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Abstract. In this article we show the existence, uniqueness and Ulam stabil-

ity results of the solution for a class of a nonlinear Caputo fractional integro-

differential problem with mixed conditions. we use three fixed point theorems
to proof the existence and uniqueness results. By the results obtained, the

reasons for the Ulam stability are verified. An example proposed to illustrate

our main results.

1. Introduction

More than 300 years ago. Scientists have used incorrect random orders to gener-
alize Ordinary differential equations and integrals by means of fractional differential
equations. Where the origin of fractional calculus goes to Newton and Leibniz.
Fractional differential equations are known to many model: physical, biological,
genetic and even economic phenomena ... etc.
Several recent studies carried out by many researchers in proving the existence and
uniqueness of the solution for fractional differential equations with different condi-
tions ( boundary , initial , nonlocal and integral conditions ... etc), for more details
[12, 9, 7, 10, 2, 1] and the references therein.
In ancient times, the study of the stability of solutions of fractional differential
equations was slow, but recently, many researchers have done it in different articles
in several ways ( asymptotically stable, Ulam stable and generalized Ulam stable...),
see [6, 5, 4, 10, 11].
In light of these studies we will prove the existence and uniqueness with the Ulam
stability of the following system:

CDα+β
0+ u∗(x̃) = ω(x̃, u∗(x̃)) + CDα

0+ψ(x̃, u∗(x̃)) +

∫ x̃

0

N(x̃, s, u∗(s))ds

u∗(0) = u∗0, (u∗)′(0) = u∗1

γ̊∫
0

u∗(s)ds, 0 < γ̊ < 1

(1.1)
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where u∗0, u
∗
1 are real constants, 1 < α + β ≤ 2, CDβ

0+ is the Caputo fractional
derivative of order β, and ω, ψ,N defined as

ω : J ×X −→ X
ψ : J ×X −→ X
N : J × J ×X −→ X,

(1.2)

are an appropriate functions, X here is a Banach space.
Our study based on three fixed point theorem to proof the results of existence

and uniqueness were we find it in section 3, the generalized stability is devoted
to show in Section 4. Note that this representation also allows us to generalize
the results obtained recently in the literature. The paper is ended by an example
illustrating our results.

2. Some preliminary and integral equation

Here, we present definitions of the fractional integral, fractional Caputo deriva-
tive , and some auxiliary Lemmas.

We refer [14, 15] to see Some basic preliminary concepts of fractional calculus,
and fixed point theory.

Definition 2.1. [8, 13] Let ρ > 0 and ~ : R+ −→ R. The Riemann-Liouville
fractional integral of order ρ of a function ~ is defined by

Iρ0+~(x̃) =
1

Γ(ρ)

∫ x̃

0

(x̃− s)ρ−1(s)~(s)ds, x̃ ∈ R+.

Definition 2.2. [8, 14] Let ρ > 0, the Caputo fractional derivative of order ρ of a
function ~ : R+ −→ R is defined by

CDρ
0+~(x̃) =

1

Γ(n− ρ)

∫ x̃

0

(x̃− s)n−ρ−1~(n)(s)ds = In−ρ0+ ~(n)(x̃), x̃ ∈ R+.

where n = [ρ] + 1, provided the right side is pointwise defined on R+.

Lemma 2.3. [8, 14] For real numbers ρ > 0 and appropriate function ~(x̃) ∈
Cn−1[0,∞) and ~(x̃) exists almost everywhere on any bounded interval of R+.

(Iρ0+
CDρ

0+~)(x̃) = ~(x̃)−
n−1∑
k=0

~(k)(0)

k!
x̃k.

Lemma 2.4. Let 1 < α + β < 2 and u∗1 6= 2
γ̊2 . Assume that ω, ψ and N are three

continuous functions. If u∗ ∈ C(J,X) then u∗ is solution of (1.1) if and only if u∗

satisfies the integral equation

u∗(x̃) =

∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
ω(s, u∗(s)) +

∫ s

0

N(s, τ, u∗(τ))dτ

)
ds

+

∫ x̃

0

(x̃− s)β−1

Γ(β)
ψ(s, u∗(s))ds+ u∗0 −

ψ(0, u∗0)

Γ(β + 1)
x̃β

+
x̃u∗1

(1− γ̊2

2 u
∗
1)

[ ∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
ω(τ, u∗(τ)) +

∫ τ

0

N(τ, σ, u∗(σ))dσ

)
dτ

+

∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
ψ(τ, u∗(τ))dτ − ψ(0, u∗0)

Γ(β + 2)
γ̊β+1 + γ̊u∗0

]
. (2.1)
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Proof. Let u∗ ∈ C(J,X) be a solution of (1.1). Firstly, let show that u∗ is solution
of (2.1).

