BLOW UP OF NONLINEAR MULTI-TIME FRACTIONAL
DIFFERENTIAL EQUATIONS

WEIKE TANG

ABSTRACT. In this paper, we study the well-posedness of nonlinear multi-time
fractional differential equations and show that the solutions of the system will
blow up in finite time under certain assumptions. In particular, we apply the
results to the nonlinear time fractional Burgers equations.

1. INTRODUCTION

Fractional calculus has attracted lots of attention in the recent years. Due to
the growing applications in various fields such as fluid mechanics, biomathematics,
finance and electrochemistry, etc, the properties of linear time-space fractional d-
ifferential equations have been extensively studied. We refer the readers to [2] [3],
8], [14], [17], [20, 21, 22, 23] and references therein. Moreover, the nonlinear time
fractional differential equations have also attracted some attention and properties
such as the global existences, blow-up in finite time have been established under
some conditions.

To be more precise, we recall some known results. In [4, 5], Fujita considered
the nonlinear heat equation in R™

Ou — Au = |u|P~tu,
u(0,z) = o(z).

He also proved that the solution will blow-up in finite time if 1 < p < 1 + % In
[12], the authors generalized the results to the time fractional differential systems.
In precious, they considered the following nonlinear nonlocal systems

ug + Dy (u —ug) = [v]?,
vy + Dy (v —vo) = |uf?,
U(O) = ’U’07U(0) = Vo,

where Dg, is the left-handed Riemann-Liouville fractional derivative of order o €
(0,1). Moreover, in [6, 7] the well-posedness of the nonlinear fractional differential
equations with nonlinearities of form fot (t—s)77|u(s)|P~1u(s)ds have been studied.
For more results, see for example [1], [9]-[13].

Motivated by the interesting results in [10], [15], we concern the nonlinear multi-
time fractional differential equations as follows
(1.1) aDgt, ([u™ = ei") + -+ enDgp , (Ju]™ =) = |uf”

0t,z 0t,z,
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with initial conditions

u(07x27"' ,(En) = Sol(fo" 737”),"' au(xla"' 7377171,0) = Son(xla"' >xn71)‘

Note that Dgi,wl is the left-handed Riemann-Liouville fractional derivatives with
respect to variable z;, 0 < a,, < ap_1 < - < a3 < 1,p>1,m; > 0 and ¢; are
constants for 1 < i <n.

The main results are as follows

Theorem 1.1. Assume that @, > 0,¢; >0 for 1 <i<n,p>cimi+---+ My,
and n — 1+ o, — oszf’m, <0 for1 < j<n-—1, then any solution to (1.1) will
J

blow up in finite time.

Moreover, we also consider the system of multi-time fractional differential equa-
tions as follows
) JODRa ™ =) e DR (= o) = o
DG, (ol = ) o bR (ol — o) = [ul,

with initial conditions
U(Oax%"' 73377«) = 901(332;"' axn)a"' 7u($17"' axn—ho) = @n(xla"' ,-Tn—l),
'U(O,.’EQ,"' 7£En) :1/11(5527"' 7$’n)7"' ,’U(‘Tl,"' 7mn7170) = wn(xlv"' 7xn71)~

Note that 0 < ap < ap_1 < - < a1 <1,0< 8, < Bp1 << B <1,p,q>
1,m;, k; > 0 and b;, ¢; are constants for 1 <i <n.
Theorem 1.2. Assume that @, ¥, > 0,b;,¢; >0 for 1 <i<mn,p>cymi+---+
CnMpyq > biky + -+ bnky, andn—l—kan—ajp%;nj < 0,n—1—|—ﬂn—ﬁjq%kj <0
for 1 <j<mn-—1, then any solution to (1.2) will blow up in finite time.

The paper is organized as follows: In Section 2, we gather some basic facts and

properties of the fractional calculus. The main results will be proved in Section 3.
In Section 4, we will apply our results to some examples.

2. PRELIMINARIES

In this section, we will recall some definitions and properties concerning the
fractional calculus. For more details, we refer the readers to [17], [21].

The left-handed and right-handed Riemann-Liouville fractional derivatives for
continuous function f, 0 < a < 1 are defined as

o oL d " f(s)
D3I = ey, oo

and

o L d [T ()
DI0=Rqa ), T

respectively. Then the integration by parts reads (see[21], p.46)

T T
/0 DG f(0altdt = [ FO1D5-g(t)at

where f,g € C([0,T]).
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The test function ¢ is defined as
A
o(t) = (1-%)", 0<t<T
0, t>1T.

The following lemmas about the test function are proved in [9]. For the complete-
ness, we will give the proof here.

Lemma 2.1. Let ¢ be defined as above and the following hold:

T
(2.1) / DZ_p(t)dt = Cou \T' ™,
0
T
(2.2) / PP (t)|@ () |Pdt = Cp TP if p<A+1
0
T
(2.3) / O TP ()| DE- ()Pt = Cp o TP if A>ap—1
0
_ IO+ _ P _ P rory P
where Cox = w3053 Cr A = 7555 Oror = TH—ap {F(A7a+2)} :

Proof. Note first that

T
D%7¢(t):_l“(1—a c(iit/t 1—) (t—s)"%ds
_F(l O[)C;dt |:T )\(T t)1+>\ a/o (1 _y))\y_ady:|
= B(lrzla_’x D14 a—a)r (-

= a,)\(l +)\—04)T_>\(T—t))\_a

where we have used change of variable y = ;{tt in the second equality and Cy =
B (11“(_1022‘)“1) = F(F/\(il_i)Q) . It is direct to check the Lemma holds by the above equality.

