (U, P) € H x M be the unique solution of (19) with
U= (u,n,) € Hx X,. If K € [C*1(Q,)]9*%, then there exists § > 0 such that:

U, € [H%+5(QP)]d~

Note that the regularity of u € [H %Jr‘s(Qp)]d7 with § > 0 allows to give a meaning to
Ja,(u,w) + Jaq,(u,w) for all w € H U H;, and hence to show that J(U,W) = 0 for all
W = (w,&,) € HUH,.

Let us finish this section by an estimation of the non conformity error (see |2, Theorem 3.3]):

THEOREM 4.3. For any Uy, = (up,npn) € Hy, we have

inf || U, — Wi|&, < J(Un, Up). 52
it U~ Will, S J(Us, U (52)

4.2. Clément interpolation operator. In order to derive the upper error bounds, we
introduce the Clément interpolation operator IOC] : H} (Q) — P(T,) that approximates optimally
non-smooth functions by continuous piecewise linear functions:

PL(Th) = {v e C'(Q) : v € P(K), VK € Tj and v =0 on 09}

In addition, we will make use of a vector valued version of Iy, that is, I¢y : [Hg ()14 — [P2(T5)]4,
which is defined componentwise by I%l. The following lemma establishes the local approximation

properties of IOCl (and hence of 1001), for a proof see |37, Section 3].

LEMMA 4.1. There exist constants C1,Cs > 0, independent of h, such that for all v € Hg(£2)
there hold

A

lv—=12) lx < Cib | vlam) VK €Ty, and (53)
lv—120) e < Cohid® || vlham VE €&, (54)
where A(K) :=U{K' € T, : K' N K # 0} and A(E) :=U{K' € T, : K' " E # 0}.

4.3. Inverse inequalities. In order to derive the lower error bounds, we proceed similarly as
in [32] and [33], by applying inverse inequalities, and the localization technique based on simplex-
bubble and face-bubble functions. To this end, we recall some notation and introduce further
preliminary results. Given K € Ty, and FE € £(K), we let bi and bg be the usual simplexe-bubble
and face-bubble functions respectively (see (1.5) and (1.6) in [38]). In particular, bx satisfies
b € P3(K), supp(bx) C K, bx = 0on K, and 0 < bx < 1 on K. Similarly, by € P?(K),
supp(bg) Cwg = {K' € Th: E€&(K')}, bp = 0on 0K \ F and 0 < bg < 1 in wg. We also
recall from [31] that, given k € N, there exists an extension operator L : C(E) — C(K) that
satisfies L(p) € P*(K) and L(p)|g = p,Vp € P*(E). A corresponding vectorial version of L, that
is, the componentwise application of L, is denoted by L. Additional properties of bx, b and L
are collected in the following lemma (see [31]):
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LEMMA 4.2. Given k € N*, there exist positive constants depending only on k and shape-
reqularity of the triangulations (minimum angle condition), such that for each simplexe K and
E € E(K) there hold

lallx < 1ab® Ikl allx. Vg € PH(K) (55)
labxlix S hi' |l allx, Vg € PH(K) (56)
Iplle S 1102 165l p s, Vp € PH(E) (57)
I L) & +hell@)ix S bl plle Vp € PE(E) (58)

LEMMA 4.3. (Continuous trace inequality) There exists a positive constant 1 > 0 depending
only on oy such that

lolic < Billvlxllvlie, VK € Th, Vo € [H'(K)]" (59)

5. Main results
We set X:=H x M and X}, := Hj x Ml;, and define on X, the continuous bilinear form B by:
B(U,W):=A(U,V)+B(V,P)+B(U,Q) forU=(U,P) andforW=(V,Q).
We also define on the discrete space Hy, the form,
By (Un, W) := Ap(Up, Vi )+Bn(Vi, Pp)+Bn(Un, Qp,)+J(Up, Vi) for Uy = (Uy, Pp) and Wy, = (V, Q).
The spaces X and X, are equipped with the product-norms:
UPI =IO [l + | Pl and [[[(Un, Pr)llln =I| Un lls,om + [| Pa [l respectively.