By Lemma 2.3, we obtain

Iα+β
0+

CDα+β
0+ u∗(x̃) = u∗(x̃)− u∗(0)− (u∗)′(0)x̃. (2.2)

In addition, from equation in (1.1) and Definition 2.1, then use the lemma 2.3 we
have

Iα+β
0+

CDα+β
0+ u∗(x̃) = Iα+β

0+

(
ω(x̃, u∗(x̃)) +

∫ x̃

0

N(x̃, s, u∗(s))ds+ CDα
0+ψ(x̃, u∗(x̃))

)
= Iα+β

0+

(
ω(x̃, u∗(x̃)) +

∫ x̃

0

N(x̃, s, u∗(s))ds

)
+Iβ0+ψ(x̃, u∗(x̃))− ψ(0, u∗0)

Γ(β + 1)
x̃β . (2.3)

By substituting (2.3) in (2.2) with first condition in (1.1), yields:

u∗(x̃) = Iα+β
0+

(
ω(x̃, u∗(x̃)) +

∫ x̃

0

N(x̃, s, u∗(s))ds

)
+Iβ0+ψ(x̃, u∗(x̃))− ψ(0, u∗0)

Γ(β + 1)
x̃β + u∗0 + (u∗)′(0)x̃. (2.4)

but, we have

(u∗)′(0)

u∗1
=

∫ γ̊

0

u∗(s)ds

=

∫ γ̊

0

[
Iα+β
0+

[
ω(s, u∗(s)) +

∫ s

0

N(s, τ, u∗(τ))dτ
]

+Iβ0+ψ(s, u∗(s)) + (u∗)′(0)s+ u∗0 −
ψ(0, u∗0)

Γ(β + 1)
sβ
]
ds.

=

∫ γ̊

0

[
Iα+β
0+

[
ω(s, u∗(s)) +

∫ s

0

N(s, τ, u∗(τ))dτ
]

+ Iβ0+ψ(s, u∗(s))
]
ds

− ψ(0, u∗0)

Γ(β + 2)
γ̊β+1 + γ̊u∗0 +

γ̊2

2
(u∗)′(0).

= Iα+β+1
0+

[
ω(̊γ, u∗(̊γ)) +

∫ γ̊

0

N (̊γ, τ, u∗(τ))dτ
]

+ Iβ+1
0+ ψ(̊γ, u∗(̊γ))

− ψ(0, u∗0)

Γ(β + 2)
γ̊β+1 + γ̊u∗0 +

γ̊2

2
(u∗)′(0).

then, we find

(u∗)′(0) =
u∗1

(1− γ̊2

2 u
∗
1)

[
Iα+β+1
0+

[
ω(̊γ, u∗(̊γ)) +

∫ γ̊

0

N (̊γ, τ, u∗(τ))dτ
]

+Iβ+1
0+ ψ(̊γ, u∗(̊γ))− ψ(0, u∗0)

Γ(β + 2)
γ̊β+1 + γ̊u∗0

]
.

therefore, we get

u∗(x̃) = Iα+β
0+

(
ω(x̃, u∗(x̃)) +

∫ x̃

0

N(x̃, s, u∗(s))ds

)
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+Iβ0+ψ(x̃, u∗(x̃))− ψ(0, u∗0)

Γ(β + 1)
x̃β + u∗0

+
x̃u∗1

(1− γ̊2

2 u
∗
1)

[
Iα+β+1
0+

[
ω(̊γ, u∗(̊γ)) +

∫ γ̊

0

N (̊γ, τ, u∗(τ))dτ
]

+Iβ+1
0+ ψ(̊γ, u∗(̊γ))− ψ(0, u∗0)

Γ(β + 2)
γ̊β+1 + γ̊u∗0

]
.

Finally, we get the integral equivalent equation (2.1).

Conversely, applying CDα+β
0+ on both sides of (2.1), we find

CDα+β
0+ u∗(x̃) = CDα+β

0+ Iα+β
0+ ω(s, u∗(s)) + CDα+β

0+ Iβ+α
0+

∫ s

0

N(s, τ, u∗(τ))dτ

+CDα+β
0+ Iβ0+ψ(s, u∗(s)) + CDα+β

0+

(
u∗(0) + (u∗)′(0)x̃

)
.

