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Abstract: In this paper we present the phase-field models to describe nonisothermal
solidification of ideal multicomponent and multiphase alloy systems. Governing equations
are developed for the temporal and spatial variation of three phase-field functions, as well
as the temperature field. The global existence of weak solutions to parabolic differential
equations in three dimension was proved by the Galerkin method. The existence of a
maximum theorem are also extensively studied.
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1 Introduction

Multicomponent alloy system is a kind of important material, especially in technol-
ogy application and technology. Therefore, it plays an important role in the formation
of mechanical properties and microstructure of materials. The multi-component in the
alloy combines with the appearance of multiphase, resulting in different phase transfor-
mation and different types of solidification. The solidification of binary alloy is the basis
of studying the basic principle of solidification process. The solidification of multicompo-
nent system can be analyzed by the solidification characteristics of binary system. The
present model is a generalization of the one by Steinbach et al. in [2], which describes
isothermal phase transitions of certain kinds of alloys. In this paper we study non-
isothermal solidification of ideal multicomponent and multi-phase alloy systems. Thus
we allow a temperature, which is assumed to be a priori given in the free energy function-
al Flu,v,w,f]. This means that the model not only considers the phase transformation
caused by the difference of solute, but also considers the phase transformation caused by
temperature change.

In [3] we have studied a phase-field model about martensitic phase transformations.
In [4] we have studied a system of partial differential equations modeling the evolution
of two phase boundary problems in sea-ice. In [5] we have investigated a system of
partial differential equations modeling the evolution of three phase boundary problems
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in seawater-ice-snow and proved that in the case of one space dimension with an initial-
boundary value problem to this system has global solutions.

In this paper we will prove the global solutions by the Galerkin method. And we
conclude a maximum theorem.

According to the standard definition, the order parameter u in the phase transition
problem represents the non-zero property of the system in a different region of the phase
space and 0 otherwise. The model is a generalization of the one introduced by Steinbach
et al. in [2], for isothermal solidification/melting process of certain kinds of alloys. Our
model must satisfy the following system of partial differential equations

— k1(wAu — uAw) — k3(vAu — uAv) = —ajuw(w — u)

—aguv(v —u) + 0(Liuv + lguw), (1.1)
— ko(wAv — vAw) — k3(uAv — vAu) = —agvw(w — v)

—agvu(u — v) + 0(—=liuv + lavw), (1.2)
— k1 (uAw — wAu) — ko (vAw — wAv) = —aywu(u — w)

—awv(v — w) + O(—=lzuw — lavw), (1.3)

0, + (Liuv + lzuw)ug + (—liuv + lvw)v, + (—levw — lzuw)w, = DAG.  (1.4)
for (¢,2) € (0,7¢) x Q. The boundary and initial conditions are

u(t,z) =0, v(t,z) =0, w(t,z) =0, (t,z) € [0,T,) x 0L, (1.5)
u(0,z) = up, v(0,z) =vo(x), w(0,x) =wo(x), x € Q. (1.6)

The second law of thermodynamics holds for this system. Here, Q C R? is a bounded
open domain. The function 6 is the temperature, and the phase-field functions u, v and
w are the respective fractions of two different possible solid crystallization states and
liquid state; thus, physically we must have v + v + w = 1. For physical reasons, ki, ko,
ks, a1, a9, az, D are positive. In the free energy

k k
Flu,v,w,0] = / {?1|qu —wVu|? + ﬁ\wVv — vVuwl|?
Q

k ~ 1
+£|qu — oVul? + ¢(u, v, w) — 0(l1( ud + ulo — gv?’ — uv?)
1 1
+l3( u? + utw — 3w3—uw )+12( v3 + viw — §w3—vw2))}d1:,
where R a a a
Y(u,v,w) = ;uzuﬂ + ?21)2102 + §u2v2,
we choose for ¢ € C2(R, [0,00)) which represent the double well potential.
0 satisfies
l 1 I3 1 1
0=e— Zi(?)u + u?v — 3113 — uv?) — Zg(gu?’ + u?w — gw?’ — uw?)
lo 1 1
j(gv?’ + v?w — 311)3 —vw?),

where e is the local enthalpy, 1, 12,13 are the latent heat of fusion, respectively.