To prove local efficiency for w C €2, let us denote by

W Q7. = > Mix+t D l6lx
KcanfQy Kcanf,
+ > (v Ik + I divev [1%)
KCwnQy,
+ vy % n||12“fpmaz + Z Jx(W, W)
KCw

+ ” Q ”w, v(‘Nva(;z):(vagpa(;z)GHhUHX)(]oU}(phXNL

where
_ -1 2
Je(W, W) = (1+2p) > h v]ellz
Ee&n(Qf)NE(K)
+ > he'llvlelE + > hp' v nelelE
Ec&L(Qp)NE(K) E€c&,(09,)NE(K)
+ Yoo A+ )&l Ik

EE&, (09,)NE(K)

5.1. Optimality result. The main result of this paper can be stated as follows:
(1) Reliability of {Yx}xe7,: The a posteriori error estimator Y is consider reliable if it
satisfies:
(U~ ULP Pl £ T+ (60)

(2) Efficiency of {Yx}keT,:
Under the assumptions of Theorem the following lower error bound holds:

T S NU=-UnP =Pl + > ¥x, (61)
K'ewg

where W is a finite union of neighboring elements of K.
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5.2. Proof of the a-posteriori error estimate.
5.2.1. Proof of the Reliability Estimate. In this subsection, we shall prove the estimate

(60)-

Let us start with the following result.

LEMMA 5.1. Let the assumptions of Theorem be satisfied. Then for all W = (V, P) €
H x M, we have the estimate:

By, (U — Up, W) < (T + ¥)|[[W][[, (62)

where the estimator Y is defined by:

T = {Z (iri,ﬁ};. (63)

KeT, \i=1

PROOF. Let W = (V,Q) € H x M with V = (v,n,) and Q = (Q1,Q2). By Theorem v
admits the decomposition with vo, vy € H and satisfying the properties stated in Theorem
Then we take W, = (V},0) € Hj, x M, where Vi, = (v, &pn) with vy, = vo 5 + v p, where
Vo,n = I%lvo and

o 0 in Qf, )
Vl’h_{ Ty o 0, e =lob (64)

In 2D, I%ld) is the standard Clément interpolant of ¥, while in 3D, we take the vectorial Clément
interpolant from [2] that satisfies the same estimate as the standard one (see [2]). Note that
vo,n, belongs to Hy, N [HE(Q)]? while vy j, simply belongs to HN Hy, (I%ﬁ[} being in H}(€2,)
if d =2 and I%lw € H'(9,)? N Ho(curl,$,) if d = 3), its curl belongs to Hp(div,$2,), hence
V1, its extension by zero in Qy, stays in Hy(div, ). With these definitions and noticing that
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div(v — vy) = div(vg — vo ) and that J(Up, V) = 0, we may write:

Bu(U—Up, W) = Bu(U—Un, W —Wp)
= Ap(U-U,, V-Vy)+By(V-V,,P-P,)+B,y(U-U,;,Q)
= AU, V-V, +B,(V-V,,P)+B,(U,Q)
— [AR(Up, V=Vp)+Br(V -V, P;y) + Bp(Ux Q)]
= L(V-Vy)+G(Q)
— [An(UL, V=V,)+B,(V -V, P,)+B,(U, Q)]
= (Ev—vn)o—(9:Q1)e
[AL(Up, V=V)+Bp(V -V, Py) + Br(Ux Q)]
= > {Ev-vik — (9. Q)x}

KeTy
— AUy, V-V, —By(V-V,,P,) —B,y(U,,Q)

= Z {(f,v—vp)K}— Z (9, Q1)K

KT KeT/

— Y 2uD(w),D(v=vi)) e — Y (WK up, v —va)
KeT! KeTh

— > D), DE = &n)) e — D (O divimpn, div(€y — &n)) ¢
KeTy KeT)
d—1

— Y paprs\/ K 7rg, (Ve = vin) T,
j=1

+ Z (ph, div(vo — von)) k + Z a(pph, div(§p — &pn))
KeTh KeTy

+ > (Qudivun)x + Y Q2 div(npn)) i
KeTh KeT?