= ω(x̃, u∗(x̃)) + CDα
0+ψ(x̃, u∗(x̃)) +

∫ x̃

0

N(x̃, s, u∗(s))ds (2.5)

because,

CDα+β
0+

(
u∗(0) + (u∗)′(0)x̃

)
= I2−α−β

[ d2

dx2

(
u∗(0) + (u∗)′(0)x̃

)]
= 0

this means that u∗ satisfies the equation in problem (1.1). Furthermore, by substi-
tuting x̃ by 0 in integral equation (2.1), we have clearly that the nonlocal condition
in (1.1) holds. Therefore, u∗ is solution of problem (1.1), which completes the
proof. �

3. Existence Results

Let transform the system (1.1) into fixed point problem as u∗ = Fu∗, where
F : C(J,X) −→ C(J,X) is an operator defined by following:

Fu∗(x̃) =

∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
ω(s, u∗(s)) +

∫ s

0

N(s, τ, u∗(τ))dτ

)
ds

+

∫ x̃

0

(x̃− s)β−1

Γ(β)
ψ(s, u∗(s))ds+ u∗0 −

ψ(0, u∗0)

Γ(β + 1)
x̃β

+
u∗1x̃

(1− γ̊2

2 u
∗
1)

[̊
γu∗0 −

ψ(0, u∗0)

Γ(β + 2)
γ̊β+1

]
+

u∗1x̃

(1− γ̊2

2 u
∗
1)

[ ∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
ω(τ, u∗(τ)) +

∫ τ

0

N(τ, σ, u∗(σ))dσ

)
dτ

+

∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
ψ(τ, u∗(τ))dτ

]
.

In order to simplify the computations, we offer the following notations:

∆ =
‖µ1‖L∞ + ‖µ3‖L∞

2 + β + α

(
1 + β + α

2 + β + α
+
|u∗1 |̊γα+β+1

|1− γ̊2

2 u
∗
1|

)
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+
‖µ2‖L∞

2 + β

(
2 + β

β + 1
+
|u∗1 |̊γβ+1

|1− γ̊2

2 u
∗
1|

)
. (3.1)

∆1 =
|u∗1|L

|1− γ̊2

2 u
∗
1|

[
2̊γα+β+1

2 + α+ β
+
γ̊β+1

2 + β

]
. (3.2)

δ =
2

Γ(α+ β + 1)
+

1

Γ(β + 1)

+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
2̊γα+β+1

Γ(α+ β + 2)
+

γ̊β+1

Γ(β + 2)

)
. (3.3)

δ1 =
|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
)
. (3.4)

δ2 =
1

α+ β + 1
+

2

α+ β + 2
+

1

β + 1

+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
γ̊α+β+1

α+ β + 2
+
γ̊β+1

β + 2
+

2̊γα+β+2

α+ β + 3

)
. (3.5)

3.1. Existence Result by using Leray-Schauder Nonlinear Alternative.

Theorem 3.1. Let ω, ψ ∈ C(J × R,R) and N ∈ C(J × J × R,R) be continuous
functions. Assume that
(H1): There exist functions f1, f2 ∈ C(J,R+), f3 ∈ C(J × J,R+), with f =
max{f1, f2, f3} and nondecreasing functions

g1, g2, g3 : R+ → R+,

with g = max{g1, g2, g3} such that

|ω(x̃, u∗(x̃))| ≤ f1(x̃)g1(‖u∗‖),
|ψ(x̃, u∗(x̃))| ≤ f2(x̃)g2(‖u∗‖)

and
|N(x̃, s, u∗(s))| ≤ f3(s)g3(‖u∗‖),

for all x̃ ∈ [0, 1], s ∈ [0, 1], u∗ ∈ R.
(H2): There exist a constant M > 0 such that M

‖f‖g(M)δ2+δ1
> 1.

Then the problem (1.1) admits at least one solution on J .

Proof. For r > 0, let

Br = {x̃ ∈ C([0, 1],R) : ‖u∗‖ ≤ r},
be a bounded set in C([0, 1],R). We will show that F maps bounded sets into
bounded sets in C([0, 1],R). Then, by (H1), we have

‖Fu∗(x̃)‖ ≤
∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
f1(s)g1(‖u∗(s)‖) +

∫ s

0

f3(s)g3(‖u∗(τ)‖)dτ
)
ds

+

∫ x̃

0

(x̃− s)β−1

Γ(β)
f2(s)g2(‖u∗(s)‖)ds+

|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
]

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[ ∫ γ̊

0

(̊γ − τ)β+1

Γ(β + 2)
f2(τ)g2(‖u∗(τ)‖)dτ
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+

∫ γ̊

0

(̊γ − τ)α+β+1

Γ(α+ β + 2)

(
f1(τ)g1(‖u∗(τ)‖) +

∫ τ

0

f3(τ)g3(‖u∗(σ)‖)dσ
)
dτ

]
≤ ‖f‖g(‖u∗‖)

[ ∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
1 + s

)
ds+

∫ x̃

0

(x̃− s)β−1

Γ(β)
ds

+
|u∗1|

|1− γ̊2

2 u
∗
1|

(∫ γ̊

0

(̊γ − τ)β+1

Γ(β + 2)
dτ +

∫ γ̊

0

(̊γ − τ)α+β+1

Γ(α+ β + 2)

(
1 + τ

))
dτ

]
+
|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|+
|u∗1|

|1− γ̊2

2 u
∗
1|

[
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
]