It is easy to see this in the case of dual phase systems, u =1—v, oru =1— w or
v=1—w, and g“——l or 8w =—1, or 8w__1'
We write Q7 := (0,T¢) x €, where T, is a positive constant, and define

Since we must have u + v+ w = 1 and u; + v + wy = 0, the model can be reduced to
— (k1(1 = v) + ksv) Au — (k1 — k3)uAv = —aqu(l —u — v)(1 — 2u — v)
—azuv(v — u) + 0 (Luw + lzu(l — u —v)), (1.7)
— (k2(1 — w) + ksu) Av — (k2 — k3)vAu = —agv(l —u — v)(1 — u — 2v)
—agvu(u —v) + 0( — huv + lpv(1 — u — v)),

0; — DAO = f(lluv +lv(l—u—v)+2l3u(l —u— v))ut

—( = liuv + 2lv(1 —u —v) + lzu(l — u — v))vy. (1.10)
The boundary and initial conditions therefore are
u(t,z) =0, v(t,x) =0, O(t,x) =0, (¢t,z) € (0,T) x 09, (1.11)
u(0,z) = up(z), v(0,z) =vo(x), 6(0,x) = 0O(x), = € Q. (1.12)
Definition 1.1 Let (ug, vo,00) € HE(Q) x HE(Q) x L2(Q). A triple (u,v,0) with
u,v € L®(0,Te; Hy () N L*(0, Te; H*()), (1.13)
0 € L>=(0,T; L*(Q)) N L2(0,T.; Hi (), (1.14)

is weak solution to the problem (1.7)-(1.10), if for all ¢ € C§°((—o0
0 = (weor, —a(Vu, Ve)or, = B(Ve, V(ug)) —ar (u(l —u - v) o,

—az(uv(v —u), @) Qs + (U, ©(0)a + (9(l1uv + lgu(l — u —v)), ) ,  (1.15)
1

T.) X)), there holds
(1—2u—v),¢)

Te

);
0 = (v,e0)0n —Y(VV,Ve)or — A(Vu, V(ve)) —az(v(l —u—v)(1 —u — 2v), SO)QTE
)

—(LS(U’U(U =), 0)Qr, + (vo,»(0))a + (9( —luv + lv(l —u— U)),@)Q , (1.16)

Te

1
0 = (6,)ar — (DV,Ve)or, + (60,9(0)a (zl( w4t — S0 — ue?)

ud +u?(1— u—v)—%(1—u—v)3—u(1—u—v)2)

v+ (1—u—v)—%(1—u—v)3—v(1—u—’U)Q),sOt)

+13(3

+l2(

3 QT

1
(l1(3u0 + uovo SUS’ — uovg)

—1—13( uo + uo(l up —vg) — =(1 —up — vo)3 —up(l —up — v0)2)

3

+z2( o + 3 (1 — o — o) = 5(1 = o — 10)* = vo(1 — ug — v0)?), (p(O))QT L (1.17)

where o = (k1(1 —) —|—l<:3v) >0, =k —ks,v= (]4,‘2(1 —u) + k‘gu) >0, A =ko — ks,
wo = 1-— ug — Uo-
The main results of this article are as follows.



Theorem 1.1 For all (ug, v, 0p) € HL(Q) x HY(Q) x L*(Q), there exists a unique weak
solution (u,v,8) of the problem (1.7)-(1.12), which in addition to (1.13)-(1.14) satisfies

ug € L*(Qr.), w € LYQr1.), vi € L*(Q1.), v € LYQr,), 6; € L*(0,T.; H1(Q)).(1.18)

Theorem 1.2 Suppose Q C R"™ is a bounded domain. Then the semigroup S(t) asso-
ciated with the system (1.1)-(1.6) possesses a mazimal attractor A which is bounded in
H?(Q) x H}(RY), compact and connected in HE(Q) x L?(Y), and attracts the bounded sets
of H}(Q) x L*(Q).

Notation. In the following sections, we employ the letter C' to denote any positive
constants that can be explicitly computed in terms of known quantities and may change
from line to line. The L?(Q)-norm is denoted by || - |.

The outline of this paper is as follows. In section 2, we will prove the existence of
solutions of the initial-boundary value problem for the nonlinear equations (1.7)-(1.12)
by the Galerkin method.

In section 3 we shall show that a maximum theorem holds.

2 Existence of solutions

In this section, we construct the approximate solutions by the Galerkin method,
and derive the a priori estimates, then we propose to send m — oo and to show that a
subsequence of our solutions yy,, v, 0, converges to a weak solution of (1.7)-(1.12).