Integrate by parts element by element and add boundary (resp. internal) terms that appear on
the same edge (resp. at the same element) and reminding that v = v¢ and vj, = vg, in Qy, we
obtain:

By(U—Up W) = Y Riv-vi)g— Y Rs,v-vi)x+ Y (Ru&—&nk

KeT, KeTp KeT?
- > Ry, Qi) — Y, Rs, Q)+ Y. (Re,(vo—von) ny)p
KeT! KeTP Ee&n(Typ)

d—1
- > Y (Re(), vo—vor) e — Y, (Tenp Vo— Von)e

Ee&n(Typ) j=1 Ee&n(Q))

- Y Geap&-&ue+ Y (pprle: (Vo —Vor) -me)e

Ec&L(QF) Ee&n(Qp)
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We now introduce the approximation fj, of f for appropriated terms and we have:

By(U—Up,W) = Y (r,v—va)xk— Y, (Ra,vo—vor)x + Y (ta,&p — &)k

KeT,! KeT? KeTy
- > Ry, Q) — Y, Rs, Q)+ Y. (Re,(vo—von) ny)m
KeT! KeTP E€&n(Typ)

d—1
- Z Z(Rﬁ(j)v(vo_voh)'Tj)E‘_ Z (JEng> Vo — Von)E

Ee&n(Typ) j=1 Ee&n(Qf)

- Y Genp&—&ue+ Y (Ippnle (Vo —vor) -ne)e
E€&, () E€&n(Qp)

+ Z (f—fh,v—vp)k — Z (R3,vi —Vin)Kk
KeTh KeT?

Now for a triangle K € 7,7, we recall that
vy — vy, = curl(y — I%l¢) in K,

and use Green’s formula to get

> Revi—vin)k =, (Rs,curl(y —Tye))

KeT? KeTrP

- {(curle,ijJ—I%lzb)K

KeTr

4 (curl Rs xn,¢— I(()]l’(p) BK}

We deduce the error equation,

B,(U—-U,, W) = Z (ri,v—vp)g — Z (R3,vo —Von)k + Z (ra,&p — Epn)K

KeT,! KeT? KeTy
- > Ry, Q) — Y Rs, Q)+ Y. (Re,(vo—von) 1)
KeT/! KeTP E€&,(Tysp)

d—1
- Z Z(RG(j)v (Vo - VOh) 'Tj)E - Z (JE,nE,Vo - VOh)E

Ee&n(Typ) j=1 Ee&n(9))
- > (Gemp & —&ne+ Y, (ppnle: (Vo= von) np)e
E€&n () Ee&n(Qp)
+ > (=t v—va)k
KeTy,
+ Z [(curle,z/)—I%lw)K
KeT?

_ (curl R3; xmn,¢— I(()jlw)aK}

Cauchy-Schwarz inequality and the approximation properties of Lemma [£.1] imply the required
estimate and finish the proof.
O

The second result of this subsection is given by the following lemma:

LEMMA 5.2. Under the assumptions of Theorem[{.3, the following estimation holds:

(U= U P=P)llln & T+¥+_ inf [[|[Up— Wall[n, (65)
Wy, eHNHp, x My,
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where Uy, = (Uy, Pp) and Y is given by @
PROOF. For an arbitrary W, € HNHj x My, the inf-sup condition of B on H x M leads to
B(U — Wy, W)

U—Wy|lln =S sup , 66
I i wetxm  |[[W]][n (66)
hence
B, (U —- Uy, W) + B, (U, — W, W
U=Willls < sup { h( h, W) + By (Up hs )}. (67)
W), €HxM HTWI[n
Combining the estimates and , it comes:
- B, (Up, — Wy, W
w-wally $ T+wt sup Zelln W) (68)
WeHXM TWI[n
The continuity of the operator B;, implies that:
NU=Wallln S T+ 9 +|[[Un — Wl (69)
Thus, by the triangular inequality we deduce that:
NU=Unllln £ T+T+|[[Uy—Wall[ln, YW, e HNH, x My, (70)
or equivalently,
U -UnP=Pullln S T+T+_ inf |[[Up— Wal[[n. (71)
Wy, €HNH), x M,
Thus, this lemma holds. O

Combining Theorem and estimate , we have the main result in this subsection:

THEOREM 5.1. Under the assumptions of Theorem [[.3, the a posteriori error estimator T
satisfies (@)

5.2.2. Proof of the Efficiency Estimate. In this subsection, we shall prove the estimate
(61). We bound each term of the residual separately. Since by theore the jump of U =
(u,m,) € H x X, is zero through all the edges of €, hence for all ¢ € {8,9,10,11}, we clearly
have:

Tk SIk(Up,Up)) =JIk(U, — U, U, = U) S [|[(U—-Up,P—P)|llnx (72)

Hence it remains to estimate the local indicators for 7 < 7.