≤ ‖f‖g(‖u∗‖)
[

1

α+ β + 1
+

2

α+ β + 2
+

1

β + 1

+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
γ̊α+β+1

α+ β + 2
+
γ̊β+1

β + 2
+

2̊γα+β+2

α+ β + 3

)]
+
|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
)

= ‖f‖g(‖u∗‖)δ2 + δ1 < +∞. (3.6)

Let x̃1, x̃2 ∈ [0, 1] with x̃1 < x̃2 and u∗ ∈ Br, where Br is a bounded set of
C([0, 1],R). Then we have

‖(Fu∗)(x̃2)− (Fu∗)(x̃1)‖

≤
∫ x̃2

x̃1

(x̃2 − s)α+β−1

Γ(α+ β)

(
‖ω(s, u∗(s))‖+

∫ s

0

‖N(s, τ, u∗(τ))‖dτ
)
ds

+

∫ x̃2

x̃1

(x̃2 − s)β−1

Γ(β)
‖ψ(s, u∗(s))‖ds

+

∫ x̃1

0

(x̃1 − s)α+β−1 − (x̃2 − s)α+β−1

Γ(α+ β)

(
‖ψ(s, u∗(s))‖+

∫ s

0

‖N(s, τ, u∗(τ))‖dτ
)
ds

+

∫ x̃1

0

(x̃1 − s)β−1 − (x̃2 − s)β−1

Γ(β)
‖ψ(s, u∗(s))‖ds+

|ψ(0, u∗0)|
Γ(β + 1)

(x̃β2 − x̃
β
1 )

+
|u∗1|(x̃2 − x̃1)

|1− γ̊2

2 u
∗
1|

[
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|+
∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
ψ(τ, u∗(τ))dτ

+

∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
ω(τ, u∗(τ)) +

∫ τ

0

N(τ, σ, u∗(σ))dσ

)
dτ

]
.

≤ ‖f‖g(‖u∗‖)

[
2(x̃2 − x̃1)α+β +

∣∣x̃α+β
1 − x̃α+β

2

∣∣
Γ(α+ β + 1)

+
2(x̃2 − x̃1)β +

∣∣x̃β1 − x̃β2 ∣∣
Γ(β + 1)

+(x̃2 − x̃1)
|u∗1|

|1− γ̊2

2 u
∗
1|

[ γ̊α+β+1

α+ β + 2
+
γ̊β+1

β + 2
+

2̊γα+β+2

α+ β + 3

]]

+(x̃β2 − x̃
β
1 )
|ψ(0, u∗0)|
Γ(β + 1)

+ (x̃2 − x̃1)
|u∗1|

|1− γ̊2

2 u
∗
1|)

[ |ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
]
.

If (x̃2 − x̃1) −→ 0, then the RHS of the above inequality tends to zero indepen-
dently of u∗ ∈ Br. That is implies: ‖Fu∗(x̃2) − Fu∗(x̃1)‖ −→ 0, if x̃2 − x̃1 −→ 0
then F maps bounded sets into equi-continuous sets of C.
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By Arzela-Ascoli theorem, we have F : C([0, 1],R) −→ C([0, 1],R) is completely
continuous.
We will apply the Leray-schauder nonlinear alternative once we establish the bound-
edness of the set of all solutions to equation

u∗ = εFu∗ for some ε ∈ (0, 1).

Let u∗ be a solution of (1.1), then, by (3.6) we have

|u∗(x̃)| ≤ ‖f‖g(‖u∗‖)δ2 + δ1.

which implies:
‖u∗‖

‖f‖g(‖u∗‖)δ2 + δ1
≤ 1.

Then by (H2), there exist M > 0 such that M 6= ‖u∗‖. Let us define a set

Y = {u∗ ∈ C([0, 1],R)/ ‖u∗‖ < M},
and then

F : Ȳ −→ C([0, 1],R),

is completely continuous. From the choice of Y , there is no x̃ ∈ ∂Y such that

u∗ = εFu∗ for ε ∈ (0, 1),

then by the nonlinear Leray-Schauder type, we conclude that the operator F has a
fixed point u∗ ∈ Ȳ which is solution of the BVP (1.1). �

3.2. Existence result by Krasnoselskii’s Fixed Point.

Theorem 3.2. Let ω, ψ : [0, 1] × X −→ X and N : [0, 1] × [0, 1] × X −→ X be
continuous functions satisfying

(1) (H1) The inequalities

‖ω(x̃, u∗(x̃))− ω(x̃, v∗(x̃))‖ ≤ L1‖u∗(x̃)− v∗(x̃)‖, x̃ ∈ [0, 1], u∗, v∗ ∈ X
‖ψ(x̃, u∗(x̃))− ψ(x̃, v∗(x̃))‖ ≤ L2‖u∗(x̃)− v∗(x̃)‖, x̃ ∈ [0, 1], u∗, v∗ ∈ X

‖N(x̃, s, u∗(s))−N(x̃, s, v∗(s))‖ ≤ L3‖u∗(s)− v∗(s)‖, (x̃, s) ∈ G, u∗, v∗ ∈ X
hold where L1, L2, L3 ≥ 0 with L = max{L1, L2, L3} and
G = {(x̃, s) : 0 ≤ s ≤ x ≤ 1}.