2.1 Construction of approximate solutions

Let {wy}?2; be a basis in H}(£2). And wy is a solution to eigen-problem

—Awg = Mwyg, in
wp, =0, k=1,---, on 0.

For a positive integer m. We will look for approximate solutions uy,, Uy, €y, of the form

m

Zd Ywk, vm(t) = ng (t)wk, em(t Zh Jwg, (k=1,2,...,m),(2.1)
k=1

k=1 k=1

where we select the coefficients d¥, (t), g%, (t), hE,(t) so that

dsm(o) = (uo,wk) = 5k7 gm( ) (UO’W:’C) = ”77131’ hl:n(o) = (eovwk) = qufm (2'2)



and
(umtawj) - a(Aumawj) - ﬁ(umAvm7wJ) =

—ay (um(l — Uy, — U ) (1 — 20y, — vm),wj) — a3(umvm(vm — um),wj)

1.1 1
+((em — Zl(guf’n + uZ, v, §US@ U V2,
I3 1 1
—Zg(guﬁl + u%lwm — gwf’n — umwfn)
s 1 1
—f(gfuf’n + V2 Wy — gw;"; — vmwfn)) (llumvm + lgumwm),wj), (2.3)

AU Ay, wj) =

—as (vm(l — U, — V) (1 — Uy, — 20p), wj) — a3(VmUm (Um — Um), wj)

1.1 1
+((em — i(guf’n + ufnvm — fvfn — umvfn)
I3 1 1
_f(gu%z‘i‘ Wi 3Wm — Uiy
s 1 1
—f(gvf’n + v?,lwm — gwf;l — Umwfn)) ( — LU + lgvmwm),wj>, (2.4)
11 1
(emt,wj) = DA (O, — Zl(guil + U2,V — gvﬁ; — U002,
I3 1 1
—f(gufn + w2 wy, — gwgl — U W)
bl oL ey N il 2.5
4(3vm+vmwm 3 Wm VWi ) wji), (J=1,...,m). (2.5)

where wy, = 1 — Uy, — V. (2.3)-(2.5) are a system of nonlinear ordinary differential
equations whose the nonlinear terms are local Lipschitz continuous.
Assuming uy,, v, e, have the structure (2.1), we note that

'_mk/ WE,W;) = mk/ W(U‘QT:mkl WrW;axr .
(am0)) = (3t o ) /Q;dm ey = <t>/Q wwidz, (2.6)

v w;) = - k! WrE,W;) = - k! W(U‘l':m k! WrwW;ax .
(om(0)-7) = (3t () /Q;gmu)md ngu)/ﬂ wwidz, (27)

k=1
(em(t),w;) = ( Y hE ' (t)wp, wi) = Y hE ' (Hwpw,de = Y hE'(t) | wpwjdz, (2.8)

We deal with other terms in the same way.
We introduce the vectors

dy, (t) Im(t) h (£)
Dp, = Dm(t) = G = Gm(t) =  Hpy = Hm(t) =
dym (2) g (1) han (t)
and [y (DY GL HI), Fy(DI GT HT) F3(DL, GT HT) denote the nonlinear terms. Thus,
we obtain a system of ordinal differential equations.

BH, + F3(D!,GT HL) =0, 2.11)



where

(wi,w1)  oo. (w1,wm) w1
B = (bj) = :/ D wr - wi da (2.12)
(wWm,w1) .. (Wi, wim) W
Then, if we choose a vector Y = (x1,...,Ty) that is not equal to zero, there hold for
(?)TBY = Jo(@iw1 + ... + Tpwy)?dz > 0, otherwise, invoking that wi,...,wn, are
linearly independent, we obtain X = 0. B is a positive-definite matric.
For the initial date, we make a smooth approximation
m
Uom, = Z 68 wi, — g, strongly in HE(Q), (2.13)
k=1
m
Vom, = Znﬁlwk — vy, strongly in H}(Q), (2.14)
k=1
m
em = Zd%wk — ey, strongly in H(Q). (2.15)
k=1

According to the existence theorem of local solutions to ordinary differential equations,
there exists the solutions for a.e. 0 <t < t,,. We extend t,, = T.. Then, we obtain the
global solutions. But we need show that the a prior: estimates holds.