(]

3. MAIN RESULTS
3.1. Proof of Theorem 1.1.
Proof. Our method is by contradiction. Set @ = [0,T]™ and

/ / / flxy, - sxp)day - - day,.

Denote by ®(z1, - ,zn) = (1) - -+ ¢(xy,). Multiply ® to both side of (1.1) and
integration by parts glves

cl/(|u\m1 ) par 11<I>+-~-+cn/(|u\m" oD / u(t)P®,
Q Q

where D7'  is the right-handed Riemann-Liouville fractional derivatives with
respect to variable x; for 1 <i < n.
In turn, it follows that

Yoo f i pie o= [ pos e [ a0
=1 /@
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Note that by Holder inequality, we have

n
Dei D
i-1 @ '

n % s
S ([ o) (o

i=1 Q Q

- m; — m; m; »
P (/ a4+ / @] 7= | D xvq>|pmi).

i=1 P Jg p  Jo

Moreover, by Lemma 2.1, we obtain

|t g af
K

T mog
:/ |p(i)| "7 | DgL |, dlwi)| 7 mzd@II/ ()| "7
0

J#i
=C\T" 7=
And hence

—m;

. N
D%l’,$7(b‘ P )

6|7 day

Seo [ Iy 0
” CiTN; P
D RIS St
p Q i=1

where ¢} = Clci%.
Thus it follows that

n
P Y- 1szz/ |u\p<I>+Zcz/ PG, @<y T T
i=1

Since

/ g /D% sds [ e = Gt [ o,
z Rr—1 Rn—1

where dz is the Lebesgue measure on R"~! and ®; = [] ¢(z;) .
J#i
By the assumption p > ¢ymq + - - - 4+ ¢, m,,, We obtain

Coyoed [ e < 30 rn
i=1 Rt i=1
Multiply 7% ~1 to each side of the inequality and by the facts ¢,, > 0, we obtain
for T large enough

n—1
0.5 e |
i=1

Rn—1

n
(pznz ;dx + 03/ (pnd.’lf < Z c;Tn—l-i-an—Oti ‘p_lmi .
B(0,1) i=1

By the assumption 0 < a,, < - < a1 < landn—1+a, — a;—2— < 0 for

p—m;
1 <i < n—1, the above inequality leads to contradiction as T' — oo since we have
C3 > 0. O
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3.2. Proof of Theorem 1.2.

Proof. We still use the method of contradiction. Multiply each term in (1.2) by
¢(t) and integration by parts leads

Z Ci/ ‘u|m’D;Z . / "U|q<b —+ ZCZ/ 1D0¢z T;

i=1 Q 7 | 1
and

Sb [ oDl o - / [ulP® + 3" b / Ui Dy, ®

p Q i=1 Q@

By Holder inequality, we obtain

Bi
DT EL

>,
i (, o) ( /Q 0l )

( /' 1o /|‘I’|_7|D5l q>>
| e

Then we have the estimates

e S o< BB [ i S
as well as

/Q|“|pq) T ibi/lemiD?,xi‘I’ < Z?:;biki/Q |v]?® + i—FCQT”_B"q—qm.

By the assumption p > ¢ymq +---+c¢,m, and g > b1k, + - - - + bk, the above two
inequalities lead to

—k;

IN

and

% |DE e|TR = BT,

n

02 Z CiTliai / gﬁ;ﬂl q)ZdI + Bg Z biTliﬁi ﬂ}fl ‘bZdI

=1 Rn—1 i=1 Rn—1
n—a; 55— /i Bi
< T i +b;T =

Without loss of generality, we can assume that a,, < 3, and multiplying 7%~ to
each side of the above inequality gives

n—1

Z CiTaniai / (p:m (I)ldl’ + By Z biTaniﬁi 1[}51 @de

i=1 ket i=1 Rt

Cs / ondz + Co
B(0,1)

<§ : /Tn l—an—a; ;2 o +b/ "= 1—o¢n—ﬁtq%ki
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By the assumption 0 < o < -+ <y <1, 0< B < <BH <l,n—14a, —
aip_pmv <0,n—1+4p5,— ﬂip_pmv < 0 for 1 <14 <n—1, the above inequality leads
to contradiction as T"— oo since we have C3 > 0. O

4. APPLICATIONS

In this section, we will consider several examples and give the corresponding
blow up results.

Example 4.1. (Nonlinear time fractional Burgers Equation)
Now consider the equation for 0 < a < 1

S a0l 1) — () + 5 Du(u (@, 1)) = [l

with initial data u(0,z) = p(z) > 0.
According to Theorem 1.1, we have for p satisfying

2
p>214a- L 14+a- 2L
p—2 p—1

which is 2 < p < w, the solution will blow up in finite time.

Example 4.2. (Nonlinear coupled time fractional Burgers Equations)
Now consider the following systems

Dg+,t(u - (P) +
D§+,t(v - w) +

Dy([ul?) = [v]7,
Dy([vf?) = [ul?,

N =

with initial condition u(0,z) = ¢(z) > 0,v(0,z) = ¢(x) > 0 where 0 < o, 8 < 1.
Thus by Theorem 1.2 for
2(1 2(1+p5)

+«
2<p<7),2<Q<7>
a B

the solution will blow up in finite time.

5. CONCLUSIONS

In this paper, the testing function methods are used to study the nonlinear multi-
time fractional differential equations. As a result, we prove the systems will blow
up in finite time provided the nonlinear term satisfying some condition which is
determined by the structure of the equations. Then we apply our results to the
time fractional Burgers equations and give the explicit range which will lead to a
blow up of the systems.
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