(2) (H2) There exist three functions µ∗1, µ2, µ3 ∈ L∞([0, 1],R+) such that

‖ω(x̃, u∗(x̃))‖ ≤ µ∗1(x̃)‖u∗(x̃)‖, x̃ ∈ [0, 1], u∗ ∈ X
‖ψ(x̃, u∗(x̃))‖ ≤ µ2(x̃)‖u∗(x̃)‖, x̃ ∈ [0, 1], u∗ ∈ X
‖N(x̃, s, u∗(s))‖ ≤ µ3(x̃)‖u∗(s)‖, (x̃, s) ∈ G, u∗ ∈ X.

If ∆ ≤ 1 and L∆1 ≤ 1, then the problem (1.1) has at a least one solution on [0, 1].

Proof. For any function u∗ ∈ C(J,X) we define the norm

‖u∗‖1 = max{e−x‖u∗(x̃)‖ : x̃ ∈ [0, 1]}
and consider the closed ball

Br = {u∗ ∈ C(J,X) : ‖u∗‖1 ≤ r}.
Next, let us define the operators F1,F2 on Br as follows

F1u
∗(x̃) =

∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
ω(s, u∗(s)) +

∫ s

0

N(s, τ, u∗(τ))dτ

)
ds
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+

∫ x̃

0

(x̃− s)β−1

Γ(β)
ψ(s, u∗(s))ds+ u∗0 −

ψ(0, u∗0)

Γ(β + 1)
x̃β

+
u∗1x

(1− γ̊2

2 u
∗
1)

[̊
γu∗0 −

ψ(0, u∗0)

Γ(β + 2)
γ̊β+1

]
. (3.7)

and

F2u
∗(x̃) =

u∗1x

(1− γ̊2

2 u
∗
1)

[ ∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
ω(τ, u∗(τ)) +

∫ τ

0

N(τ, σ, u∗(σ))dσ

)
dτ

+

∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
ψ(τ, u∗(τ))dτ

]
. (3.8)

For u, v∗ ∈ Br, x̃ ∈ [0, 1], by fixed r ≥ δ1
1−∆ and by the assumption (H2) we find:

ex̃‖F1u
∗(x̃) + F2v

∗(x̃)‖1 ≤
∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
µ1(s)‖u∗(s)‖+

∫ s

0

µ3(s)‖u∗(τ)‖dτ
)
ds

+

∫ x̃

0

(x̃− s)β−1

Γ(β)
µ2(s)‖u∗(s)‖ds+

|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
]

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[ ∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
µ2(τ)‖v∗(τ)‖dτ

+

∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
µ1(τ)‖v∗(τ)‖+

∫ τ

0

µ3(τ)‖v∗(σ)‖dσ
)
dτ

]
≤

∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
‖µ1‖L∞‖u∗‖1es + ‖µ3‖L∞‖u∗‖1(es − 1)

)
ds

+‖µ2‖L∞‖u∗‖1
∫ x̃

0

(x̃− s)β−1

Γ(β)
esds+

|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
]

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[ ∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
‖µ2‖L∞‖v∗‖2eτdτ

+

∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
‖µ1‖L∞‖v∗‖1eτ + ‖µ3‖L∞‖v∗‖3(eτ − 1)

)
dτ

]
Therefore,

‖F1u + F2v
∗‖1

≤ x̃α+β

α+ β + 1

(
‖µ1‖L∞‖u∗‖1 + ‖µ3‖L∞‖u∗‖1

)
+

x̃β

β + 1
‖µ2‖L∞‖u∗‖1

+e−x̃
[
|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
)]

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[
γ̊β+1

β + 2
‖µ2‖L∞‖v∗‖1 +

γ̊α+β+1

α+ β + 2

(
‖µ1‖L∞‖v∗‖1 + ‖µ3‖L∞‖v∗‖3

)]
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≤ r

[
‖µ1‖L∞ + ‖µ3‖L∞

2 + β + α

(
1 + β + α

2 + β + α
+
|u∗1 |̊γα+β+1

|1− γ̊2

2 u
∗
1|

)
+
‖µ2‖L∞

2 + β

(
2 + β

β + 1
+
|u∗1 |̊γβ+1

|1− γ̊2

2 u
∗
1|

)]
+
|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
)

= r∆ + δ1 ≤ r.
This implies that (F1u+ F2v) ∈ Br. We use the estimations:

es

ex̃
≤ 1,

eτ

ex̃
≤ 1,

eτ − 1

ex̃
,

es − 1

ex̃
≤ 1.