2.2 A priori estimates

Theorem 2.1 There exists a constant C, depending on 0, T,, such that

T

e TE
By oy + el ey + lemlP+ | Tumllaydr + [ lemllaydr
0 0

Te
[ iy + ooy + ey < C. (2.16)
form =1,2,... where |[un| L), [vml Lo @), |wml L) are suitably small.

Proof. Multiplying (2.3)-(2.5) by d&, (t), gk, (t), hE,(t) respectively, summing up over j =
1,...,m, integrating by parts with respect to x over 2, adding and recalling (2.1) to find

1d 1 1
§$(Hum|!2 + [Jom® + 5|!6m||2) + 5(% = A1)V ?
1 1
+on(va - B Vom? + §HV€mH2
1
+57 (12801 = 33[3a1 — ag| — |30z — ag| — 64e€) |t 11
1
g (1282 — 33[3a2 — as| — [3a1 — az| — 646)[[vm| 14 g

1
+33(32a1 + 64a3 + 32as — 15|3a1 — az| — 15|3as — a3))||umvm|?

1
< Clluml® + oll* + S llemll®) + C(9), (2.17)

6



where ay — A2 > 0, ay — 32,128a1 — 33|3a1 — az| — |3ag — a3| — 64¢ > 0, 128ay — 33|3as —
as| — [3a; — az| — 64e > 0,32a; + 64a3 + 32a2 — 15|3a; — ag| — 15|3as — az| > 0. Using
the Gronwall inequality, we obtain

1 1 e
(et l* + [lom® + Ellemllz) + ﬂ(w - X% /0 IVt |[*dr

+ X (a— ) /Tenv l2dr+ /Tenv 12
70 Yo ; v ||4dT 3/, emlldT

1 T
+@(128a1 —33|3a1 — as| — |3a2 — asz| — 646)/ HUmHi‘l(Q)dT
0

1 e
+-—(128as — 33|3az — ag| — |3a1 — as| — 646)/ ’\Um”%4(n)d7
64 0

1 Te
+§(32a1 + 64a3 + 32a2 — 15|3a1 — ag| — 15|3a2 — (13’)/ |t v || dT
0
< C(Te). (2.18)

Multiplying (2.3)-(2.4) by A;d%,(t), \;gF,(t) respectively, summing up over j = 1,...,m.
Formally, integrating by parts with respect to x over ) and adding them, we get

1d 1
3 (17l + 190 17) + - (7 = X = 26) A
1
—I-%('ya — 8% — ) || Avp, ||?
1
+§(6a1 — 3a1 — a3| — |5a1 — 3az — az|?)||um V|

1

+§(2a1 + 2a3 — |3as — ag| — |5a; — 3az — a2|2)|]vmVum||2
1

+§(6a2 — 3ag — a3| — |5ag — 3az — a1|?)||vm Vom |

1
—1—5(2@2 + 2a3 — [3a1 — as| — |5as — 3az — a1|*)||tm Vo,
< C(IVum|? + [Voml* + | Vem|* + 1), (2.19)

where ay — A2 — ve > 0, ya — 82 — ae > 0, 6a; — |3a; — az| — |5a1 — 3a3 — az|?> > 0,
2a1 + 2a3 — |3az — ag| — |5a1 — 3az — as|? > 0, 2as — |3az — as| — |5az — 3az — a1|> > 0,
2as + 2a3 — |3a; — az| — |[bas — 3az — a1|? > 0.

Using the gronwall inequality to yield

1 Te
IVt 2+ (70 2+ 5y = X2 =70 /0 | Aty |2

1 2 e 2
Ly —p? - A
oy~ f ae)/o | Av2dr
< C(T.). (2.20)

It follows from (2.18) and (2.20) that

Femel o,y 18 @y T 10mtl 2o 18 0,y T NEmellizoimi 1@y < OT).

(2.21)



2.3 Existence of weak solutions

Next we pass to limits as m — 0o, to build weak solutions of our initial-boundary value
problem (1.7)-(1.12).

Theorem 2.2 (Aubin-Lions) Let By be a normed linear space imbedded compactly into
another normed linear space B, which is continuously imbedded into a Hausdorff locally
convex space Bi, and 1 < p < +oo. If v,v; 6 LP(0,t; By),i € N, the sequence {v;}ieN
converges weakly to v in LP(0,t; By), and { “Yien is bounded in L'(0,t; By), then v;
converges to v strongly in LP(0,t; B).