(1) Residual Element ri x in Qf. Let K € 771]0 and set wx = r1 gbr € [HE(K)]?, and
consider

/ rig-Wg = / [fr,p +V-op(un,pn)l - Wi (73)
K K

Introduce f and use the weak formulation with V = (wgk,0) € H to get,
/ 'k wWg = /(nyf—f)-WK
K K
+ / (2uD(u) : D(wg) — pdivwg)
K

+ / [2udivD(uy) — Vo] - wi
K
Integrating by parts in this last term we get

/Kr1,K~WK = /}((fK,f—f)'WKJr?M/KD(U—uh)ZD(WK)

- / (0 — on) divwg.
K
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Cauchy-Schwarz inequality implies that

/ g wr S0 =Ty el we llx +20 | Va—uan) [ + 1 p—pn ] | VWi [l
K

The inverse inequalities (55)), and the obvious relation || wg ||k <|| r1,x ||k imply

Irie i S M= fioy I +hE I V=) I +hi | p—pn ] | rox Ik

(2)

or equivalently,
h [tk llk S Vi +[[[(U=Up, P =Ph)ll|nx (74)

Residual Element ry i in Q,. Let K € T and wg =1y gbg € [H(}(K)]d and we
consider

/ ryK - WK =/ [frcp + V- 0p(Mph, Ppn)] - Wi (75)
K K

introduce f and use the weak formulation with V = (0,wg) € H to get

[ rascowie = [ (O, =0 wi+ [ 20D, D)

+ /)\pV-an~wK—a/ PpV - Wi
K K

+ oa /K Vipph - Wi — /K V(Y - )] - Wi — /K - [20,D(nyn)] - Wi

Integrating by parts in these three last terms we get
/ YLK WK = / (fxp — ) - Wik +/ 2ppD (1 — pn) : D(Wi)
K K K

t /)‘pv'(np_nph)v'wff_a/(pp_pph)v'WK~
K K

Cauchy-Schwarz inequality, the conditions 0 < Amin < Ap(X) < Apax and 0 < fipin <
Hp(X) < pmax for all x € Q,,, and the inverse inequalities , lead to

h [tk lk S Yk +[[[(U=Up,P=Py)ll|nx (76)
From and , we deduce:
Tixk S VY +[[(U=UpnP—Pu)llnx (77)

Residual Element Rj in Q,. Let K € 7" and, use the relation pK'u+Vp=0in
2, to obtain
R; = [/J,K_luh + Vph]
—[WK " a+ Vp] + [WK " ap) + V(ps))]
= —[pK (u—uy)+V(p—pp)
As before Cauchy-Schwarz inequality leads to
Tox = Rslox < [I(U=UnP—Pu)lllnx (78)

~

Curl Residual Element curl R in ©,: For K € 7,”, we use also the relation K~ 'u+
Vp =0 in Q, to obtain
curlRs = curl(upK tay, + Vpy)
= —cwl[pK "u+ Vp| + curl|uK " uy,) + V(pp)]
= —curl[pK '(u—up) + V(p—pp)
Using Cauchy-Schwarz inequality, we obtain,

T3k = curlR3 flox < [[[(U~=Up, P —Pp)l|[nx (79)

~
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(5) Residual Element R, in Q;: We directly see that
g —divuy, = divu — divuy, = div(u — uy),
hence by Cauchy-Schwarz inequality we conclude

IRz [k < [[[(U=UpP =Py

~

hoK - (80)
(6) Residual Element Rs in Q,: As before, we directly, see that
g—aV - +V-u, =aV - (g, —npn) + V- (u—uy),

hence by Cauchy-Schwarz inequality we have,

[Rsllx < I(U=UnP—=Pp)lllnx- (81)
The inequalities and lead to:
Taxg S [(U—=UnP—=Pu)llnx. (82)

(7) Normal Jump Jg,, in Qs: For each edge/face E € &,(Qy), we consider wgp =
KiUKs. As Jpn, € [PO(E)]? we set
WEg 1= *JE,nEbE S [H&(U)E)}d
First the weak formulation with V = (wg,0) € H yields
A(U,V)+B(V,P)=L(V),

that is equivalent to

/ f-wg :/ 2uD(u) : D(wg) —/ pdivwg —/ or(u,p)ng - wg. (83)
wg wg wg Owg

By elementwise partial integration we further have

_/EJE’HE Wy = /wE QMD(uh)ZD(WE)_/ pr div(wg)