Now, we establish that F2 is a contraction mapping. For u∗, v∗ ∈ X and x̃ ∈
[0, 1], we have:

ex‖F2u
∗(x̃)−F2v

∗(x̃)‖1 ≤ |u∗1|
|1− γ̊2

2 u
∗
1|

[ ∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
‖ω(τ, u∗(τ))− ω(τ, v∗(τ))‖

+

∫ τ

0

‖N(τ, σ, u∗(σ))−N(τ, σ, v∗(σ))‖dσ
)
dτ

+

∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
‖ψ(τ, u∗(τ))− ψ(τ, v∗(τ))‖dτ

]
≤ |u∗1|L
|1− γ̊2

2 u
∗
1|

[ ∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
‖u∗ − v∗‖1eτ + ‖u∗ − v∗‖1(eτ − 1)

)
+

∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
‖u∗ − v∗‖1eτdτ

]
.

Thus,

‖F2u−F2v
∗‖1 ≤ |u∗1|L

|1− γ̊2

2 u
∗
1|

[
2̊γα+β+1

2 + α+ β
+
γ̊β+1

2 + β

]
‖u∗ − v∗‖1.

= L∆1‖u∗ − v∗‖1.
Then since L∆1 ≤ 1,F2 is a contraction mapping. The continuity of the func-

tions h, f and K implies that the operator F1 is continuous. Also, F1Br ⊂ Br, for
each u∗ ∈ Br, i.e. F1 is uniformly bounded on Br as

ex‖F1u
∗(x̃)‖1 ≤

∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
‖µ1‖L∞‖u∗‖1es + ‖µ3‖L∞‖u∗‖1(es − 1)

)
ds

+‖µ2‖L∞‖u∗‖1
∫ x̃

0

(x̃− s)β

Γ(β)
esds+

|ψ(0, u∗0)|
Γ(β + 1)

x̃β + |u∗0|

+
|u∗1|x

(1− γ̊2

2 |u
∗
1|)

[
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
]
.

Therefore,

‖F1u‖1 ≤ r

[
‖µ1‖L∞ + ‖µ3‖L∞

α+ β + 1
+
‖µ2‖L∞

1 + β

]
+
|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
)

= r∆ + δ1 ≤ r.
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Finally, we will show that (F1Br) is equicontinuous. For this end, we define

ω = sup
(s,u)∈[0,1]×Br

‖ω(s, u)‖, ψ = sup
(s,u)∈[0,1]×Br

‖ψ(s, u)‖, N = sup
(s,τ,u)∈G×Br

∫ s

0

‖N(x̃, s, u)‖dτ.

Let for any u∗ ∈ Br and for each x̃1, x̃2 ∈ [0, 1] with x̃1 ≤ x̃2, we have:

‖(F1u)(x̃2)− (F1u)(x̃1)‖

≤ ω +N

Γ(α+ β + 1)

[
2
∣∣x̃2 − x̃1

∣∣α+β
+
∣∣x̃α+β

1 − x̃α+β
2

∣∣]+
ψ

Γ(β + 1)

[
2
∣∣x̃2 − x̃1

∣∣β +
∣∣x̃β1 − x̃α2 ∣∣]

+(x̃β2 − x̃
β
1 )
|ψ(0, u∗0)|
Γ(β + 1)

+ (x̃2 − x̃1)
|u∗1|

|1− γ̊2

2 u
∗
1|)

[
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
]
.

The right hand side of the last inequality is independent of u∗ and tends to zero
when |x̃2 − x̃1| −→ 0, this means that |F1u

∗(x̃2)− F1u
∗(x̃1)| −→ 0, which implies

that F1Br is equicontinuous, then F1 is relatively compact on Br. Hence by Arzela-
Ascoli theorem, F1 is compact on Br. Now, all hypothesis of Theorem3.2 hold,
therefore the operator F1 + F2 has a fixed point on Br. So the problem (1.1) has
at least one solution on [0, 1]. This proves the theorem. �

3.3. Existence and Uniqueness Result.

Theorem 3.3. Assume that (H1) holds. If L∆ < 1, then the BVP (1.1) has a
unique solution on [0, 1].

Proof. Define M = max{M1,M2,M3}, where M1,M2,M3 are positive numbers
such that:

M1 = sup
x̃∈[0,1]

‖ω(x̃, 0)‖, M2 = sup
x̃∈[0,1]

‖ψ(x̃, 0)‖, M3 = sup
(x̃,s)∈G

‖
∫ x̃

0

N(x̃, s, 0)ds‖.

We fix r1 ≥ Mδ+δ1
1−Lδ and we consider

Dr1 = {x̃ ∈ C([0, 1], X) : ‖u∗‖ ≤ r1}.
where Then, in view of the assumption (H1), we have

‖ω(x̃, u∗(x̃))‖ = ‖ω(x̃, u∗(x̃))− ω(x̃, 0) + ω(x̃, 0)‖ ≤≤ L1‖u∗‖+M1,

‖ψ(x̃, u∗(x̃))‖ ≤ L2‖u∗‖+M2, and ‖
∫ x̃

0

N(x̃, s, u∗(s))‖ ≤ L3‖u∗‖+M3.