Lemma 2.1 Let (0,t) X  be an open set in RT x R™. Suppose functions gn,g are in
L1((0,t) x Q for any given 1 < q¢ < oo, which satisfy

lgnllzaoyx0) < Cs gn— g ae. in (0,t) x €.
Then g, converges to g weakly in L9((0,t) x Q).

Theorem 2.2 is a general version of the Aubin-Lions lemma valid under the weak assump-
tion dyv; € LY(0,t; By). This version, which we need here, is proved in [1]. A proof of
Lemma 2.1 can be found in [1].

Lemma 2.2 Problems (1.7)-(1.12) has at least one weak solution (u,v,e) in the sense
of definition 1.1. Each of the weak solutions satisfies: e; € L*(0,Ty; H=1(Q)) and

(u, ve) € L0, To; L2(9)) + L5 (Qr, ).

Proof of Lemma 2.2 According to the energy estimates (2.16), we see sequence {u,, }5°_;,

{om 1, {em}55_; are bounded in L°°(0, Tp; HE () N L2(0, Te; H2(R)),

L>®(0,Te; L2(2)) N L2(0, T.; HY(Q)), respectively, and ({wmt 551, {vme } 1), {emt }_4

are bounded in L?(0, T,; L*(Q)) + L%(QTE), L?(0,T.; H-1(2)), respectively.
Consequently there exists subsequences {um, }7°; C {um}to_1, {vm,}i21 C {vm}

{em }72; C {em}rs—; and functions (u,v) € L>(0,T; HE(Q)) N L2(0,T.; H(2)),

e € L2(0,T,; HL () N L®(0, Tp; L2(R)), with (ug,vy) € L2(0,To; LA(Q)) + L3 (Q1,),

er € L*(0,T.; H-1(£2)), such that

oo
m=1»

, — u, weakly in L*(0,T.; H*(2))
U, X ou, weakly in L>=(0,T.; HL(2))
Uyt — ut, weakly in L*(0,T.; L2(Q)) +
Vm, — v, weakly in L*(0,T.; H*())
Uy — v, weakly in L>(0,Tu; H(Q))

)
)

Um,

w\»b

L3(Qr.)

w\%

(
Uyt — g, weakly in L2(0,T.; L*(Q)) +
em; — e, weakly in L>(0,T.; L*(Q)
em, — e, weakly in L?(0,T.; H}(2))
empt — e, weakly in L?(0,T,; H1(Q))

L3(Qr,).

There exists functions &, ¢ such that

uh, = & weakly in L3(Qr,) (2.22)
,3n — ¢, weakly in L3 (Qr.)- (2.23)



It remains to show that & = u3, ¢ = v3. To this end, we show first that w,, — u, v, — v
in L2(0, T.; H'(Q2)) by applying Theorem 2.2. To apply this theorem, u;, v; have estimtes
u € L2(0,Te; LA()) + L3(Qr,) € L3(Qr.) € LN0,Te; L3(R)), v € L2(0,To; L*(Q)) +
L3(Qr,) € L3(Qr,) € LM0,Te; L3(Q), e € L*(0, Te; H-1(9)).

Applying Theorem 2.2 with By = H2(Q),B = HY(Q),B; = L5(Q), and p = 2 we
obtain

U — u, strongly in L*(0,T.; H*())
U — v, strongly in L*(0,T.; H(Q)).

Consequently, from these sequences we select the other sequences, denoted in the same
way, which converges almost everywhere in Q.. This implies the convergence u3, —
u3,v3, — v3 almost everywhere in Qr,. Using the embedding H' € L*(Q) and applying
the Lemma 2.1, we obtain & = u3, ¢ = v3. Then, we obtain the others in the same way.

Equation (1.15) follows from these relations if we show that

(wom, ©(0))a — (uo, »(0)), (2.24)
(tm, (Pt)QTe (u, Sot)QTe ) (2.25)
(Vum, Vo)or, = (Vu, Ve)qr, , (2.26)
(Vom, V(um®))@r, = (Vom, V(up))Qr, , (2:27)
(umvm U, — U, (‘O)QTE — (uv(v - u),(p)QTe, (2.28)
(OmUmVm, ©)Qr, — (Ouv, ©)qr, (2.29)

for m — oco. Now, the relation (2.24) follows from (2.13), the relation (2.25) is a conse-
quence of uy,; € L%(QTS), the relation (2.26) is consequence of u,, € L2(0,T.; H*()),
the relation (2.27) is a consequence of wu,, — u, Vi, — Vu, Vo, — Vo in L2(Qr,), the
relation (2.28) is consequence of u, vy, € L2(Qr,) and uy, — u, vy, — v in L2(Qr,), and
the relation (2.29) is obtained from w,, vy, € L?(Qr,) and 6,, — 6 in L?(Q1,). We obtain
other terms in the same way as above.