[
2
— Z/ (72udiVD(uh) + Vph) “WEg
i=1 7K

Hence by the previous identity we get
2
—/ JEng, - WEg = Z/ [f+2udivD(ug) + Vpp] - wg
E i=1 75K

~ [ Dm-uy:Dws) + / (p— pn) div(wp)

wE wWE

We introduce the approximation f; of f, use the Cauchy-Schwarz inequality and the

inverse inequalities — to get
2
[EFM PR S (Z(H f—fu llx, + Il T, ||K,.>>

i=1
—1/2
+ b (la = wnliws+ | 0= ph llws)
The previous bound of r1 g, and the obvious estimate hp < hg imply that
W | Tps e S 0= hliwpt |0 =pn llop + D hac [ E= 0. (84)
K'Cwg
(8) Pressure Jump in , : For each edge/face E € &£,(Q,), we consider wg = K; U Ko.
As [pr]e € PY(E) we set
d

wg = [pn]beng € [Hy(wp)]®.
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First we notice that as p € H'(wg) we have by Green formula
/ (Vp-wg +pdivwg) =0.
wEg

Again by elementwise partial integration we further have

2
/[ph}EWE.nE = Z/ (Vpn - wg + ppdivwg).
E i=1 7K

Taking the difference of these two identities we obtain
2
/ [ph]|EWE.nE = Z/ (V(pn —p) - we + (pp — p) divwg).
E i=17Ti

Recalling that Vp = —uK ~'u and introducing the term pK ™ 'uy,, we find
2
/ [Ph]lEWEDE = Z/ (Vpn + pK tu) -wg + (pn — p)divwg)
E i=1 7 Ki
2
= Z/ (Vpn + K tuy) - wg + (pn, — p) divwg)
i=1 7 K

2
b3 [ K )
i=1 7 Ki
Cauchy-Schwarz inequality and inverse inequalities lead to

2

1 _1
lpnlele < D IRslkh + llpn — Pl hg’
i=1
L2
+ hp Y K- u) k.
i=1
Since hg < 1, then by , we deduce that
1 _
hilllnl el S llp = pallos + 1K™ (@ = up)llwp- (85)

(9) Normal Jump Ggn, in Q,: For each edge/face E € &£,(£),), we consider wg =
K1 UK. As Ggny € [PO(E)]? we set
d

WEg = _GE,nEbE S [Hé(wE)] .
First the weak formulation with V = (0,wg) € H x X, yields
A(U, V) +B(V,P) = L(V),

that is equivalent to

/f—wE = / /LK_lLl'WE'i‘/ 2u,D(ny) : D(wWg)
wg wE wWE

+ / )‘pv'npv'WE_O‘/ pPV'WE_/ [0p(1p, Pp)NE] - WE
wg wg owg

By elementwise partial integration we further have

,/ GEng " Wg = / Q,upD(nph):D(wE)Jr/ )\pV.nphV.wEfa/ ppnV - WE
wg w wWE

WE

E
- Z/ _Up(nphapph)'WE~
K;

2
i=1
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By the previous identity we get,
*/ Genp " WE = */ 2ppD (1 — 1pn) - D(Wg) — / ApV - (1p = 1pn)V - Wi
wg wWE wE
2
+ a/ (pp_pph)v'wE+Z/ [fh+0p(77phapph)] *WE
wB i=1 " Ki
+ / pK ' (u—up) - wg +/ (WK™ un + Vppn] - wi
wg

wg
2
—+ Z/K(fffh)WE
i=1 i

The previous bounds of r4 g, Rs and the obvious estimate hgy < hx imply that

Wi N G |2 S 11U =UnP =Pl + Vi, + Vi, (86)
From , and we deduce the estimation
Trx S U-UnP=Pillnax+ >, T (87)
K'Cwg

(10) Interface Elements on I'y, (Y5 x and Y x):
To estimate Y5 g and Y g, we fix an edge E included in I'y, and for a constant rg
fixed later on and a unit vector i, we consider

Wpg = I'EbEi7

that clearly belongs to H. We take W = (wg, 0) and the weak formulation yields:

/ f-wp = A(U, W)+ B(W,P), (88)
wWE

that is equivalent to
/ f-wgp = / 2uD(u): D(wg) —pV - wg| +/ WK 'u-wg —pV - wg]

WE Ky Ky

d—1
+ Z/ [WBJS\/KJ'1uf'Tf,j][WE'Tf,j] (89)
j=1"F

where K (resp. K,,) is the unique triangle/tetrahedron included in Q (resp. (2,,) having
E as edge/face. On the other hand, integrating by parts in Ky and in K, yields

fp

/ (2uD(uh) : D(WE) — Ph div WE') + / (uK_luh *WE — Dh leWE)
Ky Ky

d—1
+Z/

j=1"T

= —/ (2udivD(up) — Vpg) - wg +/ (,UK_luh -wg + Vpn) - wg
Ky Kp

{uams Kitugp 7y llwes 'Tf,J}
fp

d—1
+Z/ {uams K tagp -7 5lwe s -Tf,a}
j=1Tsp

- /E([ph]EWE ‘ng —2u(D(uypng) - Wg).



AN ADAPTIVE DISCONTINUOUS GALERKIN METHOD 21

Subtracting this identity to (89) we find

d—1
/E([ph}EWE ‘ng = 2u(D(uspnp)  wg) — Z/F [M@BJS\/Kflufh TrslWE s Tr
j=1 fr

= / (2uD(u—uy) : D(wg) — (p — pp) divwg) +/ (K '(u—up)-wg — (p—pp) divwg)
Ky Kp

d—1
+Z/ {WBJSV K'Y ugp —ugn) -7 [we, s 'Tf,y}
j=17Tsp

7/ (f+ 2udivD(uy) — Vpp) - wg — / (qu_luh -wg — Vpr) - wg.
Ky Ky

In that last terms introducing the element residual r; x and Ra, we arrive at

d—1
/ (prlews - ne = 2u(D(ugn)nzs - we) - Z/ [MOZBJS\/E(UJC —us) TrilWe g Tr
" j=17Trp
= /K-(ZLLD(U —up) :D(wg) — (p—pn)divwg)

+ / (WK™ (u—up) - wg — (p—pn) divwg) (90)
K

p

d—1
+Z/ {uams Kj_l(uf_ufh)'Tf,jHWEJ'Tf,j}
j=1 Ffp

—/ (f—fh+rf,K)~wE—/ R; -wg.
Ky K,

(a) To estimate Y5 g, for each j =1,...,d — 1, we take rg = Rg(j) and i = ;. With
this choice, the identity and the inverse inequality yield

sl < /K (24D (u — up) : D(wi) — (p — pn) div we))

+ / (K (0= up) - W — (p— pn) divwp))
K

P

d—1
+ Z/ [MaBJS\/Kjl(uf —usn) 7r5llWe s Tr
j=1"Trp

— / (f_fh+r1,K)'WE_/ Rs; - -wg.
Ky K,

Hence Cauchy-Schwarz inequality, the inverse inequalities and the estimates of
bounds r; g, and Rs lead to:

1
hzlRe()lle S lu—unlhws + 1P = Prllnws + ¥i, + Yk, (91)
with wg = Kf U Kp.
Thus,
Yok < (U=UnP=Py)lhag + >, Vi (92)
K'Cuwg

(b) To estimate Y¢ i, we take rg = R7 and i = ny. As before the identity (90), the
inverse inequalities and and the estimates of bounds rg; and R3 lead to

Yox S U=UnP=Plllnae+ >, ¥ (93)

~Y
K'Cuwx
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Combining The estimates , , , , , , and we have the main result

of this section:

THEOREM 5.2. Under the assumptions of Theorem the family {Yk}keT, satisfies .

6. Summary

In this paper we have discussed a posteriori error estimates for a finite element approximation
of the Stokes-Biot system. A residual type a posteriori error estimator is provided, that is both
reliable and efficient. Many issues remain to be addressed in this area, let us mention other types
of a posteriori error estimators or implementation and convergence analysis of adaptive finite
element methods. Further it is well known that an internal layer appears at the interface I'y, as
the permeability tensor degenerates, in that case anisotropic meshes have to be used in this layer
(see for instance [8]). Hence we intend to extend our results to such anisotropic meshes.
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