First step: We show that TDr ⊂ Dr. For each t ∈ [0, 1] and for any u∗ ∈ Dr,

‖(Fu∗)(x̃)‖ ≤
∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

(
‖ω(s, u∗(s))‖+

∫ s

0

‖N(s, τ, u∗(τ))‖dτ
)
ds

+

∫ x̃

0

(x̃− s)β−1

Γ(β)
‖ψ(s, u∗(s))‖ds+

|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[ ∫ γ̊

0

(γ − τ)α+β

Γ(α+ β + 1)

(
‖ω(τ, u∗(τ))‖+

∫ τ

0

‖N(τ, λ, u∗(λ))‖dλ
)
dτ

+

∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
‖ψ(τ, u∗(τ))‖dτ +

|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
]

≤ (Lr +M)

[
1

α+ β + 1
+

2

α+ β + 2
+

1

β + 1
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+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
γ̊α+β+1

α+ β + 2
+
γ̊β+1

β + 2
+

2̊γα+β+2

α+ β + 3

)]
+
|ψ(0, u∗0)|
Γ(β + 1)

+ |u∗0|+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
|ψ(0, u∗0)|
Γ(β + 2)

γ̊β+1 + γ̊|u∗0|
)

= (Lr1 +M)δ + δ1 ≤ r1.

Hence, FDr1 ⊂ Dr1 .
Second step: We shall show that F : Dr1 −→ Dr is a contraction. From the

assumption (H1), we have for any u, v∗ ∈ Dr1 and for each x̃ ∈ [0, 1]

‖(Fu∗)(x̃)− (Fv)(x̃)‖

≤
∫ x̃

0

(x̃− s)α+β−1

Γ(α+ β)

[
‖ω(s, u∗(s))− ω(s, v∗(s))‖+

∫ s

0

‖N(s, τ, u∗(τ))−N(s, τ, v∗(τ))‖dτ
]
ds

+

∫ x̃

0

(x̃− s)β−1

Γ(β)
‖ψ(s, u∗(s))− ψ(s, v∗(s))‖ds

+
|u∗1|

|1− γ̊2

2 u
∗
1|

[ ∫ γ̊

0

(̊γ − τ)α+β

Γ(α+ β + 1)

(
‖ω(τ, u∗(τ))− ω(τ, v∗(τ))‖

+

∫ τ

0

‖N(τ, σ, u∗(σ))−N(τ, σ, v∗(σ))‖dσ
)
dτ +

∫ γ̊

0

(̊γ − τ)β

Γ(β + 1)
‖ψ(τ, u∗(τ))− ψ(τ, v∗(τ))‖dτ

]
dτ

≤ L

[
1

α+ β + 1
+

2

α+ β + 2
+

1

β + 1

+
|u∗1|

|1− γ̊2

2 u
∗
1|

(
γ̊α+β+1

α+ β + 2
+
γ̊β+1

β + 2
+

2̊γα+β+2

α+ β + 3

)]
‖u∗ − v∗‖

= Lδ‖u∗ − v∗‖.

Since Lδ < 1, it follows that F is a contraction. All assumptions of Banach fixed
point theorem are satisfied, then there exists u∗ ∈ C(J,X) such that Fu∗ = u∗

which is the unique solution of the problem (1.1) in C(J,X). �

4. Generalized Ulam Stabilities

To discus the Ulam stability for (1.1), using the integration v∗(x̃) = Fv∗(x̃).
Let define the nonlinear continuous operator

Q : C([0, 1], X −→ C([0, 1], X),

as follows

Qv∗(x̃) =C Dα+βv∗(x̃)−C Dα
0+ω(x̃, v∗(x̃))− ψ(x̃, v∗(x̃))−

∫ x̃

0

N(x̃, s, v∗(s))ds.

Definition 4.1. For each ε > 0 and for each solution v of (1.1), such that

‖Qv∗‖ ≤ ε, (4.1)

the problem (1.1), is said to be Ulam-Hyers stable if we can find a positive real
number ν and a solution u ∈ C([0, 1], X) of (1.1), satisfying the inequality:

‖u∗ − v∗‖ ≤ νε∗, (4.2)

where ε∗ is a positive real number depending on ε.