2.4 Uniqueness

In this subsection we show uniqueness of the solution of (u,v,e) that it obtained in the
Subsections 2.2 and 2.3.

Theorem 2.3 Let (ug;,vo;) € HYH(Q),e0s € L*(), i = 1,2 be given functions. Let
(u;, v, €;) be weak solutions of problem (1.7)-(1.12) with (u;,v;) € L>(0,Te; HE(2)) N
L*(0,T.; H*(Q)), and e; € L*(0,T : H(Q)) N L>(0,T.; L*(Q)), i = 1,2. Then

1 + 1517 + [Iell* < C(1+ Tee™ ) (|[do > + |[Toll® + llel®).  (2.30)

where & = up — U2, 0 = v1 — v2 and € = e; — ea. The constant C is independent of
U, Vi, €4, UQi, V0iy €0 -



Proof. Multiplying the difference of (1.7) for u; and ug by u. We obtain the others in
the same way. Then u,v and € satisfy the inequality

| U I 1 _
Ul + 1917 + S 1el) + Pt M) val? + ...

1 N o2 o L2
+5-(ra = B)|VE|? + Ve

t
< LIl + %2 + [ll?) + / /Q (al? + 1712 + @), (231)
Using the Gronwall inequality yields
@2 + 7] + el < C(1+ Toe T ) (Jaoll? + [ool? + loll?). (2.32)

In particular, for Ty = 79 = €y = 0, we obtain the uniqueness of the solution.

3 Absorbing set

In what follows, we prove the existence of an absorbing set for u,v,6. Multiplying
(1.1)-(1.4) by ug, ve, wy, e respectively, adding and integrating yields

da
dt Jo

~ 1
i (,v,w) + S el fdo + ] + ol + el + DIVel =0, (3.1)

k k k
{é\qu —wVul? + ;\wVv —oVw]? + ?S‘UVU —vVul?

Let

k k
V(t) = / {—1\qu — wVul|* + —z\wVv — vVw|?
ol?2 2
kg 2 ~ 1 9
—|—5|qu —oVul|* + Y (u,v,w) + iHeH }da:. (3.2)

From this we get ||Vul|? + ||[Vv||? + |le||*> < C. Therefore, we only need to prove that
limsup,_,, V(t) < C.
Multiplying (1.1)-(1.3) by u, v, w respectively, adding and integrating yields

k k
/ {?1|qu —wVul? + 52|wVU — vVuw|?
Q

—i—%WVv — oVul? + P(u, v, w) — eHeHQ}d:U
< Jluell? + [loe)? + lwe|® + C, (3.3)
where we have used |[ul|z) < € ||[v]lr=@) < € [|w|pe@) < € Choosing %_/\2 =
ks, MT_W = ko. By Poincaré’s inequality, we have
lel® < C|[Vel?, (3.4)

with C' > 0 depending only on the domain 2. Choosing % —€e= %, adding with (3.1)
yields
dv (t)

— TV =<C (3.5)
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It follows from (3.5) that
V(t) <e 'V(0)+C. (3.6)
Notice that
V(0) = {*’UOV’WO — woVup|® + = |wo Vg — vgVuwyg|
o L2 2
k ~ 1
+5 1o Vv0 — oV o + (w0, vo, wo) + 5 ol . (3.7)

is bounded if |ugVwy — woVug|? + |woVve — voVwe|? + [ugVuvg — voVug|? + ||eol|? is
bounded. The inequality (3.6) implies the existence of an absorbing set.
Proof of Theorem 1.2. The semigroup S(t) is defined

S(t) : (ug,v0,00) € HE(Q) x HE(Q) x L2(Q) = (ult, ), v(t,-),0(t,-)). (3.8)

In Theorem 1.1 (us,v;) € L*(Qr.),0 € L*(0,T.; HY(Q2)) are proved, which implies that
S(t) is continuous in HJ () x L?(2). Theorem 1.1 claims that any bounded set B C
HE(Q) x L3(Q), U{S(t)B : t > 0} is relatively compact in HJ () x L?(£2). The existence
of an absorbing set has been proved in the above.

Theorem 3.1 (uniqueness) Assume the u,v and 0 are the weak solution of (1.7)-(1.12)
for (t,z) € (0,T¢) x Q. Then the weak solution is unique.

Proof. If uy,vi,wi, 01 and ug,va, wa, 02 are two solutions, write u = uy — ug,v = v1 —
V2, W = wy —wa, d = 01 — Oy, We replace in (1.15)-(1.17) by ¢ = u; —ug, ¢ = v1 — v, =
01 — 0> and integrating by parts in €2, using Young’s inequality. We find

1d, o _ _
5 g7 (IEl + 191%) + (e = e + (v = lloa
< C(Jall* + 171 (1 + 1021 + luraal® + [lvraal®), (3.9)

d ~ ~
priid s 162> < 0. (3.10)

Using Gronwall’s inequality, we thus conclude u; = wug, v1 = vo, 61 = 0y for almost
everywhere Q.

4 A maximum theorem

If we want that the model is physically meaningful it is necessary to show that the
order parameter u, v, w remain confined within the interval [0, 1] during their evolution.
We will study a maximum theorem.

Theorem 4.1 Let u,v,w,0 be solution of system (1.7)-(1.12) and vy € [0,1],v9 €
[0,1],wg € [0,1] for each x € Q. Then such solution satisfies u € [0,1],v € [0,1],w € [0, 1]
and u+v+w =1 for each x € Q and t € RT.
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Proof. We only analyze the equation (1.7). (1.8) is a similar way. To prove that u(t,z) >
0, let us define
_ —u, ifu<0,
u =
0, ifu>0,
so that u~ > 0 and satisfies boundary and initial conditions
u (t,x) = 0,t>0, x €I,
u (0,z) = 0, z €.
Multiplying (1.7) by —u~ and integrating in  to get
1d —\2 o —\2 2/ —\2 —\2
—— [ (W )dz+ - | (Vu )*de <C | (Vv)*(u )de+C | O(u")?dzx
—ay / (u)?(1 —u” —v)(1 —2u~ —v)dx — a3 / (u)v(v —u")de.  (4.1)
Q Q

Using Gronwall’ s lemma, we obtain that (u~)% = 0 a.e. in  for all t € (0,7,), and thus
u > 0 a.e. in Q.. We obtain in a similar way as above that v > 0, w > 0 a.e. in Q..
Using a similar arguments to prove that u(t,z) < 1,v(t,z) < 1,w(t,x) < 1, define

v Ju—1, ifu>1,
0, if u <1,

" v—1, ifv>1,
v =
0, ifvo <1,

y Jw—=1, ifw>1,
0, ifw <1,

so that u™(t,z) > 0 and satisfies boundary and initial conditions

ut(t,z) =0, v (t,2) =0, wh(t,x) =0, t >0, x € 09,
ut(0,2) =0, vT(t,z) =0, wh(t,z) =0, z € Q.
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Multiplying (1.1), (1.2), (1.3) by u*,v",w™ and integrating in  with adding the result
to get

1d

wh(1+wt
ST (1+w")dz +

1
v (1 +vT)dz + = d

1d
ut (1 +ut)de + = 57

2 dt
-1—04/Q(Vu+)2dx +’y/Q(Vv+) dz + (k1u+ kg(1 — u)) /Q(Vw+)2dx
< |8 / Avu (1 +u)dz + C/ Auwvt(1+vT)dz + C/ Avw™ (1 +wT)dzx
Q Q Q
—ay / w1 +uh) (=1 —ut —o) (=2 —2ut —vT)dx + C/ Out (1 +u™)dx
Q Q
—CL3(/ w14+ ut)(1+ o) (v —uh)de + C’/ Ot (14 vT)dx
Q
—|—/Qv+(1+v+)(1+u+)( )dz) —i—C’/ (14 wt)0dz
—(12/ vP(1+ v (=1 —ut — o) (=2 - 20" —uT)dz
Q
—ay / wr(14+wh)(ut —wh)de — ag/ wr(14+wh) (1 +o") (vt —wh)dz(4.2)
Q

Q

Using Gronwall’s lemma, we obtain that «™ = 0, v = 0, w™ = 0 a.e. in Q for all
€(0,T,), and thus u < 1, v < 1, w < 1 a.e. in Q..
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