12 NAIMI ABDELLOUAHAB 2020

Definition 4.2. Let m ∈ C(R+,R+) such that for each solution v of (1.1), we can
find a solution u ∈ C([0, 1], X) of (1.1) such that

‖u∗(x̃)− v∗(x̃)‖ ≤ m(ε), x ∈ [0, 1]. (4.3)

Then the problem (1.1), is said to be generalized Ulam-Hyers stable

Definition 4.3. For each ε > 0 and for each solution v of (1.1), the problem (1.1)
is called Ulam-Hyers-Rassias stable with respect to θ ∈ C([0, 1],R+) if

‖Qv∗(x̃)‖ ≤ εθ(x̃), x ∈ [0, 1], (4.4)

and there exist a real number ν > 0 and a solution v ∈ C([0, 1], X) of (1.1) such
that

‖u∗(x̃)− v∗(x̃)‖ ≤ νε∗θ(x̃), x ∈ [0, 1], (4.5)

where ε∗ is a positive real number depending on ε.

Theorem 4.4. Under assumption (H1) in Theorem 3.1, with Lδ < 1. The problem
(1.1), is both Ulam-Hyers and generalized Ulam-Hyers stable.

Proof. Let u∗ ∈ C([0, 1], X) be a solution of (1.1), satisfying (2.1) in the sense of
Theorem 3.3, and any solution v∗ satisfying (4.1). Then, we obtain:

‖v∗(x̃)− u∗(x̃)‖ = ‖v∗(x̃)−Fv∗(x̃) + Fv∗(x̃)− u∗(x̃)‖
= ‖v∗(x̃)−Fv∗(x̃) + Fv∗(x̃)−Fu∗(x̃)‖
≤ ‖Fv∗(x̃)−Fu∗(x̃)‖+ ‖Fv∗(x̃)− Id(v∗(x̃))‖
≤ ‖Fv∗(x̃)−Fu∗(x̃)‖+ ‖Qv∗‖
≤ Lδ‖u∗ − v∗‖+ ε,

(4.6)

because Lδ < 1 and ε > 0, we find

‖u∗ − v∗‖ ≤ ε

1− Lδ
.

Fixing ε∗ = ε
1−Lδ and ν = 1, we obtain the Ulam-Hyers stability condition. In

addition, the generalized Ulam-Hyers stability follows by taking m(ε) = ε
1−Lδ . �

Theorem 4.5. Assume that (H1) holds with L < δ−1, and there exists a function
θ ∈ C([0, 1],R+) satisfying the condition (4.4). Then the problem (1.1), is Ulam-
Hyers-Rassias stable with respect to θ.

Proof. We have from the proof of Theorem 4.4,

‖u∗(x̃)− v∗(x̃‖ ≤ ε∗θ(x̃), x̃ ∈ [0, 1],

where ε∗ = ε
1−Lδ . �

Example 4.6. Consider the following fractional integro-differential problem

CD
12
7

0+u
∗(x̃) = ω(x̃, u∗(x̃)) + CD

6
7

0+ψ(x̃, u∗(x̃)) +

∫ x̃

0

N(x̃, s, u∗(s))ds

u∗(0) = 1, (u∗)′(0) = 6

2
3∫

0

u∗(s)ds, 0 < γ̊ < 1

(4.7)

Where

α = β =
6

7
, u∗0 = 1, u∗1 = 6, γ̊ =

2

3
.
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To illustrate our results: Theorem 3.1, and Theorem 4.4, we take for u∗, v∗ ∈ X =
R+ and x̃ ∈ [0, 1] the following continuous functions:

ω(x̃, u∗(x̃)) =
u∗(x̃)(7− x2)

245
,

ψ(x̃, u∗(x̃)) =
2− ln(x̃+ 1)

86
u∗(x̃),

N(x̃, s, u∗(s)) =
2 + e−(s2+x2)

93
u∗(s).

Thus, L1 =
8

245
, L2 =

2 + ln(2)

86
, L3 =

1

31
, ψ(0, u∗0) = ψ(0, 1) =

1

35
, Moreover,

µ∗1(x̃) =
7− x2

245
, µ2(x̃) =

2− ln(x̃+ 1)

86
, µ3(x̃) =

2 + e−(s2+x2)

93
.

Obviously, ‖µ∗1‖L∞ =
1

35
, ‖µ2‖L∞ =

1

43
, ‖µ3‖L∞ =

1

31
,

and

L = max{L1, L2, L3} =
1

31
.

Using the above data, we get :

(1) : ∆ = 0.2285, ∆1 = 7.6401, L∆1 = 0.2465 < 1, δ1 = 13.1677.
fixing r ≥ δ1

1−∆ = 17.0673 then, there exists at least one solution for the

problem (4.7) on [0, 1] by application of Theorem 3.1

(2) : δ = 9.0338, Lδ1 = 0.4248 < 1, fixing r1 ≥ Mδ+δ1
1−Lδ = 18.5826.

then, by Theorem 3.3 there exists a unique solution of (4.7) on [0, 1].

(3) : L = 1
31 , Lδ1 = 0.0.2914.

then, the solution of (4.7) is generalized Ulam-Hyers stable. .
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